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�« ¢  1

�á­®¢­ë¥ ¯®­ïâ¨ï â¥®à¨¨ á«ãç ©­ëå

¯à®æ¥áá®¢.

� ­­ë© à §¤¥« ï¢«ï¥âáï ¢¢¥¤¥­¨¥¬ ¢ â¥®à¨î á«ãç ©­ëå ¯à®æ¥áá®¢. � ¯¥à¢®© ç áâ¨ ¯à¨¢¥¤¥­ë ®á­®¢­ë¥
®¯à¥¤¥«¥­¨ï, ¨í«®¦¥­ë ®á­®¢ë  ªá¨®¬ â¨ç¥áª®£® ¯®¤å®¤  ª ®¯à¥¤¥«¥­¨î ¯®­ïâ¨ï á«ãç ©­®£® ¯à®æ¥áá  ¨
¥£® ®á­®¢­ëå á¢®©áâ¢.�®¢à¥¬¥­­ë© ¯®¤å®¤ ª â¥®à¨¨ á«ãç ©­ëå ¯à®æ¥áá®¢ ®á­®¢ ­ ­  ¨¤¥¥ § ¤ ­¨ï á¥¬¥©-
áâ¢  ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨©, ®¯à¥¤¥«ïîé¨å ª®­¥ç­®- ¤¤¨â¨¢­ãî ¬¥àã ­  ¥áâ¥áâ¢¥­­®©  «£¥¡à¥
á«ãç ©­ëå á®¡ëâ¨© ¢ ¯à®áâà ­áâ¢¥ äã­ªæ¨©, ï¢«ïîé¨åáï à¥ «¨§ æ¨ï¬¨ ¨«¨ âà ¥ªâ®à¨ï¬¨ á«ãç ©­ëå
¯à®æ¥áá®¢. � ª ¡ë«® ¯®ª § ­® �.�. �®«¬®£®à®¢ë¬ ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© á®£« á®¢ ­­®áâ¨ íâ  ¬¥à 
¤®¯ãáª ¥â ¯à®¤®«¦¥­¨¥ ­  � -  «£¥¡àã ¯®¤¬­®¦¥áâ¢ ¢ íâ®¬ äã­ªæ¨®­ «ì­®¬ ¯à®áâà ­áâ¢¥, ¯à¨ íâ®¬
¤ ­­ ï � -  «£¥¡à  ¢ª«îç ¥â ¢ á¥¡ï ¢á¥ á®¡ëâ¨ï, á¢ï§ ­­ë¥ á ¯®¢¥¤¥­¨¥¬ á«ãç ©­®£® ¯à®æ¥áá . � ¯¥à¢®©
ç áâ¨ ¬ë áâà¥¬¨«¨áì ¯®ª § âì, ª ª §­ ­¨¥ á¥¬¥©áâ¢  ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ¯®§¢®«ï¥â à¥è âì
à §«¨ç­ë¥ ¯à®¡«¥¬ë, á¢ï§ ­­ë¥ á ¯®¢¥¤¥­¨¥¬ á«ãç ©­®£® ¯à®æ¥áá . �¤­ ª®, ¤«ï ¡®«ìè¨­áâ¢  ¯à ªâ¨ç¥-
áª¨å § ¤ ç, §­ ­¨¥ ¢á¥£® á¥¬¥©áâ¢  ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ï¢«ï¥âáï ­¥¤®áâã¯­ë¬. �®íâ®¬ã, ¥á«¨
¡ë à¥è¥­¨¥ § ¤ ç â¥®à¨¨ á«ãç ©­ëå ¯à®æ¥áá®¢ ¢á¥£¤  âà¥¡®¢ «® §­ ­¨ï ¢á¥£® á¥¬¥©áâ¢  ª®­¥ç­®¬¥à­ëå
à á¯à¥¤¥«¥­¨©, â® â ª ï â¥®à¨ï ¨¬¥«  ¡ë ¬ «® è ­á®¢ ¡ëâì ¢®áâà¥¡®¢ ­®© ¯à ªâ¨ª®©. �ª §ë¢ ¥âáï,
çâ® ®ç¥­ì ¬­®£¨¥ ¬®¤¥«¨ á«ãç ©­ëå ¯à®æ¥áá®¢ ¬®¦­® ª®àà¥ªâ­® ¯®áâà®¨âì ¨ à¥è¨âì ¬­®¦¥áâ¢® ¢ ¦-
­ëå ¯à¨ª« ¤­ëå § ¤ ç, ®¯à¥¤¥«¨¢ «¨èì ­¥ª®â®àë© \¬¥å ­¨§¬" á«ãç ©­®áâ¨, ¯®à®¦¤ îé¨© á«ãç ©­ë©
¯à®æ¥áá, ¨«¨ ­¥ª®â®àë¥ ¥£® á¢®©áâ¢ . �®íâ®¬ã ¢® ¢â®à®© ç áâ¨ ¤ ­­®£® à §¤¥«  ¬ë ªà âª® ®¯¨áë¢ ¥¬
®á­®¢­ë¥ ¬®¤¥«¨ ¨ â¨¯ë á«ãç ©­ëå ¯à®æ¥áá®¢, ¢áâà¥ç îé¨¥áï ¢ ­ ãç­®© ¨ ¨­¦¥­¥à­®© ¯à ªâ¨ª¥, ®¡à -
é ï ¢­¨¬ ­¨¥, ¯à¥¦¤¥ ¢á¥£®, ­  ¯®à®¦¤ îé¨© á«ãç ©­ë© ¬¥å ­¨§¬ ¨«¨ å à ªâ¥à­®¥ á¢®©áâ¢® ¤ ­­®£®
â¨¯  á«ãç ©­ëå ¯à®æ¥áá®¢. � ¯®á«¥¤ãîé¨å £« ¢ å ¢á¥ íâ¨ ¯à®æ¥ááë à áá¬ âà¨¢ îâáï ¡®«¥¥ ¤¥â «ì­®.

1.1 �«ãç ©­ë¥ ¯à®æ¥ááë ¨ ¨å ¢¥à®ïâ­®áâ­ë¥ å à ªâ¥à¨áâ¨ª¨

1.1.1 �¯à¥¤¥«¥­¨¥ á«ãç ©­®£® ¯à®æ¥áá 

�«ãç ©­ë© ¯à®æ¥áá ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«ìî ¤«ï ®¯¨á ­¨ï á«ãç ©­ëå ï¢«¥­¨©, à §¢¨¢ îé¨å-
áï ¢® ¢à¥¬¥­¨. �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® á®áâ®ï­¨¥ ¢ â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨ t 2 R ¥áâì ¢¥ªâ®à­ ï
¨«¨ áª «ïà­ ï á«ãç ©­ ï ¢¥«¨ç¨­  �(t; !); ¨«¨ äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ­  ¯à®¨§¢¥¤¥­¨¨ ¯à®áâà ­áâ¢
R � 
: �à®áâà ­áâ¢® 
 ¯à¥¤¯®« £ ¥âáï ¨§¬¥à¨¬ë¬, â® ¥áâì ­  ­¥¬ ®¯à¥¤¥«¥­  � -  «£¥¡à  ¥£® ¯®¤-
¬­®¦¥áâ¢ F : �à®¬¥ â®£® ¯à¥¤¯®« £ ¥âáï, çâ® ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ f
;Fg § ¤ ­  ¢¥à®ïâ­®áâ­ ï
¬¥à  P; â® ¥áâì ¤«ï «î¡®£® ¬­®¦¥áâ¢  A 2 F ®¯à¥¤¥«¥­  ¥£® ¢¥à®ïâ­®áâì P(A): � ª¨¬ ®¡à §®¬ § ¤ ­®
¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢® f
;F ;Pg ¨ ¯®­ïâ¨¥ á«ãç ©­®£® ¯à®æ¥áá  ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.1 �«ãç ©­ë© ¯à®æ¥áá ¥áâì á¥¬¥©áâ¢® (¤¥©áâ¢¨â¥«ì­ëå ¨«¨ ª®¬¯«¥ªá­ëå)
á«ãç ©­ëå ¢¥«¨ç¨­ f�(t; !); t 2 Tg; ®¯à¥¤¥«¥­­ëå ­  f
;F ;Pg; £¤¥ ¬­®¦¥áâ¢® ¯ à ¬¥âà®¢ T � R:

�   ¬ ¥ ç   ­ ¨ ¥ �¡ëç­®, ª®£¤  íâ® ­¥ ¢ë§ë¢ ¥â ­¥ïá­®áâ¨, § ¢¨á¨¬®áâì �(t; !) ®â ! ­¥ ãª §ë¢ ¥âáï ¨
á«ãç ©­ë© ¯à®æ¥áá ®¡®§­ ç ¥âáï ¯à®áâ® ª ª �(t):

1



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.2 �ãáâì t0 2 T: �«ãç ©­ ï ¢¥«¨ç¨­  �t0 = �(t0; !) ­ §ë¢ ¥âáï á¥ç¥­¨¥¬ á«ã-
ç ©­®£® ¯à®æ¥áá  ¢ â®çª¥ t0 2 T:

�ë à áá¬ âà¨¢ ¥¬ ¤¢  â¨¯  á«ãç ©­ëå ¯à®æ¥áá®¢.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.3 �á«¨ ¯¥à¥¬¥­­ ï t ¯à®¡¥£ ¥â ¤¨áªà¥â­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨©, ­ ¯à¨¬¥à,
t 2 T = f:::�2;�1; 0; 1;2; :::g, â® á«ãç ©­ë© ¯à®æ¥áá �(t; !) ­ §ë¢ ¥âáï ¯à®æ¥áá®¬ á ¤¨áªà¥â­ë¬ ¢à¥¬¥­¥¬

¨«¨ á«ãç ©­®© ¯®á«¥¤®¢ â¥«ì­®áâìî,   ¥á«¨ t 2 R1 ¨«¨ t 2 [a; b); £¤¥ b � 1; â® á«ãç ©­ë© ¯à®æ¥áá
­ §ë¢ ¥âáï ¯à®æ¥áá®¬ á ­¥¯à¥àë¢­ë¬ ¢à¥¬¥­¥¬ ¨«¨ á«ãç ©­®© äã­ªæ¨¥©.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.4 �à®æ¥áá ­ §ë¢ ¥âáï ¤¥©áâ¢¨â¥«ì­ë¬, ¥á«¨ á«ãç ©­ë¥ ¢¥«¨ç¨­ë �(t; !)
ï¢«ïîâáï ¤¥©áâ¢¨â¥«ì­ë¬¨ ¤«ï «î¡®£® t 2 T; ¨ ª®¬¯«¥ªá­ë¬, ¥á«¨ á«ãç ©­ë¥ ¢¥«¨ç¨­ë �(t; !) ï¢«ïîâáï
ª®¬¯«¥ªá­ë¬¨ ¤«ï «î¡®£® t 2 T:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.5 �à¨ ä¨ªá¨à®¢ ­­®¬ !0 2 
 ­¥á«ãç ©­ ï äã­ªæ¨ï �!0(t) = �(t; !0); t 2
T ­ §ë¢ ¥âáï âà ¥ªâ®à¨¥©, á®®â¢¥âáâ¢ãîé¥© í«¥¬¥­â à­®¬ã ¨áå®¤ã !0 2 
: �à ¥ªâ®à¨¨ ­ §ë¢ îâáï
â ª¦¥ à¥ «¨§ æ¨ï¬¨ ¨«¨ ¢ë¡®à®ç­ë¬¨ äã­ªæ¨ï¬¨ á«ãç ©­®£® ¯à®æ¥áá .

�   ¬ ¥ ç   ­ ¨ ¥ �«ãç ©­ë© ¯à®æ¥áá ¬®¦­® âà ªâ®¢ âì ª ª á®¢®ªã¯­®áâì á¥ç¥­¨© (á¬. �¯à¥¤¥«¥­¨¥
1.1.1) ¨«¨ ª ª á®¢®ªã¯­®áâì ("¯ãç®ª") âà ¥ªâ®à¨© ¨«¨ à¥ «¨§ æ¨© (á¬. �¯à¥¤¥«¥­¨¥ 1.1.5). � à §«¨ç­ëå
§ ¤ ç å ¨á¯®«ì§ãîâáï ®¡  íâ¨å ®¯¨á ­¨ï.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.6 �«ãç ©­ë© ¯à®æ¥áá á ­¥¯à¥àë¢­ë¬ ¢à¥¬¥­¥¬ (á«ãç ©­ ï äã­ªæ¨ï) �(t)
­ §ë¢ ¥âáï à¥£ã«ïà­ë¬ (à¥£ã«ïà­®©), ¥á«¨ ¥£® (¥¥) âà ¥ªâ®à¨¨ ¢ ª ¦¤®© â®çª¥ t 2 T ­¥¯à¥àë¢­ë á¯à ¢ 
¨ ¨¬¥îâ ®£à ­¨ç¥­­ë¥ ¯à¥¤¥«ë á«¥¢ .

� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à¨¬¥àë, ¯®ïá­ïîé¨¥ ¢¢¥¤¥­­ë¥ ®¯à¥¤¥«¥­¨ï.

� à ¨ ¬ ¥ à 1.1.1 �ãáâì á«ãç ©­ë© ¯à®æ¥áá �(t; !) ®¯à¥¤¥«¥­ á«¥¤ãîé¨¬ ®¡à §®¬

�(t; !) = tX(!); t 2 [0; 1];

  X(!) � Rf[0; 1]g - á«ãç ©­ ï ¢¥«¨ç¨­ , à ¢­®¬¥à­® à á¯à¥¤¥«¥­­ ï ­  ®âà¥§ª¥ [0; 1]: �¯¨á âì ¬­®¦¥-
áâ¢® á¥ç¥­¨© ¨ âà ¥ªâ®à¨© á«ãç ©­®£® ¯à®æ¥áá  �(t):

� ¥ è ¥ ­ ¨ ¥ �«ãç ©­ë© ¯à®æ¥áá �(t) ï¢«ï¥âáï á«ãç ©­®© äã­ªæ¨¥©. �à¨ ä¨ªá¨à®¢ ­­®¬ t0 2 [0; 1]
á«ãç ©­ ï ¢¥«¨ç¨­  �t0(!) = t0X(!); â® ¥áâì ï¢«ï¥âáï á«ãç ©­®© ¢¥«¨ç¨­®©, ¨¬¥îé¥© à ¢­®¬¥à­®¥
à á¯à¥¤¥«¥­¨¥ ­  ®âà¥§ª¥ [0; t0]:

�à ¥ªâ®à¨¨ ¯à®æ¥áá  �(t);   ¨¬¥­­®: ­¥á«ãç ©­ë¥ äã­ªæ¨¨ �!0(t) = X(!0)t - ¥áâì ¯àï¬ë¥ «¨­¨¨,
¢ëå®¤ïé¨¥ ¨§ â®çª¨ (0; 0) á â ­£¥­á®¬ ã£«  ­ ª«®­ , à ¢­ë¬ X(!0):

� à ¨ ¬ ¥ à 1.1.2 �ãáâì t 2 [0;1),   á«ãç ©­ ï äã­ªæ¨ï �(t) § ¤ ­  á«¥¤ãîé¨¬ ®¡à §®¬:

�(t) = Un; ¯à¨ t 2 [n; n+ 1); n = 0; 1; 2; :::

£¤¥ fUn; n = 0; 1; 2:::g - ¯®á«¥¤®¢ â¥«ì­®áâì ®£à ­¨ç¥­­ëå á«ãç ©­ëå ¢¥«¨ç¨­. �¯¨á âì âà ¥ªâ®à¨¨ á«ã-
ç ©­®£® ¯à®æ¥áá  �(t): �¢«ï¥âáï «¨ íâ®â ¯à®æ¥áá à¥£ã«ïà­ë¬?

� ¥ è ¥ ­ ¨ ¥ �à ¥ªâ®à¨¨ ¯à®æ¥áá  �(t) - ¥áâì ªãá®ç­®-¯®áâ®ï­­ë¥ äã­ªæ¨¨, ¨á¯ëâë¢ îé¨¥ à §àë-
¢ë ¢ â®çª å t = n: �® ®¯à¥¤¥«¥­¨î íâ¨ äã­ªæ¨¨ ­¥¯à¥àë¢­ë á¯à ¢  ¨ ¨¬¥îâ ¯à¥¤¥«ë á«¥¢ , à ¢­ë¥
lim
t"n

�(t) = Un�1: �®áª®«ìªã PfjUn�1j <1g = 1; â® íâ®â á«ãç ©­ë© ¯à®æ¥áá ï¢«ï¥âáï à¥£ã«ïà­ë¬.



1.1.2 �®­¥ç­®¬¥à­ë¥ à á¯à¥¤¥«¥­¨ï á«ãç ©­®£® ¯à®æ¥áá 

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.7 �ãáâì f�(t; !); t 2 Tg - ¤¥©áâ¢¨â¥«ì­ë© á«ãç ©­ë© ¯à®æ¥áá ¨ § ¤ ­® ­¥ª®-
â®à®¥ ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨© ft1; t2; :::; tng � T:

�®®â¢¥âáâ¢ãîé ï á®¢®ªã¯­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ �(t1); :::; �(tn) ¨¬¥¥â á®¢¬¥áâ­ãî n - ¬¥à­ãî äã­ª-
æ¨î à á¯à¥¤¥«¥­¨ï

F�(x1; :::; xn; t1; :::; tn) = Pf�(t1) � x1; :::; �(tn) � xng: (1.1.1)

�®¢®ªã¯­®áâì â ª¨å á®¢¬¥áâ­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï ¤«ï à §«¨ç­ëå n = 1; 2; ::: ¨ ¢á¥å ¢®§¬®¦­ëå
§­ ç¥­¨© ti 2 T ­ §ë¢ ¥âáï á¥¬¥©áâ¢®¬ ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© á«ãç ©­®£® ¯à®æ¥áá  �:

�ã­ªæ¨ï F�(x1; :::; xn; t1; :::; tn) ï¢«ï¥âáï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï ­¥ª®â®à®© ¬¥àë Ft1;:::;tn(dx1; :::; dxn)
¢ ¯à®áâà ­áâ¢¥ Rn:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.8 �á«¨ äã­ªæ¨ï F ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

F�(x1; :::; xn; t1; t2; :::; tn) =

x1Z
�1

:::

xnZ
�1

p�(u1; :::; un; t1; :::; tn)du1:::dun;

á ­¥ª®â®à®© ¨§¬¥à¨¬®© ¯® �¥¡¥£ã ­¥®âà¨æ â¥«ì­®© äã­ªæ¨¥© p�(x1; x2; :::; xn; t1; t2; :::; tn) â ª®©, çâ®

1Z
�1

:::

1Z
�1

p�(u1; :::; un; t1; :::; tn)du1:::dun = 1;

â® £®¢®àïâ, çâ® á®¢¬¥áâ­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¨¬¥¥â ¯«®â­®áâì.
�ã­ªæ¨ï p�(x1; x2; :::; xn; t1; t2; :::; tn) ­ §ë¢ ¥âáï ¯«®â­®áâìî à á¯à¥¤¥«¥­¨ï.

�«¥¤ãîé¨¥ ¯à¨¬¥àë ¤¥¬®­áâà¨àãîâ ­ å®¦¤¥­¨¥ á®¢¬¥áâ­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï.

� à ¨ ¬ ¥ à 1.1.3 �ãáâì á«ãç ©­ë© ¯à®æ¥áá § ¤ ­ á®®â­®è¥­¨¥¬ �(t) = U; 8t 2 T; £¤¥ U - ­¥ª®â®à ï
á«ãç ©­ ï ¢¥«¨ç¨­  á äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï FU(x): � ©â¨ á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨©
¯à®æ¥áá  �: �¬¥¥â «¨ á®¢¬¥áâ­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¯«®â­®áâì?

� ¥ è ¥ ­ ¨ ¥ � á®®â¢¥âáâ¢¨¨ á �¯à¥¤¥«¥­¨¥¬ 1.1.7 ¨¬¥¥¬

F�(x1; :::; xn; t1; :::; tn) = Pf�(t1) � x1; :::; �(tn) � xng =

PfU � x1; :::; U � xng = PfU � min(x1; :::; xn)g = FU (min(x1; :::; xn)):
(1.1.2)

�á«¨ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï FU(x) ¨¬¥¥â ¯«®â­®áâì pU (x); â® áãé¥áâ¢ã¥â ¨ ¯«®â­®áâì ®¤­®¬¥à­®£®
à á¯à¥¤¥«¥­¨ï á«ãç ©­®£® ¯à®æ¥áá  �(t); ¯®áª®«ìªã

F�(x; t) = Pf�(t) � xg = PfU � xg = FU (x) =

xZ
�1

pU (y)dy:

�¤­ ª® ¯à¨ n � 2 á®¢¬¥áâ­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ­¥ ¨¬¥¥â ¯«®â­®áâ¨. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ®¯à¥-
¤¥«¥­¨ï ¯à®æ¥áá  �(t) ¤«ï «î¡ëå t1; :::; tn ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

�(t1) = �(t2) = ::: = �(tn);

¯®íâ®¬ã ¬¥à  Ft1;:::;tn(dx1; :::; dxn) ¢ ¯à®áâà ­áâ¢¥ R
n; á®®â¢¥âáâ¢ãîé ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï (1.1.2)

á®áà¥¤®â®ç¥­  ­  ¬­®¦¥áâ¢¥ S = fx 2 Rn : x1 = x2 = ::: = xng; ¯à¥¤áâ ¢«ïîé¥¬ á®¡®© ¯àï¬ãî «¨-
­¨î. �®áª®«ìªã �¥¡¥£®¢  ¬¥à  ¬­®¦¥áâ¢  S à ¢­  ­ã«î, â® ¬¥à  Ft1;:::;tn(dx1; :::; dxn) á¨­£ã«ïà­  ¯®
®â­®è¥­¨î ª ¬¥à¥ �¥¡¥£ , ¨ á«¥¤®¢ â¥«ì­®, ¥¥ ¯«®â­®áâì ­¥ áãé¥áâ¢ã¥â.

�   ¬ ¥ ç   ­ ¨ ¥ �®«¥¥ â®ç­® ¬®¦­® ãâ¢¥à¦¤ âì, çâ® ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï à ¢­  ­ã«î ¯®çâ¨ ¢áî¤ã
¢ Rn ¨ à ¢­  ¡¥áª®­¥ç­®áâ¨ ­  ¯àï¬®© S: �á«¨ ¨­â¥£à « ¢ ®¯à¥¤¥«¥­¨¨ 1.1.8 ¯®­¨¬ âì ¢ á¬ëá«¥ ¨­â¥£à « 
®â ®¡®¡é¥­­®© äã­ªæ¨¨, â® ¬®¦­® £®¢®à¨âì, çâ® ¢ íâ®¬ á«ãç ¥ ¯«®â­®áâì ¥áâì ®¡®¡é¥­­ ï äã­ªæ¨ï.



� à ¨ ¬ ¥ à 1.1.4 �ãáâì á«ãç ©­ë© ¯à®æ¥áá § ¤ ­ á®®â­®è¥­¨¥¬ �(t) = '(t)U; t 2 [0; 1]; £¤¥ U - ­¥ª®-
â®à ï á«ãç ©­ ï ¢¥«¨ç¨­  á äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï FU (x);   '(t) > 0: � ©â¨ á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå
à á¯à¥¤¥«¥­¨© ¯à®æ¥áá  �: �¬¥¥â «¨ á®¢¬¥áâ­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¯«®â­®áâì?

� ¥ è ¥ ­ ¨ ¥ � á®®â¢¥âáâ¢¨¨ á �¯à¥¤¥«¥­¨¥¬ 1.1.7 ¨¬¥¥¬

F�(x1; :::; xn; t1; :::; tn) = Pf�(t1) � x1; :::; �(tn) � xng =

P f'(t1)U � x1; :::; '(tn)U � xng = P

�
U � x1

'(t1)
; :::; U � xn

'(tn)

�
=

P

�
U � min

�
x1

'(t1)
; :::; xn

'(tn)

��
= FU

�
min

�
x1

'(t1)
; :::; xn

'(tn)

��
:

(1.1.3)

�á«¨ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï FU(x) ¨¬¥¥â ¯«®â­®áâì pU (x); â® áãé¥áâ¢ã¥â ¨ ¯«®â­®áâì ®¤­®¬¥à­®£®
à á¯à¥¤¥«¥­¨ï á«ãç ©­®£® ¯à®æ¥áá  �(t); ¯®áª®«ìªã

F�(x; t) = Pf�(t) � xg = Pf'(t)U � xg = FU

�
x

'(t)

�
=

x
'(t)Z
�1

pU (y)dy =

xZ
�1

1

'(t)
pU

�
z

'(t)

�
dz:

�¤­ ª® ¯à¨ n � 2 á®¢¬¥áâ­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ­¥ ¨¬¥¥â ¯«®â­®áâ¨. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ®¯à¥-
¤¥«¥­¨ï ¯à®æ¥áá  �(t) ¤«ï «î¡ëå t1; :::; tn ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

�(t1)'(t1) = �(t2)'(t2) = ::: = �(tn)'(tn);

¯®íâ®¬ã ¬¥à  Ft1;:::;tn(dx1; :::; dxn) ¢ ¯à®áâà ­áâ¢¥ R
n; á®®â¢¥âáâ¢ãîé ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï (1.1.3)

á®áà¥¤®â®ç¥­  ­  ¯àï¬®© «¨­¨¨ S = fx 2 Rn : x1'(t1) = x2'(t2) = ::: = xn(tn)g: �®áª®«ìªã �¥¡¥£®¢ 
¬¥à  ¬­®¦¥áâ¢  S à ¢­  ­ã«î, â® ¬¥à  Ft1;:::;tn(dx1; :::; dxn) á¨­£ã«ïà­  ¯® ®â­®è¥­¨î ª ¬¥à¥ �¥¡¥£ , ¨
á«¥¤®¢ â¥«ì­®, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥, ¯«®â­®áâì ­¥ áãé¥áâã¥â.

� à ¨ ¬ ¥ à 1.1.5 �ãáâì X ¨ Y ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ®¯à¥¤¥«¥­­ë¥ ­  ¢¥à®ïâ­®áâ­®¬
¯à®áâà ­áâ¢¥ (
;F ;P); á äã­ªæ¨ï¬¨ à á¯à¥¤¥«¥­¨ï

FX (x) = PfX � xg; FY (y) = PfY � yg:
�ãáâì f�(t); t � 0g - á«ãç ©­ë© ¯à®æ¥áá, ®¯à¥¤¥«¥­­ë© á®®â­®è¥­¨¥¬,

�(t) = Xt + Y:

�¯¨á âì âà ¥ªâ®à¨¨ ¤ ­­®£® ¯à®æ¥áá , ­ ©â¨ á¥¬¥©áâ¢® á®¢¬¥áâ­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï.

� ¥ è ¥ ­ ¨ ¥ �ë¡®à®ç­ë¥ äã­ªæ¨¨ íâ®£® ¯à®æ¥áá  ¯à¥¤áâ ¢«ïîâ á®¡®© ¯àï¬ë¥ «¨­¨¨ á® á«ãç ©­ë¬
­ ª«®­®¬ ¨ á«ãç ©­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬ ¯à¨ t = 0: �®­¥ç­®¬¥à­ë¥ à á¯à¥¤¥«¥­¨ï ¯à®æ¥áá  �(t)
¨¬¥îâ ¢¨¤

F�(x1; t1) = PfXt1 + Y � x1g =
1Z

�1
P

�
X � x1 � y

t1

�
dFY (y) =

1Z
�1

FX

�
x1 � y

t1

�
dFY (y);

F�(x1; :::; xn; t1; :::; tn) = PfXt1 + Y � x1; :::; Xtn+ Y � xng =
1Z

�1
P

�
X � x1 � y

t1
; :::; X � xn � y

tn

�
dFY (y) =

1Z
�1

FX

�
min
1�i�n

xi � y

ti

�
dFY (y):



� à ¨ ¬ ¥ à 1.1.6 �ãáâì X;Y - ­¥§ ¢¨á¨¬ë¥ £ ãáá®¢áª¨¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, MfXg = MfY g =

0; DfXg = DfY g = 1=2: �«ãç ©­ë© ¯à®æ¥áá ®¯à¥¤¥«¥­ á®®â­®è¥­¨¥¬ �(t) = X + Y
t ; t > 0: �®áâà®¨âì

®¤­®¬¥à­ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï.

� ¥ è ¥ ­ ¨ ¥ �® ®¯à¥¤¥«¥­¨î ®¤­®¬¥à­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï à ¢­ 

F�(x1; t1) = Pf�(t1) � x1g = P

�
X + Y

t1
� x1

�
:

�«ãç ©­ ï ¢¥«¨ç¨­  �(t1) - £ ãáá®¢áª ï á ¯ à ¬¥âà ¬¨

Mf�(t1)g = 0; Df�(t1)g = 1

t1
;

¯®íâ®¬ã

F�(x1; t1) =
t1p
2�

x1Z
�1

e
�u

2t21
2 du:

� áá¬®âà¥­­ë¥ ¯à¨¬¥àë ®â­®áïâáï ª á«ãç ©­ë¬ äã­ªæ¨ï¬. �à¨¢¥¤¥¬ ¯à¨¬¥àë ­ å®¦¤¥­¨ï § ª®­®¢
à á¯à¥¤¥«¥­¨ï á«ãç ©­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©.

� à ¨ ¬ ¥ à 1.1.7 �ãáâì á«ãç ©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì f�(n); n = 1; 2; :::g â ª®¢ , çâ® á«ãç ©­ë¥
¢¥«¨ç¨­ë �(n) ¨ �(m) ­¥§ ¢¨á¨¬ë ¯à¨ n 6= m ¨ ¨¬¥îâ ®¤¨­ ª®¢ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï Pf�(n) �
xg = F (x): � ©â¨ á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨©.

� ¥ è ¥ ­ ¨ ¥ �® ®¯à¥¤¥«¥­¨î n - ¬¥à­®£® ª®­¥ç­®¬¥à­®£® à á¯à¥¤¥«¥­¨ï ¨ ¢ á¨«ã ­¥§ ¢¨á¨¬®áâ¨
á«ãç ©­ëå ¢¥«¨ç¨­ �(n) ¨¬¥¥¬

F�(x1; :::; xk; n1; :::; nk) = Pf�(n1) � x1; :::; �(nk) � xkg =
kY
i=1

Pf�(ni) � xig =
kY
i=1

F (xi):

� à ¨ ¬ ¥ à 1.1.8 �«ãç ©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì �(n); n = 0; 1; 2; ::: ®¯à¥¤¥«¥­  à¥ªãàà¥­â­ë¬ á®-
®â­®è¥­¨¥¬

�(n) = ��(n) + "n; n = 1; 2; ::; �(0) = 0;

£¤¥ f"ng - ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå ¢ á®¢®ªã¯­®áâ¨ £ ãáá®¢áª¨å á«ãç ©­ëå ¢¥«¨ç¨­ á ¯ à ¬¥-
âà ¬¨ Mf"ng = 0; Df"ng = �2 > 0: � ©â¨ ®¤­®¬¥à­ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ �:

� ¥ è ¥ ­ ¨ ¥ �«ãç ©­ ï ¢¥«¨ç¨­  �(n) à ¢­ 

�(n) = "1�
n�1 + :::+ "n�1�+ "n =

nX
k=1

"k�
n�k:

� á¨«ã £ ãáá®¢®áâ¨ ¨ ­¥§ ¢¨á¨¬®áâ¨ á«ãç ©­ëå ¢¥«¨ç¨­ "k á«ãç ©­ ï ¢¥«¨ç¨­  �(n) - £ ãáá®¢áª ï á
¯ à ¬¥âà ¬¨

Mf�(n)g = 0; Df�(n)g = D�(n) =
nX

k=1

Df"kg�2(n�k) =

8><
>:

�2�
2n � 1
�2�1 ¥á«¨ �2 6= 1;

�2n ¥á«¨ �2 = 1:

�¤­®¬¥à­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï à ¢­ 

F�(x; n) = Pf�(n) � xg = 1q
2�D�(n)

xZ
�1

e
� u2

2D�(n) du:



�   ¬ ¥ ç   ­ ¨ ¥ �«ãç ©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì, ®¯¨á ­­ ï ¢ �à¨¬¥à¥ 1.1.7 ­ §ë¢ ¥âáï ¤¨áªà¥â­ë¬

¡¥«ë¬ èã¬®¬. � ¤ «ì­¥©è¥¬ íâ  ¬®¤¥«ì ¡ã¤¥â ç áâ® ¨á¯®«ì§®¢ âìáï ¤«ï ¯®áâà®¥­¨ï ¡®«¥¥ á«®¦­ëå
á«ãç ©­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©. � �à¨¬¥à¥ 1.1.8 ¯®á«¥¤®¢ â¥«ì­®áâì f"ng ï¢«ï¥âáï ¤¨áªà¥â­ë¬ £ ãá-
á®¢áª¨¬ ¡¥«ë¬ èã¬®¬.

1.1.3 �¥®à¥¬  �®«¬®£®à®¢ .

�¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ï¢«ï¥âáï ®á­®¢­®© å à ªâ¥à¨áâ¨ª®© á«ãç ©­®£® ¯à®æ¥áá , ¯®«-
­®áâìî ®¯à¥¤¥«ïîé¥© ¥£® á¢®©áâ¢ . �ë ¡ã¤¥¬ £®¢®à¨âì, çâ® á«ãç ©­ë© ¯à®æ¥áá § ¤ ­, ¥á«¨ § ¤ ­® ¥£®
á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© (1.1.1.)

�ã­ªæ¨¨ F�(x1; :::; xn; t1; :::; tn) ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¥¬ã ­ ¡®àã ãá«®¢¨©:

1. 0 � F�(x1; :::; xn; t1; :::; tn) � 1; (ãá«®¢¨¥ ­®à¬¨à®¢ª¨)

2. äã­ªæ¨¨ F�(x1; :::; xn; t1; :::; tn) ­¥¯à¥àë¢­ë á¯à ¢  ¯® ¯¥à¥¬¥­­ë¬ xi;

3.

F�(x1; :::; xn; t1; :::; tn)! 0;

¥á«¨ å®âï ¡ë ®¤­  ¨§ ¯¥à¥¬¥­­ëå xi !�1; ¨

F�(x1; :::; xn; t1; :::; tn)! 1;

¥á«¨ ¢á¥ ¯¥à¥¬¥­­ë¥ xi !1;

4. äã­ªæ¨¨ F�(x1; :::; xn; t1; :::; tn) ¬®­®â®­­ë ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ®¯à¥¤¥«¨¬ ®¯¥à â®à �i ¢§ïâ¨ï
ª®­¥ç­®© à §­®áâ¨ ¯® ¯¥à¥¬¥­­®© xi ª ª

�iF = F (x1; :::; xi�1; xi + hi; xi+1; :::; xn)� F (x1; :::; xi�1; xi; xi+1; :::; xn); hi > 0;

â®£¤  ¤«ï «î¡®£® ­ ¡®à  hi � 0;

�1�2:::�nF�(x1; :::; xn; t1; :::; tn) � 0;

5. ¤«ï «î¡®© ¯¥à¥áâ ­®¢ª¨ fk1; :::; kng ¨­¤¥ªá®¢ f1; :::; ng

F�(x1; :::; xn; t1; :::; tn) = F�(xk1 ; :::; xkn; tk1 ; :::; tkn);

6. ¤«ï «î¡ëå 1 � k < n ¨ x1; :::; xk 2 R

F�(x1; :::; xk; t1; :::; tk) = F�(x1; :::; xk;1; :::;1; t1; :::; tn):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.9 �á«®¢¨ï (5), (6) ­ §ë¢ îâáï ãá«®¢¨ï¬¨ á®£« á®¢ ­­®áâ¨.

� à ¨ ¬ ¥ à 1.1.9 �®ª § âì á¯à ¢¥¤«¨¢®áâì ãá«®¢¨© á®£« á®¢ ­­®áâ¨.

� ¥ è ¥ ­ ¨ ¥ �á¥ á¢®©áâ¢  (1)-(6) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ãîâ ¨§ á¢®©áâ¢ ¢¥à®ïâ­®áâ¨. �¥©áâ¢¨â¥«ì­®,
á¢®©áâ¢® 1) - ¥áâì ãá«®¢¨¥ ­®à¬¨à®¢ª¨. �¢®©áâ¢  2) - 3) ­¥¬¥¤«¥­­® á«¥¤ãîâ ¨§ á¢®©áâ¢  ­¥¯à¥àë¢­®áâ¨
¢¥à®ïâ­®áâ¨. �á«®¢¨¥ 4) - ¥áâì ãá«®¢¨¥ ­¥®âà¨æ â¥«ì­®áâ¨ ¢¥à®ïâ­®áâ¨, ¯®áª®«ìªã

�1�2:::�nF�(x1; :::; xn; t1; :::; tn) = P

(
n\
i=1

f�(ti) 2 (xi; xi + hi]g
)
� 0;

­ ª®­¥æ, á¢®©áâ¢  5) - 6) ï¢«ïîâáï á¢®©áâ¢ ¬¨ á®¢¬¥áâ­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï á«ãç ©­ëå ¢¥«¨ç¨­
f�(t1); :::; �(tn)g: �®«­®¥ ¤®ª § â¥«ìáâ¢® ¯à¥¤« £ ¥âáï ¢ë¯®«­¨âì á ¬®áâ®ïâ¥«ì­® (á¬. � ¤ çã 1.1.1).



�à¥¤¯®«®¦¨¬, çâ® ¤«ï «î¡®£® n � 1 ¨ «î¡®£® ¯à®¨§¢®«ì­®£® ­ ¡®à  t1; :::; tn 2 T; § ¤ ­ë äã­ªæ¨¨ n
¯¥à¥¬¥­­ëå F�(x1; :::; xn; t1; :::; tn); ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (1)-(6). �¢«ï¥âáï «¨ íâ® á¥¬¥©áâ¢® äã­ª-
æ¨© á¥¬¥©áâ¢®¬ ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ­¥ª®â®à®£® á«ãç ©­®£® ¯à®æ¥áá ? �â®¡ë ¯®«®¦¨â¥«ì­®
®â¢¥â¨âì ­  íâ®â ¢®¯à®á ­¥®¡å®¤¨¬® ¯®áâà®¨âì ¯à®áâà ­áâ¢® í«¥¬¥­â à­ëå ¨áå®¤®¢ 
, § ¤ âì ­  ­¥¬ ­¥-
ª®â®àãî ��  «£¥¡àã F ¯®¤¬­®¦¥áâ¢ ¨ ¢¥à®ïâ­®áâì P: � ­ ª®­¥æ, ¯®áâà®¨âì á¥¬¥©áâ¢® äã­ªæ¨© �(t; !);
®¯à¥¤¥«¥­­ëå ­  T �
 â ª, çâ®¡ë á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ¯à®æ¥áá  �(t; !) á®¢¯ «® á á¥-
¬¥©áâ¢®¬ äã­ªæ¨© F�: �ª §ë¢ ¥âáï, çâ® ¤ ­­ ï ¯à®æ¥¤ãà  ®áãé¥áâ¢¨¬  ¢á¥£¤ . �â®â ®á­®¢®¯®« £ îé¨©
à¥§ã«ìâ â â¥®à¨¨ á«ãç ©­ëå ¯à®æ¥áá®¢ ¨§¢¥áâ¥­ ª ª �¥®à¥¬  �®«¬®£®à®¢ .

� ¥ ® à ¥ ¬   1.1.1 �ãáâì § ¤ ­® ­¥ª®â®à®¥ á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï

F�(x1; :::; xn; t1; :::; tn); t1; :::; tn 2 T; x1; :::; xn 2 R; 1 � n <1;

ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (1)-(6). �®£¤  áãé¥áâ¢ã¥â ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢® f
;F ;Pg ¨ á«ã-
ç ©­ë© ¯à®æ¥áá f�(t); t 2 Tg â ª¨¥, çâ® á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© � á®¢¯ ¤ ¥â á F�:

�   ¬ ¥ ç   ­ ¨ ¥ �¥®à¥¬  �®«¬®£®à®¢  ¢¬¥áâ¥ á ãáâ ­®¢«¥­­ë¬¨ ¢ëè¥ á¢®©áâ¢ ¬¨ á¥¬¥©áâ¢  ª®­¥ç­®-
¬¥à­ëå à á¯à¥¤¥«¥­¨© ¯®ª §ë¢ ¥â, çâ® ãá«®¢¨ï (1)-(6) ï¢«ïîâáï ­¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®ç­ë¬¨ ¤«ï
áãé¥áâ¢®¢ ­¨ï ¯à®æ¥áá  á § ¤ ­­ë¬¨ ª®­¥ç­®¬¥à­ë¬¨ à á¯à¥¤¥«¥­¨ï¬¨ F�:

� à ¨ ¬ ¥ à 1.1.10 �ãáâì § ¤ ­® á¥¬¥©áâ¢® á«ãç ©­ëå ¢¥«¨ç¨­ �(t); t 2 T; á® á«¥¤ãîé¨¬¨ å à ªâ¥-
à¨áâ¨ª ¬¨

Mf�(t)g = 0; covf�(t)�(� )g = R�(t; � ):

�à¨ ª ª¨å ãá«®¢¨ïå áãé¥áâ¢ã¥â £ ãáá®¢áª¨© á«ãç ©­ë© ¯à®æ¥áá �(t) á â ª¨¬¨ å à ªâ¥à¨áâ¨ª ¬¨?

� ¥ è ¥ ­ ¨ ¥ � áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî á®¢®ªã¯­®áâì ft1; :::; tng 2 T ¨ á¥¬¥©áâ¢® á«ãç ©­ëå ¢¥«¨-
ç¨­ f�(t1); :::; �(tn)g; á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ ª®â®àëå ¤®«¦­® ¡ëâì £ ãáá®¢áª¨¬. �¡à §ã¥¬ ¨§ á«ãç ©-
­ëå ¢¥«¨ç¨­ �(ti); i = 1; :::; n ¢¥ªâ®à �: �®¢ à¨ æ¨®­­ ï ¬ âà¨æ  ¢¥ªâ®à  � à ¢­ 

K� = kR�(ti; tj)ki=1;:::n;j=1;:::;n:

�«ï áãé¥áâ¢®¢ ­¨ï £ ãáá®¢áª®£® ¢¥ªâ®à  ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ª®¢ à¨ æ¨®­­ ï ¬ âà¨æ 
¢¥ªâ®à  �; ®¡à §®¢ ­­®£® ¨§ á«ãç ©­ëå ¢¥«¨ç¨­ �(ti); i = 1; :::; n ¡ë«  ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­®©.
�¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®£® ­ ¡®à  ª®¬¯«¥ªá­ëå ç¨á¥« fz1; :::; zng ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

M

8<
:
�����
nX
i=1

�(ti)zi

�����
2
9=
; =

nX
i=1

nX
j=1

covf�(ti); �(tj)gzizj =
nX
i=1

nX
j=1

R�(ti; tj)zizj � 0;

¯®íâ®¬ã äã­ªæ¨ï R�(t; � ) ¤®«¦­  ã¤®¢«¥â¢®àïâì ãá«®¢¨î ­¥®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨,

nX
i=1

nX
j=1

R�(ti; tj)zizj � 0; 8ft1; :::; tng 2 T; fz1; :::; �ng; n � 1; (1.1.4)

ª®â®à®¥ á®¢¯ ¤ ¥â á ãá«®¢¨¥¬ ­¥®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ¬ âà¨æë K�: � ¤àã£®© áâ®à®­ë ãá«®-
¢¨¥ (1.1.4) ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï áãé¥áâ¢®¢ ­¨ï £ ãáá®¢áª®£® ¢¥ªâ®à  á ª®¢ à¨ æ¨®­­®© ¬ âà¨æ¥©
K� = kR�(ti; tj)ki=1;:::;n;j=1;:::;n; äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ª®â®à®£® F�(x1; :::; xn) á®¢¯ ¤ ¥â á ª®­¥ç­®¬¥à-
­ë¬ àá¯à¥¤¥«¥­¨¥¬ F�(x1; :::; xn; t1; :::; tn): �¥©áâ¢¨â¥«ì­®, ¥á«¨ K� � 0; â® áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­®¥
«¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ M , ¯à¨¢®¤ïé¥¥ K� ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã, â® ¥áâì

M�K�M = diagf�1; :::; �r; 0; :::;0g;

£¤¥ �i > 0;   r = rankK�: �á«¨ ¨áå®¤­®¥ ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢® \¤®áâ â®ç­® ¡®£ â®", â® ¥áâì ­  ­¥¬
®¯à¥¤¥«¥­® r ­¥§ ¢¨á¨¬ëå £ ãáá®¢áª¨å ¢¥ªâ®à®¢ �i � N (0; 1); i = 1; :::; r á ­ã«¥¢ë¬ áà¥¤­¨¬ ¨ ¥¤¨­¨ç­®©



¤¨á¯¥àá¨¥©, â® ¬®¦­® ®¯à¥¤¥«¨âì £ ãáá®¢áª¨© ¢¥ªâ®à

� =

0
BBBBBBBBB@

�
1=2
1 �1

�
1=2
2 �2
. . . . . .

�
1=2
r �r

0
. . . . . .
0

1
CCCCCCCCCA
; covf�; ��g = diagf�1; :::; �r; 0; :::; 0g= M�K�M:

�¥ªâ®à � ¬®¦­® ®¯à¥¤¥«¨âì â®£¤  á®®â­®è¥­¨¥¬ � = M�1�; ¤¥©áâ¢¨â¥«ì­®, ¯à¨ íâ®¬ ¢¥ªâ®à � - £ ãáá®¢-
áª¨©,   ¥£® ª®¢ à¨ æ¨ï à ¢­  covf�; ��g = (M�1)�M�K�MM�1 = K�: �ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï £ ãáá®¢-
áª®£® ¢¥ªâ®à  � ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ á®£« á®¢ ­­®áâ¨ (1)-(6). � ª¨¬ ®¡à §®¬
ãá«®¢¨ï¬ á®£« á®¢ ­­®áâ¨ ã¤®¢«¥â¢®àï¥â ¨ á¥¬¥áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ¨ ¯® â¥®à¥¬¥ �®«-
¬®£®à®¢  íâ® ®§­ ç ¥â áãé¥áâ¢®¢ ­¨¥ á«ãç ©­®£® ¯à®æ¥áá , ¢á¥ ª®­¥ç­®¬¥à­ë¥ à á¯à¥¤¥«¥­¨ï ª®â®à®£®
ï¢«ïîâáï £ ãáá®¢áª¨¬. �«¥¤®¢ â¥«ì­®, ¤«ï áãé¥áâ¢®¢ ­¨ï ¯à®æ¥áá  á £ ãáá®¢áª¨¬¨ ª®­¥ç­®¬¥à­ë¬¨
à á¯à¥¤¥«¥­¨ï¬¨ ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ãá«®¢¨ï ­¥®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ (1.1.4)
ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨.

�   ¬ ¥ ç   ­ ¨ ¥ �à®æ¥áá, à áá¬®âà¥­­ë© ¢ëè¥ ¢ ¯à¨¬¥à¥ 1.1.10 ­ §ë¢ ¥âáï £ ãáá®¢áª¨¬ á«ãç ©­ë¬

¯à®æ¥áá®¬. �¢®©áâ¢  â ª¨å ¯à®æ¥áá®¢ à áá¬ âà¨¢ îâáï ¢ á«¥¤ãîé¥¬ à §¤¥«¥.

�¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ®¯à¥¤¥«ï¥â á«ãç ©­ë© ¯à®æ¥áá «¨èì á ­¥ª®â®à®© â®ç­®-
áâìî. �¨¦¥ ¬ë à áá¬ âà¨¢ ¥¬ à §«¨ç­ë¥ á¯®á®¡ë ®¯à¥¤¥«¥­¨ï íª¨¢ «¥­â­®áâ¨ á«ãç ©­ëå ¯à®æ¥áá®¢.

�ãáâì fX(t); t 2 Tg ¨ fY (t); t 2 Tg ¤¢  á«ãç ©­ëå ¯à®æ¥áá , ®¯à¥¤¥«¥­­ëå ­  ®¤­®¬ ¨ â®¬ ¦¥
¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ f
;F ;Pg , ¨ ¯à¨­¨¬ îé¨¥ §­ ç¥­¨ï ¢ ®¤­®¬ ¨ â®¬ ¦¥ ¨§¬¥à¨¬®¬ ¯à®áâà ­-
áâ¢¥, ­ ¯à¨¬¥à, fR;B(R)g; £¤¥ B(R) - ��  «£¥¡à  ¡®à¥«¥¢áª¨å ¯®¤¬­®¦¥áâ¢ R:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.10 �à®æ¥ááë fX(t); t 2 Tg ¨ fY (t); t 2 Tg ­ §ë¢ îâáï áâ®å áâ¨ç¥áª¨

íª¢¨¢ «¥­â­ë¬¨ ¢ è¨à®ª®¬ á¬ëá«¥ ¥á«¨: ¤«ï «î¡ëå

n = 1; 2; :::; ft1; t2; :::; tng 2 T; fB1; B2; :::; Bng 2 B(R)

¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

PfX(t1) 2 B1; :::; X(tn) 2 Bng = PfY (t1) 2 B1; :::; Y (tn) 2 Bng: (1.1.5)

�   ¬ ¥ ç   ­ ¨ ¥ �á«®¢¨¥ íª¢¨¢ «¥­â­®áâ¨ ¢ è¨à®ª®¬ á¬ëá«¥ ®§­ ç ¥â, çâ® á¥¬¥©áâ¢  ª®­¥ç­®¬¥à­ëå
à á¯à¥¤¥«¥­¨© ¯à®æ¥áá®¢ X ¨ Y á®¢¯ ¤ îâ.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.11 �á«¨ ¤«ï «î¡®£® t 2 T

PfX(t) = Y (t)g = 1; (1.1.6)

â® ¯à®æ¥ááë ­ §ë¢ îâáï áâ®å áâ¨ç¥áª¨ íª¢¨¢ «¥­â­ë¬¨ ¨«¨ ¯à®áâ® íª¢¨¢ «¥­â­ë¬¨

�ë¯®«­¥­¨¥ à ¢¥­áâ¢  (1.1.6) ¢«¥ç¥â §  á®¡®© ¢ë¯®«­¥­¨¥ (1.1.5).

� ¥ ® à ¥ ¬   1.1.2 �ª¢¨¢ «¥­â­ë¥ ¯à®æ¥ááë ¢á¥£¤  íª¢¨¢ «¥­â­ë ¢ è¨à®ª®¬ á¬ëá«¥.

� ® ª   §   â ¥ « ì á â ¢ ® � á¨«ã íª¢¨¢ «¥­â­®áâ¨ ¯à®æ¥áá®¢ X ¨ Y PfX(t) 6= Y (t)g = 1; 8t 2 T;
¯®íâ®¬ã ¤«ï «î¡®£® t 2 T ¬­®¦¥áâ¢  fX(t) � xg ¨ fY (t) � xg à §«¨ç îâáï «¨èì ­  ¬­®¦¥áâ¢® ­ã«¥¢®©
¢¥à®ïâ­®áâ¨. �¥©áâ¢¨â¥«ì­®, á¨¬¬¥âà¨ç¥áª ï à §­®áâì íâ¨å ¬­®¦¥áâ¢ ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î

fX(t) � xg 
 fY (t) � xg = (X(t) � x)
T
(Y (t) > x)

S
(Y (t) � x)

T
(X(t) > x) � fX(t) 6= Y (t)g;



¨ ¬­®¦¥áâ¢® ¢ ¯à ¢®© ç áâ¨ ¨¬¥¥â ­ã«¥¢ãî ¢¥à®ïâ­®áâì. � «¥¥

fX(t1) � x1; :::; X(tn) � xng 
 fY (t1) � x1; :::; Y (tn) � xn)g �
n[
i=1

fX(ti) 6= Y (ti)g;

á«¥¤®¢ â¥«ì­®,
Pf(X(t1) � x1; :::; X(tn) � xn)
 (Y (t1) � x1; :::; Y (tn) � xn)g = 0;

¨ §­ ç¨â,
PfX(t1) � x1; :::; X(tn) � xng = PfY (t1) � x1; :::; Y (tn) � xng;

â ª ª ª ¬­®¦¥áâ¢  ¯®¤ §­ ª®¬ ¢¥à®ïâ­®áâ¨ ®â«¨ç îâáï «¨èì ­  ¬­®¦¥áâ¢® ­ã«¥¢®© ¬¥àë. �âáî¤  á«¥-
¤ã¥â ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (1.1.5) ­  «î¡ëå ¬­®¦¥áâ¢ å fB1; B2; :::; Bng; ®¡à §®¢ ­­ëå ª®­¥ç­ë¬¨ ®¡ê-
¥¤¨­¥­¨ï¬¨ ¨ ¯¥à¥á¥ç¥­¨ï¬¨ ¨­â¥à¢ «®¢,   § â¥¬ ¢ á¨«ã �¥®à¥¬ë � à â¥®¤®à¨ ® ¥¤¨­áâ¢¥­­®áâ¨ ¯à®-
¤®«¦¥­¨ï ¬¥àë ¨ ­  «î¡ëå ¬­®¦¥áâ¢ å ¨§ � -  «£¥¡àë B(R):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.12 �á«¨ ¯à®æ¥áá �(t) íª¢¨¢ «¥­â¥­ ¯à®æ¥ááã �(t); â® �(t) ­ §ë¢ ¥âáï ¢¥àá¨¥©
¨«¨ ¬®¤¨ä¨ª æ¨¥© ¯à®æ¥áá  �(t):

�®¢¥¤¥­¨¥ ¤¢ãå ¢¥àá¨© ®¤­®£® ¯à®æ¥áá  ¬®¦¥â ¡ëâì á®¢¥àè¥­­® à §«¨ç­ë¬. �«¥¤ãîé¨© ¯à¨¬¥à ¯®-
ª §ë¢ ¥â, çâ® ¤¢  íª¢¨¢ «¥­â­ëå ¯à®æ¥áá  ¬®£ãâ ¨¬¥âì á®¢¥àè¥­­® à §«¨ç­ë¥ âà ¥ªâ®à¨¨.

� à ¨ ¬ ¥ à 1.1.11 �ãáâì 
 = [0; 1]; F�� -  «£¥¡à  ¡®à¥«¥¢áª¨å ¯®¤¬­®¦¥áâ¢ [0; 1]; P - ¬¥à  �¥¡¥£ ,
¨ T = [0; 1]: � áá¬®âà¨¬ ¤¢  ¯à®æ¥áá  fX(t); t 2 Tg ¨ fY (t); t 2 Tg ­  f
;F ;Pg , ®¯à¥¤¥«¥­­ë¥
á«¥¤ãîé¨¬ ®¡à §®¬:

X(t; !) = 0 ¤«ï ¢á¥å (t; !) 2 T �
;

Y (t; !) = 0 ¤«ï ¢á¥å (t; !) 2 T � 
; ªà®¬¥ t = !; £¤¥ Y (!; !) = 1:

�®ª § âì, çâ® ¯à®æ¥ááë ï¢«ïîâáï íª¢¨¢ «¥­â­ë¬¨, ®¤­ ª® ¨å âà ¥ªâ®à¨¨ ®â«¨ç îâáï (P- ¯.­.).

� ¥ è ¥ ­ ¨ ¥ �«ï ­¥ª®â®à®£® ä¨ªá¨à®¢ ­­®£® t 2 T

f! : X(t; !) 6= Y (t; !)g = f! : ! = tg = ftg:

�®áª®«ìªã ¬¥à  �¥¡¥£  â®çª¨ t à ¢­  ­ã«î, â®

PfX(t) = Y (t)g = 1; ¤«ï «î¡®£® t 2 T;

¨ á«¥¤®¢ â¥«ì­® ¯à®æ¥ááë áâ®å áâ¨ç¥áª¨ íª¢¨¢ «¥­â­ë. �¤­ ª®, ¨å âà ¥ªâ®à¨¨ à §«¨ç­ë, ¯®áª®«ìªã
max
t2T

X(t) = 0;   max
t2T

Y (t) = 1; ¯®íâ®¬ã

Pf! : X(t; !) = X(t; !) 8t 2 Tg = 0:

�«¥¤ãîé¥¥ ®¯à¥¤¥«¥­¨¥ ¤ ¥â ­ ¨¡®«¥¥ á¨«ì­ë© â¨¯ íª¢¨¢ «¥­â­®áâ¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.13 �à®æ¥ááë fX(t); t 2 Tg ¨ fY (t); t 2 Tg ­ §ë¢ îâáï ­¥®â«¨ç¨¬ë¬¨

¥á«¨
PfX(t) = Y (t); 8t 2 Tg = 1: (1.1.7)

�à¨ ­¥ª®â®àëå ãá«®¢¨ïå, ®¤­ ª®, ®¯à¥¤¥«¥­¨ï 1.1.11 ¨ 1.1.13 íª¢¨¢ «¥­â­ë. �â® á¯à ¢¥¤«¨¢®, ­ ¯à¨-
¬¥à, ¥á«¨ ¬­®¦¥áâ¢® T ­¥ ¡®«¥¥ ç¥¬ áç¥â­®.

� ¥ ® à ¥ ¬   1.1.3 �ãáâì ¬­®¦¥áâ¢® T ­¥ ¡®«¥¥, ç¥¬ áç¥â­®. �®£¤  ¤¢  íª¢¨¢ «¥­â­ëå ¯à®æ¥áá 

­¥®â«¨ç¨¬ë.



� ® ª   §   â ¥ « ì á â ¢ ® �ãáâì X(t); Y (t); t 2 T ¤¢  íª¢¨¢ «¥­â­ëå ¯à®æ¥áá . �®£¤ 

PfX(t) 6= Y (t); å®âï ¡ë ¤«ï ®¤­®£® t 2 Tg =

P

([
t2T

fX(t) 6= Y (t)g
)
�
X
t2T

PfX(t) 6= Y (t)g = 0:

� ª¨¬ ®¡à §®¬ ¤«ï á«ãç ©­ëå ¯à®æ¥áá®¢ á ¤¨áªà¥â­ë¬ ¢à¥¬¥­¥¬ (á«ãç ©­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©) áâ®-
å áâ¨ç¥áª ï íª¢¨¢ «¥­â­®áâì à ¢­®á¨«ì­  ­¥®â«¨ç¨¬®áâ¨. �«ï ¯à®æ¥áá®¢ á ­¥¯à¥àë¢­ë¬ ¢à¥¬¥­¥¬ âà¥-
¡ãîâáï ­¥ª®â®àë¥ ¤®¯®«­¨â¥«ì­ë¥ á¢®©áâ¢ , ®£à ­¨ç¨¢ îé¨¥ ¬­®¦¥áâ¢® ¢®§¬®¦­ëå âà ¥ªâ®à¨©.

� ¥ ® à ¥ ¬   1.1.4 �ãáâì fX(t); t 2 Tg ¨ fY (t); t 2 Tg ¤¢  áâ®å áâ¨ç¥áª¨ íª¢¨¢ «¥­â­ëå ¯à®-
æ¥áá , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î à¥£ã«ïà­®áâ¨ (á¬. �¯à¥¤¥«¥­¨¥ 1.1.6). �®£¤  íâ¨ ¯à®æ¥ááë ­¥®â«¨ç¨-
¬ë.

� ® ª   §   â ¥ « ì á â ¢ ® � ¤ ¤¨¬ ­¥ª®â®à®¥ áç¥â­®¥ ¢áî¤ã ¯«®â­®¥ ¯®¤¬­®¦¥áâ¢® ¬­®¦¥áâ¢  T:
�¡®§­ ç¨¬ íâ® ¬­®¦¥áâ¢®DT : � á¨«ã �¥®à¥¬ë 1.1.3 ¯à®æ¥ááë X(t) ¨ Y (t) ­¥®â«¨ç¨¬ë ­  ¬­®¦¥áâ¢¥ DT ;
â® ¥áâì ¬­®¦¥áâ¢® D =

S
t2DT

fX(t) 6= Y (t)g ¨¬¥¥â ¬¥àã ­ã«ì. � á¨«ã à¥£ã«ïà­®áâ¨ ¯à®æ¥áá®¢ X(t); Y (t) ¨å

âà ¥ªâ®à¨¨ ­¥¯à¥àë¢­ë á¯à ¢ , ¯®íâ®¬ã ¤«ï «î¡®£® t 2 T

X(t) = lim
� 2 DT ;
� # t

X(� ); Y (t) = lim
� 2 DT ;
� # t

Y (� ) = Y (t):

� «¥¥ ¤«ï «î¡®£® t 2 T

fX(t) 6= Y (t)g = f! : lim
� 2 DT ;
� # t

jX(� )� Y (� )j > 0g �

f! : sup
�2DT

jX(� )� Y (� )j > 0g � S
�2DT

fjX(� )� Y (� )j > 0g = D:

C«¥¤®¢ â¥«ì­®,

fX(t) 6= Y (t) å®âï ¡ë ¤«ï ®¤­®£® t 2 Tg =
[
t2T

fX(t) 6= Y (t)g � D

¨ ¨¬¥¥â ¬¥àã ­ã«ì.

�   ¬ ¥ ç   ­ ¨ ¥ � ¤ ­¨¥ á®¢®ªã¯­®áâ¨ ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ¢ ®¡é¥¬ á«ãç ¥ ­¥ ¯®§¢®«ï¥â
§ à ­¥¥ ®¡¥á¯¥ç¨âì ¢ë¯®«­¥­¨¥ ­¥ª®â®àëå âà¥¡®¢ ­¨© ®â­®á¨â¥«ì­® ¯®¢¥¤¥­¨ï âà ¥ªâ®à¨© á«ãç ©­ëå
äã­ªæ¨© (­ ¯à¨¬¥à: ­¥¯à¥àë¢­®áâì, ¬®­®â®­­®áâì, ¤¨ää¥à¥­æ¨àã¥¬®áâì ¨ â.¤.). �¥©áâ¢¨â¥«ì­®, ¯ãáâì

 - ¥áâì ¬­®¦¥áâ¢® ¢á¥å ¤¥©áâ¢¨â¥«ì­ëå äã­ªæ¨© x(t) ¯ à ¬¥âà  t 2 T; á® §­ ç¥­¨ï¬¨ ¢ R: �¯à¥¤¥«¨¬
F -  «£¥¡àã ¯®¤¬­®¦¥áâ¢ 
; ª ª ¬¨­¨¬ «ì­ãî � -  «£¥¡àã, á®¤¥à¦ éãî ¢á¥ ¯®¤¬­®¦¥áâ¢  ¢¨¤ 

fx(�) : x(t1) 2 B1; :::; x(tn) 2 Bng; (1.1.8)

£¤¥ ft1; :::; tng 2 T;   Bi; i = 1; :::; n - ¯à®¨§¢®«ì­ë¥ �®à¥«¥¢áª¨¥ ¯®¤¬­®¦¥áâ¢  ¤¥©áâ¢¨â¥«ì­®© ¯àï¬®©.
�â  � -  «£¥¡à  ­ §ë¢ ¥âáï � -  «£¥¡à®© æ¨«¨¤à¨ç¥áª¨å ¬­®¦¥áâ¢. �®«®¦¨¬ ! = x(�) ¨ ®¯à¥¤¥«¨¬
á«ãç ©­ë© ¯à®æ¥áá �(t; !) á®®â­®è¥­¨¥¬

�(t; !) = x(t):

�á«¨ § ¤ ­® á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨©, â® â¥¬ á ¬ë¬ ª ¦¤®¬ã ¬­®¦¥áâ¢ã ¢¨¤  (1.1.8)
¬®¦¥â ¡ëâì ¯à¨¯¨á ­  ­¥ª®â®à ï ¢¥à®ïâ­®áâì. �¤­ ª®, ¬­®¦¥áâ¢® 
 ï¢«ï¥âáï á«¨èª®¬ "è¨à®ª¨¬",  
� -  «£¥¡à  F á«¨èª®¬ "ã§ª®©", â ª ª ª ¢¥áì¬  ¢ ¦­ë¥ ¯®¤¬­®¦¥áâ¢  
 ¬®£ãâ ­¥ ¯à¨­ ¤«¥¦ âì ¥©,



¨ ¯®íâ®¬ã ¨¬ ­¥«ì§ï ¯à¨¯¨á âì ­¨ª ª¨¥ ¢¥à®ïâ­®áâ¨. �àã£¨¬¨ á«®¢ ¬¨, ¬­®¦¥áâ¢® 
 á®¤¥à¦¨â á«¨è-
ª®¬ ¬­®£® ¯®¤¬­®¦¥áâ¢, ­¥ ï¢«ïîé¨åáï á®¡ëâ¨ï¬¨ ¢ ¢¥à®ïâ­®áâ­®¬ ¯®­¨¬ ­¨¨. � ¯à¨¬¥à, ¬­®¦¥áâ¢®
¢á¥å ­¥¯à¥àë¢­ëå äã­ªæ¨© ­  T; ¢®®¡è¥ £®¢®àï, ­¥ ¥áâì á®¡ëâ¨¥, ¯®áª®«ìªã ï¢«ï¥âáï ®¡ê¥¤¨¨­¥­¨¥¬
­¥áç¥â­®£® ¬­®¦¥áâ¢  á®¡ëâ¨©, á®áâ®ïé¨å ¢ â®¬, çâ® äã­ªæ¨ï ­¥¯à¥àë¢­  ¢ ä¨ªá¨à®¢ ­­®© â®çª¥ ¨­-
â¥à¢ « , ¨ ¯®íâ®¬ã, ¬®¦¥â ­¥ ¯à¨­ ¤«¥¦ âì � -  «£¥¡à¥ F : �àã£¨¬ ¯à¨¬¥à®¬ ¯®¤¬­®¦¥áâ¢ , ¢®§¬®¦­®
­¥ ¯à¨­ ¤«¥¦ é¥£® F ; ï¢«ï¥âáï�

! : sup
t2T

�(t; !) � x

�
=
\
t2T

f�(t; !) � xg :

� ªâ¨ç¥áª¨ «î¡®¥ ¯®¤¬­®¦¥áâ¢®, ª®â®à®¥ ­¥ ï¢«ï¥âáï ¯¥à¥á¥ç¥­¨¥¬ ¨«¨ ®¡ê¥¤¨­¥­¨¥¬ áç¥â­®£® ¬­®¦¥-
áâ¢  á®¡ëâ¨© ¢¨¤  (1.1.8) ¬®¦¥â ­¥ ¯à¨­ ¤«¥¦ âì � -  «£¥¡à¥ F ; â® ¥áâì ­¥ ï¢«ïâìáï á®¡ëâ¨¥¬.
� ª¨¬ ®¡à §®¬ ¯à¨ ¯®áâà®¥­¨¨ ¢¥à®ïâ­®áâ­®£® ¯à®áâà ­áâ¢  ¨ � -  «£¥¡àë á®¡ëâ¨© ­  ­¥¬, ¤®«¦­  ¡ëâì
®¡¥á¯¥ç¥­  ®¯à¥¤¥«¥­­ ï á®£« á®¢ ­­®áâì. �«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â ª ª®£® à®¤  ¯à®¡«¥¬ë ¬®£ãâ
¢®§­¨ª­ãâì ­  íâ®¬ ¯ãâ¨.

� à ¨ ¬ ¥ à 1.1.12 �ãáâì T = [0; 1];   
 = C[0; 1] - ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© ­  T: �à®-
áâà ­áâ¢® í«¥¬¥­â à­ëå ¨áå®¤®¢ á®áâ®¨â â ª¨¬ ®¡à §®¬ ¨§ ­¥¯à¥àë¢­ëå äã­ªæ¨© !(�) 2 C[0; 1]; ¨ á«ã-
ç ©­ë© ¯à®æ¥áá ¬®¦­® § ¤ âì á®®â­®è¥­¨¥¬

�(t; !) = !(t):

� ¤ ¤¨¬ á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© á®®â­®è¥­¨ï¬¨

Ft1;:::;tn(x1; :::; xk) =
nY
i=1

xkZ
�1

g(u)du;

£¤¥ g(u) > 0; u 2 R1 - á¨¬¬¥âà¨ç¥áª ï ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¨. �¥£ª® ¢¨¤¥âì, çâ® ¤ ­­®¥
á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (1)-(6), ¨ á«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥
�®«¬®£®à®¢  áãé¥áâ¢ã¥â á«ãç ©­ë© ¯à®æ¥áá á ¤ ­­ë¬ á¥¬¥©áâ¢®¬ à á¯à¥¤¥«¥­¨©. �¤­ ª®, ¯à®áâà ­áâ¢®

 = C[0; 1] ï¢«ï¥âáï á«¨èª®¬ "¡¥¤­ë¬", çâ®¡ë ­  ­¥¬ ¬®¦­® ¡ë«® ¡ë ®¯à¥¤¥«¨âì â ª®© ¯à®æ¥áá. �â®¡ë
ã¡¥¤¨âìáï ¢ íâ®¬, ¬ë ¯®ª ¦¥¬, çâ® âà ¥ªâ®à¨¨ ¯à®æ¥áá  X(t; !); ¨¬¥îé¥£® ¤ ­­®¥ á¥¬¥©áâ¢® ª®­¥ç­®-
¬¥à­ëå à á¯à¥¤¥«¥­¨©, ­¥ ¬®£ãâ ¡ëâì ­¥¯à¥àë¢­ë¬¨.

�¥©áâ¢¨â¥«ì­®, ¢ë¡¥à¥¬ ­¥ª®â®à®¥ " > 0; ¨ à áá¬®âà¨¬ á®¡ëâ¨¥

An =

�
X(t; !) � ";X

�
t� 1

n

�
� �"

�
;

¨¬¥îé¥¥ ¢¥à®ïâ­®áâì

PfAng =
0
@ 1Z

"

g(u)du

1
A

2

= C > 0:

�à ¥ªâ®à¨¨ ¯à®æ¥áá  X(t; !) ¤®«¦­ë ¡ëâì ­¥¯à¥àë¢­ë¬¨ á ¢¥à®ïâ­®áâìî 1, ¯®íâ®¬ã

lim
n
X

�
t� 1

n

�
= X(t); (P� ¯.­.):

�â® ¢«¥ç¥â §  á®¡®© áå®¤¨¬®áâì á«ãç ©­ëå ¢¥«¨ç¨­X
�
t� 1

n

�
ª X(t) ¯® ¢¥à®ïâ­®áâ¨, â® ¥áâì ¢ë¯®«­¥­¨¥

à ¢¥­áâ¢ 

lim
n
P

�
jX(t; !)�X

�
t� 1

n
; !

�
j > 2"

�
= 0:

�¤­ ª®, á®¡ëâ¨¥ An �
n���X(t; !)�X

�
t � 1

n; !
���� > 2"

o
; ¨ ¯®íâ®¬ã

lim
n
P

�����X(t; !) �X

�
t � 1

n
; !

����� > 2"

�
� lim

n
P(An) = C > 0:



� ª¨¬ ®¡à §®¬, ¯à¥¤¯®«®¦¨¢ ­¥¯à¥àë¢­®áâì âà ¥ªâ®à¨©, ¬ë ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î.
�®«¥¥ â®£®, ¤ ¦¥ à áè¨à¨¢ ¯à®áâà ­áâ¢® 
 ¤® ¯à®áâà ­áâ¢  äã­ªæ¨© ­¥¯à¥àë¢­ëå á¯à ¢  ¨ ¨¬¥îé¨å

¯à¥¤¥«ë á«¥¢ , ¬ë ¢á¥ à ¢­® ¯à¨¤¥¬ ª ¯à®â¨¢®à¥ç¨î. �¥ á¯ á ¥â á¨âã æ¨î ¨ à áè¨à¥­¨¥ ¯à®áâà ­áâ¢ 
¤® ¯à®áâà ­áâ¢  ¨§¬¥à¨¬ëå äã­ªæ¨©.

�   ¬ ¥ ç   ­ ¨ ¥ �â  ¯à®¡«¥¬  á¢ï§ ­  á ­¥®¡å®¤¨¬®áâìî ®¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥© á®¡ëâ¨©, ª®â®àë¥
­¥ ®¯à¥¤¥«ïîâáï ª ª áç¥â­®¥ ¯¥à¥á¥ç¥­¨¥ ¨«¨ ®¡ê¥¤¨­¥­¨¥ á®¡ëâ¨© (1.1.8). � áâ®, ¥á«¨ ¯à®æ¥áá à¥£ã«ï-
à¥­ ¨«¨ § ¤ ­ ª®­áâàãªâ¨¢­® ­¥ª®â®àë¬ á®®â­®è¥­¨¥¬, â® ¬ë «¥£ª® ®¯à¥¤¥«ï¥¬ ¢¥à®ïâ­®áâ¨ ¤®áâ â®ç­®
á«®¦­ëå á®¡ëâ¨©. � á«ãç ¥ ¯à®æ¥áá®¢ ¤¨áªà¥â­®£® ¢à¥¬¥­¨ íâ  ¯à®¡«¥¬  ­¥ ¢®§­¨ª ¥â ¢®®¡é¥, ¯®áª®«ìªã
«î¡ë¥ á®¡ëâ¨ï ¯à¨­ ¤«¥¦ â ¥áâ¥áâ¢¥­­®© � -  «£¥¡à¥, ®¡à §®¢ ­­®© á®¡ëâ¨ï¬¨ ¢¨¤  (1.1.8).

� à ¨ ¬ ¥ à 1.1.13 �«ãç ©­ë© ¯à®æ¥áá § ¤ ­ á®®â­®è¥­¨¥¬ �(t) = X2 + 2Y t + t2; t > 0; £¤¥ X;Y -
­¥§ ¢¨á¨¬ë¥ £ ãáá®¢áª¨¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë á ¯ à ¬¥âà ¬¨MfXg = MfY g = 0; DfXg = DfY g = 1:
� ©â¨ ¢¥à®ïâ­®áâ¨ á«¥¤ãîé¨å á®¡ëâ¨©:

1. A1 = f�«ãç ©­ë© ¯à®æ¥áá �(t); t 2 T ï¢«ï¥âáï ¬®­®â®­­ë¬g:
2. A2 = f�«ãç ©­ë© ¯à®æ¥áá �(t); t 2 T ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­ë¬g:

3. A3 = f�(t) = 0; å®âï ¡ë ¤«ï ®¤­®£® t 2 Dg: £¤¥ D � [0;1) - ­¥ª®â®à®¥ ª®­¥ç­®¥ ¨«¨ áç¥â­®¥
¯®¤¬­®¦¥áâ¢®.

4. A4 = f�(t) = 0; å®âï ¡ë ¤«ï ®¤­®£® t 2 [0;1)g:

� ¥ è ¥ ­ ¨ ¥ 1. �®áª®«ìªã âà ¥ªâ®à¨¨ ¯à®æ¥áá  � ¤¨ää¥à¥­æ¨àã¥¬ë, â® ãá«®¢¨¥ ¬®­®â®­­®áâ¨
¥áâì �

0

(t) = 2Y + 2t � 0; 8t � 0: �«ï ¢ë¯®«­¥­¨ï íâ®£® ãá«®¢¨ï ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë
ª®­áâ ­â  Y ¡ë«  ­¥®âà¨æ â¥«ì­®©. � ª¨¬ ®¡à §®¬, PfA1g = PfY � 0g = 1=2:

2. �á«®¢¨¥ ­¥®âà¨æ â¥«ì­®áâ¨ ¯à®æ¥áá  �(t); 8t � 0 ¢ë¯®«­ï¥âáï, ¥á«¨: «¨¡® Y > 0; «¨¡® Y � 0; ­® jXj �
jY j:
� ª¨¬ ®¡à §®¬ ¢ á¨«ã ­¥§ ¢¨á¨¬®áâ¨ X; Y ¨ á¨¬¬¥âà¨¨ § ª®­®¢ à á¯à¥¤¥«¥­¨ï ¯®«ãç ¥¬

PfA2g = PfY � 0g+PfY � 0; jY j � jXjg = 1=2 + 1=4 = 3=4:

3.

PfA3g = P

([
t2D

f�(t) = 0g
)
�
X
t2D

Pf�(t) = 0g:

�«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® t á®¡ëâ¨¥

f! : �(t) = 0g = f(X;Y ) : X2 + 2Y t+ t2 = 0g:

�®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ (X;Y ) ¨¬¥¥â ¯«®â­®áâì,   ¬­®¦¥áâ¢® â®ç¥ª (x; y); ã¤®¢«¥â¢®àïîé¨å
á®®â­®è¥­¨î x2 + 2yt + t2 = 0 ¥áâì ¯ à ¡®«  ¨ ¨¬¥¥â ­ã«¥¢ãî ¬¥àã �¥¡¥£  ¢ R2; ¯®íâ®¬ã

Pf! : �(t) = 0g = Pf(X;Y ) : X2 + 2Y t+ t2 = 0g =
Z

f(x;y): x2+2yt+t2=0g

pXY (x; y)dxdy = 0:

� «¥¥, ¯®áª®«ìªã ¬­®¦¥áâ¢® D ­¥ ¡®«¥¥, ç¥¬ áç¥â­®, â® PfA3g = 0:

4. �®¡ëâ¨¥ A4 á®áâ®¨â ¢ â®¬, çâ® äã­ªæ¨ï �(t) ¨¬¥¥â ­  [0;1) ¯® ªà ©­¥© ¬¥à¥ ®¤¨­ ª®à¥­ì, çâ®
¢ë¯®«­¥ï¥âáï ¥á«¨ Y � 0 ¨ jY j � jXj: �®íâ®¬ã PfA4g = PfY � 0; jY j � jXjg = 1=4:



1.1.4 �®¬¥­â­ë¥ å à ªâ¥à¨áâ¨ª¨ á«ãç ©­®£® ¯à®æ¥áá .

�®¬¥­â­ë¥ å à ªâ¥à¨áâ¨ª¨ á«ãç ©­®£® ¯à®æ¥áá  § ¤ îâ ¥£® ¯à®áâ¥©è¨¥ á¢®©áâ¢  ¨ â ª¦¥, ª ª ¨ ¤«ï
á«ãç ©­ëå ¢¥«¨ç¨­ ¢ëç¨á«ïîâáï á ¯®¬®éìî ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© à §«¨ç­ëå ¯®àï¤ª®¢. �ãáâì
�(t) - ¤¥©áâ¢¨â¥«ì­ë© áª «ïà­ë© ¯à®æ¥áá.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.14 �¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï, m�(t); t 2 T; ®¯à¥¤¥«ï¥¬ ï á®®â­®è¥­¨¥¬

m�(t) =Mf�(t)g =
1Z

�1
xdF�(x; t)

­ §ë¢ ¥âáï ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ ¯à®æ¥áá  �: �á«¨ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ áãé¥áâ¢ã¥â (á®®â-
¢¥âáâ¢ãîé¨© ¨­â¥£à « ®¯à¥¤¥«¥­) ¯à¨ «î¡®¬ t 2 T; â® ¯à®æ¥áá ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥¬ë¬.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.15 �¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï, D�(t); t 2 T; ®¯à¥¤¥«ï¥¬ ï á®®â­®è¥­¨¥¬

D�(t) = Df�(t)g = Mf(�(t) �m�(t))
2g = Mf�(t))2g �m2

�(t) =

1Z
�1

x2dF�(x; t)�
0
@ 1Z
�1

xdF�(x; t)

1
A

2

=

1Z
�1

x2dF�(x; t)�m2
�(t)

­ §ë¢ ¥âáï ¤¨á¯¥àá¨¥© ¯à®æ¥áá  �: �á«¨ ¤¨á¯¥àá¨ï ¯à®æ¥áá  ª®­¥ç­  ¯à¨ «î¡®¬ t 2 T; â® ¯à®æ¥áá ­ §ë-
¢ ¥âáï ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë¬.

�   ¬ ¥ ç   ­ ¨ ¥ M â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¨ ¤¨á¯¥àá¨ï ¯à®æ¥áá  (m�(t); D�(t)) ¥áâì ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥ ¨ ¤¨á¯¥àá¨ï á¥ç¥­¨ï á«ãç ©­®£® ¯à®æ¥áá  ¢ â®çª¥ t 2 T: �«ï ¨å ¢ëç¨á«¥­¨ï ¤®áâ â®ç­® §­ âì
®¤­®¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ á«ãç ©­®£® ¯à®æ¥áá .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.16 �¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï, R�(t; � ); t; � 2 T; ®¯à¥¤¥«ï¥¬ ï á®®â­®è¥-
­¨¥¬

R�(t; � ) = covf�(t; � )g =Mf(�(t) �m�(t))(�(� ) �m�(� ))g =

Mf�(t)�(� )g �m�(t)m�(� ) =

Z
R2

x1x2dF�(t; � ;x1; x2) �m�(t)m�(� )

­ §ë¢ ¥âáï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© á«ãç ©­®£® ¯à®æ¥áá  �:

�   ¬ ¥ ç   ­ ¨ ¥ R�(t; � ) ç¨á«¥­­® à ¢­  ª®¢ à¨ æ¨¨ á¥ç¥­¨© á«ãç ©­®£® ¯à®æ¥áá  �t(!) ¨ �� (!) ¢ â®çª å
t; � 2 T: R�(t; � ) å à ªâ¥à¨§ã¥â áâ¥¯¥­ì «¨­¥©­®© § ¢¨á¨¬®áâ¨ ¬¥¦¤ã á¥ç¥­¨ï¬¨. �«ï ¢ëç¨á«¥­¨ï R�(t; � )
­¥®¡å®¤¨¬® §­ âì ¤¢ã¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ F�(t; � ;x1; x2): ¢â®à®£® ¯®àï¤ª .

�«ï áãé¥áâ¢®¢ ­¨ï m�(t); D�(t) ¨ R�(t; � ) ¯à¨ ¢á¥å t; � 2 T ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ 

Mfj�(t)j2g <1; 8t 2 T: (1.1.9)

�®ª § â¥«ìáâ¢® íâ®£® ä ªâ  á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  �®è¨-�ã­ïª®¢áª®£®, ¯®áª®«ìªã

Mf��g � �Mfj�j2gMfj�j2g�1=2 : (1.1.10)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.17 �«ãç ©­ë© ¯à®æ¥áá �(t); t 2 T; ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î 1:1:9 ­ §ë¢ ¥â-
áï ¯à®æ¥áá®¬ ¢â®à®£® ¯®àï¤ª  ¨«¨ ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë¬ ¯à®æ¥áá®¬.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.18 �ãáâì �(t) - ª®¬¯«¥ªá­®§­ ç­ë© ¯à®æ¥áá �(t) = X(t)+iY (t); £¤¥X(t); Y (t); t 2
T - ­¥ª®â®àë¥ ¤¥©áâ¢¨â¥«ì­ë¥ á«ãç ©­ë¥ ¯à®æ¥ááë. �á«¨

Mfj�(t)j2g = Mf�(t)�(t)g = MfX2(t) + Y 2(t)g <1; 8t 2 T;



â® ¯à®æ¥áá �(t) ­ §ë¢ ¥âáï ª®¬¯«¥ªá­®§­ ç­ë¬ ¯à®æ¥áá®¬ ¢â®à®£® ¯®àï¤ª .
�ã­ªæ¨ï

R�(t; � ) = Mf(�(t)�m�(t))(�(� ) �m�(� ))g;
£¤¥ f�g ®§­ ç ¥â ª®¬¯«¥ªá­®¥ á®¯àï¦¥­¨¥, ­ §ë¢ ¥âáï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ª®¬¯«¥ªá­®§­ ç­®£®

á«ãç ©­®£® ¯à®æ¥áá  �:

� à ¨ ¬ ¥ à 1.1.14 �ãáâì �(t) = X'(t); t 2 T; £¤¥ X - ­¥ª®â®à ï ¤¥©áâ¢¨â¥«ì­ ï ª¢ ¤à â¨ç­® ¨­â¥-
£à¨àã¥¬ ï á«ãç ©­ ï ¢¥«¨ç¨­  á ¯ à ¬¥âà ¬¨ mX ; DX ;   '(t); t 2 T - ­¥ª®â®à ï ¤¥â¥à¬¨­¨à®¢ ­­ ï
äã­ªæ¨ï. � ©â¨ m�(t); D�(t) ¨ R�(t; � ):

� ¥ è ¥ ­ ¨ ¥ � á®®â¢¥âáâ¢¨¨ á �¯à¥¤¥«¥­¨ï¬¨ 1.1.14, 1.1.15, 1.1.16 ¨¬¥¥¬

m�(t) =MfX'(t)g = MfXg'(t) = mX'(t);

D�(t) = Mf(X'(t) �mX'(t))
2g = Mf(X �mX )2g'2(t) = DX'

2(t);

R�(t; � ) =Mf(X'(t) �mX'(t))(X'(� ) �mX'(� )) = D�'(t)'(� ):

�«¥¤ãîé¨© ¯à¨¬¥à ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ¯à¥¤ë¤ãé¥£®.

� à ¨ ¬ ¥ à 1.1.15 �ãáâì �(t) =
nP
i=1

Xi'i(t); t 2 T; £¤¥ Xi - ­¥ª®â®àë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ª¢ ¤à â¨ç­®

¨­â¥£à¨àã¥¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë á ¯ à ¬¥âà ¬¨ mXi
; DXi

;   'i(t); t 2 T - ­¥ª®â®àë¥ ¤¥â¥à¬¨­¨à®-
¢ ­­ë¥ äã­ªæ¨¨. � ©â¨ m�(t); D�(t) ¨ R�(t; � ):

� ¥ è ¥ ­ ¨ ¥ � á®®â¢¥âáâ¢¨¨ á �¯à¥¤¥«¥­¨ï¬¨ 1.1.14, 1.1.15, 1.1.16 ¨¬¥¥¬

m�(t) =Mf
nX
i=1

Xi'i(t)g =
nX
i=1

MfXig'i(t) =
nX
i=1

mXi
'i(t);

D�(t) =M

8<
:
�����
nX
i=1

(Xi �mXi
)'i(t))

�����
2
9=
; =

nX
i=1

nX
j=1

Mf(Xi �mXi
)(Xj �mXj

)g'i(t)'j(t) =
nX
i=1

nX
j=1

covfXi; Xjg'i(t)'j(t);

R�(t; � ) = M

8<
:

nX
i=1

(Xi �mXi
)'i(t))

nX
j=1

(Xj �mXj
)'j(� ))

9=
; =

nX
i=1

nX
j=1

Mf(Xi �mXi
)(Xj �mXj

)g'i(t)'j(� ) =
nX
i=1

nX
j=1

covfXi; Xjg'i(t)'j(� );

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.19 �ãáâì § ¤ ­ë ¤¢  ª®¬¯«¥ªá­®§­ ç­ëå ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëå ¯à®-
æ¥áá  �(t); �(t); t 2 T: �¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï

R��(t; � ) = Mf(�(t) �m�(t))(�(� ) �m�(t)); t; � 2 T

­ §ë¢ ¥âáï ¢§ ¨¬­®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ¯à®æ¥áá®¢ � ¨ �:

�   ¬ ¥ ç   ­ ¨ ¥ �ãé¥áâ¢®¢ ­¨¥ ¢§ ¨¬­®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ á«¥¤ã¥â ¨§ ãá«®¢¨ï ª¢ ¤à â¨ç­®©
¨­â¥£à¨àã¥¬®áâ¨ ¯à®æ¥áá®¢ � ¨ �: (�¬. § ¤ çã 1.1.5).



�ãáâì �(t) = f�1(t); :::; �n(t)g 2 Rn - ¢¥ªâ®à­ë© á«ãç ©­ë© ¯à®æ¥áá.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.20 �¥â¥à¬¨­¨à®¢ ­­ ï ¢¥ªâ®à-äã­ªæ¨ï, m�(t) 2 Rn; t 2 T; ®¯à¥¤¥«ï¥¬ ï
á®®â­®è¥­¨¥¬

m�(t) = fMf�1(t)g; :::;Mf�n(t)gg 2 Rn;

­ §ë¢ ¥âáï ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ ¢¥ªâ®à­®£® á«ãç ©­®£® ¯à®æ¥áá  �:
�¥â¥à¬¨­¨à®¢ ­­ ï ¬ âà¨ç­®-§­ ç­ ï äã­ªæ¨ï, R�(t; � ); t; � 2 T; á í«¥¬¥­â ¬¨

R�(t; � ) = covf�(t); �(� )g =Mf(�(t) �m�(t))(�(� ) �m�(� ))
�g = Mf�(t)��(� )g �m�(t)m

�
� (� ):

­ §ë¢ ¥âáï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ¢¥ªâ®à­®£® á«ãç ©­®£® ¯à®æ¥áá  �:

�   ¬ ¥ ç   ­ ¨ ¥ �«ï áãé¥áâ¢®¢ ­¨ï m�(t) ¨ R�(t; � ) ¯à¨ ¢á¥å t; � 2 T ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ­¥à ¢¥­-
áâ¢ 

Mfk�(t)k2g <1; 8t 2 T: (1.1.11)

� à ¨ ¬ ¥ à 1.1.16 �ãáâì �(t) = G(t)U; t 2 T; £¤¥ U 2 Rm - ­¥ª®â®àë© á«ãç ©­ë© ¢¥ªâ®à á ª¢ -
¤à â¨ç­® ¨­â¥£à¨àã¥¬ë¬¨ ª®¬¯®­¥­â ¬¨ MfUg = mU ; covfU;Ug = RU ;   G(t) - ¤¥â¥à¬¨­¨à®¢ ­­ ï
¬ âà¨ç­ ï äã­ªæ¨ï à §¬¥à  n�m: � ©â¨ m�(t); R�(t; � ):

� ¥ è ¥ ­ ¨ ¥ � á®®â¢¥âáâ¢¨¨ á �¯à¥¤¥«¥­¨¥¬ 1.1.20

m�(t) = Mf�(t)g = G(t)mU ;

R�(t; � ) =MfG(t)UU�G�(� )g � G(t)mUm
�
UG

�(� ) = G(t)RUG
�(� ):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.21 �¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ïm(t1; :::; tk); t1; :::; tk 2 T; ®¯à¥¤¥«ï¥¬ ï á®-
®â­®è¥­¨¥¬

m(t1; :::; tk) = M f�(t1)�(t2):::�(tk)g =
Z
Rk

x1x2:::xkdF�(t1; t2; :::; tk; x1; x2; :::; xk)

­ §ë¢ ¥âáï á¬¥è ­­ë¬ ¬®¬¥­â®¬ ¯®àï¤ª  k:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.1.22 �¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï 't1;:::;tk(z1; :::; zk) ¯¥à¥¬¥­­ëå (z1; :::; zk); ®¯à¥-
¤¥«ï¥¬ ï ¤«ï ­¥ª®â®à®£® ­ ¡®à  t1; :::; tk 2 T á®®â­®è¥­¨¥¬

't1;:::;tk(z1; :::; zk) = M

8<
:exp

0
@i kX

j=1

zj�(tj)

1
A
9=
; =

Z
Rk

exp

0
@i kX

j=1

zjxi

1
A dF�(t1; t2; :::; tk; x1; x2; :::; xk)

­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¥© ª®­¥ç­®¬¥à­®£® à á¯à¥¤¥«¥­¨ï k -£® ¯®àï¤ª .

�   ¬ ¥ ç   ­ ¨ ¥ �«ï ¢ëç¨á«¥­¨ï íâ¨å å à ªâ¥à¨áâ¨ª âà¥¡ã¥âáï §­ ­¨¥ ª®­¥ç­®¬¥à­®£® à á¯à¥¤¥«¥­¨ï
k -£® ¯®àï¤ª . � íâ¨å á®®â­®è¥­¨ïå ¨­â¥£à «ë ¯®­¨¬ îâáï ª ª ¨­â¥£à «ë �¥¡¥£  ¢ á®®â¢¥âáâ¢ãîé¥¬
¯à®áâà ­áâ¢¥Rk ¯® ¬¥à¥, ®¯à¥¤¥«ï¥¬®©äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï ¨¬¥¥â ¯«®â­®áâì p�(t1; t2; :::; tn; x1; x2; :::; xn);
â® ¨­â¥£à «ë ¯®­¨¬ îâáï ª ª ¨­â¥£à «ë ¯® ¬¥à¥ �¥¡¥£  á ¢¥á®¢®© äã­ªæ¨¥© p�:

� à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â äã­ªæ¨î à á¯à¥¤¥«¥­¨ï, ­ ¯à¨¬¥à, ¤«ï ®¤­®¬¥à-
­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï â¥®à¥¬  ®¡à é¥­¨ï.

� ¥ ® à ¥ ¬   1.1.5 �ãáâì F (x) - äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¨

'(z) =

1Z
�1

eitxdF (x)

- ¥¥ å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï. �®£¤ :



1. �«ï «î¡ëå ¤¢ãå â®ç¥ª a; b; (a < b); £¤¥ äã­ªæ¨ï F (x) ­¥¯à¥àë¢­ ,

F (b)� F (a) = lim
c!1

1

2�

cZ
�c

e�iza � e�izb

iz
'(z)dz;

2. �á«¨
1R
�1

j'(z)jdz <1; â® äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¨¬¥¥â ¯«®â­®áâì f(x),

F (x) =

xZ
�1

f(y)dy;

¨

f(x) =
1

2�

1Z
�1

e�izx'(z)dz:

� à ¨ ¬ ¥ à 1.1.17 �ãáâì f�(t); t 2 Tg - £ ãá®¢áª¨© á«ãç ©­ë© ¯à®æ¥áá á ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬
mxi(t) ¨ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© R�(t; � ): �® ®¯à¥¤¥«¥­¨î å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï k - ¬¥à­®£®
à á¯à¥¤¥«¥­¨ï £ ãáá®¢áª®£® ¯à®æ¥áá  ¨¬¥¥â ¢¨¤

't1;:::;tk(z1; :::; zk) = exp

0
@i kX

j=1

zjm�(tj)� 1

2

kX
j=1

kX
l=1

R�(tj; tl)zjzl

1
A :

� á«¥¤ãîé¥¬ à §¤¥«¥ ¡ã¤¥â ¯®ª § ­®, ª ª å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®¯à¥¤¥«ï¥â ¯«®â­®áâì £ ãáá®¢-
áª®£® à á¯à¥¤¥«¥­¨ï.

1.1.5 � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì­®£® à¥è¥­¨ï

1.1.1 �®ª § âì á¢®©áâ¢  (1)-(6) ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© (1.1.1).

1.1.2 �®ª § âì á¢®©áâ¢  (1) - (6) ¤«ï á¥¬¥©áâ¢  ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨©, ­ ©¤¥­­ëå ¢ �à¨¬¥à å
1.1.3 - 1.1.5.

1.1.3 �®ª § âì, çâ® ¤«ï áãé¥áâ¢®¢ ­¨ï m�(t); D�(t) ¨ R�(t; � ); 8t; � 2 T ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì
ãá«®¢¨¥

Mfj�(t)j2g <1; 8t 2 T:

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï ­¥à ¢¥­áâ¢®¬ �®è¨-�ã­ïª®¢áª®£®.

1.1.4 �®ª § âì, çâ® D� = R�(t; t):

1.1.5 �®ª § âì, çâ® ¨§ ª¢ ¤à â¨ç­®© ¨­â¥£à¨àã¥¬®áâ¨ ¯à®æ¥áá®¢ �(t); �(t); t 2 T á«¥¤ã¥â á«¥¤ã¥â áãé¥-
áâ¢®¢ ­¨¥ ¢§ ¨¬­®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨.

1.1.6 �ãáâì ¢ ¯à¨¬¥à¥ 1.1.5 X ¨ Y ¨¬¥îâ ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï pX(x); pY (y): � ©â¨ ¯«®â­®áâì à á-
¯à¥¤¥«¥­¨ï ¢â®à®£® ¯®àï¤ª . �®ª § âì, çâ® à á¯à¥¤¥«¥­¨ï ¯®àï¤ª  k � 3 ¯«®â­®áâ¨ ­¥ ¨¬¥îâ.

� â ¢ ¥ â �à¨ t2 > t1

p�(x1; x2; t1; t2) =
1

t2 � t1
pX

�
x1 � x2 � x1

t2 � t1

�
pY

�
x2 � x1
t2 � t1

�
:

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï ä®à¬ã«®© ¯à¥®¡à §®¢ ­¨ï ¯«®â­®áâ¨, ¯à¨ ­¥¢ëà®¦¤¥­­®¬ ¯à¥-
®¡à §®¢ ­¨¨ á«ãç ©­ëå ¢¥«¨ç¨­.

�à¨ à áá¬®âà¥­¨¨ à á¯à¥¤¥«¥­¨ï âà¥âì¥£® ¨ ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢ ¯®ª § âì, çâ® ¬¥à  á®¢¬¥áâ-
­®£® à á¯à¥¤¥«¥­¨ï f�(t1); �(t2); �(t3); :::; �(tk)g) «®ª «¨§®¢ ­  ­  ­¥ª®â®à®¬ «¨­¥©­®¬ ¯®¤¯à®áâà ­-
áâ¢¥ à §¬¥à­®áâ¨ 2.



1.1.7 �ãáâì ¢ ¯à¨¬¥à¥ 1.1.15 á«ãç ©­ë¥ ¢¥«¨ç¨­ë Xi ï¢«ïîâáï ­¥§ ¢¨á¨¬ë¬¨ ¨ £ ãáá®¢áª¨¬¨ á à á¯à¥-
¤¥«¥­¨¥¬ N (0; 1). � ©â¨ F�(t; x):

� ª   §   ­ ¨ ¥ �¯à¥¤¥«¨âì ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¨ ¤¨á¯¥àá¨î ¯à®æ¥áá .

1.1.8 �«ãç ©­ë© ¯à®æ¥áá �(t) = Xt2 + Y t; t > 0; £¤¥ X;Y ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë á ®¤¨­ -
ª®¢ë¬ £ ãáá®¢áª¨¬ à á¯à¥¤¥«¥­¨¥¬ N (0; 1). �¢«ï¥âáï «¨ ¯®¤¬­®¦¥áâ¢® ­¥ã¡ë¢ îé¨å âà ¥ªâ®à¨©
á®¡ëâ¨¥¬? � ¥á«¨ ï¢«ï¥âáï, ­ ©â¨ ¥£® ¢¥à®ïâ­®áâì.

� â ¢ ¥ â Pf�(t)� ­¥ã¡ë¢ îé ï äã­ªæ¨ïg = PfX � 0; Y � 0g = 1=4:

1.1.9 � ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥ ­ ©â¨ ¢¥à®ïâ­®áâì á®¡ëâ¨ï A = fmin
t>0

�(t) < 0g:

� â ¢ ¥ â PfAg = PfX > 0; Y < 0g+PfX < 0; Y > 0g = 1=2:

1.1.10 �«ãç ©­ë© ¯à®æ¥áá § ¤ ­ á®®â­®è¥­¨¥¬ �(t) = X + �t; t > 0; £¤¥ � > 1 - ¤¥â¥à¬¨­¨à®¢ ­­ ï
¯®áâ®ï­­ ï,   X - á«ãç ©­ ï ¢¥«¨ç¨­  á ­¥¯à¥àë¢­®© äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï.

�ãáâì D � [0;1) - ­¥ª®â®à®¥ ª®­¥ç­®¥ ¨«¨ áç¥â­®¥ ¯®¤¬­®¦¥áâ¢®.

� ©â¨ ¢¥à®ïâ­®áâ¨ á®¡ëâ¨©:

1) Pf�(t) = 0; å®âï ¡ë ¤«ï ®¤­®£® t 2 Dg;

2) Pf�(t) = 0; å®âï ¡ë ¤«ï ®¤­®£® t 2 [0; 1]g:
� â ¢ ¥ â 1) 0; 2) Pf�� � X � 0g:

1.1.11 � ©â¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ¯à®æ¥áá 

�(t) = X cos(t + Y ):

X, Y - ­¥§ ¢¨á¨¬ë,X - £ ãáá®¢áª¨© á à á¯à¥¤¥«¥­¨¥¬N (0; 1),   Y ¨¬¥¥â à ¢­®¬¥à­®¥ à á¯à¥¤¥«¥­¨¥
­  [��; �):
� â ¢ ¥ â R�(t; � ) = cos (t � � ):

1.1.12 � ©â¨ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ª®¬¯«¥ªá­®-§­ ç­®£® á«ãç ©­®£®
¯à®æ¥áá  �(t) = UeiV t; £¤¥ U; V - ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë,MfUg = 0;DfUg = D;   á«ãç ©-
­ ï ¢¥«¨ç¨­  V à á¯à¥¤¥«¥­  ¯® § ª®­ã �®è¨ á ¯«®â­®áâìî ¢¥à®ïâ­®áâ¨ pV (x) =

�
�(�2 + x2)

; � > 0:

� â ¢ ¥ â
m�(t) = 0; R�(t; � ) = De��jt��j:

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï â ¡«¨ç­ë¬ ¨­â¥£à «®¬
1Z

�1

cos �x

�2 + x2
dx =

�

�
e��j�j:

1.2 �á­®¢­ë¥ ª« ááë á«ãç ©­ëå ¯à®æ¥áá®¢

� íâ®¬ à §¤¥«¥ ¤ ­® ¯à¥¤¢ à¨â¥«ì­®¥ ®¯¨á ­¨¥ à §«¨ç­ëå ª« áá®¢ á«ãç ©­ëå ¯à®æ¥áá®¢. � ¦¤ë© ¨§
®¯¨á ­­ë© ­¨¦¥ â¨¯®¢ á«ãç ©­ëå ¯à®æ¥áá®¢ ¨¬¥¥â á¢®î ®¡« áâì ¯à¨«®¦¥­¨© ¨ á¢®© ª« áá § ¤ ç, ª®-
â®àë¥ ¤«ï ¤ ­­®£® â¨¯  á«ãç ©­ëå ¯à®æ¥áá®¢ à¥è îâáï ­ ¨¡®«¥¥ íää¥ªâ¨¢­ë¬ ®¡à §®¬. �§«®¦¥­¨¥
­ ç¨­ ¥âáï á £ ãáá®¢áª¨å ¯à®æ¥áá®¢, ¤«ï ª®â®àëå § ¤ ­® ¯®«­®¥ ®¯¨á ­¨¥ á¥¬¥©áâ¢  ¨å ª®­¥ç­®¬¥à­ëå
à á¯à¥¤¥«¥­¨©. �â® ®¯¨á ­¨¥ ï¢«ï¥âáï ¤®áâ â®ç­® ¯à®áâë¬ ¨ ®á­®¢ ­® «¨èì ­  § ¤ ­¨¨ ¤¢ãå ¯¥à¢ëå
¬®¬¥­â®¢: ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨. �­¨ª «ì­ë¥ á¢®©áâ¢  £ ãáá®¢áª¨å
á«ãç ©­ëå ¯à®æ¥áá®¢,   ¨¬¥­­®, ¯à®áâ®â  ®¯¨á ­¨ï, á®åà ­¥­¨¥ â¨¯  à á¯à¥¤¥«¥­¨ï ¯à¨ «¨­¥©­ëå ¯à¥-
®¡à §®¢ ­¨ïå ¤¥« îâ ¨å ¢¥áì¬  ã¤®¡­®© ¬®¤¥«ìî ¤«ï à¥è¥­¨ï ¬­®£®ç¨á«¥­­ëå § ¤ ç â¥®à¨¨ ®¯â¨¬ «ì-
­®£® ®æ¥­¨¢ ­¨ï ¨ ã¯à ¢«¥­¨ï.



1.2.1 � ãáá®¢áª¨¥ á«ãç ©­ë¥ ¯à®æ¥ááë

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.1 �¥©áâ¢¨â¥«ì­ë© á«ãç ©­ë© ¯à®æ¥áá f�(t; !); t 2 Tg; ­ §ë¢ ¥âáï £ ãá-
á®¢áª¨¬ ¥á«¨ å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¥£® ª®­¥ç­®¬¥à­®£® à á¯à¥¤¥«¥­¨ï k -£® ¯®àï¤ª : ¤®¯ãáª ¥â
¯à¥¤áâ ¢«¥­¨¥

't1;:::;tk(z1; :::; zk) = M exp

0
@i kX

j=1

zj�(tj)

1
A = exp

0
@i kX

j=1

zjm�(tj) � 1

2

kX
i=1

kX
j=1

R�(ti; tj)zi�zj

1
A ;

£¤¥

m�(tj) = Mf�(tj)g; R�(ti; tj) = cov(�(ti); �(tj): (1.2.1)

�á«¨ ®¡®§­ ç¨âì (a; b) =
P
i=1

aibi - áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ a; b; â® å à ªâ¥à¨áâ¨ç¥áªãî äã­ªæ¨î

¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

't1;:::;tk(z1; :::; zk) = '(z) = exp

�
i(z;m�)� 1

2
(R�z; z)

�
; (1.2.2)

£¤¥ z = (z1; :::; zk); m� = (m�(t1); :::;mxi(tk)) ¨ R� = kR�(ti; tj)ki;j=1;:::;k:

� ª ã¦¥ £®¢®à¨«®áì à ­¥¥, å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¯®«­®áâìî ®¯à¥¤¥«ï¥â à á¯à¥¤¥«¥­¨¥ á®¢®-
ªã¯­®áâ¨ á«ãç ©­ëå ¢¥«¨ç¨­, ¨ â¥¬ á ¬ë¬ § ¤ ­® ¨ ¯®«­®¥ á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨©.

� à ¨ ¬ ¥ à 1.2.1 �ãáâì § ¤ ­ ¢¥ªâ®à m� = (m�(t1); :::;mxi(tk)) ¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨-
æ  R� = kR�(ti; tj)ki;j=1;:::;k: �®ª § âì, çâ® á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ á«ãç ©­ëå ¢¥«¨ç¨­ f�(t1); :::; �(tn)g
¨¬¥¥â ¯«®â­®áâì ¨ ­ ©â¨ ¥¥.

� ¥ è ¥ ­ ¨ ¥ � ¬¥â¨¬, çâ® ¥á«¨ á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ f�(t1); :::; �(tn)g ¨¬¥¥â ¯«®â­®áâì, â® å -
à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¥áâì ¥¥ k - ¬¥à­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥. �á«¨ ¬ âà¨æ  R� - ¯®«®¦¨â¥«ì­®
®¯à¥¤¥«¥­ , â® å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï '(z) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

j'(z)j =
����exp

�
i(z;m�) � 1

2
(R�z; z)

����� � exp

�
�1

2
�min(R�)kzk2

�
; (1.2.3)

£¤¥ �min(R�) > 0 - ¥áâì ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æëR�:�§ ­¥à ¢¥­áâ¢  (1.2.3) á«¥¤ã¥â, çâ®
äã­ªæ¨ï '(z) ¨­â¥£à¨àã¥¬  ­  Rk; ¨ á«¥¤®¢ â¥«ì­®, ¯«®â­®áâì ¬®¦­® ®¯à¥¤¥«¨âì á ¯®¬®éìî ®¡à â­®£®
¯à¥®¡à §®¢ ­¨ï �ãàì¥

p�(t1; :::; tk; x1; :::; xk) =
1

(2�)k

Z
Rk

e�i(x;z)'(z)dz:

�­ ç «¥ ­ ©¤¥¬ ¢ëà ¦¥­¨¥ ¤«ï ¯«®â­®áâ¨ ¯à¨ k = 1: � íâ®¬ á«ãç ¥, ¯®á«¥ § ¬¥­ë ¯¥à¥¬¥­­®©
v = z=

p
R� ¨ ¨á¯®«ì§®¢ ­¨ï â ¡«¨ç­®£® ¨­â¥£à « 

1p
2�

1Z
�1

exp

�
� (v � c)2

2

�
dv = 1; 8c;

¯®«ãç ¥¬

p�(x; t) =
1

2�

1Z
�1

exp

�
�i(x�m�)z � 1

2
R�z

2

�
dz =

1

2�
p
R�

1Z
�1

exp

0
@�1

2

"
v +

(x �m�)ip
R�

#2
� (x�m�)

2

R�

1
A dv =

1p
2�R�

exp

�
� (x �m�)

2

2R�

�
:



� ®¡é¥¬ á«ãç ¥ áãé¥áâ¢ã¥â ®àâ®£®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ v = Sz; z = S�v; (S�1 = S�); ª®â®à®¥
¯à¨¢®¤¨â ª¢ ¤à â¨ç­ãî ä®à¬ã (R�z; z) ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã, â® ¥áâì

(R�z; z) = (R�S
�1v; S�1v) = (SR�S

�v; v);

á ¤¨ £®­ «ì­®© ¬ âà¨æ¥©
SR�S

� = diagf�1; :::; �kg; �i > 0:

�á¯®«ì§ã¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© z = S�v ¨ ¯à¨¢¥¤¥¬ ¢ëà ¦¥­¨¥ ¤«ï ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï ª ¢¨¤ã

pxi(t1; :::; tk; x1; :::; xk) =
1

(2�)k

Z
Rk

exp

�
�i(z; x�m�)� 1

2
(R�z; z)

�
dz =

1

(2�)k

Z
Rk

exp

�
�i(v; S(x �m�)) � 1

2
(SR�S

�v; v)
�
j detSjdv =

1

(2�)k

Z
Rk

exp

8<
:�i

0
@ kX
j=1

viui

1
A � 1

2

0
@ kX
j=1

�jv
2
j

1
A
9=
;dv1:::dvk;

£¤¥ uj = (S(x �m�)j;   j detSj = 1:
�® ¤®ª § ­­®¬ã à ­¥¥ á®®â­®è¥­¨î ¤«ï ¯«®â­®áâ¨ ¢ á«ãç ¥ k = 1 ¨¬¥¥¬ à ¢¥­áâ¢®

1

2�

1Z
�1

exp

�
�i(vjuj)� 1

2
�jv

2
j

�
dvj =

1p
2��j

exp

(
� u2j
2�j

)
;

¯®¤áâ ­®¢ª  ª®â®à®£® ¢ ¢ëà ¦¥­¨¥ ¤«ï ¯«®â­®áâ¨ ¤ ¥â,

pxi(t1; :::; tk; x1; :::; xk) =
1

(2�)k=2

kY
j=1

1p
2��j

exp

8<
:�1

2

kX
j=1

(S(x �m�)
2
j

2�j

9=
; :

� «¥¥ ¨¬¥¥¬ á®®â­®è¥­¨ï

kX
j=1

(S(x �m�)
2
j

2�j
=
�
(SR�S

�)�1S(x �m�); S(x �m�)
�
=

�
S�(SR�S

�)�1S(x �m�); x�m�

�
= (R�1� (x �m�); x�m�);

kY
j=1

1p
�j

=
1q

detfSR�S�g
=

1p
detR�

;

¯®¤áâ ­®¢ª  ª®â®àëå ¢ ¢ëà ¦¥­¨¥ ¤«ï ¯«®â­®áâ¨ ¤ ¥â ®ª®­ç â¥«ì­ë© à¥§ã«ìâ â

p�(t1; :::; tk; x1; :::; xk) =
1

(2�)k=2
p
detR�

exp

�
�1

2
(R�1� (x�m�); x�m)

�
: (1.2.4)

�   ¬ ¥ ç   ­ ¨ ¥ � á«ãç ¥, ª®£¤  ¬ âà¨æ  R� á í«¥¬¥­â ¬¨

Ri j = cov(�(ti); �(tj) = R�(ti; tj)

¢ëà®¦¤¥­  (â.¥. detR� = 0), â® áãé¥áâ¢ã¥â ­¥ à ¢­ë© ­ã«î ¢¥ªâ®à �� = f�1; :::; �kg â ª®©, çâ® R� �� = 0:
�â® ®§­ ç ¥â, çâ®

M

8><
>:
������
kX
j=1

�j(�(tj) �m�(tj))

������
2
9>=
>; = ���R� �� = 0;



â® ¥áâì
kX

j=1

�j(�(tj)�m�(tj)) = 0; (P� ¯.­.):

�«¥¤®¢ â¥«ì­®, á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ á«ãç ©­ëå ¢¥«¨ç¨­ f�(tj); j = 1; :::; kg á®áà¥¤®â®ç¥­® ¢ Rk ­ 
­¥ª®â®à®¬ «¨­¥©­®¬ ¬­®£®®¡à §¨¨ à §¬¥à­®áâ¨ r = rankfR�g < k; ¨ ¯®íâ®¬ã ¯«®â­®áâ¨ ­¥ ¨¬¥¥â.

�à¨ ¢ëà®¦¤¥­­®© ¬ âà¨æ¥ ª®¢ à¨ æ¨© á®¢®ªã¯­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ f�(tj); j = 1; :::; kg ¬®¦­®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï á®¢®ªã¯­®áâ¨ ¬¥­ìè¥£® ç¨á«  ­¥§ ¢¨á¨¬ëå £ ãáá®¢áª¨å
á«ãç ©­ëå ¢¥«¨ç¨­, á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ ª®â®àëå ¨¬¥¥â ¯«®â­®áâì.�¥©áâ¢¨â¥«ì­®, ¯à¨ ¢ëà®¦¤¥­-
­®© ¬ âà¨æ¥ R� áãé¥áâ¢ã¥â ®àâ®£®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ T : Rk ! Rk; ¯à¨¢®¤ïé¥¥ á¨¬¬¥âà¨ç¥áªãî
¬ âà¨æã R� ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã, â ª çâ®

T �R�T = diagf�1; :::; �r; 0; :::;0g; �j > 0: (1.2.5)

� áá¬®âà¨¬ £ ãáá®¢áª¨© ¢¥ªâ®à � = T �(� �m�); ¥£® ª®¢ à¨ æ¨®­­ ï ¬ âà¨æ  à ¢­ 

R� = T �R�T;

¨ ¢ á¨«ã (1.2.5) Mf�2jg = 0; ¯à¨ j � r + 1; ¨ á«¥¤®¢ â¥«ì­®, ¥£® ª®¬¯®­¥­âë á ­®¬¥à ¬¨ j = r + 1; :::; k
à ¢­ë ­ã«î (P- ¯.­.). �à¥®¡à §®¢ ­¨¥ T ­¥ ¢ëà®¦¤¥­®, ¯®íâ®¬ã ¢¥ªâ®à � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

� = m� + �T ��; (1.2.6)

£¤¥ �T ¬ âà¨æ , á®áâ ¢«¥­­ ï ¨§ ¯¥à¢ëå r áâà®ª ¬ âà¨æë T;   �� - ¢¥ªâ®à, á®áâ ¢«¥­­ë© ¨§ ¯¥à¢ëå r
ª®¬¯®­¥­â ¢¥ªâ®à  �: �®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ ª®¬¯®­¥­â ¢¥ªâ®à  �� £ ãáá®¢áª®¥ á ¬ âà¨æ¥© ª®¢ à¨ æ¨©
diagf�1; :::; �rg; ¯®íâ®¬ã ¢ á¨«ã ¤®ª § ­­®£® ¢ëè¥ à¥§ã«ìâ â  ¨¬¥¥â ¯«®â­®áâì

p��(x1; :::; xr) =
1

(2�)r=2

rY
j=1

1p
2��j

exp

8<
:�1

2

rX
j=1

x2j
2�j

9=
; =

rY
j=1

p�j (xj):

�®áª®«ìªã ¯«®â­®áâì ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ¯«®â­®áâ¥© á«ãç ©­ëå ¢¥«¨ç¨­ �j; â® ª®¬¯®­¥­-
âë ¢¥ªâ®à  �� ­¥§ ¢¨á¨¬ë.

� ª¨¬ ®¡à §®¬ á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© £ ãáá®¢áª®£® ¯à®æ¥áá  å à ªâ¥à¨§ã¥âáï ¢á¥£®
¤¢ã¬ï ¬®¬¥­â­ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨: ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ ¨ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥©. �®£¤ 
®¯à¥¤¥«¥­  ¯®«®¦¨â¥«ì­ ï ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï, â®  ¢â®¬ â¨ç¥áª¨ ¢ë¯®«­ïîâáï ¨ á¢®©áâ¢  (1) -
(6) á¥¬¥©áâ¢  ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© (1.1.1). � á«ãç ¥, ª®£¤  ¬ âà¨æ  ª®¢ à¨ æ¨¨ ¢ëà®¦¤¥­ ,
â® ¥áâì detR� = 0; ¢ëà ¦¥­¨¥ ¤«ï ¯«®â­®áâ¨ (1.2.1) â¥àï¥â á¬ëá«, â ª ª ª ®¡à â­ ï ¬ âà¨æ  R�1� ­¥
áãé¥áâ¢ã¥â. � íâ®¬ á«ãç ¥, ®¤­ ª®, á¥¬¥©áâ¢® á«ãç ©­ëå ¢¥«¨ç¨­ f�(tj); j = 1; :::; kg;¬®¦­® ¯à¥¤áâ ¢¨âì,
ª ª à¥§ã«ìâ â  ä¨­­®£® ¯à¥®¡à §®¢ ­¨ï (1.2.6), ¯®íâ®¬ã á¢®©áâ¢  (1)-(6) â ª¦¥ ¢ë¯®«­ïîâáï.

� à ¨ ¬ ¥ à 1.2.2 �ãáâì Xi; i = 1; :::; n á®¢®ªã¯­®áâì á«ãç ©­ëå ¢¥«¨ç¨­, á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥
ª®â®àëå £ ãáá®¢áª®¥. �®ª § âì, çâ® á«ãç ©­ë© ¯à®æ¥áá

�(t) =
nX
i=1

Xifi(t);

£¤¥ fi(t) - ­¥ª®â®àë¥ ¤¥â¥à¬¨­¨à®¢ ­­ë¥ äã­ªæ¨¨ ï¢«ï¥âáï £ ãáá®¢áª¨¬. � ©â¨ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ -
­¨¥ ¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ¯à®æ¥áá  �(t):

� ¥ è ¥ ­ ¨ ¥ �®§ì¬¥¬ ­¥ª®â®àãî á®¢®ªã¯­®áâì ¬®¬¥­â®¢ ¢à¥¬¥­¨ ft1; :::; tkg ¨ ­ ©¤¥¬ å à ªâ¥à¨áâ¨-
ç¥áªãî äã­ªæ¨î á®¢¬¥áâ­®£® à á¯à¥¤¥«¥­¨ï f�(t1); :::; �(tk)g: �® ®¯à¥¤¥«¥­¨î

't1;:::tk(z1; :::; zk) =M

8<
:exp

0
@i kX

j=1

�(tj)zj

1
A
9=
; =

M

8<
:exp

0
@i kX

j=1

nX
l=1

Xlfl(tj)zj

1
A
9=
; = M

8<
:exp

0
@i nX

l=1

Xl

0
@ kX
j=1

fl(tj)zj

1
A
1
A
9=
; =M

(
exp

 
i

nX
l=1

Xlal

!)
;



£¤¥ al =
kP

j=1
fl(tj)zj : �®áª®«ìªã á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ fXl; l = 1; :::; ng £ ãáá®¢áª®¥, â®

't1;:::tk(z1; :::; zk) = exp

(
i

nX
l=1

MfXlgal � 1

2

nX
l=1

nX
m=1

covfXl; Xmgalam
)
:

� «¥¥, ¯®¤áâ ¢«ïï ¢ëà ¦¥­¨ï ¤«ï al ­ å®¤¨¬

nX
l=1

MfXlgal =
kX

k=1

Mf�(tj)gzj ;

nX
l=1

nX
m=1

covfXl; Xmgalam =
kX
j1

kX
p=1

covf�(tj); �(tp)gzjzp;

£¤¥

M�(t) =
nX
j=1

MXifi(t);

cov(�(t); �(s)) =
nX
i=1

nX
j=1

cov(Xi; Xj)fi(t)fj(s):

�®­¥ç­®¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ k� ¯®àï¤ª  ¢ â®çª å ft1; :::; tkg ¨¬¥¥â ¯«®â­®áâì ¥á«¨ ¬ âà¨æ 

R� = kcov(�(ti; tj)ki=1;:::;k j=1;:::;k
¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ .

�à¨¢¥¤¥¬ ¯à¨¬¥à £ ãáá®¢áª®£® ¯à®æ¥áá , ­¥ ¨¬¥îé¥£® ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥© k� ¯®àï¤-
ª  (k � 2):

� à ¨ ¬ ¥ à 1.2.3 �«ãç ©­ë© ¯à®æ¥áá

�(t) = X + t; t � 0

ï¢«ï¥âáï £ ãáá®¢áª¨¬, ¥á«¨ à á¯à¥¤¥«¥­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë X £ ãáá®¢áª®¥ á ¯ à ¬¥âà ¬¨ N (0; �2):
�«ãç ©­ ï ¢¥«¨ç¨­  �(t)� £ ãáá®¢áª ï á ¯ à ¬¥âà ¬¨ N (t; �2): � á¯à¥¤¥«¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  á«ãç ©-
­®£® ¯à®æ¥áá  �(t) ¨¬¥¥â ¯«®â­®áâì

pt(x) =
1

(2�)1=2�
exp

�
� (x� t)2

2�2

�
;

¥á«¨, ª®­¥ç­®, � > 0: �¤­ ª®, ã¦¥ à á¯à¥¤¥«¥­¨¥ ¢â®à®£® ¯®àï¤ª  ­¥ ¨¬¥¥â ¯«®â­®áâ¨, â ª ª ª ¬ âà¨æ 
ª®¢ à¨ æ¨©

K = kcov(�(ti); �(tj))ki=1;2; j=1;2 =
0
@ �2 �2

�2 �2

1
A

¢ëà®¦¤¥­ , â® ¥áâì detK = 0:�âáãâáâ¢¨¥ ¯«®â­®áâ¨ ®ç¥¢¨¤­®, ¯®áª®«ìªã á«ãç ©­ë¥ ¢¥«¨ç¨­ë �(t1); �(t2)
á¢ï§ ­ë á®®â­®è¥­¨¥¬

�(t2) = �(t1) + t2 � t1;

¨ á«¥¤®¢ â¥«ì­®, ¨å á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ ¢ R2 á®áà¥¤®â®ç¥­® ­  ¬­®¦¥áâ¢¥

x2 = x1 + t2 � t1;

¨¬¥îé¥¬ ­ã«¥¢ãî ¬¥àã �¥¡¥£ .



�ëà®¦¤¥­­®áâì ¬ âà¨æë ª®¢ à¨ æ¨© á¥¬¥©áâ¢  £ ãáá®¢áª¨å á«ãç ©­ëå ¢¥«¨ç¨­ ®§­ ç ¥â ­ «¨ç¨¥
¬¥¦¤ã ­¨¬¨ á¢ï§¨ ¢ ä®à¬¥ ­¥ª®â®àëå «¨­¥©­ëå á®®â­®è¥­¨©. �®íâ®¬ã, ¤«ï á«ãç ©­®£® ¯à®æ¥áá  ¢
¯à¨¬¥à¥ 1.2.2, ­¥ áãé¥áâ¢ã¥â á®¢¬¥áâ­®© ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï á«ãç ©­ëå ¢¥«¨ç¨­ f�(t1); :::; �(tk)g
¯à¨ k > n: �¥©áâ¢¨â¥«ì­®, k á«ãç ©­ëå ¢¥«¨ç¨­ f�(ti); i = 1; :::; kg á¢ï§ ­ë «¨­¥©­ë¬¨ á®®â­®è¥­¨ï¬¨
á n < k á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ fXj; j = 1; :::; ng: �® â¥®à¥¬¥ �à®­¥ªª¥à -� ¯¥««¨, íâ® ¬®¦¥â ¨¬¥âì
¬¥áâ® â®«ìª® â®£¤ , ª®£¤  á«ãç ©­ë¥ ¢¥«¨ç¨­ë f�(t1); :::; �(tk)g á¢ï§ ­ë ­¥ª®â®à®© á¨áâ¥¬®© «¨­¥©­ëå
ãà ¢­¥­¨©. �«¥¤®¢ â¥«ì­®, à á¯à¥¤¥«¥­¨¥ á¥¬¥©áâ¢  á«ãç ©­ëå ¢¥«¨ç¨­ f�(t1); :::; �(tk)g á®áà¥¤®â®ç¥­®
¢ ¯à®áâà ­áâ¢¥ Rk ­  ­¥ª®â®à®¬ «¨­¥©­®¬ ¬­®£®®¡à §¨¨, ª®â®à®¥ ¨¬¥¥â ­ã«¥¢ãî ¬¥àã �¥¡¥£ , ¨ ¯®íâ®¬ã
äã­ªæ¨ï á®¢¬¥áâ­®£® à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥© íâ¨å á«ãç ©­ëå ¢¥«¨ç¨­ ­¥ ¨¬¥¥â ¯«®â­®áâ¨.

�«¥¤ãîé¨© ¯à¨¬¥à ¤¥¬®­áâà¨àã¥â £ ãáá®¢áª¨© ¯à®æ¥áá, ã ª®â®à®£® ¢á¥ á®¢¬¥áâ­ë¥ à á¯à¥¤¥«¥­¨ï
¨¬¥îâ ¯«®â­®áâì.

� à ¨ ¬ ¥ à 1.2.4 �ãáâì �(t); t � 0 - £ ãáá®¢áª¨© ¯à®æ¥áá á

M�(t) = 0; cov(�(t); �(s)) = min(t; s):

� âà¨æ  ª®¢ à¨ æ¨© á«ãç ©­ëå ¢¥«¨ç¨­ f�(t1); :::; �(tk)g à ¢­ 

R� =

0
BBBBBBBB@

t1; t1; :::; t1

t1; t2; :::; t2

. . . . . . . . . .

t1; t2; :::; tn

1
CCCCCCCCA
:

�®ª § âì, çâ® â ª®© £ ãáá®¢áª¨© ¯à®æ¥áá áãé¥áâ¢ã¥â ¨ ¥£® ª®­¥ç­®¬¥à­ë¥ à á¯à¥¤¥«¥­¨ï ¨¬¥îâ ¯«®â-
­®áâì.

� ¥ è ¥ ­ ¨ ¥ �«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï £ ãáá®¢áª®£® ¯à®æ¥áá  ãáâ ­®¢¨¬ ¯®«®¦¨â¥«ì­ãî
®¯à¥¤¥«¥­­®áâì ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨. �ãáâì § ä¨ªá¨à®¢ ­ë ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ ft1; :::; tkg ¨
§ ¤ ­ë ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  z1; :::; zk; ­¥ à ¢­ë¥ ®¤­®¢à¥¬¥­­® ­ã«î. �ã­ªæ¨ï

f(s) =
kX
i=1

ziIfs � tig;

£¤¥ Ifs � tig - ¥áâì ¨­¤¨ª â®à­ ï äã­ªæ¨ï ®âà¥§ª  [0; t]; ¨­â¥£à¨àã¥¬  á ª¢ ¤à â®¬ ¨

tZ
0

f2(s)ds > 0:

�¤­ ª®, ¯à¨ t � maxftig
tZ

0

f2(s)ds =
kX
i=1

kX
j=1

zizj

tZ
0

Ifs � tigIfs � tjgds =
kX
i=1

kX
j=1

zizjminfti; tjg > 0;

çâ® ¨ ®§­ ç ¥â ¯®«®¦¨â¥«ì­ãî ®¯à¥¤¥«¥­­®áâì ª®¢ à¨ æ¨®­­®© ¬ âà¨æë.
� âà¨æ  R� ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­  ¤«ï «î¡®£® ­ ¡®à  ft1; :::; tkg; ¨ ¯®íâ®¬ã à á¯à¥¤¥«¥­¨¥ á«ã-

ç ©­ëå ¢¥«¨ç¨­ f�(t1); :::; �(tk)g ¨¬¥¥â ¯«®â­®áâì.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.2 � ãáá®¢áª¨© ¯à®æ¥áá á

Mf�(t)g = 0; cov(�(t); �(s)) = min(t; s)

­ §ë¢ ¥âáï ¯à®æ¥áá®¬ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.



�â®â ¯à®æ¥áá ®¡« ¤ ¥â ¬­®£¨¬¨ § ¬¥ç â¥«ì­ë¬¨ á¢®©áâ¢ ¬¨ ¨ ¡ã¤¥â ¯®¤à®¡­® ¨§ãç âìáï ¢ £« ¢¥, ¯®-
á¢ïé¥­­®© á«ãç ©­ë¬ äã­ªæ¨ï¬. �¤¥áì ¬ë ¯à¨¢¥¤¥¬ â®«ìª® ­¥ª®â®àë¥ ¥£® á¢®©áâ¢ , ª®â®àë¥ ¬®¦­®
¢ë¢¥áâ¨ ­¥¯®áà¥¤áâ¢¥­­® ¨§ á¢®©áâ¢ £ ãáá®¢®áâ¨ ¨ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨.

� à ¨ ¬ ¥ à 1.2.5 �®ª § âì, çâ® ¯à¨à é¥­¨ï ¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ­¥§ ¢¨á¨¬ë ¨ ­ ©â¨
¨å à á¯à¥¤¥«¥­¨¥.

� ¥ è ¥ ­ ¨ ¥ �®§ì¬¥¬ ­¥ª®â®àë¥ §­ ç¥­¨ï t1 � t2 � t3 � t4 ¨ ®¯à¥¤¥«¨¬

covf(�(t4)� �(t3))(�(t2)� �(t1)) = min(t4; t2)�min(t3; t2)�min(t4; t1) + min(t3; t1) = 0:

�â ª ¯à¨à é¥­¨ï �(t) ­¥ ª®àà¥«¨à®¢ ­ë,   ¯®áª®«ìªã íâ® £ ãáá®¢áª¨© ¯à®æ¥áá, â® ¨ ­¥ § ¢¨á¨¬ë. �à¨-
à é¥­¨ï ¨¬¥îâ £ ãáá®¢áª®¥ à á¯à¥¤¥«¥­¨¥ á ¯ à ¬¥âà ¬¨

Mf�(t)� �(s)g = 0; Mf(�(t)� �(s))2g = t+ s � 2min(t; s) = jt� sj: (1.2.7)

� à ¨ ¬ ¥ à 1.2.6 � ©â¨ ¯«®â­®áâì ª®­¥ç­®¬¥à­®£® à á¯à¥¤¥«¥­¨ï ¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.

� ¥ è ¥ ­ ¨ ¥ � áá¬®âà¨¬ á®¢®ªã¯­®áâì ¯à¨à é¥­¨© ¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï

�(tk)� �(tk�1) = �k;

�(tk�1)� �(tk�2) = �k�1;

. . . . . . . . . . . . . . . . . . . . . . . . .

�(t1) � �(t0) = �1:

�®áª®«ìªã �(0) = 0; â®
�(t1) = �1;

�(t2) = �1 + �2;

. . . . . . . . . . . . . . . . . . . .

�(tk) = �1 + :::+ �k:

� á¨«ã ¯®á«¥¤­¥£® á®®â­®è¥­¨ï ¬¥¦¤ã � ¨ � �ª®¡¨ ­ «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï � = �(�) à ¢¥­ ¯® ¬®¤ã«î
1; ¯®íâ®¬ã ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï á®¢®ªã¯­®áâ¨ á«ãç ©­ëå ¢¥«¨ç¨­ �(tj) à ¢­ 

p�(t1; :::; tk; x1; :::; xk) = p�(x1; x2 � x1; :::; xk� xk�1) = p�1(x1)p�2(x2 � x1):::p�k(xk�2 � xk�1);

çâ® á ãç¥â®¬ ­¥§ ¢¨á¨¬®áâ¨ �j ¨ á®®â­®è¥­¨© (1.2.7) ¤ ¥â

p�(t1; :::; tk; x1; :::; xk) =
kY
i=1

1

(2�(ti � ti�1))1=2
exp

�
� (xi � xi�1)2

2(ti � ti�1)

�
; (1.2.8)

£¤¥ t0 = 0 ¨ x0 = 0:

�à¥¤¨ ¤àã£¨å ¨­â¥à¥á­ëå á¢®©áâ¢ ¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï - ­¥¯à¥àë¢­®áâì ¥£® âà ¥ªâ®à¨©.
�¥©áâ¢¨â¥«ì­®, à á¯à¥¤¥«¥­¨¥ ¯à¨à é¥­¨© £ ãáá®¢áª®¥ á ¯ à ¬¥âà ¬¨ N (0; jt� sj): �âáî¤  ­¥¬¥¤«¥­­®
á«¥¤ã¥â, çâ®

Mfj�(t)� �(s)j2g = jt� sj;
¨ á«¥¤®¢ â¥«ì­®, ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ­¥¯à¥àë¢¥­ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ¨ ¯® ¢¥-
à®ïâ­®áâ¨. �¤­ ª®, ¨§ á¢®©áâ¢ £ ãáá®¢áª®£® à á¯à¥¤¥«¥­¨ï ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢®

Mj�(t)� �(s)j4 = 3jt� sj2;
ª®â®à®¥ ¢ á¨«ã ªà¨â¥à¨ï �®«¬®£®à®¢ , á¬. �¥®à¥¬  ??, ®§­ ç ¥â, çâ® ¯à®æ¥áá �(t) ¨¬¥¥â ¯®çâ¨ ­ ¢¥à­®¥
­¥¯à¥àë¢­ë¥ âà ¥ªâ®à¨¨. �â¨ á¢®©áâ¢  ¯®¤à®¡­® ®¡áã¦¤ îâáï ¤ «¥¥ ¢ à §¤¥« å (??), (??). � ¯à®æ¥ááã
�à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ¬ë ¥é¥ ¢¥à­¥¬áï ¯à¨ à áá¬®âà¥­¨¨ â¥®à¨¨ áâ®å áâ¨ç¥áª®£® ¨­â¥£à¨à®¢ ­¨ï ¨
áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.



1.2.2 �¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ë¥ á«ãç ©­ë¥ ¯à®æ¥ááë.

�­®£¨¥ ¯à¨ª« ¤­ë¥ § ¤ ç¨ ¢ ®¡« áâ¨ ä¨§¨ª¨ ¨ â¥å­¨ª¨ ¤®¯ãáª îâ à¥è¥­¨¥, ®á­®¢ ­­®¥ «¨èì ­  ¨á¯®«ì-
§®¢ ­¨¨ §­ ­¨ï «¨èì ¯¥à¢ëå ¤¢ãå ¬®¬¥­â­ëå å à ªâ¥à¨áâ¨ª á«ãç ©­®£® ¯à®æ¥áá . �â® â¥¬ ¡®«¥¥ ã¤®¡­®,
¯®áª®«ìªã íâ¨ ¬®¬¥­â­ë¥ å à ªâ¥à¨áâ¨ª¨ ¤®áâ â®ç­® ¯à®áâ® ¬®¦­® ¨§¢«¥çì ¨§ áâ â¨áâ¨ç¥áª¨å ¤ ­­ëå.
� ¤ ­­®¬ ¯ à £à ä¥ ¨§« £ îâáï ®á­®¢­ë¥ á¢®©áâ¢  ¯à®æ¥áá®¢ á ª®­¥ç­ë¬ ¢â®àë¬ ¬®¬¥­â®¬ (¯à®æ¥ááë
¢â®à®£® ¯®àï¤ª ), ª®â®àë¥ ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë ¢ ¤ «ì­¥©è¥¬ ¢ à §¤¥« å, ¯®á¢ïé¥­­ë¬ áâ æ¨®­ à­ë¬
¯à®æ¥áá ¬ ¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬,   â ª¦¥ ¯à®æ¥áá ¬ á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨.

� á®®â¢¥âáâ¢¨¨ á �¯à¥¤¥«¥­¨¥¬ 1.1.18 ¬ë à áá¬ âà¨¢ ¥¬ ª®¬¯«¥ªá­®§­ ç­ë¥ ¯à®æ¥ááë, ¯à¥¤áâ ¢«ï-
¥¬ë¥ ¢ ¢¨¤¥

�(t) = X(t) + iY (t); t 2 T

£¤¥ X(t); Y (t) - ¥áâì ¤¥©áâ¢¨â¥«ì­ë¥ ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë¥ á«ãç ©­ë¥ ¯à®æ¥ááë. � ¤ «ì­¥©è¥¬
¤«ï ¯à®áâ®âë ¯à¥¤¯®« £ ¥âáï, çâ® M�(t) = 0; ¤«ï ¢á¥å t 2 T:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.3 �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¯à®æ¥áá  �(t) ®¯à¥¤¥«ï¥âáï ª ª

R�(t; s) = cov(�(t); �(s)) = Mf�(t)��(s)g;

£¤¥ �z - ª®¬¯«¥ªá­ ï ¢¥«¨ç¨­ , á®¯àï¦¥­­ ï ª z:

�à¨¬¥à ¬¨ ¯à®æ¥áá®¢ ¢â®à®£® ¯®àï¤ª  ï¢«ïîâáï à áá¬®âà¥­­ë¥ ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ £ ãáá®¢áª¨¥ ¯à®-
æ¥ááë ¨, ¢ ç áâ­®áâ¨, ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �«¥¤ãîé¨© ¯à®æ¥áá â ª¦¥ ï¢«ï¥âáï ¯à®æ¥áá®¬
¢â®à®£® ¯®àï¤ª .

� à ¨ ¬ ¥ à 1.2.7 �ãáâì á«ãç ©­ë© ¯à®æ¥áá �(t) = Uei!t+'; £¤¥ U - ¤¥©áâ¢¨â¥«ì­ ï á«ãç ©­ ï ¢¥«¨ç¨-
­  áMfUg = 0; DfUg = D2 > 0;   á«ãç ©­ ï ¢¥«¨ç¨­  ' ­¥ § ¢¨á¨â ®â U ¨ à á¯à¥¤¥«¥­  ¯à®¨§¢®«ì­ë¬
®ìà §®¬ ­  [0; 2�]:�®ª § âì, çâ® ¯à®æ¥áá �(t); t 2 R1 ï¢«ï¥âáï ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë¬ ¨ ®¯à¥¤¥«¨âì
¥£® ¬®¬¥­â­ë¥ å à ªâ¥à¨áâ¨ª¨ ¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î.

� ¥ è ¥ ­ ¨ ¥ � á¨«ã ­¥§ ¢¨á¨¬®áâ¨ á«ãç ©­ëå ¢¥«¨ç¨­ U ¨ '

m�(t) =Mf�(t)g = MfUei!t+'g = MfUgMfei!t+'g = 0;

D�(t) = Mfj�(t)j2g = MfU2g = D2 <1:

� ª¨¬ ®¡à §®¬, �(t) - ¤¥©áâ¢¨â¥«ì­® ¯à®æ¥áá ¢â®à®£® ¯®àï¤ª . �¯à¥¤¥«¨¬ ¥£® ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î

R�(t; s) = Mf�(t)�(s)g =MfU2ei!t+'e�i!s�'g = MfU2gei!(t�s) = D2ei!(t�s):

�®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®-®¯à¥¤¥«¥­­®©, â® ¥áâì ¤«ï «î¡ëå ft1; ::::; tng 2 T ¨
¯à®¨§¢®«ì­®£® ­ ¡®à  ª®¬¯«¥ªá­ëå ç¨á¥« fz1; :::; zng; n � 1 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

nX
i;j=1

zi�zjR�(ti; tj) � 0: (1.2.9)

�â® á®®â­®è¥­¨¥ ¯®«ãç ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

0 �M

8<
:
�����
nX
i=1

zi�ti

�����
2
9=
; = M

 
nX
i=1

zi�ti

! 
nX
i=1

zi�ti

!
=

nX
i;j=1

zi�zjM�ti
��tj =

nX
i;j=1

zi�zjR�(ti; tj);

�à¨¢¥¤¥¬ ®á­®¢­ë¥ á¢®©áâ¢  ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨, ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª îé¨¥ ¨§ á¢®©áâ¢  ­¥®-
âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨.

� ¥ ® à ¥ ¬   1.2.1 �ãáâì R�(t; s) ï¢«ï¥âáï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ­¥ª®â®à®£® á«ãç ©­®£® ¯à®æ¥á-
á  ¢â®à®£® ¯®àï¤ª  �(t); t 2 T: �®£¤  ®­  ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:



1.
R�(t1; t1) � 0 8t1 2 T ; (1.2.10)

2. �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ï¢«ï¥âáï �à¬¨â®¢®©, â® ¥áâì ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ãá«®¢¨î á¨¬-
¬¥âà¨¨

R�(t1; t2) = R�(t2; t1) 8t1; t2 2 T ; (1.2.11)

3. �®¢ à¨ æ¨®­­ ï ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã �®è¨-�ã­ïª®¢áª®£®

jR�(t1; t2)j2 � R�(t1; t1)R�(t2; t2) 8t1; t2 2 T ; (1.2.12)

4.

jR�(t1; t3) �R�(t2; t3)j2 � R�(t3; t3)[R�(t1; t1) +R�(t2; t2)� 2ReR�(t1; t2)] 8t1; t2; t3 2 T: (1.2.13)

� ® ª   §   â ¥ « ì á â ¢ ® 1. �«ï n = 1 ¨§ (1.2.9) ¨¬¥¥¬

R�(t1; t1)z1�z1 = R�(t1; t1)jz1j2 � 0; 8z1;

®âªã¤  ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â (1.2.10).

2. �«ï n = 2 á®®â­®è¥­¨¥ (1.2.9) ¤ ¥â ¤«ï «î¡ëå z1; z2 á«¥¤ãîé¥¥ ­¥à ¢¥­áâ¢®

R�(t1; t1)z1�z1 +R�(t1; t2)z1�z2 + R�(t2; t1)z2�z1 + R�(t2; t2)z2�z2 � 0:

�«¥¤®¢ â¥«ì­®, ¢ëà ¦¥­¨¥
R�(t1; t2)z1�z2 + R�(t2; t1)z2�z1

¤¥©áâ¢¨â¥«ì­® ¯à¨ «î¡ëå z1; z2: �®¤áâ ¢«ïï z1 = 1; z2 = i; ¯®áª®«ìªã �z1 = 1; �z2 = �i ¬ë ¯®«ãç ¥¬,
çâ® ¢ëà ¦¥­¨¥

i[R�(t2; t1)� R�(t1; t2)]

¢á¥£¤  ¤¥©áâ¢¨â¥«ì­®¥,   á«¥¤®¢ â¥«ì­®, ¢ëà ¦¥­¨¥

R�(t2; t1) �R�(t1; t2) = [ReRxi(t2; t1)� ReR�(t1; t2)] + i[ImR�(t2; t1)� ImR�(t1; t1)];

¢á¥£¤  ¬­¨¬®¥. �«¥¤®¢ â¥«ì­®,
ReR�(t1; t2) = ReR�(t2; t1):

�­ «®£¨ç­®, ¯®¤áâ ¢«ïï z1 = 1; z2 = 1 ¬ë ¯®«ãç ¥¬, çâ® ¢ëà ¦¥­¨¥

R�(t1; t2) + R�(t2; t1)

¢á¥£¤  ¤¥©áâ¢¨â¥«ì­®¥, ®âªã¤  á«¥¤ã¥â à ¢¥­áâ¢®

ImR�(t1; t2) + ImR�(t2; t1) = 0:

�¡ê¥¤¨­ïï ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï ¤«ï ¤¥©áâ¢¨â¥«ì­ëå ¨ ¬­¨¬ëå ç áâ¥© äã­ªæ¨¨ R�(t1; t2) ¯®-
«ãç ¥¬, çâ® ¤«ï «î¡ëå t1; t2 ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

R�(t1; t2) = R�(t2; t1):

3. �¥à ¢¥­áâ¢® (1.2.12) - ¥áâì ãá«®¢¨¥ ­¥®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ª¢ ¤à â¨ç­®© ä®à¬ë

R�(t1; t1)z1�z1 + R�(t1; t2)z1�z2 + R�(t2; t1)z2�z1 +R�(t2; t2)z2�z2 � 0; 8(z1; z2);

ª®â®à®¥ á ãç¥â®¬ á®®â­®è¥­¨ï (1.2.11), ¨¬¥¥â ¢¨¤

jR�(t1; t2)j2 � R�(t1; t1)R�(t2; t2) � 0:



4. �«ï ¤®ª § â¥«ìáâ¢  íâ®£® ­¥à ¢¥­áâ¢  à áá¬®âà¨¬ ãá«®¢¨¥ ­¥®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ª¢ -

¤à â¨ç­®© ä®à¬ë
nP

i;j=1
zi�zjR�(ti; tj) ¯à¨ n = 3, z1 = z; z2 = �z; ¨ z3; £¤¥ z; z3 - ¯à®¨§¢®«ì­ë¥

ª®¬¯«¥ªá­ë¥ ç¨á« . �®¤áâ ­®¢ª  á®®â¢¥âáâ¢ãîé¨å §­ ç¥­¨© ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã

fR�(t1; t1)� R�(t1; t2) �R�(t2; t1) +R�(t2; t2)gjzj2 + fR�(t1; t3)� R�(t2; t3)gz�z3+

fR�(t3; t1)� R�(t3; t2)gz3�z + R�(t3; t3)jz3j2 � 0; 8(z; z3):
� «¥¥ á ãç¥â®¬ à ¢¥­áâ¢  (1.2.11) ¯®«ãç ¥¬

R�(t1; t2) +R�(t2; t1) = R�(t1; t2) + R�(t1; t2) = 2ReR�(t1; t2);

R�(t3; t1)� R�(t3; t2) = R�(t1; t3)� R�(t2; t3)

¨ á®®â¢¥âáâ¢¥­­®, ãá«®¢¨¥ ­¥®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ª¢ ¤à â¨ç­®© ä®à¬ë ¯¥à¥¬¥­­ëå z; z3

fR�(t1; t1) + R�(t2; t2)� 2ReR�(t1; t2)gjzj2 + fR�(t1; t3) �R�(t2; t3)gz�z3+

fR�(t1; t3)� R�(t2; t3)gz3z +R�(t3; t3)jz3j2 � 0; 8(z; z3);
ª®â®à®¥ à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã

jR�(t1; t3) �R�(t2; t3)j2 � R�(t3; t3)fR�(t1; t1) +R�(t2; t2)� 2ReR�(t1; t2)g � 0:

�á«¨ ¤ ­ë ¤¢  á«ãç ©­ëå ¯à®æ¥áá  á ª®­¥ç­ë¬¨ ¢â®àë¬¨ ¬®¬¥­â ¬¨, â® ¬®¦­® ®¯à¥¤¥«¨âì ¨å ¢§ -
¨¬­ãî ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î á¬. �¯à¥¤¥«¥­¨¥ 1.1.19.

�   ¬ ¥ ç   ­ ¨ ¥ �á«¨ �(t) = X(t) + iY (t); £¤¥ X(t); Y (t) - ¤¥©áâ¢¨â¥«ì­ë¥ ¯à®æ¥ááë ¢â®à®£® ¯®àï¤ª , c
mX (t) = mY (t) = 0; â®

R�(t; s) = R� �(t; s) = Mf(X(t) + iY (t))(X(s) � iY (s))g = RX(t; s) +RY (t; s)� i[RX Y (t; s)� RY X (t; s)]:

�«¥¤ãîé¨© à¥§ã«ìâ â ¯®ª §ë¢ ¥â á¢ï§ì ¬¥¦¤ã £ ãáá®¢áª¨¬¨ ¨ ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ë¬¨ ¯à®æ¥áá -
¬¨.

� ¥ ® à ¥ ¬   1.2.2 �«ï «î¡®© ­¥®âà¨æ â¥«ì­®-®¯à¥¤¥«¥­­®© äã­ªæ¨¨ R�(t; s); ®¯à¥¤¥«¥­­®© ­  T�T;
áãé¥áâ¢ã¥â ª®¬¯«¥ªá­®§­ ç­ë© ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ë© á«ãç ©­ë© ¯à®æ¥áá f�(t); t 2 Tg á ª®¢ à¨-
 æ¨®­­®© äã­ªæ¨¥©, à ¢­®© R�(t; s): �â®â ¯à®æ¥áá ¬®¦¥â ¢ë¡à ­ £ ãáá®¢áª¨¬.

�   ¬ ¥ ç   ­ ¨ ¥ �«ï ¤¥©áâ¢¨â¥«ì­®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ à¥§ã«ìâ â â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ �à¨¬¥-
à  1.1.10. � íâ®¬ á«ãç ¥ ¯à®æ¥áá �(t) ¬®¦­® ¢ë¡à âì ¤¥©áâ¢¨â¥«ì­ë¬ ¨ £ ãáá®¢áª¨¬, ¯®áª®«ìªã § ¤ ­­ ï
ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ®¡« ¤ ¥â á¢®©áâ¢®¬ ­¥®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨.

�« áá ª®¢ à¨ æ¨®­­ëå äã­ªæ¨© ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨ § ¬ª­ãâ®áâ¨ ®â­®á¨â¥«ì­® àï¤  ®¯¥-
à æ¨©.

� ¥ ® à ¥ ¬   1.2.3 �ãáâì R�1 ; R�2 - ¥áâì ª®¢ à¨ æ¨®­­ë¥ äã­ªæ¨¨ ­¥ª®â®àëå á«ãç ©­ëå ¯à®æ¥áá®¢,
®¯à¥¤¥«¥­­ëå ­  ®¤­®¬ ¨ â®¬ ¦¥ ¬­®¦¥áâ¢¥ T: �®£¤  �1R�1 + �2R�2; ¯à¨ �1; �2 > 0 â ª¦¥ ï¢«ï¥âáï

ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ­¥ª®â®à®£® ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬®£® á«ãç ©­®£® ¯à®æ¥áá .

� ¥ ® à ¥ ¬   1.2.4 �ãáâì fR�n; n = 1; :::g - ¥áâì ¯®á«¥¤®¢ â¥«ì­®áâì ª®¢ à¨ æ¨®­­ëå äã­ªæ¨© ­¥ª®-
â®àëå ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ëå á«ãç ©­ëå ¯à®æ¥áá®¢, ®¯à¥¤¥«¥­­ëå ­  ®¤­®¬ ¨ â®¬ ¦¥ ¬­®¦¥áâ¢¥

T: �®£¤  ¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì R�n(t; s) ! R�(t; s); ¤«ï ¢á¥å (t; s) 2 T;â® R�(t; s) â ª¦¥ ï¢«ï¥âáï

ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ­¥ª®â®à®£® ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬®£® á«ãç ©­®£® ¯à®æ¥áá .

�   ¬ ¥ ç   ­ ¨ ¥ �®ª § â¥«ìáâ¢® íâ¨å â¥®à¥¬ áâ ­®¢¨âáï ®ç¥¢¨¤­ë¬, ¥á«¨ ¯à¨­ïâì ¢® ¢­¨¬ ­¨¥, çâ®
¯à¨ á«®¦¥­¨¨ ª®¢ à¨ æ¨®­­ëå äã­ªæ¨© á ¯®«®¦¨â¥«ì­ë¬¨ ¢¥á ¬¨ ¨ ¯à¨ ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ á¢®©áâ¢®
­¥®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ á®åà ­ï¥âáï.

�®¢¥¤¥­¨¥ âà ¥ªâ®à¨© ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ëå ¯à®æ¥áá®¢ ®¯à¥¤¥«ï¥âáï á¢®©áâ¢ ¬¨ ¨å ª®¢ à¨ æ¨-
®­­®© äã­ªæ¨¨ «¨èì ¢ ­¥ª®â®à®¬ ãáà¥¤­¥­­®¬ á¬ëá«¥. �®¤à®¡­® á¢®©áâ¢  âà ¥ªâ®à¨© íâ®£® ª« áá 
¯à®æ¥áá®¢: ­¥¯à¥àë¢­®áâì, ¤¨ää¥à¥­æ¨àã¥¬®áâì ¨ ¨­â¥£à¨àã¥¬®áâì ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ à áá¬ âà¨-
¢ îâáï ¢ �« ¢¥ 3.



1.2.3 �â æ¨®­ à­ë¥ á«ãç ©­ë¥ ¯à®æ¥ááë

� ¦­ë¬ ª« áá®¬ á«ãç ©­ëå ¯à®æ¥áá®¢ ï¢«ïîâáï áâ æ¨®­ à­ë¥ ¯à®æ¥ááë. �¢®©áâ¢® áâ æ¨®­ à­®áâ¨
®§­ ç ¥â ­¥§ ¢¨á¨¬®áâì å à ªâ¥à¨áâ¨ª á¥ç¥­¨© ¯à®æ¥áá  ®â ¢à¥¬¥­¨. �®­¥ç­®, ¤«ï à¥ «ì­ëå ¯à®æ¥á-
á®¢ íâ® ãá«®¢¨¥ ¢¥áì¬  ®£à ­¨ç¨â¥«ì­®, ®¤­ ª®, ®­® ¢ë¯®«­ï¥âáï ¤®¢®«ì­® ç áâ®, ¥á«¨ à áá¬ âà¨¢ âì
¯à®æ¥áá ­  ¤®áâ â®ç­® ª®à®âª®¬ ¨­â¥à¢ «¥ ¢à¥¬¥­¨, ¢ â¥ç¥­¨¥ ª®â®à®£® ¢¥à®ïâ­®áâ­ë¥ å à ªâ¥à¨áâ¨ª¨
¯à®æ¥áá  ¨§¬¥­ïîâáï ¬ «®.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.4 �«ãç ©­ë© ¯à®æ¥áá ­ §ë¢ ¥âáï áâ æ¨®­ à­ë¬ ¢ ã§ª®¬ á¬ëá«¥, ¥á«¨ ¤«ï
«î¡®£® ­ ¡®à  ft1; :::; tkg á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ á«ãç ©­ëå ¢¥«¨ç¨­ f�(t1+� ); :::; �(tk+� )g ­¥ § ¢¨á¨â
®â �:

�á«¨ áãé¥áâ¢ã¥â ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ â ª®£® ¯à®æ¥áá , â® ®­® ¯®áâ®ï­­®, ¨ à ¢­®

Mf�(t)g = Mf�(0)g;
  ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï (¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï ¢â®à®£® ¬®¬¥­â ) R�(t; s) § ¢¨á¨â «¨èì ®â ®â
à §­®áâ¨ (t � s):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.5 �«ãç ©­ë© ¯à®æ¥áá ­ §ë¢ ¥âáï áâ æ¨®­ à­ë¬ ¢ è¨à®ª®¬ á¬ëá«¥, ¥á«¨ ¤«ï
«î¡ëå t; s 2 T

Mf�(t)g = const; covf�(t); �(s)g = C(t� s):

�à¨¬¥à®¬ áâ æ¨®­ à­®£® ¢ è¨à®ª®¬ á¬ëá«¥ ¯à®æ¥áá  ï¢«ï¥âáï à áá¬®âà¥­­ë© ¢ëè¥ ¯à®æ¥áá 1.2.7, ª®-
¢ à¨ æ¨®­­ ï äã­ªæ¨ï ª®â®à®£® à ¢­  D2 expfi!(t � s)g:

� à ¨ ¬ ¥ à 1.2.8 �ãáâì § ¤ ­ £ ãáá®¢áª¨© ¯à®æ¥áá á ¯®áâ®ï­­ë¬¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬M�(t) =
m ¨ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥©, R�(t; s) � C(t� s): �®ª § âì, çâ® íâ®â ¯à®æ¥áá ï¢«ï¥âáï áâ æ¨®­ à­ë¬ ¢
ã§ª®¬ á¬ëá«¥.

� ¥ è ¥ ­ ¨ ¥ �á¥ ª®­¥ç­®¬¥à­ë¥ à á¯à¥¤¥«¥­¨ï f�(t1); :::; �(tk)g ¨¬¥îâ å à ªâ¥à¨áâ¨ç¥áªãî äã­ª-
æ¨î

't1;:::;tk(z1; :::; zk) = exp

0
@i kX

j=1

zjm� 1

2

kX
i=1

kX
j=1

C(ti � tj)zi�zj

1
A ;

ª®â®à ï ­¥ ¨§¬¥­ï¥âáï ¯à¨ § ¬¥­¥ ¢á¥å tk ­  tk+�: �«¥¤®¢ â¥«ì­®, ¨ á ¬¨ à á¯à¥¤¥«¥­¨ï ­¥ ¨§¬¥­ïîâáï
¯à¨ § ¬¥­¥ ¢á¥å tk ­  tk + �:

� à ¨ ¬ ¥ à 1.2.9 �ãáâì w(t); t 2 R - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï,   � > 0:�®ª § âì, çâ® ¯à®æ¥áá
Z(t) = w(t) �w(t� � ) - áâ æ¨®­ à­ë© ¨ ­ ©â¨ ¥£® ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î.

� ¥ è ¥ ­ ¨ ¥ �¯à¥¤¥«¨¬ ¬®¬¥­â­ë¥ å à ªâ¥à¨áâ¨ª¨ ¯à®æ¥áá  Z(t): �®áª®«ìªãMfw(t)g = Mfw(t�
� )g = 0; â®MfZ(t)g = 0;  

covfZ(t); Z(s)g = Mf[w(t)�w(t� � )][w(s)�w(s � � )]g =

min(t; s) �min(t � �; s) �min(t; s � � ) + min(t� �; s � � ) =

8<
:

� � jt� sj; ¥á«¨ jt� sj � �;

0; ¥á«¨ jt� sj > �:

�¥¯®áà¥¤áâ¢¥­­® ¨§ á¢®©áâ¢ ª®¢ à¨ æ¨®®­®© äã­ªæ¨¨ ¯à®æ¥áá  ¢â®à®£® ¯®àï¤ª  ¢ëâ¥ª îâ á«¥¤ãîé¨¥
á¢®©áâ¢  ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ áâ æ¨®­ à­®£® ¢ è¨à®ª®¬ á¬ëá«¥ ¯à®æ¥áá .

� ¥ ® à ¥ ¬   1.2.5 �ãáâì C(t) -ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ­¥ª®â®à®£® áâ æ¨®­ à­®£® ¢ è¨à®ª®¬ á¬ë-
á«¥ ¯à®æ¥áá , â®£¤  ®­  ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:



1. C(0) � 0;

2. C(t) = C(�t);
3. jC(t)j � �(0);

4. jC(t1)� C(t2)j2 � 2C(0)[C(0)� 2ReC(t1 � t2)]:

�   ¬ ¥ ç   ­ ¨ ¥ �®ª § â¥«ìáâ¢® â¥®à¥¬ë ­¥¬¥¤«¥­­® á«¥¤ã¥â ¨§ ®¡é¨å á¢®©áâ¢ ª®¢ à¨ æ¨®­­®© äã­ª-
æ¨¨ á¬. �¥®à¥¬ã 1.2.1.

�¢®©áâ¢  áâ æ¨®­ à­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨ ¯à®æ¥áá®¢ à áá¬ âà¨¢ îâáï ¢ £« ¢ å 2 ¨ 3.

1.2.4 � àª®¢áª¨¥ ¯à®æ¥ááë

� àª®¢áª¨¥ á«ãç ©­ë¥ ¯à®æ¥ááë ®¡« ¤ îâ ¢ ¦­ë¬ á¢®©áâ¢®¬ ­¥§ ¢¨á¨¬®áâ¨ ¡ã¤ãé¥£® ¯®¢¥¤¥­¨ï ®â
¢á¥£® ¯à®è«®£®. �â® á¢®©áâ¢® ¨­ ç¥ ­ §ë¢ ¥âáï ®âáãâáâ¢¨¥¬ ¯®á«¥¤¥©áâ¢¨ï. �­ ç¥ £®¢®àï, ¥á«¨ à á-
á¬ âà¨¢ âì â¥ªãé¥¥ á®áâ®ï­¨¥ ¯à®æ¥áá  �(t) ¢ ¬®¬¥­â ¢à¥¬¥­¨ t 2 T ª ª "­ áâ®ïé¥¥", á®¢®ªã¯­®áâì
¢á¥å ¢®§¬®¦­ëå ¯à®è«ëå á®áâ®ï­¨© f�(s); s < tg ª ª "¯à®è«®¥",   á®¢®ªã¯­®áâì ¢®§¬®¦­ëå á®áâ®ï­¨©
f�(u); u > tg ª ª "¡ã¤ãé¥¥", â® ¤«ï ¬ àª®¢áª®£® ¯à®æ¥áá , ¡ã¤ãé¥¥ ­¥ § ¢¨á¨â ®â ¯à®è«®£®, ¨ á¥¬¥©áâ¢®
à á¯à¥¤¥«¥­¨© ¯à®æ¥áá  ¯à¨ u > t § ¢¨á¨â «¨èì ®â á®áâ®ï­¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.6 �«ãç ©­ë© ¯à®æ¥áá f�(t); t 2 Tg �(t) 2 R ­ §ë¢ ¥âáï ¬ àª®¢áª¨¬ ¨«¨ ¯à®-
æ¥áá®¬ � àª®¢ , ¥á«¨ ¤«ï «î¡ëå f0 � t1 < ::: < tkg ¨ B 2 B(R); ¢ë¯®«­¥­® á®®â­®è¥­¨¥

Pf�(tk) 2 Bj�(t1); :::; �(tk�1)g = Pf�(tk) 2 Bj�(tk�1)g (P� ¯.­.): (1.2.14)

�¢®©áâ¢® (1.2.14) ­ §ë¢ ¥âáï � àª®¢áª¨¬ á¢®©áâ¢®¬.

�   ¬ ¥ ç   ­ ¨ ¥ �®®â­®è¥­¨¥ (1.2.14), ¢ ª®â®à®¬ ãá«®¢­ ï ¢¥à®ïâ­®áâì ®¯à¥¤¥«ï¥âáï ¯® ®â­®è¥­¨î ª
� -  «£¥¡à¥, ¯®à®¦¤¥­­®© á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ f�(t1); :::; �(tk�1)g; ¯®­¨¬ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.
�«ï «î¡®© á®¢®ªã¯­®áâ¨ ¬­®¦¥áâ¢ B1; :::; Bk�1 2 B(R)

Pf�(tk) 2 Bj�(t1) 2 B1; :::; �(tk�1) 2 Bk�1g = Pf�(tk) 2 Bj�(tk�1) 2 Bk�1g (P� ¯.­.);
¨ ¢ ç áâ­®áâ¨, ¤«ï «î¡ëå x1; :::; xk�1 2 R

Pf�(tk) 2 Bj�(t1) = x1; :::; �(tk�1) = xk�1g = Pf�(tk) 2 Bj�(tk�1) = xk�1g (P� ¯.­.):
� ª¨¬ ®¡à §®¬ ¢¥à®ïâ­®áâ­®¥ à á¯à¥¤¥«¥­¨¥ á®áâ®ï­¨ï ¯à®æ¥áá  ¢ ¬®¬¥­â ¢à¥¬¥­¨ tk § ¢¨á¨â «¨èì ®â
â®£® ¢ ª ª®¬ á®â®ï­¨¨ ­ å®¤¨«áï ¯à®æ¥áá ¢ ¡«¨¦ ©è¥¬ ¯à®è«®¬, â® ¥áâì ¯à¨ t = tk�1; ­® ­¥ § ¢¨á¨â
®â ¥£® á®áâ®ï­¨©, ¯à¥¤è¥áâ¢ãîé¨å ¬®¬¥­âã ¢à¥¬¥­¨ tk�1: �®¦­® ¯®ª § âì (á¬. � ¤ çã 1.2.13), çâ® ¤«ï
� àª®¢áª®£® ¯à®æ¥áá  ¯à¨ «î¡ëå B1; B2 2 B(R) ¨ s � t � u

Pf�(s) 2 B1; �(u) 2 B2j�(t)g = Pf�(s) 2 B1j�(t)gPf�(u) 2 B2j�(t)g (P� ¯.­.): (1.2.15)

�«ï íâ®£® ¤®áâ â®ç­® ¨á¯®«ì§®¢ âì ®¯à¥¤¥«¥­¨¥ ãá«®¢­®© ¢¥à®ïâ­®áâ¨

Pf�(s) 2 B1; �(u) 2 B2j�(t) 2 Bg = Pf�(u) 2 B2j�(s) 2 B1; �(t) 2 BgPf�(s) 2 B1j�(t) 2 Bg;
¨ ¤ «¥¥ ¨á¯®«ì§®¢ âì � àª®¢áª®¥ á¢®©áâ¢®.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.7 �¥à¥å®¤­ ï ¢¥à®ïâ­®áâì � àª®¢áª®£® ¯à®æ¥áá  ®¯à¥¤¥«ï¥âáï ª ª

Pf�(t) 2 Bj�(s) = xg = P(x; s; t; B)

¯à¨ t > s; x 2 R; B 2 B(R); ¨ ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î

P(x; s; t; B) =

Z
R

P(x; s; u; dy)P(y; u; t; B);

ª®â®à®¥ ¢ë¯®«­ï¥âáï ¤«ï s � u � t; 8(s; u; t) 2 T; ¨ ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ �®«¬®£®à®¢  - �¥¯¬¥­ .



�¥à¥å®¤­ ï ¢¥à®ïâ­®áâì ª ª äã­ªæ¨ï ¬­®¦¥áâ¢ P(x; s; t; �) ®¯à¥¤¥«ï¥â ¯à¨ ¢á¥å (x; s; t) ¢¥à®ïâ­®áâ­ãî
¬¥àã ­  B(R),   ª ª äã­ªæ¨ï  à£ã¬¥­â  x 2 R ¯¥à¥å®¤­ ï ¢¥à®ïâ­®áâì P(�; s; t; B) - ¨§¬¥à¨¬  ¯® �®à¥«î.

�   ¬ ¥ ç   ­ ¨ ¥ �à ¢­¥­¨¥ �®«¬®£®à®¢  - �¥¯¬¥­  - ¥áâì «¨èì § ¯¨áì ä®à¬ã«ë ¯®«­®© ¢¥à®ïâ­®áâ¨
¤«ï � àª®¢áª®£® ¯à®æ¥áá . �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã � àª®¢áª®£® á¢®©áâ¢  ¯à¨ s � u � t

Pf�(t) 2 Bj�(s) = xg =
Z
R

Pf�(t) 2 Bj�(u) = y; �(s) = xgPf�(u) 2 (y; y + dy]j�(s) = xg =

Z
R

Pf�(t) 2 Bj�(u) = ygPf�(u) 2 (y; y + dy]j�(s) = xg =
Z
R

P(x; s; u; dy)P(y; u; t; B):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.8 � àª®¢áª¨© ¯à®æ¥áá ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬ ¥á«¨

Pf�(t) 2 Bj�(s) = xg = P(x; t� s; B):

�«ï ®¤­®à®¤­®£® ¬ àª®¢áª®£® ¯à®æ¥áá  ãà ¢­¥­¨¥ �®«¬®£®à®¢ -�¥¯¬¥­  ã¯à®é ¥âáï ¨ ¨¬¥¥â ¢¨¤

P(x; s+ t; B) =

Z
R

P(x; s; dy)P(y; t; B)

¤«ï s 2 T; t + s 2 T .
�«ï ®¯à¥¤¥«¥­¨ï ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ¬ àª®¢áª®£® ¯à®æ¥áá  ¤®áâ â®ç­® §­ âì ¥£® ¯¥à¥å®¤-

­ãî ¢¥à®ïâ­®áâì, ¨ à á¯à¥¤¥«¥­¨¥ ¢ ­¥ª®â®àë© ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨, ¯®áª®«ìªã á ¨á¯®«ì§®¢ ­¨¥¬
ä®à¬ã«ë ¯®«­®© ¢¥à®ïâ­®áâ¨ ¨ � àª®¢áª®£® á¢®©áâ¢  «¥£ª® ¯®«ãç ¥âáï á®®â­®è¥­¨¥ (á¬. �à¨¬¥à 1.2.10)

Pf�(t1) 2 B1; :::; �(tk) 2 Bkg =
Z
R

�(dx0)

Z
B1

P(x0; 0; t1; dx1):::

Z
Bk

P(xk�1; tk�1; tk; dxk); (1.2.16)

£¤¥ 0 < t1 < ::: < tk, B1; :::; Bk 2 B(R),   �(B) = Pf�(0) 2 Bg:
� à ¨ ¬ ¥ à 1.2.10 �ãáâì ¤«ï � àª®¢áª®£® á«ãç ©­®£® ¯à®æ¥áá  § ¤ ­® ­ ç «ì­®¥ à á¯à¥¤¥«¥­¨¥ �(B) =

Pf�(0) 2 Bg ¨ ¯¥à¥å®¤­ ï ¢¥à®ïâ­®áâì P(x; s; t; B): � ©â¨ Pf�(t1) 2 B1; :::; �(tk) 2 Bkg:
� ¥ è ¥ ­ ¨ ¥ �® ®¯à¥¤¥«¥­¨î ãá«®¢­®© ¢¥à®ïâ­®áâ¨ ¨ ¢ á¨«ã � àª®¢áª®£® á¢®©áâ¢  ¨¬¥¥¬

Pf�(t1) 2 B1; :::; �(tk) 2 Bkg = Pf�(tk) 2 Bkj�(t1) 2 B1; :::; �(tk�1) 2 Bk�1gPf�(t1) 2 B1; :::; �(tk�1) 2 Bk�1g =

Pf�(tk) 2 Bkj�(tk�1) 2 Bk�1gPf�(t1) 2 B1; :::; �(tk�1) 2 Bk�1g
:

�à®¤®«¦ ï íâ¨ á®®â­®è¥­¨ï á ¤® k = 0; ¯®«ãç ¥¬ ä®à¬ã«ã

Pf�(t1) 2 B1; :::; �(tk) 2 Bkg =
k�1Y
l=0

Pf�(tl+1) 2 Bl+1j�(tl) 2 Blg;

£¤¥ ¯à¨ l = 0

Pf�(t1) 2 B1j�(0) 2 Rg =
Z
R

P (x0; 0; t1; B1)�(dx0):

�«ï ®¯à¥¤¥«¥­¨ï Pf�(t2) 2 B2j�(t1) 2 B1g á ¨á¯®«ì§®¢ ­¨¥¬ ä®à¬ã«ë ¯®«­®© ¢¥à®ïâ­®áâ¨ ­¥®¡å®¤¨¬®
¯à®¨­â¥£à¨à®¢ âì ¯¥à¥å®¤­ãî ¢¥à®ïâ­®áâì P(x1; t1; t2; x2) ¯® à á¯à¥¤¥«¥­¨î á«ãç ©­®© ¢¥«¨ç¨­ë �(t1);
çâ® ¤ ¥â

Pf�(t2) 2 B2j�(t1) 2 B1g =
Z
B1

P(x1; t1; t2; B2)P (dx1; t1):



�¤­ ª®,

P(dx1; t1) =

Z
R

P (x0; 0; t1; dx1)�(dx0):

� «¥¥ ¤«ï ¢ëç¨á«¥­¨ï Pf�(t1) 2 B1; �(t2) 2 B2g ­ã¦­® ¯à®¨­â¥£à¨à®¢ âì ¯¥à¥å®¤­ãî ¢¥à®ïâ­®áâì ¯®
¬­®¦¥áâ¢ã B2; çâ® ¤ ¥â

Pf�(t1) 2 B1; �(t2) 2 B2g =
Z
B2

P (x1; t1; t2; dx2)

Z
B1

P (x0; 0; t1; dx1)

Z
R

�(dx0):

�à®¤®«¦ ï íâ¨ ¢ëç¨á«¥­¨ï ¤® l = k; ¯®«ãç ¥¬ á®®â­®è¥­¨¥ (1.2.16).

�á«¨ ¯¥à¥å®¤­ ï ¢¥à®ïâ­®áâì ¨ ­ ç «ì­®¥ à á¯à¥¤¥«¥­¨¥ ¢¥à®ïâ­®áâ¥© ¯à®æ¥áá  �(t) ¨¬¥îâ ¯«®â­®áâ¨,

Pf�(t) 2 Bj�(s) = xg =
Z
B

p(x; s; t; y)dy

�(B) =

Z
B

p(x0)dx0

â® ¨ ª®­¥ç­®¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ ¨¬¥¥â ¯«®â­®áâì, ¢ëç¨á«ï¥¬ãî ¯® ä®à¬ã«¥

pt1;:::;tk(x1; :::; xk) =

Z
R

(
kY
i=1

p(xi�1; ti�1; ti; xi)

)
p(x0)dx0: (1.2.17)

� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à¨¬¥àë � àª®¢áª¨å ¯à®æ¥áá®¢.

� à ¨ ¬ ¥ à 1.2.11 � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ¡à®á ­¨© ¨£à «ì­®© ª®áâ¨, ¨ ¯ãáâì á«ãç ©­ë¥ ¢¥-
«¨ç¨­ë x1; :::; xn; ::: á®®â¢¥âáâ¢¥­­®, ¥áâì ç¨á«® ®çª®¢, ¢ë¯ ¢è¥¥ ­  £à ­¨ ¯à¨ n - ®¬ ¡à®á ­¨¨. �¢¥¤¥¬
¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ ¯® ¯à ¢¨«ã

�(n) = max
k�n

xk:

�®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì �(n) - � àª®¢áª ï ¨ ®¯à¥¤¥«¨âì ¤«ï ­¥¥ ¯¥à¥å®¤­ãî ¢¥à®ïâ­®áâì.

� ¥ è ¥ ­ ¨ ¥ �ãáâì ¯à¨ ­¥ª®â®à®¬ n; �(n) = k; £¤¥ k - ç¨á«® ®â 1 ¤® 6. �à¨ ¯®á«¥¤ãîé¨å ¡à®á ­¨ïå
§­ ç¥­¨¥ � ­¥ ¬®¦¥â ã¬¥­ìè¨âáï ¨ ãá«®¢­ë¥ ¢¥à®ïâ­®áâ¨ ¤«ï �(n+ 1) à ¢­ë

Pf�(n+ 1) = lj�(n) = kg =

8>>>>><
>>>>>:

0; ¯à¨ l < k;

6� k
6 ; ¯à¨ 6 � l > k;

k
6 ; ¯à¨ l = k:

� á¨«ã ­¥§ ¢¨á¨¬®áâ¨ à¥§ã«ìâ â®¢ ¡à®á ­¨©, ãá«®¢­ ï ¢¥à®ïâ­®áâì ¯¥à¥å®¤  § ¢¨á¨â «¨èì ®â k = �(n)
¨ ­¥ § ¢¨á¨â ®â ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à¥¤ë¤ãé¨å §­ ç¥­¨© �: �â ª ¢ ¤ ­­®¬ á«ãç ¥ ¯®á«¥¤®¢ â¥«ì­®áâì
ï¢«ï¥âáï � àª®¢áª®©,   ¯¥à¥å®¤­ ï ¢¥à®ïâ­®áâì ®¯¨áë¢ ¥âáï ¬ âà¨æ¥© P; í«¥¬¥­âë ª®â®à®© à ¢­ë

Pi j = Pf�(n+ 1) = ij�(n) = jg:

�   ¬ ¥ ç   ­ ¨ ¥ � ­­ ï á«ãç ©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ®â­®á¨âáï ª ª« ááã ¤¨áªà¥â­ëå æ¥¯¥© � àª®¢ 
á ª®­¥ç­ë¬ ¬­®¦¥áâ¢®¬ á®áâ®ï­¨©.�®«¥¥ ¯®¤à®¡­® ¤ ­­ë© ª« áá ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨§ãç ¥âáï ¢ �« ¢¥
2.



�«¥¤ãîé¨© ¯à¨¬¥à ®â­®á¨âáï ª ª« ááã � àª®¢áª¨å á«ãç ©­ëå äã­ªæ¨©.

� à ¨ ¬ ¥ à 1.2.12 �®ª § âì, çâ® ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï - ¬ àª®¢áª¨©.

� ¥ è ¥ ­ ¨ ¥ � �à¨¬¥à¥ 1.2.6 ¬ë ­ è«¨ ¯«®â­®áâì ª®­¥ç­®¬¥à­®£® à á¯à¥¤¥«¥­¨ï ¤«ï ¯à®æ¥áá 
�à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �®á¯®«ì§ã¥¬áï ä®à¬ã«®© (1.2.8) ¤«ï ¢ëç¨á«¥­¨ï ¯«®â­®áâ¨ ¯¥à¥å®¤­®© ¢¥à®-
ïâ­®áâ¨,

p�(tk;xkj�(t1) = x1; :::; �(tk�1) = xk�1) =
p�(t1; :::; tk; x1; :::; xk)

p�(t1; :::; tk�1; x1; :::; xk�1)
=

kY
i=1

1

(2�(ti � ti�1))1=2
exp

�
� (xi � xi�1)2

2(ti � ti�1)

�
k�1Y
i=1

1

(2�(ti � ti�1))1=2
exp

�
� (xi � xi�1)2

2(ti � ti�1)

� =

1
(2�(tk � tk�1))1=2

exp

�
� (xk � xk�1)2

2(tk � tk�1)

�
= p�(tk;xkj�(tk�1) = xk�1):

� ª¨¬ ®¡à §®¬ ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï - � àª®¢áª¨©.

� á«¥¤ãîé¥¬ ¯à¨¬¥à¥ ¬ë ¯®«ãç¨¬ ¯à¨§­ ª â®£®, çâ® £ ãáá®¢áª¨© ¯à®æ¥áá ï¢«ï¥âáï � àª®¢áª¨¬.

� à ¨ ¬ ¥ à 1.2.13 � áá¬®âà¨¬ £ ãáá®¢áª¨© ¯à®æ¥áá ám�(t) = 0; R�(t; t) > 0; ®¡« ¤ îé¨© � àª®¢áª¨¬
á¢®©áâ¢®¬. �®ª § âì, çâ® íâ® ¢®§¬®¦­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¯à®æ¥áá 
ã¤®¢«¥â¢®àï¥â ¯à¨ t1 � t2 � t3 à ¢¥­áâ¢ã

R�(t1; t3) =
R�(t1; t2)R�(t2; t3)

R�(t2; t2)
: (1.2.18)

� ¥ è ¥ ­ ¨ ¥ �®ª ¦¥¬ ­¥®¡å®¤¨¬®áâì. �® â¥®à¥¬¥ ® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨ (á¬. �à¨¬¥à 5.4.2 ¨
ä®à¬ã«ã (5.4.4), ¯à¨¬¥­¥­­®© ª á®¢®ªã¯­®áâ¨ £ ãáá®¢áª¨å á«ãç ©­ëå ¢¥«¨ç¨­ f�(t); �(s)g ¨¬¥¥¬

Mf�(t)j�(s) = xg = R�(s; t)

R�(s; s)
x:

� «¥¥ á ¨á¯®«ì§®¢ ­¨¥¬ á®®â­®è¥­¨ï (1.2.15) ¢ëç¨á«ï¥¬

R�(t1; t3) = M�(t1)�(t3) =MfMf�(t1)�(t3)j�(t2)gg = MfMf�(t1)j�(t2)gMf�(t3)j�(t2)gg:

�, ­ ª®­¥æ, ¯®¤áâ ¢«ïï ¢ íâã ä®à¬ã«ã ¢ëà ¦¥­¨¥ ¤«ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¯®«ãç ¥¬

R�(t1; t3) = M

��
R�(t1; t2)
R�(t2; t2)

�
�(t2)

�
R�(t2; t3)
R�(t2; t2)

�
�(t2)

�
=

�
R�(t1; t2)R�(t2; t3)

(R�(t2; t2))
2

�
M(�(t2))2 =

R�(t1; t2)R�(t2; t3)
R�(t2; t2)

:

�¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥. � ãáá®¢áª¨© ¯à®æ¥áá, ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï, ª®â®à®£® ã¤®¢«¥-
â¢®àï¥â á®®â­®è¥­¨î (1.2.18), ï¢«ï¥âáï � àª®¢áª¨¬.�«ï â®£®, çâ®¡ë ã¡¥¤¨âìáï ¢ íâ®¬ ¯®ª ¦¥¬ ¢­ ç «¥
çâ® ¯à¨ t1 � t2 � ::: � tn�1 � tn ¢ë¯®«­¥­® á®®â­®è¥­¨¥

Mf�(tn)j�(t1); :::; �(tn�1)g = Mf�(tn)j�(tn�1)g: (1.2.19)

� áá¬®âà¨¬ á«ãç © n = 3; â® ¥áâì ®¯à¥¤¥«¨¬Mf�(t3)j�(t1); �(t2)g: �à¨¬¥­¨¬ ¢¥ªâ®à­ë© ¢ à¨ ­â â¥®à¥¬ë
® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨ ¯à¨­ï¢ ®¡®§­ ç¥­¨ï

� = �(t3); � = (�(t1); �(t2))



d� � = (covf�(t3); �(t1)g; covf�(t3); �(t2)g) = (R�(t3; t1); R�(t3; t2));

d� � =

0
@ covf�(t1); �(t1)g covf�(t1); �(t2)g

covf�(t1); �(t2)g covf�(t2); �(t2)g

1
A =

0
@ R�(t1; t1) R�(t1; t2)

R�(t1; t2) R�(t2; t2)

1
A :

�®£¤  á ãç¥â®¬ m� = 0 ¨ ãá«®¢¨ï (1.2.18) ¯®«ãç ¥¬

Mf�(t3)j�(t1); �(t2)g =Mf�j�g = d� �d
�1
� �� =

[R�(t1; t3)R�(t2; t2)� R�(t1; t2)R�(t2; t3)]�(t1) + [R�(t2; t3)R�(t1; t1) �R�(t1; t3)R�(t1; t2)]�(t2)

R�(t1; t1)R�(t2; t2)� R2
�(t1; t2)

=

R�(t2; t3)
R�(t2; t2)

�(t2) =Mf�(t3)j�(t2)g;

covf�(t3)j�(t1); �(t2)g = R�(t3; t3) � R2
�(t2; t3)

R�(t2; t2)
:

� ª¨¬ ®¡à §®¬ ¤®áâ â®ç­®áâì ãá«®¢¨ï (1.2.18) ¤®ª § ­  ¤«ï n = 3 ¨ ¤ «¥¥ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï
¯® ¨­¤ãªæ¨¨. �à¥¤¯®«®¦¨¬, çâ® á®®â­®è¥­¨¥ (1.2.19) ¢¥à­® ¤«ï «î¡®£® ç¨á«  ¬®¬¥­â®¢ ¢à¥¬¥­¨ ­¥
¡®«ìè¥£®, ç¥¬ n� 1: �¯à¥¤¥«¨¬ Mf�(tn)j�(t1; :::; �(tn�2); �(tn�1)g: �® â¥®à¥¬¥ ® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨
¨¬¥¥¬

Mf�(tn)j�(t1); :::; �(tn�2); �(tn�1)g = Mf�(tn)j�(t1); :::; �(tn�2)g+d� �d�1� � (�(tn�1) �Mf�(tn�1)j�(t1); :::; �(tn�2)g) :
�® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ ¨¬¥¥¬ á®®â­®è¥­¨ï

Mf�(tn)j�(t1); :::; �(tn�2)g = R�(tn�2; tn)
R�(tn�2; tn�2)

�(tn�2);

Mf�(tn�1)j�(t1); :::; �(tn�2)g = R�(tn�2; tn�1)
R�(tn�2; tn�2)

�(tn�2);

d� �d
�1
� ��(tn�1) =

R�(tn�1; tn)
R�(tn�1; tn�1)

�(tn�1);

¯®íâ®¬ã á ãç¥â®¬ (1.2.18) ¯®«ãç ¥¬

Mf�(tn)j�(t1); :::; �(tn�2); �(tn�1)g =

R�(tn�2; tn)
R�(tn�2; tn�2)

�(tn�2) +
R�(tn�1; tn)
R�(tn�1; tn�1)

�(tn�1) � R�(tn�1; tn)
R�(tn�1; tn�1)

R�(tn�2; tn�1)
R�(tn�2; tn�2)

�(tn�2) =

R�(tn�1; tn)
R�(tn�1; tn�1)

�(tn�1) = Mf�(tn)j�(tn�1)g:

�®áª®«ìªã ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ £ ãáá®¢áª®© á«ãç ©­®© ¢¥«¨ç¨­ë ¥áâì á­®¢  £ ãáá®¢áª ï
á«ãç ©­ ï ¢¥«¨ç¨­ , â® â¥¬ á ¬ë¬ ¯®ª § ­®, çâ® ãá«®¢­ ï ¢¥à®ïâ­®áâì

Pf�(tn) 2 Bnj�(t1); :::; �(tn�1)g = Pf�(tn) 2 Bnj�(tn�1)g
¥áâì £ ãáá®¢áª ï ¨ ¯ à ¬¥âàë à á¯à¥¤¥«¥­¨ï § ¢¨áïâ «¨èì ®â �(tn�1): �® ®¯à¥¤¥«¥­¨î íâ® ¨ ®§­ ç ¥â
� àª®¢®áâì, çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

�   ¬ ¥ ç   ­ ¨ ¥ �¥¯¥àì, ¤«ï â®£® çâ®¡ë ¯à®¢¥à¨âì � àª®¢áª®¥ á¢®©áâ¢® ¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥-
­¨ï ¤®áâ â®ç­® ã¡¥¤¨âáï, çâ® ¥£® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï R�(t; s) = min(t; s) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

min(t1; t3) =
min(t1; t2)min(t2; t3)

min(t2; t2)
;

ª®â®à®¥ ®ç¥¢¨¤­® ¯à¨ t1 � t2 � t3:



1.2.5 �¨ääã§¨®­­ë¥ ¯à®æ¥ááë

� ¦­ë¬ ¯®¤ª« áá®¬ ¬ àª®¢áª¨å ¯à®æ¥áá®¢ ï¢«ïîâáï ¯à®æ¥ááë á ­¥¯à¥àë¢­ë¬ ¢à¥¬¥­¥¬ ¨ ¨¬¥îé¨¥
­¥¯à¥àë¢­®¥ ¬­®¦¥áâ¢® á®áâ®ï­¨©. � ª¨¥ ¯à®æ¥ááë ï¢«ïîâáï ¥áâ¥áâ¢¥­­®© ¬®¤¥«ìî ¤«ï ®¯¨á ­¨ï í¢®-
«îæ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬, ¯®¤¢¥à¦¥­­ëå á«ãç ©­ë¬ ¢®§¤¥©á¢¨ï¬.� ¨¡®«¥¥ ¨§ãç¥­­ë¬¨ ¢ ­ áâ®ïé¥¥
¢à¥¬ï, ï¢«ïîâáï ¯à®æ¥ááë ¤¨ääã§¨®­­®£® â¨¯  ¨«¨ ¯à®áâ® ¤¨ääã§¨®­­ë¥ ¯à®æ¥ááë.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.9 �«ãç ©­ë© ®¤­®à®¤­ë© ¬ àª®¢áª¨© ¯à®æ¥áá �(t) ­ §ë¢ ¥âáï ¯à®æ¥áá®¬ ¤¨ä-
äã§¨®­­®£® â¨¯ , ¥á«¨ ¥£® ¯¥à¥å®¤­ ï ¢¥à®ïâ­®áâì P(x; t; B) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®¢¨ï¬: ¤«ï
«î¡®£® � > 0 ¨ x 2 R

lim
t#0

1

t

Z
jy�xj>�

P(x; t; dy) = 0;

lim
t#0

1

t

Z
jy�xj��

(y � x)P(x; t; dy) = b(x);

lim
t#0

1

t

Z
jy�xj��

(y � x)2P(x; t; dy) = �2(x):

(1.2.20)

�   ¬ ¥ ç   ­ ¨ ¥ �¥à¢®¥ ãá«®¢¨¥ ®¡¥á¯¥ç¨¢ ¥â (P- ¯.­.) ­¥¯à¥à¥àë¢­®áâì âà ¥ªâ®à¨© ¯à®æ¥áá . �ã­ª-
æ¨ï b(x) å à ªâ¥à¨§ã¥â áà¥¤­îî áª®à®áâì á¬¥é¥­¨ï §  ¬ «®¥ ¢à¥¬ï ¨§ á®áâ®ï­¨ï �(0) = x ¨ ­ §ë¢ ¥âáï
ª®íää¨æ¨¥­â®¬ á­®á  ¨«¨ ¤à¥©ä . �ã­ªæ¨ï �(x) å à ªâ¥à¨à¨§ã¥â áà¥¤­¥ª¢ ¤à â¨çáª®¥ ®âª«®­¥­¨¥ ¯à®-
æ¥áá  ®â ¥£® ãáà¥¤­¥­­®£® ¤¢¨¦¥­¨ï, ®¯à¥¤¥«ï¥¬®£® ª®íää¨æ¨¥­â®¬ á­®á , ¨ ­ §ë¢ ¥âáï ª®íää¨æ¨¥­â®¬
¤¨ääã§¨¨.

�á«¨ ¤«ï ¯à®æ¥áá  f�(t); t � 0g § ¤ ­  ¥£® ¯¥à¥å®¤­ ï ¢¥à®ïâ­®áâì ¨ á®®â¢¥âáâ¢ãîé¨¥ ¯à¥¤¥«ë ¢ (1.2.20)
®¯à¥¤¥«¥­ë, â® â¥¬ á ¬ë¬ ®¯à¥¤¥«¥­ë ¥£® ª®íää¨æ¨¥­âë á­®á  ¨ ¤¨ääã§¨¨. �¤­ ª®, æ¥­âà «ì­ë© à¥-
§ã«ìâ â â¥®à¨¨ ¤¨ääã§¨®­­ëå ¯à®æ¥áá®¢ á®áâ®¨â ¢ â®¬, çâ® § ¤ ¢ ¤®áâ â®ç­® à¥£ã«ïà­ë¥ äã­ªæ¨¨ b(x)
¨ �(x); ¬®¦­® ®¤­®§­ ç­® ®¯à¥¤¥«¨âì ¨ ¯¥à¥å®¤­ãî ¢¥à®ïâ­®áâì ¯à®æ¥áá . �¥¬ á ¬ë¬, «®ª «ì­®¥ ®¯¨-
á ­¨¥ á¢®©áâ¢ âà ¥ªâ®à¨¨ ­  ï§ëª¥ ª®íää¨æ¨¥­â®¢ á­®á  ¨ ¤¨ääã§¨¨ ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ¨ ®¡é¨¥
á¢®©áâ¢  ¯à®æ¥áá  ­  ¢á¥© ¢à¥¬¥­­®© ®á¨. �¥â®¤ ¯®áâà®¥­¨ï ¯¥à¥å®¤­®© ¢¥à®ïâ­®áâ¨ ¯à¥¤«®¦¥­ �.�.
�®«¬®£®à®¢ë¬. �¡é ï â¥®à¨ï ¤¨ääã§¨®­ëå ¯à®æ¥áá®¢ ¢¥áì¬  á«®¦­ , ¯®íâ®¬ã ¬ë ¨§«®¦¨¬ íâ®â ¬¥â®¤
­¥ ¢¤ ¢ ïáì ¢ â¥å­¨ç¥áª¨¥ ¤¥â «¨.

�ãáâì P(x; t; B) ¨¬¥¥â ¯«®â­®áâì, â® ¥áâì

P(x; t; B) =

Z
B

p(x; t; y)dy;

¨ äã­ªæ¨ï ¯«®â­®áâ¨ ¨¬¥¥â ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥
@p(x; t; y)

@t
;
@p(x; t; y)

@x
¨
@2p(x; t; y)

@x2
: �®£¤  p(x; t; y)

ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ãà ¢­¥­¨î ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå

@p(x; t; y)

@t
� b(x)

@p(x; t; y)

@x
� 1

2
�2(x)

@2p(x; t; y)

@x2
= 0:

�á«¨ ª®íää¨æ¨¥­âë á­®á  ¨ ¤¨ääã§¨¨ ¤®áâ â®ç­® à¥£ã«ïà­ë, ­ ¯à¨¬¥à, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯-
è¨æ 

jb(x)� b(y)j + j�2(x)� �2(y)j � Cjx� yj; (1.2.21)

¨ �2(x) � � > 0; â® ãà ¢­¥­¨¥ ¤«ï ¯«®â­®áâ¨ ¯¥à¥å®¤­®© ¢¥à®ïâ­®áâ¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �â®
ãà ¢­¥­¨¥ ­ §ë¢ ¥âáï ¯àï¬ë¬ ãà ¢­¥­¨¥¬ �®«¬®£®à®¢ .

� à ¨ ¬ ¥ à 1.2.14 �®ª § âì, çâ® ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ï¢«ï¥âáï ¤¨ääã§¨®­­ë¬ � àª®¢-
áª¨¬ ¯à®æ¥áá®¬.



� ¥ è ¥ ­ ¨ ¥ �¥©áâ¢¨â¥«ì­®, ¯ãáâì f�(t); t � 0g - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �£® ¯¥à¥å®¤­ ï
¢¥à®ïâ­®áâì à ¢­ 

P(x; t; B) =

Z
B

1

(2�t)1=2
exp

�
� (y � x)2

2t

�
dy:

�«ï ¢ë¢®¤  á®®â­®è¥­¨© (1.2.20) ¢®á¯®«ì§ã¥¬áï ¨§¢¥áâ­ë¬¨ ®æ¥­ª ¬¨ ¤«ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï £ ãá-
á®¢áª®© á«ãç ©­®© ¢¥«¨ç¨­ë: ¥á«¨ � � N (0; 1); â® ¥¥ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï �(x) ã¤®¢«¥â¢®àï¥â ­¥à -
¢¥­áâ¢ã

1p
2�

e
�x

2

2

�
1

x
� 1

x3

�
< Pf� � xg = 1� �(x) <

1p
2�

e
�x

2

2
1

x
:

� «¥¥ á ãç¥â®¬ ¢ëà ¦¥­¨ï ¤«ï £ ãáá®¢áª®© ¯¥à¥å®¤­®© ¯«®â­®áâ¨ ¨¬¥¥¬

1

t

Z
jy�xj>�

P(x; t; dy) =
2(1� �(�=

p
t)

t
<

2

�
p
�t
e
� �

2

2t ! 0;

¯à¨ t # 0; ¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ u = �=
p
t !1 ¨ u1=2e�u ! 0; ¯à¨ u !1: � ª¨¬ ®¡à §®¬ ¯®«ãç ¥¬

á®®â­®è¥­¨¥

lim
t#0

1

t

Z
jy�xj>�

P(x; t; dy) = 0: (1.2.22)

� «¥¥, ¨á¯®«ì§ãï § ¬¥­ã ¯¥à¥¬¥­­®© z =
y � xp

t
; ¢ëç¨á«ï¥¬

1

t

Z
jy�xj��

(y�x)P(x; t; dy) =
Z

jzj��=pt

1p
2�t

ze
�z

2

2 dz =

Z
jzj��=pt

1p
2�t

d

 
�e�

z2
2

!
=

1p
2�t

 
�e�

z2
2

!�����
�=
p
t

��=pt
= 0:

� ª¨¬ ®¡à §®¬

lim
t#0

1

t

Z
jy�xj��

(y � x)P(x; t; dy) = 0: (1.2.23)

� ­ ª®­¥æ, ¨á¯®«ì§ãï âã ¦¥ § ¬¥­ã ¯¥à¥¬¥­­®© z = y � xp
t

¯®«ãç ¥¬

1

t

Z
jy�xj��

(y � x)2P(x; t; dy) =
1p
2�

Z
jzj��=pt

z2e
� z

2

2 ! 1;

¯®áª®«ìªã ¯à¨ t! 0 ¬­®¦¥áâ¢®

�
z : jzj � �p

t

�
" R: �¥¬ á ¬ë¬ ¤®ª § ­® à ¢¥­áâ¢®

lim
t#0

1

t

Z
jy�xj��

(y � x)2P(x; t; dy) = 1: (1.2.24)

� ª¨¬ ®¡à §®¬ ª®íää¨æ¨¥­â á­®á  ¯à®æ¥áá  �à®ã­®áª®£® ¤¢¨¦¥­¨ï à ¢¥­ ­ã«î,   ª®íää¨æ¨¥­â ¤¨ä-
äã§¨¨ ¯®áâ®ï­¥­.

�«®â­®áâì ¯¥à¥å®¤­®© ¢¥à®ïâ­®áâ¨ ¯à®æ¥áá  ¡à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î, ¨§-
¢¥áâ­®¬ã ¢ ä¨§¨ª¥, ª ª ãà ¢­¥­¨¥ ¤¨ääã§¨¨

@p(x; t; y)

@t
� 1

2

@2p(x; t; y)

@x2
= 0; s < t;

®âªã¤  á®¡áâ¢¥­­® ¨ ¯®è«® ­ §¢ ­¨¥ ¤ ­­®£® ª« áá  ¯à®æ¥áá®¢.

� £« ¢¥ 3 ¬ë à áá¬ âà¨¢ ¥¬ ª« áá ¤¨ääã§¨®­­ëå ¯à®æ¥áá®¢, ª®â®àë¥ ¯®à®¦¤ îâáï á ¯®¬®éìî áâ®-
å áâ¨ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.



1.2.6 �à®æ¥áá ¡¥«®£® èã¬ 

�ëè¥ ¢ ¯à¨¬¥à å 1.1.7 ¨ 1.1.8 à áá¬ âà¨¢ «¨áì ¯à®æ¥ááë ¤¨áªà¥â­®£® ¡¥«®£® èã¬ . �®¤¥«ì â ª®£® ¯à®-
æ¥áá  å®à®è® ®¯¨áë¢ ¥â ¯®á«¥¤®¢ â¥«ì­®áâì å ®â¨ç¥áª¨å ­¥§ ¢¨á¨¬ëå ¢®§¤¥©áâ¢¨©. �«ï ®¯¨á ­¨ï  ­ -
«®£¨ç­ëå ¯à®æ¥áá®¢ ¢ ­¥¯à¥àë¢­®¬ ¢à¥¬¥­¨ ¨á¯®«ì§ã¥âáï ¬®¤¥«ì ¯à®æ¥áá  "¡¥«®£® èã¬ ". � ¤ ­­®¬ à §-
¤¥«¥ ¬ë ­¥ ¤ ¥¬ áâà®£®£® ®¯à¤¥«¥­¨ï,   «¨èì ®¯¨áë¢ ¥¬ ­¥ª®â®àë¥ á¢®©áâ¢  ¤ ­­®£® ¯à®æ¥áá . �âà®£ ï
¬ â¥¬ â¨ç¥áª ï â¥®à¨ï ¤ ­­®£® ª« áá  ¯à®æ¥áá®¢ áâà®¨âáï ­  ®á­®¢¥ ¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï
¨ áâ®å áâ¨ç¥áª®£® ¨­â¥£à¨à®¢ ­¨ï. �â¨ ¢®¯à®áë ¤¥â «ì­® à áá¬ âà¨¢ îâáï ¢ �« ¢¥ 3. �¥à¬¨­ "¡¥«ë©
èã¬" ¯à¨¬¥­ï¥âáï ¤«ï ®¯¨á ­¨ï ä«ãªâã æ¨©, ¨¬¥îé¨å á«¥¤ãîé¨¥ á¢®©áâ¢ :

 ) á«ãç ©­ ï ¢¥«¨ç¨­  �(t) ¨¬¥¥â ¯à¨ «î¡®¬ t 2 T ¯à¨¡«¨§¨â¥«ì­® £ ãáá®¢áª®¥ à á¯à¥¤¥«¥­¨¥;

¡) á«ãç ©­ë¥ ¢¥«¨ç¨­ë �(t); �(s) ­¥ª®àà¥«¨à®¢ ­ë ¯à¨ jt� sj > �0; ª®£¤  �0 ¬ «®.

�®¦­® ¯®¯ëâ âìáï ä®à¬ «ì­® ¯®áâà®¨âì â ª®© ¯à®æ¥áá, § ¤ ¢ á¥¬¥©áâ¢® ¥£® ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥-
«¥­¨©,   ¨¬¥­­®: ¯à¥¤¯®«®¦¨¢ £ ãáá®¢®áâì § ¤ âì ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ¢¨¤ 

R�(t; s) =

8<
:

1; ¯à¨ t = s;

0; ¯à¨ t 6= s:

�â®â ¯à®æ¥áá ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ á®£« á®¢ ­­®áâ¨ â¥®à¥¬ë �®«¬®£®à®¢ , ¯®áª®«ìªã ª®¢ à¨ æ¨®­-
­ ï äã­ªæ¨ï ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­ . �¤­ ª® ¯à®æ¥áá á â ª¨¬¨ ª®­¥ç­®¬¥à­ë¬¨ à á¯à¥¤¥«¥­¨ï¬¨
¤®«¦¥­ ®¡« ¤ âì ¢¥áì¬  ­¥à¥£ã«ïà­ë¬¨ âà ¥ªâ®à¨ï¬¨, ­ ¯à¨¬¥à, ¤«ï «î¡ëå t; s 2 T

Mfj�(t)� �(s)j2g = 2;

¯®íâ®¬ã ¯à®æ¥áá ­¥ ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ ¢ áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬. �à®¬¥ â®£® ¢áï ¥£® í­¥à£¨ï "áª®­-
æ¥­âà¨à®¢ ­ " ­  ¡¥áª®­¥ç­ëå ç áâ®â å, â ª çâ® ¥á«¨ ¯à®¯ãáâ¨âì ¯à®æ¥áá �(t) ç¥à¥§ ä¨«ìâà á ª®­¥ç­®©
è¨à¨­®© ¯®«®áë, â® ­  ¢ëå®¤¥ á¨£­ « ¡ã¤¥â à ¢­ë¬ ­ã«î. �â¨ ¯à®¡«¥¬ë ï¢«ïîâáï á«¥¤áâ¢¨¥¬ âà¥¡®¢ -
­¨ï ®âáãâáâ¢¨ï ª®àà¥«ïæ¨¨ ¤ ¦¥ ¤«ï ®ç¥­ì ¡«¨§ª¨å ¬®¬¥­â®¢ ¢à¥¬¥­¨.�®¦­® ®á« ¡¨âì íâ¨ âà¥¡®¢ ­¨ï
¨ ¢ë¡à âì ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ¢¨¤ 

R�(t; s) = �2e��jt�sj = C(t� s):

�à¥®¡à §®¢ ­¨¥ �ãàì¥ íâ®© äã­ªæ¨¨ à ¢­®

'(�) =

1Z
�1

e�i�xC(x)dx =
2�2=�

1 + (�2=�2)
> 0;

¯®íâ®¬ã ¯® �¥®à¥¬¥ 3.1.1äã­ªæ¨ï R�(t; s) ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­ , ¨ á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â £ ãá-
á®¢áª¨© ¯à®æ¥áá á ¤ ­­®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥©. �¥ç¥­¨ï íâ®£® ¯à®æ¥áá  ¡ã¤ãâ á« ¡® ª®àà¥«¨à®¢ ­ë
¯à¨ jt�sj � 1=�; ¯®íâ®¬ã, çâ®¡ë ®á« ¡¨âì ª®àà¥«ïæ¨î ¨ ¤®¡¨âáï à ¢­®¬¥à­®£® à á¯à¥¤¥«¥­¨ï á¯¥ªâà «ì-
­®© ¯«®â­®áâ¨ ãáâà¥¬¨¬ �!1; á®åà ­ïï 2�2=� = const = 1: �à¥¤¥«ì­ ï á¯¥ªâà «ì­ ï ¯«®â­®áâì ¡ã¤¥â
à ¢­  1;   ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¥áâì � - äã­ªæ¨ï. �®¦­® ¯à®¢¥à¨âì, çâ® á«ãç ©­ë© ¯à®æ¥áá
�(t); ¤«ï ª®â®à®£® ¢ë¯®«­ïîâáï â ª¨¥ á®®â­®è¥­¨ï ¤®«¦¥­ ®¡« ¤ âì á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

 ) �(t) - £ ãáá®¢áª¨© ¯à®æ¥áá;

¡) Mf�(t)g = 0; Df�(t)g =1;

á) covf�(t); �(s)g = 0; t 6= s:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 1.2.10 �¨¯®â¥â¨ç¥áª¨© ¯à®æ¥áá, ®¡« ¤ îé¨© ¢ëè¥¯¥à¥ç¨á«¥­­ë¬¨ á¢®©áâ¢ ¬¨
­ §ë¢ ¥âáï ¡¥«ë¬ èã¬®¬.



�®âï á ¬ ¯à®æ¥áá �(t) ­¥ ¬®¦¥â ¡ëâì ª®àà¥ªâ­® ®¯à¥¤¥«¥­, â¥¬ ­¥ ¬¥­¥¥ áãé¥áâ¢ã¥â ¯à®æ¥áá, ®¡« -
¤ îé¨© á¢®©áâ¢ ¬¨ ¨­â¥£à «  ®â íâ®£® ¯à®æ¥áá . �¥©áâ¢¨â¥«ì­®, ¯à¥¤¯®«®¦¨¬, çâ® ª ª¨¬-â® ®¡à §®¬
®¯à¥¤¥«¥­ ¯à®æ¥áá

"(t) =

tZ
0

�(s)ds:

�®£¤  ¯à¨ s < t

covf"(t); "(sg) =Mf"(t)"(s)g =Mf
tZ

0

�(u)du

sZ
0

�(v)dvg =

tZ
0

sZ
0

Mf�(u)�(v)gdudv =

tZ
0

sZ
0

�(u� v)dudv =

tZ
0

Ifv : v � sgdv = s:

� ª¨¬ ®¡à §®¬ covf"(t); "(s)g = minft; sg = covf�(t); �(s)g; £¤¥ f�(t); t � 0g - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨-
¦¥­¨ï. �¥¯¥àì áâ ­®¢¨âáï ïá­  ¯à¨ç¨­  ­¥ª®àà¥ªâ­®áâ¨ ®¯à¥¤¥«¥­¨ï ¯à®æ¥áá  "¡¥«®£® èã¬ " - ®­ ¥áâì
ä®à¬ «ì­ ï ¯à®¨§¢®¤­ ï ¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �¤­ ª®, å®âï âà ¥ªâ®à¨¨ ¯à®æ¥áá  �à®ã­®¢-
áª®£® ¤¢¨¦¥­¨ï ­¥¯à¥àë¢­ë, ®­¨ ï¢«ïîâáï ¢¥áì¬  ­¥à¥£ã«ïà­ë¬¨ ¨ ­¨£¤¥ ­¥ ¤¨ää¥à¥­æ¨àã¥¬ë. �¥¬
­¥ ¬¥­¥¥ ¬®¦­® ¯à¨¤ âì ¢¯®«­¥ áâà®£¨© á¬ëá« à¥§ã«ìâ âã ¢®§¤¥©áâ¢¨ï ¯à®æ¥áá  "¡¥«®£® èã¬ " ­  ¤¨-
­ ¬¨ç¥áªãî á¨áâ¥¬ã, ¥á«¨ ®¯¨áë¢ âì íâ® ¢®§¤¥©áâ¢¨¥ á ¯®¬®éìî áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¯® ¯à®æ¥ááã
�à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �¥§ã«ìâ â â ª®£® ¢®§¤¥©áâ¢¨ï - ¥áâì ­¥ª®â®àë© ¯à®æ¥áá ¤¨ääã§¨®­­®£® â¨¯ ,
ª®â®àë©, ¢ á¢®î ®ç¥à¥¤ì, ®¯¨áë¢ ¥âáï áâ®å áâ¨ç¥áª¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬. �¥®à¨ï â ª¨å
¯à®æ¥áá®¢ à áá¬ âà¨¢ ¥âáï ¢ �« ¢¥ 3.

1.2.7 � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì­®£® à¥è¥­¨ï

1.2.1 �ãáâì �(t) - £ ãáá®¢áª¨© ¯à®æ¥áá á ¯ à ¬¥âà ¬¨ m�(t); R�(t; s): �ë¢¥áâ¨ á®®â­®è¥­¨¥ ¤«ï ¯«®â­®áâ¨
¤¢ã¬¥à­®£® à á¯à¥¤¥«¥­¨ï.�à¨¢¥áâ¨ ãá«®¢¨¥ áãé¥áâ¢®¢ ­¨ï ¯«®â­®áâ¨ ¤¢ã¬¥à­®£® à á¯à¥¤¥«¥­¨ï.

� â ¢ ¥ â

p�(t1; t2; x1; x2) =
1

2�
q
R�(t1; t1)R�(t2; t2) �R2

�(t1; t2)

exp

8<
:� 1

2(1� �2� (t1; t2))

0
@ (x1 �m�(t1))

2

R�(t1; t1)
� 2�(x1 �m�(t1))(x2 �m�(t2))q

R�(t1; t1)R�(t2; t2)
+

(x2 �m�(t2))
2

R�(t2; t2)

1
A
9=
; ;

£¤¥

��(t1; t2) =
R�(t1; t2)q

R�(t1; t1)R�(t2; t2)

ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨. �«®â­®áâì áãé¥áâ¢ã¥â ¥á«¨ j�(t1; t2)j < 1:

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï (1.2.4) ¨ ãá«®¢¨¥¬ ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ¬ âà¨æë

R� =

0
@ R�(t1; t1) R�(t1; t2)

R�(t1; t2) R�(t2; t2)

1
A :

1.2.2 �«ï á«ãç ©­®£® ¯à®æ¥áá 
�(t) = X cos(!t + Y ):



£¤¥ X, Y - ­¥§ ¢¨á¨¬ë, á«ç ©­ ï ¢¥«¨ç¨­  X ¨¬¥¥â à á¯à¥¤¥«¥­¨¥ á ¯«®â­®áâìî

pX (x) =

8<
:

0; x < 0;

x expf�1
2x

2g;

  Y ¨¬¥¥â à ¢­®¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ ­  [��; �); ¤®ª § âì, çâ® ¯à®æ¥áá �(t) ï¢«ï¥âáï £ ãáá®¢áª¨¬
¨ ­ ©â¨ ¥£® ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î. � ª¨¬¨ ¥é¥ á¢®©áâ¢ ¬¨ ®¡« ¤ ¥â ¯à®æ¥áá �(t)?

� ª   §   ­ ¨ ¥ �¡¥¤¨âìáï, çâ® á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ á«ãç ©­ëå ¢¥«¨ç¨­ A = X cosY; B =
X sinY - £ ãáá®¢áª®¥. � «¥¥ ¨á¯®«ì§®¢ âì à¥§ã«ìâ â �à¨¬¥à  1.2.2.

� â ¢ ¥ â �à®æ¥áá �(t) ï¢«ï¥âáï áâ æ¨®­ à­ë¬.

1.2.3 �ãáâì f�(t); t � 0g - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �®ª § âì, çâ® ¯à®æ¥áá

X(t) = t�(t�1); t > 0; X(0) = 0

â ª¦¥ ï¢«ï¥âáï ¯à®æ¥áá®¬ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.

� ª   §   ­ ¨ ¥ �à®¢¥à¨âì £ ãáá®¢®áâì ¨ ¢ëç¨á«¨âì ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î.

1.2.4 �ãáâì f�(t); t � 0g - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �®ª § âì, çâ® ¯à®æ¥áá

X(t) =
1p
c
�(át)

â ª¦¥ ï¢«ï¥âáï ¯à®æ¥áá®¬ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.

� ª   §   ­ ¨ ¥ �à®¢¥à¨âì £ ãáá®¢®áâì ¨ ¢ëç¨á«¨âì ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î.

1.2.5 �ãáâì f�(t); t � 0g - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �à®æ¥áá

Z(t) = �(t) � t�(1)

­ §ë¢ ¥âáï �à®ã­®¢áª¨¬ ¬®áâ®¬ ¨ ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨îZ(0) = Z(1) = 0:� ©â¨ covfZ(t1); Z(t2g:

� â ¢ ¥ â
covfZ(t1); Z(t2)g = min(t1; t2)� t1t2:

1.2.6 �ãáâì fZ(t); t � 0g - �à®ã­®¢áª¨© ¬®áâ (á¬. � ¤ çã 1.2.5

�¯à¥¤¥«¨¬ ¯à®æ¥áá

Y (t) = (1 + t)Z(
t

1 + t
); t � 0:

�®ª § âì, çâ® fY (t); t � 0g - ¥áâì ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.

1.2.7 �ãáâì f�(t); t � 0g - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �à®æ¥áá

Z(t) =

tZ
0

�(s)ds:

� ©â¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ¯à®æ¥áá  Z(t):

� â ¢ ¥ â

covfZ(t); Z(s)g = ts

2
min(t; s) � 1

6
min(t3; s3):



1.2.8 � ª¨¥ ¨§ ­¨¦¥¯¥à¥ç¨á«¥­­ëå äã­ªæ¨© ï¢«ïîâáï ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨

 ) C(t; s) =

8<
:

1� jt� sj; jt� sj � 1;

0; jt� sj > 1
;

¡) C(t; s) = expf�i!(t � s)g; �1 < t; s <1; ! 2 R;

¢) C(t; s) = expfjt� sjg; �1 < t; s <1;

£) C(t; s) =

8<
:

1; jt� sj � 1;

0; jt� sj > 1
;

¤) C(t; s) = expf�jt� sjg; �1 < t; s <1
¥) C(t; s) = min(t; s); t; s � 0

¦) C(t; s) = min(t; s)� ts; t; s 2 [0; 1]:

� â ¢ ¥ â  ), ¡), ¤), ¥), ¦).

� ª   §   ­ ¨ ¥ � á«ãç ïå  ), ¡) äã­ªæ¨ï C(t; s) á®®â¢¥âáâ¢ã¥â ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ áâ æ¨®-
­ à­ëå á«ãç ©­ëå ¯à®æ¥áá®¢, à ááá¬®âà¥­­ëå à ­¥¥. �¬. �à¨¬¥àë 1.2.9 ¨ 1.2.7.

£) ¤) �®¦­® ¯à®¢¥à¨âì ­¥®âà¨æ â¥«ì­ãî ®¯à¥¤¥«¥­­®áâì ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¯ãâ¥¬ ¢ëç¨á«¥-
­¨ï ¥¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥. �¬. �¥®à¥¬ã 3.1.1.

� á«ãç ¥ ¢) ­ àãè ¥âáï ­¥à ¢¥­áâ¢® C(t; t) � jC(t; s)j: �¡êïá­¨âì ¯®ç¥¬ã ¤®«¦­® ¢ë¯®«­ïâìáï
â ª®¥ ­¥à ¢¥­áâ¢®.

�«ãç ¨ ¥), ¦) â ª¦¥ á®®â¢¥âáâ¢ãîâ ª®¢ à¨ æ¨®­­ë¬ äã­ªæ¨ï¬ ã¦¥ ¨§ãç¥­­ëå á«ãç ©­ëå ¯à®æ¥á-
á®¢. �¬. �à¨¬¥à 1.2.4 ¨ § ¤ çã 1.2.5.

1.2.9 �®ª § âì â¥®à¥¬ã 1.2.2 ¤«ï á«ãç ï ¤¥©áâ¢¨â¥«ì­®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨.

� ª   §   ­ ¨ ¥ �¬. § ¬¥ç ­¨¥ ¯®á«¥ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë.

1.2.10 �®ª § âì â¥®à¥¬ã 1.2.3.

� ª   §   ­ ¨ ¥ �¬. § ¬¥ç ­¨¥ ¯®á«¥ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë.

1.2.11 �®ª § âì â¥®à¥¬ã 1.2.4.

� ª   §   ­ ¨ ¥ �¬. § ¬¥ç ­¨¥ ¯®á«¥ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë.

1.2.12 �®ª § âì á¢®©áâ¢  ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ áâ æ¨®­ à­®£® ¢ è¨à®ª®¬ á¬ëá«¥ ¯à®æ¥áá .

� ª   §   ­ ¨ ¥ �¬. �¥®à¥¬ã 1.2.1 ¨ § ¬¥ç ­¨¥ ª ­¥©.

1.2.13 �®ª § âì, çâ® ¤«ï � àª®¢áª®£® ¯à®æ¥áá  ¯à¨ «î¡ëå B1; B2 2 B(R) ¨ s < t < u ¢ë¯®«­ï¥âáï
á®®â­®è¥­¨¥ (1.2.15)

Pf�(s) 2 B1; �(u) 2 B2j�(t)g = Pf�(s) 2 B1j�(t)gPf�(u) 2 B2j�(t)g:(P� ¯.­.)

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï á®®â­®è¥­¨¥¬ (1.2.14).

1.2.14 �ãáâì f�(t); t � 0g - ¬ àª®¢áª¨© ¯à®æ¥áá, á® §­ ç¥­¨ï¬¨ ¢ R: �à¨¢¥áâ¨ ¯à¨¬¥à, äã­ªæ¨¨ F (x)
â ª®©, çâ® ¯à®æ¥áá F (�(t)) ­¥ ï¢«ï¥âáï � àª®¢áª¨¬. �®ª § âì, çâ® ¥á«¨ äã­ªæ¨ï F (�) ¢§ ¨¬­®-
®¤­®§­ ç­ , â® ¯à®æ¥áá F (�(t)) ®¡« ¤ ¥â � àª®¢áª¨¬ á¢®©áâ¢®¬.



1.2.15 �ãáâì f�(t); t � 0g - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �®ª § âì, çâ® ¯à®æ¥áá

Z(t) = �(t) � t�(1)

ï¢«ï¥âáï ¬ àª®¢áª¨¬. � ©â¨ ¥£® áà¥¤­¥¥ §­ ç¥­¨¥ ¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î.

� â ¢ ¥ â
mZ(t) = 0; RZ(t; s) = min(t; s)� ts:

� ª   §   ­ ¨ ¥ �à®¢¥à¨âì ãá«®¢¨¥ (1.2.18).

1.2.16 (�à®¤®«¦¥­¨¥) �®ª § âì, çâ® Z(t) ¨ Z(1� t) ¨¬¥îâ ®¤¨­ ª®¢®¥ à á¯à¥¤¥«¥­¨¥.

1.2.17 �ë¢¥áâ¨ á®®â­®è¥­¨¥ (1.2.17) ¨§ ®¡é¥© ä®à¬ã«ë (1.2.16).

1.2.18 �ãáâì § ¤ ­ � àª®¢áª¨© ¯à®æ¥áá f�(t); t � 0g á ¯¥à¥å®¤­®© ¢¥à®ïâ­®áâìî P(x; t; B); ¨¬¥îé¥©
¯«®â­®áâì

p(x; t; y) =
1

(2�t)1=2
exp

�
� (y � x� at)2

2t

�
:

�®ª § âì, çâ® ¤ ­­ë© ¯à®æ¥áá ï¢«ï¥âáï ¤¨ääã§¨®­­ë¬ ¨ ­ ©â¨ ¤«ï ­¥£® ª®íää¨æ¨¥­âë á­®á  ¨
¤¨ääã§¨¨.

� â ¢ ¥ â b(x) = a; � = 1:

� ª   §   ­ ¨ ¥ �à¨ ¢ëç¨á«¥­¨¨ ª®íää¨æ¨¥­â  á­®á  ­ å®¤¨¬, çâ®

1

t

Z
jy�xj��

(y � x)P(x; t; dy) =

Z
jzj��=pt

1p
2�t

ze
� (z � a

p
t)2

2 dz:

¤ «¥¥ ¨á¯®«ì§ã¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© v = z � a
p
t ¨ à §¡¨¢ ¥¬ ¨­â¥£à « ­  áã¬¬ã ¤¢ãå ¨­â¥£à «®¢

a

(�=
p
t)�aptZ

�(�=pt)�apt

1p
2�

e
�v

2

2 dv ! a; ¯à¨ t!1;

¨
(�=

p
t)�aptZ

�(�=pt)�apt

1p
2�t

ve
�v

2

2 dv! 0 ¯à¨ t!1:

�®íää¨æ¨¥­â ¤¨ääã§¨¨ ¢ëç¨á«ï¥âáï  ­ «®£¨ç­® �à¨¬¥àã 1.2.14.





�« ¢  2

�«ãç ©­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨

2.1 �â æ¨®­ à­ë¥ ¢ è¨à®ª®¬ á¬ëá«¥ á«ãç ©­ë¥ ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ (���)

�®­ïâ¨¥ áâ æ¨®­ à­®áâ¨ âà ªâã¥âáï ¢ â¥®à¨¨ á«ãç ©­ëå ¯à®æ¥áá®¢ ¢ ã§ª®¬ ¨ è¨à®ª®¬ á¬ëá«¥. �«ãç ©-
­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨«¨ ¯à®æ¥áá ­ §ë¢ îâáï áâ æ¨®­ à­ë¬¨ ¢ ã§ª®¬ á¬ëá«¥ ¥á«¨ ¢á¥ ¨å ¢¥à®ïâ­®áâ-
­ë¥ å à ªâ¥à¨áâ¨ª¨ ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨. �â æ¨®­ à­®áâì ¢ è¨à®ª®¬ á¬ëá«¥ ¯à¥¤êï¢«ï¥â ª ¯à®æ¥ááã
§­ ç¨â¥«ì­® ¡®«¥¥ á« ¡ë¥ âà¥¡®¢ ­¨ï: ¯à¥¤¯®« £ ¥âáï «¨èì ­¥§ ¢¨á¨¬®áâì ®â â¥ªãé¥£® ¢à¥¬¥­¨ ¯¥à¢ëå
¤¢ãå ¬®¬¥­â®¢: ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨. �®«¥¥ â®£®, ¬®¦­® ¯®áâà®¨âì
á®¤¥à¦ â¥«ì­ãî â¥®à¨î áâ æ¨®­ à­ëå ¢ èâà®ª®¬ á¬ëá«¥ ¯à®æ¥áá®¢ «¨èì ­  ®á­®¢¥ íâ¨å ¤¢ãå å à ªâ¥-
à¨áâ¨ª ¨«¨ íª¢¨¢ «¥­â­ëå ¨¬. �¥¬ ­¥ ¬¥­¥¥, ¢¥áì¬  ã¤¨¢¨â¥«ì­® ­ áª®«ìª® ¬­®£®£® ¬®¦­® ¤®áâ¨£­ãâì
§­ ï «¨èì á¢®©áâ¢  ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¨ ¬ â®¦¨¤ ­¨ï. � ª íâ  â¥®à¨ï ¯®§¢®«ï¥â à¥è¨âì § ¤ ç¨
®¯â¨¬ «ì­®© «¨­¥©­®© ä¨«ìâà æ¨¨, ¨­â¥à¯®«ïæ¨¨ ¨ íªáâà ¯®«ïæ¨¨, § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï
¤«ï «¨­¥©­ëå á¨áâ¥¬ á ª¢ ¤à â¨ç­ë¬ ªà¨â¥à¨¥¬ ª ç¥áâ¢ . �à®¬¥ â®£®, á ¬¨ ¢¥à®ïâ­®áâ­ë¥ å à ªâ¥-
à¨áâ¨ª¨ áâ æ¨®­ à­®£® ¢ è¨à®ª®¬ á¬ëá«¥ ¯à®æ¥áá  ¢¥áì¬  ¯à®áâ® ¢®ááâ ­ ¢«¨¢ îâáï ¯® ­ ¡«î¤¥­¨ï¬,
çâ® á ¬® ¯® á¥¡¥ ¢ ¦­® ¯à¨ ¯®áâà®¥­¨¨ ¬®¤¥«¥© à¥ «ì­ëå ¯à®æ¥áá®¢. �â¨ ®¡áâ®ïâ¥«ìáâ¢  ¤¥« îâ â¥®à¨î
áâ æ¨®­ à­ëå (¢ è¨à®ª®¬ á¬ëá«¥) ¯à®æ¥áá®¢ ¢¥áì¬  ¯®¯ã«ïà­®© ¢ à §«¨ç­ëå ¯à¨«®¦¥­¨ïå.

2.1.1 �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ¬®¬¥­â­ë¥ å à ªâ¥à¨áâ¨ª¨ ���

�ãáâì § ¤ ­® ¯à®áâà ­áâ¢®H2 = H2(
;F ;P) ª®¬¯«¥ªá­®§­ ç­ëå á«ãç ©­ëå ¢¥«¨ç¨­ � = �+i�; �; � 2 R
â ª¨å, çâ® Mfj�j2g < 1; £¤¥ j�j2 = �2 + �2: �«ï á«ãç ©­ëå ¢¥«¨ç¨­ �; � 2 H2 ¬®¦­® ®¯à¥¤¥«¨âì
áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à¬ã

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.1
(�; �) = Mf���g; (2.1.1)

£¤¥ �� = �� i� - ª®¬¯«¥ªá­®-á®¯àï¦¥­­ ï ¢¥«¨ç¨­  ª � = �+ i�; ¨

k�k = (�; �)1=2: (2.1.2)

�à®áâà ­áâ¢® H2 á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (2.1.1) ¨ ­®à¬®© (2.1.2) ï¢«ï¥âáï ¯®«­ë¬ ¨ ¢ á®®â¢¥â-
áâ¢¨¨ á â¥à¬¨­®«®£¨¥©, ¯à¨­ïâ®© ¢ äã­ªæ¨®­ «ì­®¬  ­ «¨§¥ ­ §ë¢ ¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬
á«ãç ©­ëå ¢¥«¨ç¨­, à áá¬ âà¨¢ ¥¬ëå ­  ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ (
;F ;P):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.2 �®¢ à¨ æ¨¥© á«ãç ©­ëå ¢¥«¨ç¨­ �; � 2 H2

cov(�; �) = Mf(� �M�)(� �M�)g: (2.1.3)
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�§ á®®â­®è¥­¨© (2.1.1), (2.1.3) á«¥¤ã¥â, çâ® ¯à¨Mf�g = Mf�g = 0

covf�; �g = (�; �): (2.1.4)

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ª®¬¯«¥ªá­ëå á«ãç ©­ëå ¢¥«¨ç¨­ � = (�n)n2Z ; £¤¥ Z = f:::� 1; 0; 1; 2:::g
- ¬­®¦¥áâ¢® ¢á¥å æ¥«ëå ç¨á¥«, ¨ �n 2 H2:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.3 �®á«¥¤®¢ â¥«ì­®áâì � = (�n)n2Z ­ §ë¢ ¥âáï áâ æ¨®­ à­®© ¢ è¨à®ª®¬ á¬ë-
á«¥ (¢ ¤ «ì­¥©è¥¬ ¯à®áâ® áâ æ¨®­ à­®©), ¥á«¨ ¤«ï «î¡ëå n; k 2 Z

Mf�ng =Mf�0g; covf�k+n; �kg = covf�n; �0g: (2.1.5)

� «¥¥ ¤«ï ã¤®¡áâ¢  ¨§«®¦¥­¨ï ¨ ­¥ ã¬ «ïï ®¡é­®áâ¨ ¬ë ¯®« £ ¥¬ Mf�0g = 0: �â® ¯à¥¤¯®«®¦¥­¨¥
¯®§¢®«ï¥â ®â®¦¤¥áâ¢¨âì ª®¢ à¨ æ¨î á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ¯à¨¬¥­ïâì ¬¥â®¤ë ¨ à¥§ã«ìâ âë
â¥®à¨¨ £¨«ì¡¥àâ®¢ëå ¯à®áâà ­áâ¢.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.4 �ã­ªæ¨ï

R(n) = cov(�n; �0); n 2 Z; (2.1.6)

­ §ë¢ ¥âáï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© áâ æ¨®­ à­®© (¢ è¨à®ª®¬ á¬ëá«¥) ¯®á«¥¤®¢ â¥«ì­®áâ¨ �:

�á«¨ R(0) =Mfj�0j2g 6= 0; â® äã­ªæ¨ï

�(n) =
R(n)

R(0)
; n 2 Z; (2.1.7)

­ §ë¢ ¥âáï ª®àà¥«ïæ¨®­­®© äã­ªæ¨¥© áâ æ¨®­ à­®© (¢ è¨à®ª®¬ á¬ëá«¥) ¯®á«¥¤®¢ â¥«ì­®áâ¨ �:

�®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨, ª®â®àë¥ á«¥¤ãîâ ­¥¯®áà¥¤áâ¢¥­­® ¨§
�¯à¥¤¥«¥­¨ï 2.1.4 ¨ �¥®à¥¬ 1.2.1, 1.2.5.

1. �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®-®¯à¥¤¥«¥­­®©, â® ¥áâì ¤«ï «î¡ëå ª®¬¯«¥ªá­ëå
ç¨á¥« fa1; :::; amg ¨ t1; :::; tm 2 Z; m � 1; ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

mX
i;j=1

ai�ajR(ti � tj) � 0: (2.1.8)

2.

R(0) = Mfj�0j2g � 0;

3.

R(�n) = Mf�0��ng = Mf�n��0g = Mf�n��0g = R(n)

;

4.

jR(n)j = jMf�n��0gj = (�n; �0) � R(0); (2.1.9)

5.

jR(n)� R(m)j2 � 2R(0)[R(0)� ReR(n�m)]: (2.1.10)



2.1.2 �à¨¬¥àë áâ æ¨®­ à­ëå (¢ è¨à®ª®¬ á¬ëá«¥) ¯®á«¥¤®¢ â¥«ì­®áâ¥©

�à¨¢¥¤¥¬ ¯à¨¬¥àë ­¥ª®â®àëå ­ ¨¡®«¥¥ ç áâ® ¢áâà¥ç îé¨åáï áâ æ¨®­ à­ëå (¢ è¨à®ª®¬ á¬ëá«¥) ¯®á«¥-
¤®¢ â¥«ì­®áâ¥©.

� à ¨ ¬ ¥ à 2.1.1 �ãáâì �n = �0g(n); £¤¥ Mf�0g = 0; Mf�20g = 1 ¨ g = g(n) - ­¥ª®â®à ï ª®¬¯«¥ªá­®-
§­ ç­ ï ¤¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï. �à¨ ª ª¨å äã­ªæ¨ïå g(n) ¯®á«¥¤®¢ â¥«ì­®áâì �n áâ æ¨®­ à­ ?
�¯à¥¤¥«¨âì ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î â ª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨.

� ¥ è ¥ ­ ¨ ¥ �®á«¥¤®¢ â¥«ì­®áâì � = (�n) ¨¬¥¥âMf�ng = 0 ¨ covf�n+k; �kg = g(n + k)g(k); ¨ á«¥¤®-
¢ â¥«ì­®, ¡ã¤¥â áâ æ¨®­ à­®© ¢ è¨à®ª®¬ á¬ëá«¥ ¥á«¨ ¨ â®«ìª® ¥á«¨ äã­ªæ¨ï g(n+ k)g(k) § ¢¨á¨â «¨èì
®â n: �âáî¤  á«¥¤ã¥â, çâ®

g(n + k)g(k) = g(n)g(0); 8n 2 Z;
¨ á«¥¤®¢ â¥«ì­®,

g(k + 1)

g(k)
=

g(0)

g(1)
= � = const :

�®íâ®¬ã
g(k) = g(0)�k:

� «¥¥, ¯®áª®«ìªã
Mfj�nj2g = Mfj�0j2gjg(0)j2j�jn = const;

â® j�jn = j�j = 1 ¨ áãé¥áâ¢ã¥â ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® � 2 [��; �) â ª®¥, çâ® � = ei�: � ª¨¬ ®¡à §®¬,
¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ �n = �0g(n) ï¢«ï¥âáï áâ æ¨®­ à­®© â®«ìª® ¥á«¨ g(n) = g(0)�n;
â® ¥áâì

�n = �0g(0)e
i�n

¨ ¥¥ ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï à ¢­ 

R(n) = Mfj�0j2gjg(0)j2ei�n = jg(0)j2ei�n:

�«¥¤ãîé¨© ¯à¨¬¥à ®¡®¡é ¥â ¯à¥¤ë¤ãé¨©.

� à ¨ ¬ ¥ à 2.1.2 [�®çâ¨ ¯¥à¨®¤¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì] �ãáâì § ¤ ­ ­ ¡®à ª®¬¯«¥ªá­ëå á«ã-
ç ©­ëå ¢¥«¨ç¨­ fz1; :::; zNg 2 H2; á ­ã«¥¢ë¬¨ áà¥¤­¨¬¨ ¨ ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î ®àâ®£®­ «ì­®áâ¨,
â® ¥áâì

Mzi�zj =

8<
:

�2i > 0; ¥á«¨ i = j;

0; ¥á«¨ i 6= j:
(2.1.11)

�ãáâì f�1; :::; �Ng ­¥ª®â®àë¥ à §«¨ç­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  ¨§ ¯®«ã¨­â¥à¢ «  [��; �):
�®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ �n ®¯à¥¤¥«¥­  á®®â­®è¥­¨¥¬

�n =
NX
k=1

zke
i�kn: (2.1.12)

�®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì �n - áâ æ¨®­ à­ .

� ¥ è ¥ ­ ¨ ¥ �®á«¥¤®¢ â¥«ì­®áâì �n ¨¬¥¥â ¨¬¥¥â ­ã«¥¢®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¨ ª®¢ à¨ æ¨-
®­­ãî äã­ªæ¨î

R(n) = M

8<
:
 

NX
k=1

zke
i�k(n+m)

! 
NX
k=1

zkei�km

!9=
; = M

8<
:

NX
k;l=1

zk�zle
i�k(n+m)e�i�l(m)

9=
; =

NX
k;l=1

Mfzk�zlgei�k(n+m)e�i�l(m) =
NX
k=1

�2ke
i�kn;

(2.1.13)

§ ¢¨áïéãî â®«ìª® ®â n: �«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì � = (�n) - áâ æ¨®­ à­ .



� ­­ë© ¯à¨¬¥à ¬®¦­® ®¡®¡é¨âì, ¢§ï¢

�n =
1X

k=�1
zke

i�kn; (2.1.14)

á® á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ zk; ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î (2.1.11). �á«¨ àï¤ ¨§ �2k áå®¤¨âáï, â® ¥áâì1X
k=�1

�2k <1; â® ¯®á«¥¤®¢ â¥«ì­®áâì

SM;N =
NX

k=�M
zke

i�kn

äã­¤ ¬¥­â «ì­  ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥, ¨ ¯®íâ®¬ã àï¤ ¢ ¯à ¢®© ç áâ¨ (2.1.14) áå®¤¨âáï ¢
áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ¯à¨ «î¡®¬ n 2 Z:

�®¢ à¨ æ¨®­­ ï äã­ªæ¨ï áâ æ¨®­ à­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ � à ¢­ 

R(n) =
1X

k=�1
�2ke

i�kn: (2.1.15)

�¢¥¤¥¬ äã­ªæ¨î

F (�) =
X

fk:�k��g
�2k; (2.1.16)

ª®â®à ï ï¢«ï¥âáï ­¥¯à¥àë¢­®© á¯à ¢  ¨ ¨¬¥¥â ­  [��; �] ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î, ¨ á«¥¤®¢ â¥«ì­®,
®¯à¥¤¥«ï¥â ­¥®âà¨æ â¥«ì­ãî áç¥â­®- ¤¤¨â¨¢­ãî ¬¥àã F (d�) ­  � -  «£¥¡à¥ ¡®à¥«¥¢áª¨å ¬­®¦¥áâ¢ [��; �]:
�®¢ à¨ æ¨®­­ãî äã­ªæ¨î (2.1.15) ¬®¦­® ¯à¥¤áâ ¢¨âì á ¯®¬®éìî ¨­â¥£à «  �¥¡¥£ -�â¨«âì¥á  ¯® íâ®©
¬¥à¥

R(n) =

�Z
��

ei�ndF (�): (2.1.17)

�à¥¤áâ ¢«¥­¨¥ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¨­â¥£à «®¬ �¥¡¥£ -�â¨«âì¥á  ­ ¯®¬¨­ ¥â à §«®¦¥­¨¥ ¢ ¨­â¥-
£à « �ãàì¥,   àï¤ (2.1.14) ¤ ¥â ¯à¥¤áâ ¢«¥­¨¥ áâ æ¨®­ à­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ ¢¨¤¥ áã¬¬ë "£ à¬®-
­¨ª" ei�kn á "ç áâ®â®©" �k ¨ á«ãç ©­ë¬¨ " ¬¯«¨âã¤ ¬¨" zk "¨­â¥­á¨¢­®áâ¨" �2k = Mjzkj2: �â® ¯à¥¤-
áâ ¢«¥­¨¥, ª®­¥ç­®, ¡®«¥¥ ¥áâ¥áâ¢¥­­® ¤«ï ¯à®æ¥áá®¢ ¢ ­¥¯à¥àë¢­®¬ ¢à¥¬¥­¨, ®¤­ ª® ¨ ¢ ¤¨áªà¥â­®¬
¢à¥¬¥­¨ á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ (2.1.16) ¯®«­®áâìî ®¯à¥¤¥«ï¥â á¢®©áâ¢  ¯®á«¥¤®¢ â¥«ì­®áâ¨.

� à ¨ ¬ ¥ à 2.1.3 [�¨áªà¥â­ë© ¡¥«ë© èã¬] �ãáâì " = ("n) - ¯®á«¥¤®¢ â¥«ì­®áâì ®àâ®­®à¬¨à®¢ ­­ëå
á«ãç ©­ëå ¢¥«¨ç¨­, â® ¥áâìM"n = 0 ¨

M"i�"j =

8<
:

1; ¥á«¨ i = j;

0; ¥á«¨ i 6= j:
(2.1.18)

� ª ï ¯®á«¥¤®¢ â¥«ì­®áâì ï¢«ï¥âáï áâ æ¨®­ à­®© ¨ ¨¬¥¥â ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î

R(n) =

8<
:

1; ¥á«¨ n = 0;

0; ¥á«¨ n 6= 0:

�®á¯®«ì§®¢ ¢è¨áì á®®â­®è¥­¨¥¬

�Z
��

ei�nd� =

8<
:

2�; ¥á«¨ n = 0;

0; ¥á«¨ n 6= 0;
(2.1.19)



¬ë ¯®«ãç ¥¬ ¤«ï ª®¢ à¨ æ¨®­®© äã­ªæ¨¨ R(n) á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

R(n) =

�Z
��

ei�ndF (�); (2.1.20)

£¤¥

F (�) =

�Z
��

f(�)d�; f(�) =
1

2�
; � 2 [��; �): (2.1.21)

�¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ (2.1.21) ¯®ª §ë¢ ¥â, çâ® "á¯¥ªâà «ì­ ï" ¯«®â­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨
" à ¢­®¬¥à­  ¢ ¨­â¥à¢ «¥ [��; �); çâ® ¨ ¯®á«ã¦¨«® ®á­®¢ ­¨¥¬ ¤«ï â¥à¬¨­  "¡¥«ë© èã¬" ¯®  ­ «®£¨¨
á à ¤¨®ä¨§¨ª®©, £¤¥ ¡¥«ë¬ èã¬®¬ ­ §ë¢ ¥âáï èã¬®¢®© á¨£­ « á à ¢­®¬¥à­ë¬ á¯¥ªâà®¬.

�®á«¥¤®¢ â¥«ì­®áâì ¡¥«®£® èã¬  ¯®§¢®«ï¥â áä®à¬¨à®¢ âì à §«¨ç­ë¥ ¢¨¤ë áâ æ¨®­ à­ëå ¯®á«¥¤®-
¢ â¥«ì­®áâ¥©.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.5 [�®á«¥¤®¢ â¥«ì­®áâ¨ áª®«ì§ïé¥£® áà¥¤­¥£®] �ãáâì § ¤ ­  ¯®á«¥¤®¢ â¥«ì-
­®áâì ¡¥«®£® èã¬  " = ("n) ¨ ¯®á«¥¤®¢ â¥«ì­®áâì ª®¬¯«¥ªá­ëå ç¨á¥« ak; k 2 Z â ª¨å, çâ®

1X
k=�1

jakj2 <1: (2.1.22)

�®á«¥¤®¢ â¥«ì­®áâì

�n =
1X

k=�1
ak"n�k (2.1.23)

­ §ë¢ ¥âáï ¯®á«¥¤®¢ â¥«ì­®áâìî ¤¢ãáâ®à®­­¥£® áª®«ì§ïé¥£® áà¥¤­¥£® ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ " = ("n):
�á«¨ ak = 0 ¯à¨ k < 0; â® ¥áâì

�n =
1X
k=0

ak"n�k; (2.1.24)

â® ¯®á«¥¤®¢ â¥«ì­®áâì ­ §ë¢ ¥âáï ¯®á«¥¤®¢ â¥«ì­®áâìî ®¤­®áâ®à®­­¥£® áª®«ì§ïé¥£® áà¥¤­¥£® ¨§ ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ " = ("n):

� ª®­¥æ, ¥á«¨ ak = 0 ¯à¨ k < 0 ¨ k > p; â® ¥áâì

�n =

pX
k=0

ak"n�k; (2.1.25)

â® ¯®á«¥¤®¢ â¥«ì­®áâì ­ §ë¢ ¥âáï ¯®á«¥¤®¢ â¥«ì­®áâìî áª®«ì§ïé¥£® áà¥¤­¥£® ¯®àï¤ª  p:

� à ¨ ¬ ¥ à 2.1.4 �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ áª®«ì§ïé¥£® áà¥¤­¥£® ¤¥©áâ¢¨â¥«ì­® ã¤®¢«¥â¢®-
àïîâ ãá«®¢¨ï¬ áâ æ¨®­ à­®áâ¨.

� ¥ è ¥ ­ ¨ ¥ �®áâ â®ç­® à áá¬®âà¥âì á«ãç © ¤¢ãáâ®à®­­¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ áª®«ì§ïé¥£® áà¥¤-
­¥£®, â ª ª ª ®áâ «ì­ë¥ ï¢«ïîâáï ¥¥ ç áâ­ë¬¨ á«ãç ï¬¨. � á¨«ã ãá«®¢¨ï (2.1.22) àï¤ (2.1.23) áå®¤¨âáï
¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ¨

�n =
1X

k=�1
ak"n�k =

1X
k=�1

an�k"k;

¢ëç¨á«ïï ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î á ãç¥â®¬ á¢®©áâ¢  ®àâ®£®­ «ì­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¡¥«®£® èã-
¬  (2.1.18) ­ å®¤¨¬

covf�n+m; �mg = M

8<
:
 1X
k=�1

an+m�k"k

! 1X
k=�1

an�k"k

!9=
; =M

( 1X
k=�1

1X
l=�1

an+m�k"kan�l"l

)
=

1X
k=�1

X
l=�1

1an+m�kan�lMf"k�"lg =
1X

k=�1
an+m�k�am�k =

1X
k=�1

an+k�ak:

(2.1.26)



�ï¤
1P

k=�1
an+k�ak áå®¤¨âáï ¯®áª®«ìªã jan+k�akj � jan+kj2 + jakj2; ¨ á«¥¤®¢ â¥«ì­®, ª®¢ à¨ æ¨®­­ ï äã­ª-

æ¨ï ®¯à¥¤¥«¥­  á®®â­®è¥­¨¥¬ (2.1.26) ¨ § ¢¨á¨â «¨èì ®â ¯ à ¬¥âà  á¤¢¨£  n:

� à ¨ ¬ ¥ à 2.1.5 � ©â¨ á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ áª®«ì§ïé¥£® áà¥¤­¥£® ¯®àï¤ª  p:

� ¥ è ¥ ­ ¨ ¥ �«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ áª®«ì§ïé¥£® áà¥¤­¥£® ¯®àï¤ª  p ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï
à ¢­ 

R(n) =

pX
k=0

an+k�ak

¨ ¨¬¥¥â á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

R(n) =

�Z
��

ei�nf(�)d�; (2.1.27)

á® á¯¥ªâà «ì­®© ¯«®â­®áâìî

f(�) =
1

2�
jP (e�i�)j2; (2.1.28)

£¤¥

P (z) = a0 + a1z + :::+ apz
p =

pX
k=0

akz
k:

�â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬ ¢ëç¨á«¨¬

�Z
��

ei�nf(�)d� =

�Z
��

ei�n
1

2�

 
pX

k=0

ake
�i�k

! 
pX

k=0

ake�i�k
!

=

�Z
��

ei�n
1

2�

pX
l=0

pX
k=0

al�ake
�i�(l�k)d� =

pX
l=0

pX
k=0

�Z
��

1

2�
al�ake

i�(n�l+k)d�:

�®á¯®«ì§®¢ ¢è¨áì á®®â­®è¥­¨¥¬ (2.1.19), § ¬¥ç ¥¬, çâ® ¨­â¥£à « ®â«¨ç¥­ ®â ­ã«ï «¨èì ¤«ï á« £ ¥¬ëå
á ­®¬¥à ¬¨ (l; k), ã¤®¢«¥â¢®àïîé¨¬¨ á®®â­®è¥­¨î n� l + k = 0 ¨ ¯à¨ ä¨ªá¨à®¢ ­­®¬ k = 0; :::; p à ¢¥­
an+k�ak: � ª¨¬ ®¡à §®¬

�Z
��

ei�nf(�)d� =

pX
k=0

an+k�ak = R(n):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.6 [�¢â®à¥£à¥áá¨®­­ ï áå¥¬ ] �ãáâì " = ("n) - ¯®á«¥¤®¢ â¥«ì­®áâì ¡¥«®£® èã-
¬ . �«ãç ©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯®¤ç¨­ï¥âáï  ¢â®à¥£à¥áá¨®­­®© áå¥¬¥ ¯®àï¤ª  q; ¥á«¨

�n + b1�n�1 + :::+ bq�n�q = "n: (2.1.29)

�   ¬ ¥ ç   ­ ¨ ¥ � ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¥£® á«ãç ï áª®«ì§ïé¨å áà¥¤­¨å ¯®á«¥¤®¢ â¥«ì­®áâì � § ¤ ­ 
à¥ªãàà¥­â­ë¬ ãà ¢­¥­¨¥¬, â® ¥áâì ¥á«¨ § ¤ ­ë §­ ç¥­¨ï �0; �1; :::; �n�1; â® ¨§ ãà ¢­¥­¨ï (2.1.29) ¬®¦­®
¯®á«¥¤®¢ â¥«ì­® ¢ëà §¨âì �n; �n+1; ::: ç¥à¥§ "­ ç «ì­ë¥ §­ ç¥­¨ï" �0; �1; :::; �n�1 ¨ "n; "n+1; :::

� áá¬®âà¨¬ ¢®¯à®á áãé¥áâ¢®¢ ­¨ï áâ æ¨®­ à­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨, ã¤®¢«¥â¢®àïîé¥© ãà ¢­¥­¨î (2.1.29),
¢ ª®â®à®¬ �n ¢ëà ¦ îâáï ç¥à¥§ "k; k � n:



� ¥ ® à ¥ ¬   2.1.1 �á«¨ ¯®«¨­®¬

Q(z) = 1 + b1z + :::+ bqz
q (2.1.30)

¨¬¥¥â ª®à­¨, «¥¦ é¨¥ ¢­¥ ¥¤¨­¨ç­®£® ªàã£ , â® ãà ¢­¥­¨¥  ¢â®à¥£à¥áá¨¨ (2.1.29) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

áâ æ¨®­ à­®¥ à¥è¥­¨¥, ¯à¥¤áâ ¢¨¬®¥ ¢ ¢¨¤¥ ®¤­®áâ®à®­­¥£® áª®«ì§ïé¥£® áà¥¤­¥£®. �à¨ íâ®¬ ª®¢ à¨ -
æ¨®­­ ï äã­ªæ¨ï R(n) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

R(n) =

�Z
��

ei�nf(�)d�; (2.1.31)

£¤¥

f(�) =
1

2�

1

jQ(e�i�)j2 : (2.1.32)

� ® ª   §   â ¥ « ì á â ¢ ® �ã¤¥¬ ¨áª âì à¥è¥­¨¥ (2.1.29) ¢ ¢¨¤¥ (2.1.24) ®¤­®áâ®à®­­¥£® áª®«ì§ïé¥£®

áà¥¤­¥£®, â® ¥áâì ¢ ¢¨¤¥ �n =
1P
k=0

ak"n�k: �à¨à ¢­¨¢ ï â®£¤  ¢ ãà ¢­¥­¨¨ (2.1.29) ª®íää¨æ¨¥­âë ¯à¨

"k; k = n; n� 1; ::::; ¯®«ãç ¥¬ á«¥¤ãîéãî à¥ªãàà¥­â­ãî á¨áâ¥¬ã8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

a0 = 1;

a1 + b1a0 = 0;

: : : : : : : : : : : : : : : : : :

al + b1al�1 + :::+ bla0 = 0 ¯à¨ l � q

: : : : : : : : : : : : : : : : : : : : : : : : : : :

al + b1al�1 + :::+ bqal�q = 0; ¯à¨ l > q:

(2.1.33)

�¢¥¤¥¬ ¯à®¨§¢®¤ïé¨¥ äã­ªæ¨¨ A(z); B(z) ¯®á«¥¤®¢ â¥«ì­®áâ¥© fan; bng

A(z) =
1X
n=0

anz
n; Q(z) =

qX
n=0

bnz
n;

£¤¥ b0 = 1: �¬­®¦ ï à ¢¥­áâ¢  (2.1.33) ­  1; z; z2; ::: ¨ áã¬¬¨àãï ¨å, ¯®«ãç ¥¬ ãà ¢­¥­¨¥

A(z)Q(z) = 1

¨«¨

A(z) =
1

Q(z)
= 1 +

zC1(z)

Q(z)
;

£¤¥ C1(z) - ¯®«¨­®¬ áâ¥¯¥­¨ ­¥ ¢ëè¥ q � 1:
�ãáâì ¢á¥ ª®à­¨ Q(z) ¯à®áâë¥, â®£¤  áãé¥áâ¢ã¥â à §«®¦¥­¨¥ ­  ¯à®áâë¥ ¤à®¡¨ ¢¨¤ 

C1(z)

Q(z)
=

c1
z1 � z

+
c2

z2 � z
+ :::+

cq
zq � z

;

®âªã¤  á ¨á¯®«ì§®¢ ­¨¥¬ â®¦¤¥áâ¢ 
z

zk � z
=

1X
n=1

�
z

zk

�n
;

á¯à ¢¥¤«¨¢®£® ¯à¨
��� zzk
��� < 1; ¯®«ãç ¥¬

A(z) = 1 +
1X
n=1

�
c1
zn1

+
c2
zn2

+ :::+
c3
znq

�
zn:



� ª¨¬ ®¡à §®¬ ª®íää¨æ¨¥­âë an à ¢­ë

a0 = 1; an =

qX
k=1

ckz
�n
k ; ¯à¨ n � 1: (2.1.34)

�®áª®«ìªã ¢á¥ ª®à­¨ zk «¥¦ â ¢­¥ ¥¤¨­¨ç­®£® ªàã£  àï¤ (2.1.24) ¡ã¤¥â áå®¤¨âáï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬
á¬ëá«¥.

�«ãç © ªà â­ëå ª®à­¥© à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­® á ¨á¯®«ì§®¢ ­¨¥¬ â®¦¤¥áâ¢

z

(zk � z)m
= z�m+1

k

�
z

zk

�
�
1� z

zk

�m ;

¨

1�
1� z

zk

�m = (�1)m�1(m� 1)!
d

dx

�
1

1� x

�(m�1)
������x =

z

zk

;

1

1� x
= 1 + x+ x2 + :::;

á¯à ¢¥¤«¨¢ëå ¯à¨ jxj =
��� zzk
��� < 1: � ª¨¬ ®¡à §®¬ ¬®¦­® â ª¦¥ ãáâ ­®¢¨âì, çâ® ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥

®¤­®áâ®à®­¥£® áª®«ì§ïé¥£® áà¥¤­¥£® ¨¬¥¥â ¬¥áâ®.
�¤¨­áâ¢¥­­®áâì áâ æ¨®­ à­®£® à¥è¥­¨ï á«¥¤ã¥â ¨§ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¤«ï ¯à®¨§¢®¤ïé¥© äã­ª-

æ¨¨,   á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¡ã¤¥â ¤®ª § ­® ­¨¦¥ ¢ à §¤¥«¥ 2.1.5.

� ª ç¥áâ¢¥ ¯à®áâ®£® ¯à¨¬¥à  ¬®¤¥«¨  ¢â®à¥£à¥á¨¨ à áá¬®âà¨¬ á«ãç © q = 1:

� à ¨ ¬ ¥ à 2.1.6 �«ï ¬®¤¥«¨  ¢â®à¥£à¥áá¨ q = 1 ­ ©â¨ ¯à¥¤áâ ¢«¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ ä®à¬¥
®¤­®áâ®à®­­¥£® áª®«ì§ïé¥£® áà¥¤­¥£®. � ©â¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î â ª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨.

� ¥ è ¥ ­ ¨ ¥ �®«®¦¨¢ � = �b1 ¨¬¥¥¬ à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥

�n = ��n�1 + "n: (2.1.35)

�¨áâ¥¬  ãà ¢­¥­¨© (2.1.33) á¢®¤¨âáï ª ¢¨¤ã

a0 = 1

a1 � �a0 = 0

: : : : : : : : : : : :

al � �al�1 = 0; ¯à¨ l � 1;

ª®â®à ï ¨¬¥¥â à¥è¥­¨¥
a0 = 1; a1 = �; : : : an = �n; ::::

�âáî¤  á«¥¤ã¥â, çâ® ¯à¨ j�j < 1 áâ æ¨®­ à­®¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

�n =
1X
k=0

�k"n�k; (2.1.36)

çâ® á®®â¢¥âáâ¢ã¥â á«¥¤ãîé¨¬ á®®â­®è¥­¨ï¬ ¤«ï ¯à®¨§¢®¤ïé¨å äã­ªæ¨©

A(z) =
1X
n=0

anz
n =

1X
n=0

(�z)n =
1

1� �z
; Q(z) = 1� �z:



�¤¨­áâ¢¥­­ë© ª®à¥­ì ãà ¢­¥­¨ï
Q(z) = 1� �z = 0

à ¢¥­ 1
� ¨ ¯à¨ j�j < 1 «¥¦¨â ¢­¥ ¥¤¨­¨ç­®£® ªàã£ . � å®¤¨¬ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î á ¨á¯®«ì§®¢ ­¨-

¥¬ á®®â­®è¥­¨ï (2.1.26) ¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¤­®áâ®à®­­¥£® áª®«ì§ïé¥£®
áà¥¤­¥£® á ãç¥â®¬ â®£®, çâ® ak = 0 ¯à¨ k < 0;

R(n) =
1X
k=0

an+k�ak =
1X
k=0

�n+k��k =
1X
k=0

�n�k��k =

�n
1X
k=0

�k��k = �n
1X
k=0

j�j2k = �n

1� j�j2 ; ¯à¨ n � 0;

(2.1.37)

¯à¨ íâ®¬ á¯¥ªâà «ì­ ï ¯«®â­®áâì ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (2.1.32) ¨ à ¢­ 

f(�) =
1

2�

1

j1� �e�i�j2 =
1

2�

1

(1 � � cos�)2 + �2 sin2 �
: (2.1.38)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.7 �¬¥è ­­ ï ¬®¤¥«ì  ¢â®à¥£à¥áá¨¨ ¨ áª®«ì§ïé¥£® áà¥¤­¥£® ¯®àï¤ª  (p; q)
®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

�n + b1�n�1 + :::+ bq�n�q = a0"n + a1"n�1 + :::+ ap"n�p: (2.1.39)

�â æ¨®­ à­®¥ à¥è¥­¨¥ � = (�n) áãé¥áâ¢ã¥â ¯à¨ â¥å ¦¥ ¯à¥¤¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® ª®à­¥© ¯®«¨­®¬ ,
çâ® ¨ ¢ �¥®à¥¬¥ 2.1.1,   ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï R(n) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

R(n) =

�Z
��

ei�nf(�)d�; f(�) =
1

2�

����P (e�i�)
Q(e�i�)

����
2

; (2.1.40)

£¤¥

P (z) =

pX
k=0

akz
p:

2.1.3 �¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨

� ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¬ë ¢¨¤¥«¨, çâ® ¢® ¢á¥å à áá¬®âà¥­­ëå ¯à¨¬¥à å ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¤®-
¯ãáª ¥â á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥. �®§¬®¦­®áâì ¯à¥¤áâ ¢«¥­¨ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ á ¯®¬®éìî
á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï ï¢«ï¥âáï ã­¨¢¥àá «ì­ë¬ á¢®©áâ¢®¬ ���. �¯à ¢¥¤«¨¢  á«¥¤ãîé ï

� ¥ ® à ¥ ¬   2.1.2 [�¥à£«®æ] �ãáâì R(n) - ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï áâ æ¨®­ à­®© (¢ è¨à®ª®¬ á¬ë-
á«¥) á«ãç ©­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ á ­ã«¥¢ë¬ áà¥¤­¨¬.

�®£¤  ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ ([��; �);B([��; �))); ­ ©¤¥âáï â ª ï ª®­¥ç­ ï ­¥®âà¨æ â¥«ì­ ï
¬¥à  F (B); ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢ å ¡®à¥«¥¢áª®© � -  «£¥¡àë B([��; �)); çâ® ¤«ï «î¡®£® n 2 Z

R(n) =

�Z
��

ei�nF (d�): (2.1.41)

�¥à  F = F (B) ­ §ë¢ ¥âáï á¯¥ªâà «ì­ © ¬¥à®©,   ¥¥ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F (�) = F ([��; �]) - á¯¥ª-
âà «ì­®© äã­ªæ¨¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ á ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© R(n): �¯¥ªâà «ì­ ï ¬¥à  ®¤­®-
§­ ç­® ®¯à¥¤¥«ï¥âáï ¯® ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¨ ¥á«¨ � = (�n) - ¯®á«¥¤®¢ â¥«ì­®áâì, á®áâ®ïé ï ¨§
¤¥©áâ¢¨â¥«ì­ëå á«ãç ©­ëå ¢¥«¨ç¨­, â® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¤¥©áâ¢¨â¥«ì­  ¨

R(n) = Re

�Z
��

ei�nF (d�) =

�Z
��

cos(�n)F (d�):



�á«¨ á¯¥ªâà «ì­ ï ¬¥à  ¨¬¥¥â ¯«®â­®áâì f(�) � 0, â® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï à ¢­ 

R(n) =

�Z
��

ei�nf(�)d�;

¨ ¥¥ §­ ç¥­¨ï R(n) à ¢­ë ª®íää¨æ¨¥­â ¬ à §«®¦¥­¨ï äã­ªæ¨¨ f(�) ¢ àï¤ �ãàì¥ ¯® á¨áâ¥¬¥ äã­ªæ¨©
fei�n; n 2 Zg; ®àâ®£®­ «ì­ëå ­  ®âà¥§ª¥ [��; �]:

�¡à â­®, ¥á«¨
P
n2Z

jR(n)j < 1; â® ¤«ï «î¡®£® � 2 [��; �] àï¤ �ãàì¥, á ª®íää¨æ¨¥­â ¬¨ R(n);  ¡á®-

«îâ­® áå®¤¨âáï ª ­¥ª®â®à®© äã­ªæ¨¨

f1(�) =
1

2�

X
n2Z

e�i�nR(n):

� «¥¥ ¯® â¥®à¥¬¥ �ã¡¨­¨ ¨ á ãç¥â®¬ à ¢¥­áâ¢  (2.1.19) ¯®«ãç ¥¬

�Z
��

ei�mf1(�)d� =

�Z
��

ei�m
1

2�

X
n2Z

e�i�nR(n) =
X
n2Z

1

2�

�Z
��

ei�me�i�nR(n) = R(m);

®âªã¤  á«¥¤ã¥â, çâ® f1(�) - á¯¥ªâà «ì­ ï ¯«®â­®áâì, á®®â¢¥âáâ¢ãîé ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ R(n):

2.1.4 �àâ®£®­ «ì­ë¥ áâ®å áâ¨ç¥áª¨¥ ¬¥àë. �â®å áâ¨ç¥áª¨© ¨­â¥£à «.

�¯¥ªâà «ì­®¥ à á¯à¥¤¥«¥­¨¥ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ®¯à¥¤¥«ï¥â à á¯à¥¤¥«¥­¨¥ \í­¥à£¨¨" ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ ¯® ç áâ®â ¬ � 2 [��; �): � á«ãç ¥ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (�à¨¬¥à 2.1.2) ¬ë
¢¨¤¥«¨, çâ® áã¬¬¥ £ à¬®­¨ª á® á«ãç ©­ë¬¨  ¬¯«¨âã¤ ¬¨ á®®â¢¥âáâ¢ã¥â ¤¨áªà¥â­®¥ ¯à¥¤áâ ¢«¥­¨¥ á¯¥ª-
âà  ¢ ¢¨¤¥ áâã¯¥­ç â®© äã­ªæ¨¨ á¯¥ªâà «ì­®£® à á¯à¥¤¥«¥­¨ï á® áª çª ¬¨ ¢ â®çª å, £¤¥ á®áà¥¤®â®ç¥­
á¯¥ªâà. � ª¨¬ ®¡à §®¬ ¯®çâ¨ ¯¥à¨®¤¨ç¥áªãî ¯®á«¥¤®¢ â¥«ì­®áâì ¬®¦­® ¡ë«® ¯à¥¤áâ ¢¨âì ¢ á¯¥ªâà «ì-
­®© ®¡« áâ¨ ª ª áã¬¬ã £ à¬®­¨ª á® á«ãç ©­ë¬¨  ¬¯«¨âã¤ ¬¨, â® ¥áâì â ª ï ¯®á«¥¤®¢ â¥«ì­®áì ¨¬¥¥â
¤¨áªà¥â­ë© \á«ãç ©­ë© á¯¥ªâà". �ª §ë¢ ¥âáï, çâ® «î¡ ï ��� ¤®¯ãáª ¥â â ª®¥ á¯¥ªâà «ì­®¥ ¯à¥¤áâ -
¢«¥­¨¥ á® \á«ãç ©­ë¬ á¯¥ªâà®¬", å®âï ¢ ®¡é¥¬ á«ãç ¥ á¯¥ªâà ã¦¥ ­¥ ¡ã¤¥â ¤¨áªà¥â­ë¬. �â® ¯à¥¤áâ -
¢«¥­¨¥ ¢¥áì¬  ã¤®¡­® ¢ ¯à¨«®¦¥­¨ïå ¨ ®á­®¢ ­® ­  ¢¢®¤¨¬ëå ­¨¦¥ ¯®­ïâ¨ïå áâ®å áâ¨ç¥áª®© ¬¥àë ¨
áâ®å áâ¨ç¥áª®£® ¨­â¥£à « .

�â®å áâ¨ç¥áª¨¥ ¬¥àë.

�ãáâì (
;F ;P) - ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢®, E - ­¥ª®â®à®¥ ¬­®¦¥áâ¢® á  «£¥¡à®© E0 ¥£® ¯®¤¬­®¦¥áâ¢
¨ ��  «£¥¡à®© E : �«ï ­ è¨å æ¥«¥© ¡ã¤¥â ¤®áâ â®ç­® áç¨â âì, çâ® E = R; E0 -  «£¥¡à , ®¡à §®¢ ­­ ï
ª®­¥ç­ë¬¨ ­ ¡®à ¬¨ ¯®«ã¨­â¥à¢ «®¢,   E = �(E0) = B(R) - ¡®à¥«¥¢áª ï ��  «£¥¡àa ­  R:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.8 �®¬¯«¥ªá­®§­ ç­ ï á«ãç ©­ ï äã­ªæ¨ï ¬­®¦¥áâ¢ Z(�) = Z(!;�); ®¯à¥-
¤¥«¥­­ ï ¤«ï ! 2 
; � 2 E0 ­ §ë¢ ¥âáï ª®­¥ç­®- ¤¤¨â¨¢­®© áâ®å áâ¨ç¥áª®© ¬¥à®©, ¥á«¨:

1. ¤«ï «î¡®£® � 2 E0; MfjZ(�)j2g <1;

2. ¤«ï «î¡ëå ¤¢ãå ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ �1 ¨ �2 ¨§ E0
Z(�1 +�2) = Z(�1) + Z(�2) (P� ¯.­.):

� à ¨ ¬ ¥ à 2.1.7 �à®áâ¥©è¨© ¯à¨¬¥à ª®­¥ç­®- ¤¤¨â¨¢­®© áâ®å áâ¨ç¥áª®© ¬¥àë ¬®¦­® ¯®áâà®¨âì
¢§ï¢ ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ zk; k = 1; ::: â ªãî, çâ®

P
k

Mfjzkj2g < 1 ¨ ¯®á«¥¤®¢ -

â¥«ì­®áâì à §«¨ç­ëå ç¨á¥« �k 2 R: �¯à¥¤¥«¨¬ ¬¥àã ­  ¯®«ã¨­â¥à¢ « å � 2 R á®®â­®è¥­¨¥¬

Z(�) =
X
�k2�

zk:

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® á¢®©áâ¢  (1), (2) ¢ë¯®«­¥­ë.



� à ¨ ¬ ¥ à 2.1.8 �­ «®£¨ç­ë© ¯à¨¬¥à ¬®¦­® ¯®áâà®¨âì á ¯®¬®éìî ­¥¯à¥àë¢­®£® (P� ¯.­.) á«ãç ©-
­®£® ¯à®æ¥áá  �(t; !), ¨¬¥îé¥£® ¨­â¥£¨àã¥¬ë¥ á ª¢ ¤à â®¬ ¯à¨à é¥­¨ï, â® ¥áâì â ª®£®, çâ® ¤«ï «î¡ëå
t1; t2 ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ Mfj�(t1) � �(t2)j2g � jV (t1) � V (t2)j; £¤¥ V (t) - ­¥ª®â®à ï ­¥ã¡ë¢ îé ï
äã­ªæ¨ï 0 � V (t) < 1: �¥àã ­  ¯®«ã¨­â¥à¢ « å < a; b >; £¤¥ < �; � > - ®§­ ç ¥â «î¡®© ¨§ ¢®§¬®¦­ëå
(®âªàëâë©, § ¬ª­ãâë© ¨«¨ ¯®«ã®âªàëâë© ¨­â¥à¢ «) ¬®¦­® ®¯à¥¤¥«¨âì á®®â­®è¥­¨¥¬

Z(< a; b >) = �(b) � �(a);

  ¬¥àã ­  ¬­®¦¥áâ¢ å ¨§  «£¥¡àë E ; ï¢«ïîé¨åáï ®¡ê¥¤¨­¥­¨¥¬ ­¥¯¥à¥á¥ª îé¨åáï ¨­â¥à¢ «®¢

� =
nX
i=1

< ai; bi >

á®®â­®è¥­¨¥¬

Z(�) =
nX
i=1

Z(< ai; bi >) =
nX
i=1

[�(bi) � �(ai)]:

�á«®¢¨¥ (1) ¢ë¯®«­ï¥âáï ¢ á¨«ã ª¢ ¤à â¨ç­®© ¨­â¥£à¨àã¥¬®áâ¨ ¯à¨à é¥­¨©, ¯®áª®«ìªã

MfjZ(�)j2g � jV (max
i

bi)� V (min
i
ai)j <1;

  ãá«®¢¨¥ (2) á«¥¤ã¥â ¨§ á®®â­®è¥­¨ï

Z(< a; b >) = �(b) � �(a) = �(b)� �(c) + �(c) � �(a) = Z(< a; c >) + Z(< c; b >);

á¯à ¢¥¤«¨¢®£® ¯à¨ a � c � b ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ (P� ¯.­.) ¯à®æ¥áá  �(t):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.9 �®­¥ç­®- ¤¤¨â¨¢­ ï áâ®å áâ¨ç¥áª ï ¬¥à  Z(�) ­ §ë¢ ¥âáï í«¥¬¥­â à­®©
áâ®å áâ¨ç¥áª®© ¬¥à®© ¥á«¨ ¤«ï «î¡ëå ­¥¯à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ �1;�2; ::: ¨§ E0 â ª¨å, çâ® � =
1P
k=1

�k 2 E0;

M

8<
:
�����Z(�)�

nX
k=1

Z(�k)

�����
2
9=
;! 0; n!1: (2.1.42)

�   ¬ ¥ ç   ­ ¨ ¥ � ­­®¥ á¢®©áâ¢® ï¢«ï¥âáï  ­ «®£®¬ áç¥â®©  ¤¤¨â¨¢­®áâ¨ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ë-
á«¥. �â® á¢®©áâ¢® â ª¦¥ íª¢¨¢ «¥­â­® ­¥¯à¥àë¢­®áâ¨ (¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥) ¢ "­ã«¥".

� ¥ ¬ ¬   2.1.1 �«¥¬¥­â à­ ï áâ®å áâ¨ç¥áª ï ¬¥à  ­¥¯à¥àë¢­  (¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥) ¢
"­ã«¥", â® ¥áâì

MfjZ(�n)j2g ! 0; ¯à¨ �n # ;; �n 2 E0: (2.1.43)

�¡à â­®, ¥á«¨ ¬¥à  ­¥¯à¥àë¢­  (¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥) ¢ "­ã«¥", â® ®­  ã¤®¢«¥â¢®àï¥â
(2.1.42).

� ® ª   §   â ¥ « ì á â ¢ ® �ãáâì ¬¥à  Z(�) í«¥¬¥­â à­  ¨ § ¤ ­  ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®¦¥áâ¢ ¨§ E0
â ª ï, çâ®

�n+1 � �n; n � 1;
1\
n

�n = ;:

�®£¤  ¤«ï «î¡®£® n � 1

�1 =

 
n�1[
k=1

(�k n�k+1

![
�n =

n�1X
k=1

(�k n�k+1) + �n: (2.1.44)



�®áª®«ìªã
1T
k=n

�k = �n # ;; â®

�1 =
1X
k=1

(�k n�k+1):

�®á¯®«ì§®¢ ¢è¨áì (2.1.44) ¨ á¢®©áâ¢®¬ ª®­¥ç­®©  ¤¤¨â¨¢­®áâ¨ ¬¥àë Z(�); ¨¬¥¥¬ á®®â­®è¥­¨¥

MfjZ(�n)j2g = M

8<
:
�����Z(�1) �

n�1X
k=1

Z(�k n�k+1)

�����
2
9=
;! 0;

¯à ¢ ï ç áâì ª®â®à®£® áâà¥¬¨âáï ª ­ã«î ¢ á¨«ã ãá«®¢¨ï (2.1.42) ¤«ï í«¥¬¥­â à­®© áâ®å áâ¨ç¥áª®© ¬¥àë.

�¡à â­®, ¯ãáâì ¬¥à  ­¥¯à¥àë¢­  ¢ "­ã«¥" ¨ � =
1P
k=1

�k 2 E0: �®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®¦¥áâ¢

� n
nP

k=1

�k # ; ¨ ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨

M

8<
:
�����Z(�)�

nX
k=1

Z(�k)

�����
2
9=
; # 0; ¯à¨ n!1:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.10 �«¥¬¥­â à­ ï áâ®å áâ¨ç¥áª ï ¬¥à  Z(�); � 2 E0; ­ §ë¢ ¥âáï ®àâ®£®-
­ «ì­®© ¨«¨ ¬¥à®© á ®àâ®£®­ «ì­ë¬¨ §­ ç¥­¨ï¬¨ ¥á«¨ ¤«ï «î¡ëå ¤¢ãå ­¥¯à¥á¥ª îé¨åáï ¬­®¦¥áâ¢
�1 ¨ �2 ¨§ E0

MfZ(�1)Z(�2)g = 0: (2.1.45)

� ¥ ¬ ¬   2.1.2 �àâ®£®­ «ì­®áâì ¬¥àë Z(�); � 2 E0; íª¢¨¢ «¥­â­  â®¬ã, çâ® ¤«ï «î¡ëå �1 ¨ �2

¨§ E0
MfZ(�1)Z(�2)g = MfjZ(�1 \�2j2g: (2.1.46)

� ® ª   §   â ¥ « ì á â ¢ ® �ãáâì ¬¥à  Z(�) ®àâ®£®­ «ì­ . �«ï «î¡ëå ¬­®¦¥áâ¢ �1 ¨ �2 ¨§ E0 ¢ á¨«ã
ª®­¥ç­®©  ¤¤¨â¨¢­®áâ¨ ¬¥àë ¨¬¥¥¬

Z(�1 [�2) = Z(�1) + Z(�2)� Z(�1 \�2):

�®íâ®¬ã
MfjZ(�1 [�2)j2g = MfjZ(�1)j2g+MfjZ(�2)j2g+MfjZ(�1 \�2)j2g+

MfZ(�1)Z(�2)g+MfZ(�1)Z(�2)g �MfZ(�1)Z(�1 \�2)g�

MfZ(�2)Z(�1 \�2)g �MfZ(�1)Z(�2 \�2)g �MfZ(�2)Z(�1 \�2)g:

(2.1.47)

� ¤àã£®© áâ®à®­ë, ¯®áª®«ìªã �1 [�2 ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª áã¬¬ã ­¥¯à¥á¥ª îé¨åáï ¬­®¦¥áâ¢

�1 [�2 = (�1 n (�1 \�2)) + (�1 n (�1 \�2)) + (�1 \�2);

¨ ¨§ ãá«®¢¨ï (5.6.2) á«¥¤ã¥â, çâ® ¤«ï ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ A ¨ B

MfjZ(A+ B)j2g = MfjZ(A) + Z(B)j2g = MfjZ(A)j2g+MfjZ(B)j2g+MfZ(A)Z(B)g+MfZ(A)Z(B)g =

MfjZ(A)j2g+MfjZ(B)j2g;
â® ¯®íâ®¬ã

MfjZ(�1 n (�1 \�2))j2g =

MfjZ(�1)j2g+MfjZ(�1 \�2)j2g �MfZ(�1)Z(�1 \�2)g �MfZ(�1)Z(�1 \�2)g;



¨ á«¥¤®¢ â¥«ì­®,

MfjZ(�1 [�2)j2g = MfjZ(�1 n (�1 \�2))j2g+MfjZ(�2 n (�1 \�2))j2g+MfjZ(�1 \�2)j2g =

MfjZ(�1)j2g+MfjZ(�1 \�2)j2g �MfZ(�1)Z(�1 \�2)g �MfZ(�1)Z(�1 \�2)g+

MfjZ(�2)j2g+MfjZ(�1 \�2)j2g �MfZ(�2)Z(�1 \�2)g �MfZ(�2)Z(�1 \�2)g+MfjZ(�1 \�2)j2g:

�à ¢­¨¢ ï à ¢¥­áâ¢  ¤«ïMfjZ(�1 [�2)j2g ¯®«ãç ¥¬ á®®â­®è¥­¨¥ (5.6.3).
�¡à â­®, ¥á«¨ á®®â­®è¥­¨¥ (5.6.3) ¨¬¥¥â ¬¥áâ®, â® ¤«ï ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ ¨§ (2.1.47) ¢ëâ¥-

ª ¥â à ¢¥­áâ¢®

MfjZ(�1 \�2)j2g = MfjZ(;)j2g = 0:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.11 �ã­ªæ¨ï ¬­®¦¥áâ¢ m(�) = MjZ(�)j2; ®¯à¥¤¥«¥­­ ï ¤«ï � 2 E0; ­ §ë¢ -
¥âáï áâàãªâãà­®© äã­ªæ¨¥© í«¥¬¥­â à­®© áâ®å áâ¨ç¥áª®© ¬¥àë Z(�):

�ã­ªæ¨ï m(�); ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢ å ¨§  «£¥¡àë E0 ï¢«ï¥âáï, ¢ á¨«ã (2.1.43), ª®­¥ç­®© ¨ ­¥-
¯à¥àë¢­®© ¢ "­ã«¥",   á«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ � à â¥®¤®à¨ ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­  ­  � -  «£¥¡àã
E = �(E0): �«¥¬¥­â à­ ï ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à  â ª¦¥ ¤®¯ãáª ¥â â ª®¥ ¯à®¤®«¦¥­¨¥, ¯à¨-
ç¥¬ MjZ(�)j2 = m(�); ¤«ï ¬­®¦¥áâ¢ ¨§ E : �à®¤®«¦¥­¨¥ áâ®å áâ¨ç¥áª®© ¬¥àë ¯à¨¢®¤¨â ª ¯®­ïâ¨î
áâ®å áâ¨ç¥áª®£® ¨­â¥£à « .

� à ¨ ¬ ¥ à 2.1.9 �ãáâì ¢ ¯à¨¬¥à¥ (2.1.7) á«ãç ©­ë¥ ¢¥«¨ç¨­ë zk; k = 1; ::: ®àâ®£®­ «ì­ë, â® ¥áâì

Mzk�zm = 0 ¯à¨ m 6= k; ¨
1P
k=1

Mfjzkj2g < 1: �®ª § âì, çâ® ¬¥à , ®¯à¥¤¥«¥­­ ï ­  ¯®¤¬­®¦¥áâ¢ å � 2
B(R); á®®â­®è¥­¨¥¬

Z(�) =
X
�k2�

zk

ï¢«ï¥âáï í«¥¬¥­â à­®© ®àâ®£®­ «ì­®© áâ®å áâ¨ç¥áª®© ¬¥à®©. �ëç¨á«¨âì áâàãªâãà­ãî äã­ªæ¨ï íâ®©
¬¥àë.

� ¥ è ¥ ­ ¨ ¥ �®áª®«ìªã àï¤
1P
k=1

Mfjzkj2g áå®¤¨âáï, â® ¤«ï «î¡®£® ª®­¥ç­®£® ­ ¡®à  ­¥¯¥à¥á¥ª î-
é¨åáï ¬­®¦¥áâ¢ �1;�2; :::;�n; ¢ á¨«ã ãá«®¢¨ï ®àâ®£®­ «ì­®áâ¨ zk ¨¬¥¥¬

M

8<
:
�����Z
 

nX
k=1

�k

!�����
2
9=
; =Mfj

X
�l2

nP
k=1

�k

zlj2g = Mf
X

�l;�m2
nP

k=1

�k

zl�zmg =

X
�l2

nP
k=1

�k

M
�jzlj2	 � 1X

k=1

Mfjzkj2g:

�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ �1;�2; :::;�n; :::: àï¤

1X
n=1

MfjZ(�n)j2g �
1X
k=1

Mfjzkj2g;

¨ á«¥¤®¢ â¥«ì­®, áå®¤¨âáï.



�á«¨ � =
1P
n=1

�n; â®

M

8<
:
�����Z(�) �

nX
k=1

Z(�k)

�����
2
9=
; = M

8<
:
�����
X

k=n+1

Z(�k)

�����
2
9=
; = M

8<
:

X
k;l=n+1

Z(�k)Z(�l)

9=
; =

X
k;l=n+1

M
n
Z(�k)Z(�l)

o
:

(2.1.48)

�¤­ ª®, ¢ á¨«ã ®àâ®£®­ «ì­®áâ¨ á«ãç ©­ëå ¢¥«¨ç¨­ zk ¤«ï ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ �k;�l á¯à -
¢¥¤«¨¢® á®®â­®è¥­¨¥

M
n
Z(�k)Z(�l)

o
= M

8<
:
X

�m2�k

X
�p2�l

zm�zp

9=
; =

X
�m2�k

X
�p2�l

M fzm�zpg =

8>><
>>:

0; ¥á«¨; k 6= l;

X
�m2�k

Mfjzmj2g = MfjZ(�k)j2g; ¥á«¨; k = l:

(2.1.49)

�®¤áâ ¢«ïï (2.1.49) ¢ (2.1.48), ¯®«ãç ¥¬ ®æ¥­ªã

M

8<
:

X
k;l=n+1

Z(�k)Z(�l)

9=
; =

X
k;l=n+1

M
n
Z(�k)Z(�l)

o
=

1X
k=n+1

M
�jZ(�k)j2

	 # 0:
� ª¨¬ ®¡à §®¬ ¯®ª § ­® á¢®©áâ¢® (2.1.43), ¨ á«¥¤®¢ â¥«ì­®, ¬¥à  Z(�) - í«¥¬¥­â à­ . �®¯ãâ­® (á¬. á®®â-
­®è¥­¨¥ (2.1.49)) ¡ «® ¯®ª § ­®, çâ® ¬¥à  Z(�) ï¢«ï¥âáï ®àâ®£®­ «ì­®©. �®®â­®è¥­¨¥ (2.1.49) ¤ ¥â â ª¦¥
¢ëà ¦¥­¨¥ ¤«ï áâàãªâãà­®© äã­ªæ¨¨ ¬¥àë Z(�)

m(�) = MfjZ(�)j2g =
X
�m2�

Mfjzmj2g:

�â®å áâ¨ç¥áª¨© ¨­â¥£à «

�ãáâì Z(�) - í«¥¬¥­â à­ ï ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à , ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢ å � 2 E0;
á® áâàãªâãà­®© äã­ªæ¨¥© m(�); ¯à®¤®«¦¥­­®© ­  ¬­®¦¥áâ¢  � 2 E :

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.12 �â®å áâ¨ç¥áª¨© ¨­â¥£à « J (f) ®¯à¥¤¥«ï¥âáï ­  ¬­®¦¥áâ¢¥ ¯à®áâëåäã­ª-
æ¨© ¢¨¤ 

f(�) =
MX
k=1

fkI�k
;

£¤¥ f1; :::; fM - ­¥ª®â®àë¥ ª®¬¯«¥ªá­ë¥ ç¨á« ,

M[
k=1

�k = E; �k \�m = ;; ¯à¨ k 6= m;

á®®â­®è¥­¨¥¬

J (f) =
MX
k=1

fkZ(�k): (2.1.50)



�®ª ¦¥¬, çâ® áâ®å áâ¨ç¥áª¨© ¨­â¥£à « § ¤ ¥â ®â®¡à ¦¥­¨¥ £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  äã­ªæ¨© L2 =
L2(E; E ;m); ¨­â¥£à¨àã¥¬ëå á ª¢ ¤à â®¬ ¯® ¬¥à¥m(d�); â® ¥áâì äã­ªæ¨© f(�); ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨îZ

E

jf(�)j2m(d�) <1;

¢ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ H2 = H2(
;F ;P):
�ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2(E; E ;m) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

< f; g >=

Z
E

f(�)�g(�)m(d�); (2.1.51)

  ­®à¬  kfk =< f; f >1=2 : �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à¬  ¢ ¯à®áâà ­áâ¢¥ H2(
;F ;P) ®¯à¥¤¥«ïîâáï
á®®â­®è¥­¨¨ï¬¨ (2.1.1), (2.1.2), â® ¥áâì

(�; �) = covf�; �g; k�k = (�; �)1=2:

� ¥ ¬ ¬   2.1.3 �«ï «î¡ëå ¯à®áâëå äã­ªæ¨© f; g 2 L2(E; E ;m); ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

(J (f);J (g)) =< f; g >;

kJ (f)k2 = kfk2 =
R
E

jf(�)j2m(d�);

J (af + bg) = aJ (f) + bJ (g); (P� ¯.­.):

(2.1.52)

�®ª § â¥«ìáâ¢®. �áâ ­®¢¨¬ ¯¥à¢®¥ á®®â­®è¥­¨¥, â ª ª ª ¢â®à®¥ ¥áâì ¯àï¬®¥ á«¥¤áâ¢¨¥ ¯¥à¢®£®,   âà¥âì¥
®ç¥¢¨¤­®. �ãáâì f(�) =

P
k

fkI�k
;   g(�) =

P
l

glI�l
: �® ®¯à¥¤¥«¥­¨î áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¨ ¢ á¨«ã

á¢®©áâ¢  (5.6.3) ®àâ®£®­ «ì­®© áâ®å áâ¨ç¥áª®© ¬¥àë

(J (f);J (g)) =M

(X
k

fkZ(�k)
X
l

glZ(�l)

)
=
X
k;l

fk�glMfZ(�k)Z(�l)g =
X
k;l

fk�gl MfjZ(�k \�l)j2g =

X
k;l

fk�glm(�k \�l) =

Z
E

f(�)�g(�)m(d�) =< f; g > :

�­®¦¥áâ¢® ¯à®áâëå äã­ªæ¨© ¯«®â­® ¢ ¬¥âà¨ª¥ £¨«ì¡¥àâ®¢  ¯à®áâà ­câ¢  L2, â® ¥áâì ¤«ï «î¡®©
äã­ªæ¨¨ f 2 L2 áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¯à®áâëå äã­ªæ¨© fn 2 L2 â ª ï, çâ® kf � fnk ! 0; ¯à¨
n!1: �â  ¯®á«¥¤®¢ â¥«ì­®áâì äã­¤ ¬¥­â «ì­  ¢ L2, ¯®íâ®¬ã ¢ á¨«ã á®®â­®è¥­¨© (5.6.6)

kJ (fn)� J (fm)k = kJ (fn � fmk = kfn � fmk ! 0; n;m!1:

�«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì fJ (fn)g äã­¤ ¬¥­â «ì­  ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥, ¨ ¢ á¨«ã
¯®«­®âë ¯à®áâà ­áâ¢  H2 áãé¥áâ¢ã¥â á«ãç ©­ ï ¢¥«¨ç¨­  (®¡®§­ ç ¥¬ ï J (f)) â ª ï, çâ® J (f) 2 H2 ¨
kJ (fn)� J (f)k ! 0; n!1:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.13 �«ãç ©­ ï ¢¥«¨ç¨­  J (f) ­ §ë¢ ¥âáï áâ®å áâ¨ç¥áª¨¬ ¨­â¥£à «®¬ ®â
äã­ªæ¨¨ f 2 L2 ¯® í«¥¬¥­â à­®© áâ®å áâ¨ç¥áª®© ¬¥à¥ Z ¨ ®¡®§­ ç ¥âáï

J (f) =

Z
E

f(�)Z(d�):



� ª ¢¢¥¤¥­­ë© ¨­â¥£à « ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¯®á«¥¤®¢ â¥«ì­®áâ¨ ffng: �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¨¬¥îâáï
¤¢¥ à §«¨ç­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ffng ¨ ff 0ng; áå®¤ïé¨¥áï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ª ®¤­®© ¨
â®© ¦¥ äã­ªæ¨¨ f 2 L2: �à¨ íâ®¬ ®¯à¥¤¥«ïîâáï ¤¢¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë

J (f) = l:i:m:J (fn); J 0

(f) = l:i:m:J (f
0

n):

�®ª ¦¥¬, çâ® ®­¨ à ¢­ë (P� ¯.­.): �¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï ¢ëâ¥ª ¥â

kJ (f) � J 0

(f)k � kJ (f) �J (fn)k+ kJ (fn) �J (f
0

n)k+ kJ
0

(f) �J (f
0

n)k �

kJ (f) � J (fn)k + kfn � f
0

nk+ kJ
0

(f) � J (f
0

n)k ! 0;

®âªã¤ MfjJ (f)�J 0

(f)j2g = 0; ¨ á«¥¤®¢ â¥«ì­®, J (f) = J 0

(f); (P� ¯.­.): �¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥-
«¥­¨ï á«¥¤ã¥â, çâ® áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬ (5.6.6) ­¥ â®«ìª® ¤«ï ¯à®áâëå
äã­ªæ¨©, ­® ¨ ¤«ï ¯à®¨§¢®«ì­ëå äã­ªæ¨© f; g 2 L2:

� à ¨ ¬ ¥ à 2.1.10 �®ª § âì, çâ® á®®â­®è¥­¨ï (5.6.6) ¢ë¯®«­ïîâáï ¤«ï «î¡ëå äã­ªæ¨© f; g 2 L2:

� ¥ è ¥ ­ ¨ ¥ �®ª ¦¥¬ ¯¥à¢®¥ á®®â­®è¥­¨¥, â ª ª ª ®áâ «ì­ë¥ ®ç¥¢¨¤­ë. �ãáâì ¥áâì ­¥ª®â®àë¥
¯®á«¥¤®¢ â¥«ì­®áâ¨ fn; gn 2 L2;  ¯¯à®ªá¨¬¨àãîé¨¥ á®®â¢¥âáâ¢¥­­® f ¨ g ¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¢ áà¥¤­¥-
ª¢ ¤à â¨ç¥áª®¬ ¯à®áâà ­áâ¢  L2:

�®£¤  ¯®á«¥¤®¢ â¥«ì­®áâ¨ kfnk; kgnk à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨äã­ªæ¨© fn(�); gn(�)
áå®¤ïâáï ª f; g ¯® ¬¥à¥ m(d�): �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ­¥à ¢¥­áâ¢  �¥¡ëè¥¢ , ­ ¯à¨¬¥à, ¤«ï ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ fn ¨¬¥¥¬

mf� : jfn(�) � f(�)j > "g �

Z
E

jfn(�)� f(�)j2m(d�)

"2
:

�®íâ®¬ã ¯à®¨§¢¥¤¥­¨¥ fn(�)gn(�) áå®¤¨âáï ª f(�)g(�) ¯® ¬¥à¥ m(d�); ®âªã¤  á«¥¤ã¥â áå®¤¨¬®áâì

lim
n

< fn; gn >= lim
n

Z
E

fn(�)gn(�)m(d�) =

Z
E

f(�)g(�)m(d�) =< f; g > :

� «¥¥, ¯®áª®«ìªã

J (f) = l:i:m:
n

(fn); J (g) = l:i:m:
n

(gn);

â®

kJ (f)k <1; kJ (f � fn)k ! 0; kJ (g)k <1; kJ (g � gn)k ! 0:

�®«¥¥, ¨¬¥¥¬ á®®â­®è¥­¨¥

(J (fn);J (gn)) = (J (f);J (g)) + (J (fn � f);J (gn)) + (J (f);J (gn � g));

¢ ª®â®à®¬, ¢ á¨«ã ­¥à ¢¥­áâ¢  �®è¨-�ã­ïª®¢áª®£®,

j(J (fn � f);J (gn))j � kJ (fn � f)kkJ (gn)k ! 0;

j(J (f);J (gn � g))j � kJ (f)kkJ (gn � g)k ! 0:

�«¥¤®¢ â¥«ì­®,

lim
n
(J (fn);J (gn)) = lim

n
< fn; gn >=< f; g >= (J (f);J (g)):



�à®¤®«¦¥­¨¥ í«¥¬¥­â à­®© áâ®å áâ¨ç¥áª®© ¬¥àë

� ª¨¬ ®¡à §®¬ áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ®¯à¥¤¥«¥­ ­  ¯à®¨§¢®«ì­ëå ¬­®¦¥áâ¢ å ��  «£¥¡àë E : �à¨ç¥¬
­  ¬­®¦¥áâ¢ å � 2 E0 ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® Z(�) = J (I�): �â®å áâ¨ç¥áª¨© ¨­â¥£à « ®¯à¥¤¥«ï¥â
¯à®¤®«¦¥­¨¥ í«¥¬¥­â à­®© ®àâ®£®­ «ì­®© ¬¥àë ¨ ­  ��  «£¥¡àã E :

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.14 �«ï ¯à®¨§¢®«ì­®£® ¬­®¦¥áâ¢ � 2 E ®¯à¥¤¥«¨¬ ¯à®¤®«¦¥­¨¥ í«¥¬¥­â à-
­®© ®àâ®£®­ «ì­®© áâ®å áâ¨ç¥áª®© ¬¥àë Z á®®â­®è¥­¨¥¬

~Z(�) = J (I�):

�§ ª®­áâàãªæ¨¨ ¨­â¥£à «  á«¥¤ã¥â, çâ® áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬ (5.6.6),
¯®íâ®¬ã ¥á«¨ �1 \�2 = ;; �1;�2 2 E ; â®

~Z(�1 +�2) = ~Z(�1) + ~Z(�2); (P� ¯.­.);

Mf ~Z(�1) ~Z(�2)g = 0;

Mfj ~Z(�)j2g = m(�); � 2 E :

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.15 �®¢®ªã¯­®áâì ª®¬¯«¥ªá­®§­ ç­ëå á«ãç ©­ëå ¢¥«¨ç¨­ fZ�g; � 2 R1;
­ §ë¢ ¥âáï á«ãç ©­ë¬ ¯à®æ¥áá®¬ á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨, ¥á«¨:

1. MfjZ�j2g <1; � 2 R1;

2. ¤«ï «î¡®£® � 2 R

MfjZ� � Z�n j2g ! 0; ¯à¨ �n # 0; �n 2 R;

3. ¤«ï «î¡ëå �1 < �2 < �3 < �4

Mf(Z�4 � Z�3) (Z�2 � Z�1)g = 0:

�¥âàã¤­® ¢¨¤¥âì (á¬. �à¨¬¥à 2.1.8), çâ® ¯à®æ¥áá á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨ ®¯à¥¤¥«ï¥â í«¥-
¬¥­â à­ãî áâ®å áâ¨ç¥áªãî ¬¥àã á ®àâ®£®­ «ì­ë¬¨ §­ ç¥­¨ï¬¨. �¡à â­®, ¢áïª ï ®àâ®£®­ «ì­ ï áâ®å -
áâ¨ç¥áª ï ¬¥à  Z(�) á® áâàãªâãà­®© äã­ªæ¨¥© m(�) § ¤ ¥â ¯à®æ¥áá á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨

Z� = Z((�1; �]):

�¥©áâ¢¨â¥«ì­®,

1.

MfjZ�j2g = m((�1; �]) <1;

2.

MfjZ� � Z�n j2g = m((�; �n]) # 0; ¯à¨ �n # �;

3.

Mf(Z�4 � Z�3) (Z�2 � Z�1 )g = m(;) = 0:

� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â ¢§ ¨¬­®-®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¯à®æ¥áá ¬¨ á ®àâ®£®­ «ì­ë¬¨
¯à¨à é¥­¨ï¬¨ ¨ ®àâ®£®­ «ì­ë¬¨ áâ®å áâ¨ç¥áª¨¬¨ ¬¥à ¬¨.



2.1.5 �¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ���

�®­ïâ¨¥ ®àâ®£®­ «ì­®© áâ®å áâ¨ç¥áª®© ¬¥àë ï¢«ï¥âáï æ¥­âà «ì­ë¬ ¯à¨ ®¯à¥¤¥«¥­¨¨ á¯¥ªâà «ì­®£®
¯à¥¤áâ ¢«¥­¨ï áâ æ¨®­ à­ëå (¢ è¨à®ª®¬ á¬ëá«¥) á«ãç ©­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©.

� ¥ ® à ¥ ¬   2.1.3 �ãáâì § ¤ ­  áâ æ¨®­ à­ ï ¢ è¨à®ª®¬ á¬ëá«¥ ¯®á«¥¤®¢ â¥«ì­®áâì � = (�n); á
ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© R(n) = covf�n�0g; ¤®¯ãáª îé¥© á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

R(n) =

�Z
��

ei�nF (d�):

�®£¤  áãé¥áâ¢ã¥â â ª ï ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à  Z = Z(�); ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢ å

� 2 B([��; �]) ¡®à¥«¥¢áª®© � -  «£¥¡àë ®âà¥§ª  [��; �]; çâ® ¤«ï «î¡®£® n 2 Z ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥-
­¨¥

�n =

�Z
��

ei�nZ(d�); (2.1.53)

¯à¨ íâ®¬

MjZ(�)j2 = F (�): (2.1.54)

�   ¬ ¥ ç   ­ ¨ ¥ � ª¨¬ ®¡à §®¬ á¯¥ªâà «ì­ ï ¬¥à  F (d�) ï¢«ï¥âáï áâàãªâãà­®© äã­ªæ¨¥© ®àâ®£®­ «ì-
­®© áâ®å áâ¨ç¥áª®© ¬¥àë Z(d�); ®¯à¥¤¥«¥­­®© ­  �®à¥«¥¢áª®© ��  «£¥¡à¥ ®âà¥§ª  [��; �]: �¯¥ªâà «ì­®¥
¯à¥¤áâ ¢«¥­¨¥ ��� ¨£à ¥â ¢ ¦­ãî à®«ì ¢ § ¤ ç å ®æ¥­¨¢ ­¨ï ¨ ¯à®£­®§¨à®¢ ­¨ï á«ãç ©­ëå ¯®á«¥¤®¢ -
â¥«ì­®áâ¥©. �â® á¢ï§ ­® á â¥¬, çâ® à¥§ã«ìâ â «î¡®£® «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï ��� ¬®¦­® ¯à¥¤áâ ¢¨âì
á ¯®¬®éìî áâ®å áâ¨ç¥áª®£® ¨­â¥£à « , ¯® ¬¥à¥ Z(d�):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.16 �ã¤¥¬ £®¢®à¨âì, çâ® á«ãç ©­ ï ¢¥«¨ç¨­  � 2 H(�); ¥á«¨ ®­  ï¢«ï¥âáï
¯à¥¤¥«®¬ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ �n; ®¡à -
§®¢ ­­ëå «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �:

�   ¬ ¥ ç   ­ ¨ ¥ �­ë¬¨ á«®¢ ¬¨, á«ãç ©­ ï ¢¥«¨ç¨­  � ¯à¨­ ¤«¥¦¨â § ¬ª­ãâ®¬ã ¢ á¬ëá«¥ áå®¤¨¬®áâ¨
¢ L2f
;F ;Pg «¨­¥©­®¬ã ¬­®£®®¡à §¨î, ¯®à®¦¤¥­­®¬ã á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ �n:

� ¥ ® à ¥ ¬   2.1.4 �ãáâì á«ãç ©­ ï ¢¥«¨ç¨­  � 2 H(�); â®£¤  áãé¥áâ¢ã¥â äã­ªæ¨ï

'(�) 2 L2f[��; �];B([��; �]); Fg

â ª ï, çâ® á«ãç ©­ ï ¢¥«¨ç¨­  � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

� =

�Z
��

'(�)Z(d�):

� ® ª   §   â ¥ « ì á â ¢ ® �¥©áâ¢¨â¥«ì­®, ¯ãáâì

� = l:i:m:
n

�n;

£¤¥

�n =
NnX
k=1

�nk�lk :

�á¯®«ì§ãï á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �; ¯®«ãç ¥¬ ¤«ï �n á«¥¤ãîé¥¥
á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

�n =
NnX
k=1

�nk

�Z
��

ei�lkZ(d�) =

�Z
��

"
NnX
k=1

�nke
i�lk

#
Z(d�) =

�Z
��

'n(�)Z(d�):



�®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© 'n äã­¤ ¬¥­â «ì­  ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  L2; ¯®áª®«ìªã ¢ á¨«ã á¢®©áâ¢
áâ®å áâ¨ç¥áª®£® ¨­â¥£à « 

�Z
��

j'n � 'mj2F (d�) = Mfj�n � �mj2g ! 0; ¯à¨ m;n!1:

�®íâ®¬ã áãé¥áâ¢ã¥â lim
n
'n(�) = 'n(�) 2 L2; ¨

l:i:m:
n

�n = l:i:m:
n

�Z
��

'n(�)Z(d�) =

�Z
��

'(�)Z(d�) = �; (P� ¯.­.):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.17 �ãáâì � ­¥ª®â®à ï ���, ¨¬¥îé ï á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ (2.1.53).
�á«¨ ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì � = (�n)n2Z ; ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

�n =

�Z
��

ei�n'(�)Z(d�); (2.1.55)

á ­¥ª®â®à®© äã­ªæ¨¥© '(�) 2 L2f[��; �];B([��; �]); Fg; â® £®¢®àïâ, çâ® ��� � ¯®«ãç¥­  ¨§ � á ¯®¬®-
éìî «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï. �ã­ªæ¨ï ' ¢ (2.1.55) ­ §ë¢ ¥âáï ç áâ®â­®© å à ªâ¥à¨áâ¨ª®© íâ®£®
¯à¥®¡à §®¢ ­¨ï.

�®á«¥¤®¢ â¥«ì­®áâì � â ª¦¥ ¯à¨­ ¤«¥¦¨â ª« ááã ���, ¯à¨ç¥¬ á®®â­®è¥­¨¥ (2.1.55) § ¤ ¥â ¥¥ á¯¥ª-
âà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥. �à¨ íâ®¬ ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ � à ¢­ 

covf�n; �0g = (�n; �0) =< ei�n'(�); '(�) >=

�Z
��

ei�nj'(�)j2F (d�); (2.1.56)

� à ¨ ¬ ¥ à 2.1.11 [�®á«¥¤®¢ â¥«ì­®áâ¨ áª®«ì§ïé¥£® áà¥¤­¥£® (�à¨¬¥à 2.1.5),  ¢â®à¥£à¥á¨¨ (�à¨¬¥à
2.1.6), á¬¥è ­­®©  ¢â®à¥£à¥áá¨¨ ¨ áª®«ì§ïé¥£® áà¥¤­¥£® (�à¨¬¥à 2.1.7)] �á¯®«ì§ãï á¯¥ªâà «ì­®¥ ¯à¥¤-
áâ ¢«¥­¨¥ ¯®ª § âì, çâ® íâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ï¢«ïîâáï «¨­¥©­ë¬¨ ¯à¥¡à §®¢ ­¨ï¬¨ ¯à®æ¥áá  ¡¥«®£®
èã¬ . � ©â¨ á®®â­®è¥­¨ï, ¢ëà ¦ îé¨¥ á¢ï§ì ¬¥¦¤ã á¯¥ªâà «ì­ë¬¨ ¯«®â­®áâï¬¨ íâ¨å ¯®á«¥¤®¢ â¥«ì-
­®áâ¥© ¨ á¯¥ªâà «ì­®© ¯«®â­®áâìî ¡¥«®£® èã¬ . �¯à¥¤¥«¨âì á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ª®¢ à¨ -
æ¨®­­®© äã­ªæ¨¨.

� ¥ è ¥ ­ ¨ ¥ � áá¬®âà¨¬ ­ ¨¡®«¥¥ ®¡é¨© á«ãç © ¬®¤¥«¨ (2.1.39).�à¥¤¯®«®¦¨¬, çâ® ¯®á«¥¤®¢ â¥«ì-
­®áâì � ¯à¨­ ¤«¥¦¨â ª« ááã ��� ¨ ¨¬¥¥â á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ (2.1.53). �®£¤ , ¯®áâ ¢«ïï íâ®
¯à¥¤áâ ¢«¥­¨¥ ¢ ãà ¢­¥­¨¥ (2.1.39)

�n + b1�n�1 + :::+ bq�n�q = a0"n + a1"n�1 + :::+ ap"n�p

¯®«ãç ¥¬ á®®â­®è¥­¨¥
�Z

��
ei�nQ(e�i�)Z(d�) =

�Z
��

ei�nP (e�i�) ~Z(d�);

£¤¥ ~Z(d�) - ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à  ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¡¥«®£® èã¬ . �á«¨ äã­ªæ¨ï Q(e�i�)
­¥ ®¡à é ¥âáï ¢ ­ã«ì, â® ¤ ­­®¥ á®®â­®è¥­¨¥ ¢ë¯®«­ï¥âáï ¯à¨ «î¡®¬ n; ¥á«¨ ¬¥àë á¢ï§ ­ë á®®â­®è¥-
­¨¥¬

Z(d�) =
P (e�i�)
Q(e�i�)

~Z(d�):



� ª¨¬ ®¡à §®¬ ¯®á«¥¤®¢ â¥«ì­®áâì � ï¢«ï¥âáï à¥§ã«ìâ â®¬ «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ ¡¥«®£® èã¬  á ç áâ®â­®© å à ªâ¥à¨áâ¨ª®©

'(�) =
P (e�i�)
Q(e�i�)

;

¨ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

�n =

�Z
��

ei�n
P (e�i�)
Q(e�i�)

~Z(d�):

�âáî¤  ¯® ä®à¬ã«¥ (2.1.56) ¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ � ¯®«ãç ¥¬

covf�(n); �(0)g =
�Z

��

����P (e�i�)
Q(e�i�)

����
2
d�

2�
;

ª®â®à®¥ á®®â¢¥âáâ¢ã¥â ¯à¨¢¥¤¥­­®¬ã à ­¥¥ á®®â­®è¥­¨î (2.1.40). �â® â ª¦¥ ¯à®ïá­ï¥â ¨ á¬ëá« ãá«®¢¨ï,
á®áâ®ïé¥£® ¢ ®âáãâáâ¢¨¨ ª®à­¥© ¬­®£®ç«¥­  Q(z) ¢­ãâà¨ ¥¤¨­¨ç­®£® ªàã£ . �à¨ íâ¨å ãá«®¢¨ïå äã­ªæ¨ï

'(z) =
P (z)
Q(z)

ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¢ ­¥ª®â®à®¬ ªàã£¥ à ¤¨ãá  r > 1; ¯®íâ®¬ã ¨­â¥£à « ¢ ¯à¥¤áâ ¢«¥­¨¨

¤«ï äã­ªæ¨¨ ª®¢ à¨ æ¨¨ áãé¥áâ¢ã¥â ¯à¨ «î¡®¬ n: �à®¬¥ â®£®, ¯®áª®«ìªã äã­ªæ¨ï
P (z)
Q(z)

 ­ «¨â¨ç¥áª ï,

â® ¥áâì
P (z)

Q(z)
=

1X
k=0

ckz
k;

â® ¯à¨ z = e�i� ®­  ¯à¥¤áâ ¢¨¬  á¢®¨¬ àï¤®¬ �¥©«®à  ¨ ¯®íâ®¬ã

'(�) =
1

2�

P (e�i�)
Q(e�i�)

=
1X
k=0

cke
�i�k;

¨ àï¤ áå®¤¨âáï  ¡á®«îâ­®. �®¤áâ ¢«ïï íâ® á®®â­®è¥­¨¥ ¢ á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ � ¯®«ãç ¥¬

�n =

�Z
��

ei�n
1X
k=0

cke
�i�k ~Z(d�) =

1X
k=0

ck

�Z
��

ei�(n�k) ~Z(d�) =
1X
k=0

ck"n�k:

� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥ ®¤­®áâ®à®­­¥£® áª®«ì§ïé¥£® áà¥¤-
­¥£®.

�®®â­®è¥­¨¥ (2.1.55) ®¯¨áë¢ ¥â «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ á¯¥ªâà «ì­®© ®¡« -
áâ¨.�¤­ ª®, ª ª ¯®ª §ë¢ îâ ¯à¨¬¥àë ¯®á«¥¤®¢ â¥«ì­®áâ¥© áª®«ì§ïé¥£® áà¥¤­¥£® ¨  ¢â®à¥£à¥áá¨¨ ¬®¦­®
¤ âì ¨ ¤àã£®¥ ¡®«¥¥ ¥áâ¥áâ¢¥­­®¥ ®¯à¥¤¥«¥­¨¥ ¯®­ïâ¨ï «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.18 �ãáâì � - ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì, ¯®áâã¯ îé ï ­  ¢å®¤ «¨­¥©­®©
á¨áâ¥¬ë («¨­¥©­®£® ä¨«ìâà ). �á«¨ ¢ ¬®¬¥­â t = m ¢å®¤­®© á¨£­ « à ¢¥­ �m; â® ®âª«¨ª «¨­¥©­®©
á¨áâ¥¬ë ­  íâ®â á¨£­ « ¥áâì h(n � m)�m; £¤¥ h = h(n); n 2 Z; ¨ ª®¬¯«¥ªá­®§­ ç­ ï äã­ªæ¨ï h(�)
­ §ë¢ ¥âáï ¨¬¯ã«ìá­ë¬ ®âª«¨ª®¬ «¨­¥©­®£® ä¨«ìâà . �® ¯à¨­æ¨¯ã áã¯¥à¯®§¨æ¨¨, á¨£­ « ­  ¢ëå®¤¥
«¨­¥©­®© á¨áâ¥¬ë à ¢¥­ áã¬¬¥ ¢á¥å ®âª«¨ª®¢ ¨ ¥£® ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

�n =
1X

m=�1
h(n�m)�m : (2.1.57)



� à ¨ ¬ ¥ à 2.1.12 [�¨§¨ç¥áª¨ à¥ «¨§ã¥¬ë¥ «¨­¥©­ë¥ á¨áâ¥¬ë] �á«¨ ¬ë ¨¬¥¥¬ ¤¥«® á à¥ «ì­®© ä¨-
§¨ç¥áª¨ à¥ «¨§ã¥¬®© á¨áâ¥¬®© ¨ ¯ à ¬¥âà n 2 Z á®®â¢¥âáâ¢ã¥â ¢à¥¬¥­¨, â® ¥áâ¥áâ¢¥­­® áç¨â âì, çâ®
¢ëå®¤­®© á¨£­ « ­¥ ¬®¦¥â § ¢¨á¥âì ®â ¡ã¤ãé¨å §­ ç¥­¨© ¢å®¤­®£® á¨£­ « . �¬¯ã«ìá­ë© ®âª«¨ª â ª®©
á¨áâ¥¬ë ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® h(n) = 0 ¯à¨ n < 0; ¯®íâ®¬ã ãà ¢­¥­¨¥ (2.1.57) ¯à¨­¨¬ ¥â ¢¨¤

�n =
nX

m=�1
h(n�m)�m =

1X
m=0

h(m)�n�m: (2.1.58)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.19 �ã­ªæ¨ï

'(�) =
1X

m=�1
e�i�mh(m) (2.1.59)

­ §ë¢ ¥âáï ç áâ®â­®© å à ªâ¥à¨áâ¨ª®© ¨«¨ ¯¥à¥¤ â®ç­®© äã­ªæ¨¥© «¨­¥©­®£® ä¨«ìâà .

�«ï áå®¤¨¬®áâ¨ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ àï¤®¢ ¢ ä®à¬ã« å (2.1.57), (2.1.58) ¤®áâ â®ç­® ¢ë¯®«-
­¥­¨ï á«¥¤ãîé¨å ãá«®¢¨©

1X
k;l=�1

h(k)R(k � h)�h(l) <1; (2.1.60)

¨ íª¢¨¢ «¥­â­®£® ãá«®¢¨ï, ¢ëà ¦¥­­®£® ¢ â¥à¬¨­ å ç áâ®â­ëå å à ªâ¥à¨áâ¨ª

�Z
��

j'(�)j2F (d�) <1: (2.1.61)

�§ á®®â­®è¥­¨© (2.1.58), (2.1.59) á«¥¤ã¥â á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ �

�n =

�Z
��

ei�n'(�)Z(d�) (2.1.62)

¨ á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ (2.1.56) ¤«ï ¥¥ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨. �¥©áâ¢¨â¥«ì­®,

�n =
1X

m=�1
h(n�m)�m =

1X
m=�1

h(m)�n�m =
1X

m=�1
h(m)

�Z
��

ei�(n�m)Z(d�) =

�Z
��

ei�n

" 1X
m=�1

h(m)e�i�m
#
Z(d�) =

�Z
��

ei�n'(�)Z(d�);

¨ á«¥¤®¢ â¥«ì­®,

covf�n; �0g =
�Z

��
ei�nj'(�)j2F (d�):

� à ¨ ¬ ¥ à 2.1.13 �ãáâì ­  «¨­¥©­ë© ä¨«ìâà á ç áâ®â­®© å à ªâ¥à¨áâ¨ª®©

' = '(�) 2 L2f[��; �];B([��; �]); d�g
¯®¤ ¥âáï ¡¥«ë© èã¬ " = "n: �®£¤  äã­ªæ¨ï '(�) ¤®¯ãáª ¥â à §«®¦¥­¨¥ ¢ àï¤ �ãàì¥

'(�) =
1X

m=�1
e�i�mh(m);

£¤¥

h(m) =
1

2�

�Z
��

ei�m'(�)d�:



�à¨ íâ®¬ ¢ëå®¤­®© á¨£­ « ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

�n =

�Z
��

ei�n'(�)Z(d�) =
1X

m=�1
h(m)

�Z
��

ei�(n�m)Z(d�);

çâ® á®®â¢¥âá¢ã¥â ¯à¥¤áâ ¢«¥­¨î ¢ ä®à¬¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ áª®«ì§ïé¥£® áà¥¤­¥£®

�n =
1X

m=�1
h(m)"n�m (2.1.63)

¨ á¯¥ªâà «ì­ ï ¯«®â­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ � à ¢­ 

f�(�) =
1

2�
j'(�)j2:

�«¥¤ãîé¨© ®ç¥­ì ¢ ¦­ë© à¥§ã«ìâ â ¯®ª §ë¢ ¥â, çâ® ¢áïª ï áâ æ¨®­ à­ ï ¯®á«¥¤®¢ â¥«ì­®áâì, ¨¬¥-
îé ï á¯¥ªâà «ì­ãî ¯«®â­®áâì ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­ , ª ª à¥§ã«ìâ â ¯à®å®¦¤¥­¨ï ¡¥«®£® èã¬  ç¥à¥§
­¥ª®â®àãî «¨­¥©­ãî á¨áâ¥¬ã.

� ¥ ® à ¥ ¬   2.1.5 �ãáâì � áâ æ¨®­ à­ ï ¯®á«¥¤®¢ â¥«ì­®áâì á® á¯¥ªâà «ì­®© ¯«®â­®áâìî f�(�).
�®£¤ , ¥á«¨ á¯¥ªâà «ì­ ï ¯«®â­®áâì ­¥¢ëà®¦¤¥­ , â® ¥áâì f�(�) > 0 ¤«ï ¯®çâ¨ ¢á¥å (®â­®á¨â¥«ì­®
¬¥àë �¥¡¥£ ) � 2 [��; �]; â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¡¥«®£® èã¬  " ¨ «¨­¥©­ë© ä¨«ìâà h
â ª¨¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ (2.1.63) ¢ ¢¨¤¥ ¤¢ãáâ®à®­­¥£® áª®«ì§ïé¥£®
áà¥¤­¥£®.

�á«¨ ãá«®¢¨¥ ­¥¢ëà®¦¤¥­­®áâ¨ ­ àãè ¥âáï, â® ¯à¥¤áâ ¢«¥­¨¥ (2.1.63) ¨¬¥¥â ¬¥áâ®, ¥á«¨ â®«ìª®

¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢® f
;F ;Pg ¤®áâ â®ç­® ¡®£ â®, â® ¥áâì ­  ­¥¬ ®¯à¥¤¥«¥­  ¯®á«¥¤®¢ â¥«ì-
­®áâì ¡¥«®£® èã¬ , ­¥ª®àà¥«¨à®¢ ­­ ï á ¯®á«¥¤®¢ â¥«ì­®áâìî �:

�á«¨ f�(�) > 0 ¯®çâ¨ ¢áî¤ã ¯® ¬¥à¥ �¥¡¥£  ¨

f�(�) =
1

2�
j'(�)j2;

£¤¥

'(�) =
1X
k=0

e�i�kh(k);
1X
k=0

jh(k)j2 <1;

â® ¯®á«¥¤®¢ â¥«ì­®áâì � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥ ®¤­®áâ®à®­­¥£® áª®«ì§ïé¥£® áà¥¤­¥£®

�n =
1X
k=0

h(k)"n�k:

�é¥ ®¤­¨¬ ¢ ¦­ë¬ á«¥¤áâ¢¨¥¬ á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï ï¢«ï¥âáï â¥®à¥¬  ® ¢®§¬®¦­®áâ¨ ®¯à¥-
¤¥«¥­¨ï §­ ç¥­¨ï á¯¥ªâà «ì­®© ¬¥àë «î¡®© â®çª¨ � 2 [��; �):

� ¥ ® à ¥ ¬   2.1.6 �ãáâì � áâ æ¨®­ à­ ï ¯®á«¥¤®¢ â¥«ì­®áâì áM�n = 0; ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥©
F (d�) ¨ ®àâ®£®­ «ì­®© á¯¥ªâà «ì­®© ¬¥à®© Z(d�): �®£¤ 

1

n

n�1X
k=0

��kei�k ! Z(f�g);

1

n

n�1X
k=0

R(�k)ei�k ! F (f�g):
(2.1.64)

�å®¤¨¬®áâì á ¯¥à¢®¬ á®®â­®è¥­¨¨ ¯®­¨¬ ¥âáï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥, Z(f�g) - ¥áâì á¯¥ª-
âà «ì­ ï ¬¥à  â®çª¨ � 2 [��; �);   F (f�g) = MjZ(f�g)j2:



�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ � ¯®«ãç ¥¬

1

n

n�1X
k=0

��kei�k =

�Z
��

1

n

n�1X
k=0

e�i(���)kZ(d�) =

�Z
��

'n(�)Z(d�);

£¤¥

'n(�) =
1

n

n�1X
k=0

e�i(���)k =
1� e�i(���)n

1� e�i(���)
:

�ã­ªæ¨¨ 'n(�) ã¤®¢«¥â¢®àïîâ ®ç¥¢¨¤­®¬ã ­¥à ¢¥­áâ¢ã j'n(�)j � 1 ¨ ­  ¨­â¥à¢ «¥ [��; �)

lim
n
'n(�) = If�g(�) =

8<
:

1; � = �;

0; � 6= �:
(2.1.65)

� ª¨¬ ®¡à §®¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© 'n áå®¤¨âáï ª If�g(�) ¢ L2([��; �]): �«¥¤®¢ â¥«ì­®,

M

������
�Z

��
['n(�) � If�g(�)]Z(d�)

������
2

=

�Z
��

j'n(�) � If�g(�)j2F (d�)! 0;

  ¯®áª®«ìªã,
�Z

��
If�g(�)]Z(d�) = Z(f�g);

â® ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¤®ª § ­®. �â®à ï ç áâì á®®â­®è¥­¨ï (2.1.64) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�   ¬ ¥ ç   ­ ¨ ¥ �®ç­® â ª¦¥ ãáâ ­ ¢«¨¢ îâáï ¨ á®®â­®è¥­¨ï

1

n

n�1X
k=0

�ke
�i�k ! Z(f�g);

1

n

n�1X
k=0

R(k)e�i�k ! F (f�g):
(2.1.66)

2.1.6 �¥£ã«ïà­ë¥ ¨ á¨­£ã«ïà­ë¥ ���. � §«®¦¥­¨¥ �®«¤ .

�«ãç ©­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ï¢«ïîâáï ã¤®¡­ë¬¨ ¬®¤¥«ï¬¨ ­¥¤¥â¥à¬¨­¨à®¢ ­­ëå ¯à®æ¥áá®¢, à §¢¨-
¢ îé¨åáï ¢® ¢à¥¬¥­¨, ¨ áãé¥áâ¢ã¥â ¬­®¦¥áâ¢® ¯à¨ª« ¤­ëå § ¤ ç, ¢ ª®â®àëå ­¥®¡å®¤¨¬® ¯à¥¤áª §ë¢ âì
¯®¢¥¤¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ ¡ã¤ãé¥¬ ­  ®á­®¢¥ ­ ¡«î¤¥­¨ï ¯à®è«ëå §­ ç¥­¨©. � ¤ ­­®¬ à §¤¥«¥
¬ë à áá¬®âà¨¢ ¥¬ ��� á â®çª¨ §à¥­¨ï ¯à¥¤áª §ã¥¬®áâ¨ ¨å ¡ã¤ãé¥£® ¯®¢¥¤¥­¨ï ¯® ¯à®è«ë¬ §­ ç¥­¨ï¬.

� áá¬®âà¨¬ ��� (�à¨¬¥à 2.1.1) �n = z0e
i�n: �â  ¯®á«¥¤®¢ â¥«ì­®áâì ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯à¥¤áª §ã-

¥¬®áâ¨ ¥¥ ¯®¢¥¤¥­¨ï ¢ ¡ã¤ãé¥¬, ¯® ­ ¡«î¤¥­¨î ¢á¥£® «¨èì ®¤­®£® §­ ç¥­¨ï ¢ «î¡®© ¬®¬¥­â ¢à¥¬¥­¨ m:
�¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®£® k � m

�k = �me
i�(k�m):

�­ «®£¨ç­ë¬ á¢®©áâ¢®¬ ®¡« ¤ ¥â ¨ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì (�à¨¬¥à 2.1.2)

�n =
mX
k=1

zke
i�kn (2.1.67)

á ®àâ®£®­ «ì­ë¬¨ á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ zk ¨ ¨§¢¥áâ­ë¬¨ ¤¥â¥à¬¨­¨à®¢ ­­ë¬¨ ¯ à ¬¥âà ¬¨ �k; £¤¥
k = 1; :::;m:�ãáâì ­ ¬ ¨§¢¥áâ­® ¯à®è«®¥ ¯®¢¥¤¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨, â® ¥áâì §­ ç¥­¨ï f::::��m; :::��1g:
�á«¨ ­  ®á­®¢¥ ­ ¡«î¤¥­¨ï ¯à®è«®£®, ¬®¦­® ®¯à¥¤¥«¨âì á«ãç ©­ë¥ ¢¥«¨ç¨­ë zk; â® â®£¤  ¢á¥ ¡ã¤ãè¨¥



§­ ç¥­¨ï �0; ::: à áç¨âë¢ îâáï ¯® ä®à¬ã«¥ (2.1.67). �ª §ë¢ ¥âáï, çâ® ¤«ï ®¯à¥¤¥«¥­¨ï zk; k = 1; :::;m ¤®-
áâ â®ç­® §­ âì «î¡ë¥ m ¯®á«¥¤®¢ â¥«ì­® ¢§ïâë¥ §­ ç¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ �; ­ ¯à¨¬¥à, ��m; :::; ��1:

�á«¨ à áá¬ âà¨¢ âì á®®â­®è¥­¨¥ (2.1.67) ª ª ãà ¢­¥­¨¥, á¢ï§ë¢ îé¥¥ zk ¨ �n; â® «¥£ª® ¢¨¤¥âì, çâ®
zk ã¤®¢«¥â¢®àïîâ «¨­¥©­®© á¨áâ¥¬¥ ãà ¢­¥­¨©8>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

mX
k=1

zke
�i�km = ��m;

mX
k=1

zke
�i�k(m�1) = ��m+1;

. . . . . . . . . . . . . . . . . . . . . . . . . .
mX
k=1

zke
�i�k = ��1;

�¯à¥¤¥«¨â¥«ì íâ®© «¨­¥©­®© á¨áâ¥¬ë ¯à¨ à §«¨ç­ëå �k à ¢¥­

det

0
BBBBBBBB@

e�i�1m e�i�2m : : : e�i�mm

e�i�1(m�1) e�i�2(m�1) : : : e�i�m(m�1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

e�i�1) e�i�2 : : : e�i�m

1
CCCCCCCCA

=
mY
k=1

e�i�k
Y
k 6=l

(e�i�k � e�i�l) 6= 0:

�®íâ®¬ã á¨áâ¥¬  ãà ¢­¥­¨© ®â­®á¨â¥«ì­® zk ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¨ á«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ -
â¥«ì­®áâì � ¯à¥¤áª §ã¥¬  ¯® á¢®¥¬ã ¯à®è«®¬ã.

� ª¨¬ ®¡à §®¬ ®¡¥ íâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¡« ¤ îâ á¢®©áâ¢®¬ ¯à¥¤áª §ã¥¬®áâ¨, ¨ ¢ ­¥ª®â®à®¬ á¬ë-
á«¥ ¢¥¤ãâ á¥¡ï ¤¥â¥à¬¨­¨à®¢ ­­ë¬ ®¡à §®¬. �¤­ ª®, ­¥ ¢á¥ ��� ®¡« ¤ îâ íâ¨¬ á¢®©áâ¢®¬. �à®áâë¥
¯à¨¬¥àë ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ¯®à®¦¤¥­­ëå ¡¥«ë¬ èã¬®¬, ¤  ¨ á ¬ , ¯®á«¥¤®¢ â¥«ì­®áâì £ ãáá®¢áª®£®
¡¥«®£® èã¬ , ª®­¥ç­® ¦¥, ­¥ ®¡« ¤ îâ á¢®©áâ¢®¬ ¯à¥¤áª §ã¥¬®áâ¨, ¯®áª®«ìªã ª ¦¤®¥ á«¥¤ãîé¥¥ §­ -
ç¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ £ ãáá®¢áª®£® ¡¥«®£® èã¬  ­¥ § ¢¨á¨â ®â ¯à®è«ëå §­ ç¥­¨©, ¯®íâ®¬ã ­¨ª ª®¥
â®ç­®¥ ¯à¥¤áª § ­¨¥ ­¥¢®§¬®¦­®.

�   ¬ ¥ ç   ­ ¨ ¥ �á­®, çâ® á¢®©áâ¢® â®ç­®© ¯à¥¤áª §ã¥¬®áâ¨ ¤®«¦­® ¡ëâì ª ª-â® á¢ï§ ­® á â¥¬, ­ -
áª®«ìª® á¨«ì­  ª®àà¥«ïæ¨ï ¬¥¦¤ã §­ ç¥­¨ï¬¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨, ¨ ¯®áª®«ìªã íâ  ª®àà¥«ïæ¨ï ®¯à¥-
¤¥«ï¥âáï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥©, â® ¤®«¦­® ®¯à¥¤¥«ï¥âáï ¥î, ¨ á®®â¢¥âáâ¢¥­­®, ¥¥ á¯¥ªâà «ì­ë¬
¯à¥¤áâ ¢«¥­¨¥¬.

�á«¨ áà ¢­¨âì á¯¥ªâàë ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (¯à¥¤áª §ã¥¬®©) ¨ ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ ¡¥«®£® èã¬  (­¥¯à¥¤áª §ã¥¬®©), â® ®­¨ ¨¬¥îâ á®¢¥àè¥­­® à §­ë© ¢¨¤: á¯¥ªâà ¯¥à¢®© ¯®á«¥¤®-
¢ â¥«ì­®áâ¨ - ¤¨áªà¥â­ë©,   á¯¥ªâà ¢â®à®© - ­¥¯à¥àë¢­ë© (áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­ ï á¯¥ªâà «ì­ ï
¯«®â­®áâì). �ª §ë¢ ¥âáï, çâ® íâ® ¯à®áâ®¥ ­ ¡«î¤¥­¨¥ ¨¬¥¥â ¢¥áì¬  £«ã¡®ª¨© á¬ëá«. �®áª®«ìªã ¢áï-
ª ï ¬¥à  à §«®¦¨¬  ¢ áã¬¬ã  ¡á®«îâ­® ­¥¯à¥àë¢­®© ¨ á¨­£ã«ïà­®© (¯® ®â­®è¥­¨î ª ¬¥à¥ �¥¡¥£ )
¬¥à, â® íâ®¬ã à §«®¦¥­¨î á®®â¢¥âáâ¢ã¥â ¨ ¢®§¬®¦­®áâì à §«®¦¥­¨ï ��� ­  ¤¢¥ ­¥ª®àà¥«¨à®¢ ­­ë¥
¯®á«¥¤®¢ â¥«ì­®áâ¨, ®¤­  ¨§ ª®â®àëå ¯®«­®áâìî ¯à¥¤áª §ã¥¬  ¯® ¯à®è«®¬ã,   ¤àã£ ï ¯®à®¦¤ ¥âáï ­¥-
ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâìî ¡¥«®£® èã¬  ¨ ¨¬¥¥â ­¥¢ëà®¦¤¥­­ãî á¯¥ªâà «ì­ãî ¯«®â­®áâì. �à¨ íâ®¬
¯®á«¥¤®¢ â¥«ì­®áâì á á¨­£ã«ïà­®© á¯¥ªâà «ì­®© ¬¥à®© ï¢«ï¥âáï ¯à¥¤áª §ã¥¬®©,   ¯®á«¥¤®¢ â¥«ì­®áâì
á  ¡á®«îâ­® ­¥¯à¥àë¢­ë¬ ­¥¢ëà®¦¤¥­­ë¬ á¯¥ªâà®¬ ­¥â.

�â¨ à¥§ã«ìâ âë ï¢«ïîâáï ¢¥áì¬  ¢ ¦­ë¬¨ ¤«ï ¯à ªâ¨ª¨, ¯®áª®«ìªã á«ã¦ â ®á­®¢®© ¤«ï ¯®áâà®¥­¨ï
¬­®£¨å áâ â¨áâ¨ç¥áª¨å  «£®à¨â¬®¢  ­ «¨§  ¨ ®æ¥­¨¢ ­¨ï ¯ à ¬¥âà®¢ á«ãç ©­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ïHn(�) = �L2(�n) ¨ H(�) = �L2(�) ¤«ï § ¬ª­ãâëå ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ «¨­¥©­ëå
¬­®£®®¡à §¨©, ¯®à®¦¤¥­­ëå á®®â¢¥âáâ¢¥­­®, �n = (:::; �n�1; �n) ¨ � = (:::; �n�1; �n; :::): �® ¥áâì ¢ ¯¥à¢®¬
á«ãç ¥ ¬ë ¨¬¥¥¬ ¯à®áâà ­áâ¢® á«ãç ©­ëå ¢¥«¨ç¨­, ï¢«ïîé¨åáï «¨­¥­©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ¨ ¨å ¯à¥-
¤¥« ¬¨ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ ®â í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®â ¡¥áª®­¥ç­® ¤ «¥ª®£® ¯à®è«®£® ¤®



â¥ªãé¥£® ¬®¬¥­â  ¢à¥¬¥­¨ n, ¢® ¢â®à®¬ á«ãç ¥ ¯à®áâà ­áâ¢® ®¡à §®¢ ­® ¢á¥¬¨ í«¥¬¥­â ¬¨ ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ ®â ¡¥áª®­¥ç­® ¤ «¥ª®£® ¯à®è«®£® ¤® ¡¥áª®­¥ç­® ¤ «¥ª®£® ¡ã¤ãé¥£®. �á­®, çâ® ¤«ï «î¡®£®
n

Hn�1(�) � Hn(�) � :::H(�):

�¡®§­ ç¨¬
S(�) =

\
n

Hn(�);

¯à¨ íâ®¬Hn(�) ¨ S(�) ï¢«ïîâáï ¯®¤¯à®áâà ­áâ¢ ¬¨ £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢ H(�); ¯®íâ®¬ã ¤«ï «î¡®£®
� 2 H(�) áãé¥áâ¢ãîâ

�̂n(�) = M̂f�jHn(�)g
¯à®¥ªæ¨ï í«¥¬¥­â  � ­  ¯®¤¯à®áâà ­áâ¢® Hn(�); ¨ â ª¦¥

�̂�1(�) = M̂f�jS(�)g:
�   ¬ ¥ ç   ­ ¨ ¥ � ¯®¬­¨¬, çâ® ¯à®¥ªæ¨¥© í«¥¬¥­â  x £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  H á® áª «ïà­ë¬ ¯à®-
¨§¢¥¤¥­¨¥¬ < �; � > ¨ ­®à¬®© kxk =< x; x >1=2 ­  ­¥ª®â®à®¥ ¯®¤¯à®áâà ­áâ¢® L � H ­ §ë¢ ¥âáï í«¥¬¥­â
�̂L(x) 2 L â ª®©, çâ®

8y 2 L; ky � xk � k�̂L(x)� xk:
�à¨ íâ®¬

< �̂L(x); �̂L(x)� x >= 0:

� â¥®à¨¨ £¨«ì¡¥àâ®¢ëå ¯à®áâà ­áâ¢ ¯®ª §ë¢ ¥âáï, çâ® â ª®© í«¥¬¥­â ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬,   ãá«®¢¨ï

�̂L(x) 2 L; < �̂L(x); �̂L(x) � x >= 0; (2.1.68)

®¯à¥¤¥«ïîâ ¯à®¥ªæ¨î ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬.
�®áª®«ìªã ¤«ï «î¡®£® x 2 H

x = (x� �̂L(x)) + �̂L(x);

â® â¥¬ á ¬ë¬ ®¯à¥¤¥«ï¥âáï à §«®¦¥­¨¥ «î¡®£® í«¥¬¥­â  x 2 H ­  áã¬¬ã ¤¢ãå ®àâ®£®­ «ì­ëå í«¥¬¥­â®¢,
¨ á«¥¤®¢ â¥«ì­®, ¯à®áâà ­áâ¢® H à §«®¦¨¬® ¢ ¯àï¬ãî áã¬¬ã

H = L � L?;

¯à®áâà ­áâ¢  L ¨ ¥£® ®àâ®£®­ «ì­®£® ¤®¯®«­¥­¨ï L?:
�¯¥à â®à �̂L(x); ª®â®àë© áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã í«¥¬¥­âã x 2 H ¥£® ¯à®¥ªæ¨î ­  ¯®¤¯à®-

áâà ­áâ¢® L; ï¢«ï¥âáï «¨­¥©­ë¬ ¨ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ¥áâ¥áâ¢¥­­®¬ã á¢®©áâ¢ã

�̂L(�̂L(x)) = �̂L(x):

�î¡®© í«¥¬¥­â � 2 H(�); £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  H(�) á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (�; �) =
covf�; �g ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

� = �̂�1(�) + (� � �̂�1(�));

£¤¥ í«¥¬¥­âë � � �̂�1(�) ¨ �̂�1(�) ®àâ®£®­ «ì­ë, â® ¥áâì covf� � �̂�1(�); �̂�1(�)g = 0: � ª¨¬ ®¡à §®¬
¯à®áâà ­áâ¢® H(�) à §«®¦¨¬® ¢ ¯àï¬ãî áã¬¬ã ¯®¤¯à®áâà ­áâ¢

H(�) = S(�) � S(�)? = S(�) � R(�);

¯¥à¢®¥ ¨§ ª®â®àëå á®áâ®¨â ¨§ í«¥¬¥­â®¢ ¢¨¤  �̂�1(�) á � 2 H(�);   ¢â®à®¥ ¨§ í«¥¬¥­â®¢ � � �̂�1(�):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.20 ��� � ­ §ë¢ ¥âáï à¥£ã«ïà­®©, ¥á«¨

H(�) = R(�);

¨ á¨­£ã«ïà­®©, ¥á«¨
H(�) = S(�):



�   ¬ ¥ ç   ­ ¨ ¥ �¨­£ã«ïà­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ §ë¢ ¥âáï ¥é¥ ¨­ ç¥ ¤¥â¥à¬¨­¨à®¢ ­­®©,   à¥£ã-
«ïà­ ï ç¨áâ® ¨«¨ ¯®«­®áâìî ­¥¤¥â¥à¬¨­¨à®¢ ­­®©. �á«¨ ¦¥ S(�) ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¯®¤¯à®áâà ­-
áâ¢®¬ H(�); â® ¯®á«¥¤®¢ â¥«ì­®áâì ­ §ë¢ ¥âáï ­¥¤¥â¥à¬¨­¨à®¢ ­­®©.

� ª á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï ¯®¢¥¤¥­¨¥ á¨­£ã«ïà­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï ¥¥
¡¥áª®­¥ç­® ¤ «¥ª¨¬ ¯à®è«ë¬, ¨ á«¥¤®¢ â¥«ì­®, ¢á¥ ¡ã¤ãé¥¥ ¯®¢¥¤¥­¨¥ ¤®«¦­® ®¤­®§­ ç­® ¢®ááâ ­ ¢«¨-
¢ âìáï ¯® ¯à¥¤è¥áâ¢ãîé¨¬ ­ ¡«î¤¥­¨ï¬.

� ¥ ® à ¥ ¬   2.1.7 �î¡ ï ��� � ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­®¥ ¯à¥¤áâ ¢«¥­¨¥

�n = �rn + �sn; (2.1.69)

£¤¥ ¯®á«¥¤®¢ â¥«ì­®áâì �r = (�rn) - à¥£ã«ïà­ ,   ¯®á«¥¤®¢ â¥«ì­®áâì �s = (�sn) - á¨­£ã«ïà­ . �®á«¥¤®¢ -
â¥«ì­®áâ¨ �r ; �s - ®àâ®£®­ «ì­ë, â® ¥áâì ¤«ï «î¡ëå n;m covf�rn; �smg = 0:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.1.21 �ãáâì � = (�n) ­¥¢ëà®¦¤¥­­ ï áâ æ¨®­ à­ ï ¯®á«¥¤®¢ â¥«ì­®áâì. �®á«¥-
¤®¢ â¥«ì­®áâì " = ("n) ­ §ë¢ ¥âáï ®¡­®¢«ïîé¥© ¤«ï �; ¥á«¨:

1. �®á«¥¤®¢ â¥«ì­®áâì " - ¥áâì ¯®á«¥¤®¢ â¥«ì­®áâì ¡¥«®£® èã¬ .

2. �«ï «î¡®£® n 2 Z; Hn(�) = Hn("):

� ¥ ® à ¥ ¬   2.1.8 �«ï â®£®, çâ®¡ë ­¥¢ëà®¦¤¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì � ¡ë«  à¥£ã«ïà­®© ­¥®¡å®-
¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «  ®¡­®¢«ïîé ï ¯®á«¥¤®¢ â¥«ì­®áâì " = ("n) ¨ ¯®á«¥¤®¢ â¥«ì-

­®áâì ª®¬¯«¥ªá­ëå ç¨á¥« an; n � 0;
1P
n=0

janj2 <1 â ª ï, çâ®

�n =
1X
k=0

ak"n�k; (P� ¯.­.):

�«¥¤ãîé ï â¥®à¥¬ , ª®â®à ï ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ �¥®à¥¬ 2.1.7, 2.1.8, ®¯à¥¤¥«ï¥â â ª ­ §ë¢ ¥¬®¥
à §«®¦¥­¨¥ �®«¤  ¤«ï ���.

� ¥ ® à ¥ ¬   2.1.9 �î¡ ï ��� � ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­®¥ ¯à¥¤áâ ¢«¥­¨¥

�n = �sn +
1X
k=0

ak"n�k; (2.1.70)

£¤¥ ¯®á«¥¤®¢ â¥«ì­®áâì �s = (�sn) - á¨­£ã«ïà­ ,
1P
n=0

janj2 <1 ¨ " = ("n) - ®¡­®¢«ïîé ï ¤«ï �r:

� ¦­®áâì à §«®¦¥­¨ï �®«¤  ¨ ¢¢¥¤¥­­ëå ¯®­ïâ¨© à¥£ã«ïà­®© ¨ á¨­£ã«ïà­®© ¯®á«¥¤®¢ â¥«ì­®áâ¥©
áâ ­®¢¨âáï ¡®«¥¥ ïá­®© ¯à¨ à ááá¬®âà¥­¨¨ § ¤ ç¨ ¯à®£­®§¨à®¢ ­¨ï ¨«¨ íªáâà ¯®«ïæ¨¨ ���. � ª ¨
¢ëè¥ ®¯à¥¤¥«¨¬ H0(�) = �L2(�0) - § ¬ª­ãâ®¥ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ «¨­¥©­®¥ ¬­®£®®¡à §¨¥,
¯®à®¦¤¥­­®¥ á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ (:::; ��1; �0): �à¥¤¯®«®¦¨¬, çâ® ¬ë å®â¨¬ ®æ¥­¨âì ­ ¨«ãçè¨¬ ¢
áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ®¡à §®¬ §­ ç¥­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë �n; n > 0 ¯® ­ ¡«î¤¥­¨ï¬ ¤® ¬®-
¬¥­â  ¢à¥¬¥­¨ t = 0: �à¨ íâ®¬ ®æ¥­ª¨ ¢ë¡¨à îâáï «¨èì ¢ ª« áá¥ «¨­¥©­ëå. �àã£¨¬¨ á«®¢ ¬¨, ¬ë å®â¨¬
­ ©â¨ í«¥¬¥­â �̂n 2 H0(�); ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î

Mfj�n � �̂nj2g �Mfj�n � �j2g; 8 � 2 H0(�):

�â®â í«¥¬¥­â - ¥áâì ¯à®¥ªæ¨ï �n ­  ¯®¤¯à®áâà ­áâ¢® H0(�) ¨«¨

�̂n = M̂f�njH0(�)g:
� §«®¦¥­¨¥ �®«¤  ¤ ¥â ¢®§¬®¦­®áâì ¯®«ãç¨âì ï¢­®¥ ¢ëà ¦¥­¨¥ ¤«ï íâ®© ®æ¥­ª¨ ¢ â¥à¬¨­ å ®¡­®¢«ï-
îé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨.



� ¥ ¬ ¬   2.1.4 �¯â¨¬ «ì­ ï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ «¨­¥©­ ï ®æ¥­ª  íªáâà ¯®«ïæ¨¨ ¯®-
á«¥¤®¢ â¥«ì­®áâ¨ � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

�̂n = �sn +
1X
k=n

ak"n�k: (2.1.71)

� ® ª   §   â ¥ « ì á â ¢ ® �¯â¨¬ «ì­ ï ®æ¥­ª  ¥áâì à¥§ã«ìâ â ¯à¨¬¥­¥­¨ï ®¯¥à æ¨¨ ¯à®¥ªâ¨à®¢ -
­¨ï í«¥¬¥­â  �n ­  ¯®¤¯à®áâà ­áâ¢® H0(�): � á¨«ã «¨­¥©­®áâ¨ ®¯¥à â®à  ¯à®¥ªâ¨à®¢ ­¨ï ¨ �¥®à¥¬ë
�®«¤  (�¥®à¥¬  2.1.9) ¨¬¥¥¬

�̂n = M̂f�njH0(�)g = M̂f�sn +
1X
k=0

ak"n�kjH0(�)g = M̂f�snjH0(�)g+
1X
k=0

akM̂f"n�kjH0(�)g:

� «¥¥ ¯®áª®«ìªã
�sn 2 S(�) � H0(�);

â®
M̂f�snjH0(�)g = �sn:

� á«ã â®£®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì " ï¢«ï¥âáï ®¡­®¢«ïîé¥© ¤«ï � (á¬. �¯à¥¤¥«¥­¨¥ 2.1.21),

H0(�) = H0("); H0(") ? "k; ¯à¨ k � 1:

�®íâ®¬ã

M̂f"n�kjH0(�)g =
8<
:

"n�k; ¯à¨ k � n;

0; ¯à¨ k < n;

¨ á«¥¤®¢ â¥«ì­®,
1X
k=0

akM̂f"n�kjH0(�)g =
1X
k=n

ak"n�k:

�à ¢­¨¢ ï ¢ëà ¦¥­¨¥ ¤«ï ®æ¥­ª¨ �̂n á à §«®¦¥­¨¥¬ �®«¤  ¯®á«¥¤®¢ â¥«ì­®áâ¨ �n ¯®«ãç ¥¬ ¢ëà ¦¥­¨¥
¤«ï áà¥¤­¥ª¢ ¤à â¨ç¥áª®© ®è¨¡ª¨ íªáâà ¯®«ïæ¨¨

�2n = Mfj�n � �̂nj2g = M

8<
:
�����
n�1X
k=0

ak"n�k

�����
2
9=
; =

n�1X
k=0

jakj2: (2.1.72)

�í ¢ëà ¦¥­¨ï (2.1.72) á«¥¤ã¥â, çâ®

a) �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì � - á¨­£ã«ïà­ , â® ¤«ï «î¡®£® n > 0 ®è¨¡ª  íªáâà ¯®«ïæ¨¨ à ¢­  ­ã«î,
â® ¥áâì ¬®¦­® ¡¥§®è¨¡®ç­® ¯à¥¤áª § âì §­ ç¥­¨¥ �n ¯® ¥¥ "¯à®è«®¬ã" �0 = (:::; ��1; �0):

b) �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì � - à¥£ã«ïà­ , â® �2n � �2n+1; ¨

lim
n!1�2n =

1X
k=0

jakj2 = Mj�nj2:

¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥.

�¢ï§ì ¬¥¦¤ã à §«®¦¥­¨¥¬ �®«ì¤  ¨ á¯¥ªâà «ì­ë¬ à §«®¦¥­¨¥¬ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ®¯à¥¤¥-
«ï¥âáï á«¥¤ãîé¥© â¥®à¥¬®©.

� ¥ ® à ¥ ¬   2.1.10 [�®«¬®£®à®¢]. �ãáâì á¯¥ªâà «ì­ ï ¬¥à  ��� � - ¥áâì F (d�) = f(�)d�+F s(d�);
£¤¥ ¯¥à¢®¥ á« £ ¥¬®¥ - ¥áâì ª®¬¯®­¥­â ,  ¡á®«îâ­® ­¥¯à¥àë¢­ ï ¯® ®â­®è¥­¨î ª ¬¥à¥ �¥¡¥£  ¨ f(�) -
¥¥ á¯¥ªâà «ì­ ï ¯«®â­®áâì, ¢â®à®¥ á« £ ¥¬®¥ - ¥áâì ª®¬¯®­¥­â , á¨­£ã«ïà­ ï ¯® ®â­®è¥­¨î ª ¬¥à¥

�¥¡¥£ . �®£¤ :



1. �á«¨ �n = �rn + �sn; ¨ �rn 6= 0; â® á¯¥ªâà «ì­ ï ¬¥à  ¯®á«¥¤®¢ â¥«ì­®áâ¨ �r - ¥áâì ª®¬¯®­¥­â 

f(�)d�;   á¯¥ªâà «ì­ ï ¬¥à  ¯®á«¥¤®¢ â¥«ì­®áâ¨ �s - ¥áâì ª®¬¯®­¥­â  F s(d�):

2. ��� � à¥£ã«ïà­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  F s(d�) = 0; f(�) > 0 ¤«ï ¯®çâ¨ ¢á¥å � 2 [��; �] ¨
�Z

��
lnf(�)d� > �1: (2.1.73)

3. �á«¨ f(�) = 0 ­  ¬­®¦¥áâ¢¥ ¯®«®¦¨â¥«ì­®© ¬¥àë �¥¡¥£ , â® ¯®á«¥¤®¢ â¥«ì­®áâì � - á¨­£ã«ïà­ .

4. �á«¨ f(�) > 0 ¤«ï ¯®çâ¨ ¢á¥å � 2 [��; �]; ­®
�Z

��
lnf(�)d� = �1; (2.1.74)

â® ¯®á«¥¤®¢ â¥«ì­®áâì � - á¨­£ã«ïà­ .

�   ¬ ¥ ç   ­ ¨ ¥ �®«­®¥ ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¢¥áì¬  £à®¬®§¤ª® ¨ ®¯¨à ¥âáï ­  ­¥ª®â®àë¥ à¥-
§ã«ìâ âë â¥®à¨¨  ­ «¨â¨ç¥áª¨å äã­ªæ¨©, ¯®íâ®¬ã ¤ «¥¥ ¢ �à¨¬¥à¥ 2.1.20 ¬ë à áá¬ âà¨¢ ¥¬ ç áâ­ë©
á«ãç © à¥£ã«ïà­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨, ª®â®àë© ®¤­ ª®, ¯®§¢®«ï¥â ¯à®ïá­¨âì á¬ëá« ãá«®¢¨© â¥®à¥¬ë.

2.1.7 �à®£­®§¨à®¢ ­¨¥ ���

� ¤ ­­®¬ à §¤¥«¥ ¬ë à áá¬®âà¨¬ ¯à¨¬¥­¥­¨¥ ¯®«ãç¥­­ëå ¢ëè¥ â¥®à¥â¨ç¥áª¨å à¥§ã«ìâ â®¢ ª à¥è¥­¨î
ª®­ªà¥â­ëå § ¤ ç ¯à®£­®§¨à®¢ ­¨ï ���. �¥®¡å®¤¨¬® ¯®¤ç¥àª­ãâì, çâ® ¢ á¨«ã à §«®¦¥­¨ï �®«¤  «î¡ ï
¯®á«¥¤®¢ â¥«ì­®áâì ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áã¬¬ë à¥£ã«ïà­®© ¨ á¨­£ã«ïà­®©, ¯à¨ç¥¬ á¨­£ã«ïà­ ï ¯®á«¥¤®-
¢ â¥«ì­®áâì ¯à®£­®§¨àã¥âáï â®ç­® ¯® ¢á¥¬ ¯à®è«ë¬ §­ ç¥­¨ï¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨. �à ¢­¥­¨¥ (2.1.71)
¯®ª §ë¢ ¥â ª ª ¢ ¯à¨­æ¨¯¥ ¬®¦¥â ¡ëâì ãáâà®¥­  ®æ¥­ª  ®¯â¨¬ «ì­®£® ¯à®£­®§  ¨ ¤ ¥â ¢ëà ¦¥­¨¥ ¤«ï
®è¨¡ª¨ ¯à®£­®§ . � ¯à ªâ¨ç¥áª®© â®çª¨ §à¥­¨ï, ¤«ï â®£® çâ®¡ë ¢®á¯®«ì§®¢ âìáï ãà ¢­¥­¨¥¬ (2.1.71)
­¥®¡å®¤¨¬® ª ª¨¬-â® ®¡à §®¬ ­ ©â¨ ª®íää¨æ¨¥­âë ak; k = n; ::: ¨ ¢ëç¨á«¨âì ¨§ ¯à¥¤ë¤ãé¨å ­ ¡«î¤¥-
­¨© (:::; ��1; �0) §­ ç¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¡¥«®£® èã¬  (:::; "�1; "0) ¨ §­ ç¥­¨¥ �sn: � à¥§ã«ìâ â¥ ¬ë
¤®«¦­ë ¯®«ãç¨âì á®®â­®è¥­¨¥ ¢¨¤ 

�̂n = �sn +
1X
k=0

á�k��k; (2.1.75)

£¤¥ á«ãç ©­ ï ¢¥«¨ç¨­  �sn 2 H0(�);   àï¤ ¢ (2.1.75) áå®¤¨âáï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥.

�®áª®«ìªã á«ãç ©­ ï ¢¥«¨ç¨­  �̂n 2 H0(�) � H(�); â® ¢ á¨«ã �¥®à¥¬ë 2.1.4 áãé¥áâ¢ã¥â äã­ªæ¨ï

'̂n(�) 2 L2f[��; �];B([��; �]); F (d�)g â ª ï, çâ® á«ãç ©­ ï ¢¥«¨ç¨­  �̂n ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

�̂n =

�Z
��

'̂n(�)Z(d�):

�à¨ íâ®¬ ¤®«¦­ë ¢ë¯®«­ïâìáï ¤¢  ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ®¯â¨¬ «ì­®áâì ®æ¥­ª¨ ¯à®£­®§¨à®¢ ­¨ï:

1. c«ãç ©­ ï ¢¥«¨ç¨­  �̂n 2 H0(�);

2. à §­®áâì �̂n��n ¤®«¦­  ¡ëâì ®àâ®£®­ «ì­  ¯à®áâà ­áâ¢ãH0(�);   á«¥¤®¢ â¥«ì­® ¨ «î¡®¬ã í«¥¬¥­âã
íâ®£® ¯à®áâà ­áâ¢ , â® ¥áâì «î¡®© á«ãç ©­®© ¢¥«¨ç¨­¥ ��k; k = 0; 1; :::

�â¨ ãá«®¢¨ï ¢ë£«ï¤ïâ ¤®áâ â®ç­® ®ç¥¢¨¤­ë¬¨ á â®çª¨ §à¥­¨ï £¥®¬¥âà¨ç¥áª¨å ¯à¥¤áâ ¢«¥­¨© (á¬. � -
¬¥ç ­¨¥ ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥), ¨ ¥á«¨ ¢ëà §¨âì íâ¨ ãá«®¢¨ï ¢ â¥à¬¨­ å á¯¥ªâà «ì­ëå ¯à¥¤áâ ¢«¥­¨©,
â® ¬ë ¯®«ãç¨¬, çâ®

1. '̂n(�) 2 H0(F ) - § ¬ª­ãâ®© «¨­¥©­®© ®¡®«®çª¥ á¨áâ¥¬ë äã­ªæ¨© ¢¨¤  fe�i�k; k = 0; 1; ::g: �­ë¬¨
á«®¢ ¬¨, äã­ªæ¨ï '̂n(�) ¤®«¦­  ¡ëâì ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ «¨­¥©­®© ª®¬¡¨­ æ¨¨ äã­ªæ¨© ¢¨¤ 
fe�i�k; k = 0; 1; ::g; ¨«¨ ¨å ¯à¥¤¥«  ¢ L2f[��; �];B([��; �]); F (d�)g:



2.

�Z
��

(ei�n � '̂n(�))e
i�kF (d�) = 0; 8k � 0:

�§ íâ¨å ãá«®¢¨© â ª¦¥ ïá­®, çâ® ¯à¥¯ïâáâ¢ã¥â ¯®áâà®¥­¨î \¨¤¥ «ì­®£®" ¯à®£­®§  ¤«ï «î¡®© ¯®-
á«¥¤®¢ â¥«ì­®áâ¨. � § «®áì ¡ë ¤«ï â®£®, çâ®¡ë ®¡¥á¯¥ç¨âì ¢ë¯®«­¥­¨¥ ãá«®¢¨ï (2), ¤®áâ â®ç­® ¢§ïâì
'̂n(�) = ei�n: �â  äã­ªæ¨ï, ®¤­ ª®, ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤¯à®áâà ­áâ¢ã H0(F ) ¯à¨ «î¡®© F: � ª ç¥áâ¢¥

¯à¨¬¥à  ¬®¦­® ãª § âì á«ãç © ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¡¥«®£® èã¬  á F (d�) = d�
2� ; ª®£¤  äã­ªæ¨ï e

i�n; n � 1

®àâ®£®­ «ì­  ¯®¤¯à®áâà ­áâ¢ã H0(F ):
�«¥¤ãîé¨¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ ª ª ãá«®¢¨ï (1), (2) ¯®§¢®«ïîâ á¨­â¥§¨à®¢ âì ®¯â¨¬ «ì­ë© íªá-

âà ¯®«ïâ®à.

� à ¨ ¬ ¥ à 2.1.14 [���, ¨¬¥îé ï ­¥¢ëà®¦¤¥­­ãî á¯¥ªâà «ì­ãî ¯«®â­®áâì].�ãáâì ��� ¨¬¥¥â á¯¥ª-
âà «ì­ãî ¯«®â­®áâì f(�); ¯à¥¤áâ ¢¨¬ãî ¢ ¢¨¤¥

f(�) =
1

2�
j�(e�i�)j2;

£¤¥  ­ «¨â¨ç¥áª ï äã­ªæ¨ï �(z) § ¤ ­  á¢®¨¬ à §«®¦¥­¨¥¬ ¢ àï¤ �¥©«®à  �(z) =
1P
k=0

bkz
k; ¯à¨ç¥¬

à ¤¨ãá áå®¤¨¬®áâ¨ àï¤  r > 1, ¨ �(z) ­¥ ¨¬¥¥â ª®à­¥© ¯à¨ jzj � 1: �®ª § âì, çâ® ®¯â¨¬ «ì­ë© ¯à®£­®§
®¡¥á¯¥ç¨¢ ¥âáï äã­ªæ¨¥©

'̂n(�) = ei�n
�n(�)

�(�)
; (2.1.76)

£¤¥

�n(z) =
1X
k=n

bkz
k:

� ¥ è ¥ ­ ¨ ¥ �à®¢¥à¨¬ ¢ë¯®«­¥­¨¥ ãá«®¢¨© (1), (2). �¨á«¨â¥«ì ¢ ¢ëà ¦¥­¨¨ ¤«ï '̂n(�) à ¢¥­

ei�n�n(�) = ei�n[bne
�i�n + bn+1e

�i�(n+1) + :::] 2 H0(F );

§­ ¬¥­ â¥«ì 1=�(e�i�) â ª¦¥ ¯à¨­ ¤«¥¦¨â H0(F ): �¥©áâ¢¨â¥«ì­®, ¯® ãá«®¢¨î,  ­ «¨â¨ç¥áª ï äã­ªæ¨ï
�(z) ­¥ ¨¬¥¥â ª®à­¥© ¢­ãâà¨ ¥¤¨­¨ç­®£® ªàã£ , á«¥¤®¢ â¥«ì­® ®¡à â­ ï ª ­¥© äã­ªæ¨ï 1=�(z) ­¥ ¨¬¥¥â
¯®«îá®¢ ¢­ãâà¨ ¥¤¨­¨ç­®£® ªàã£  ¨ ¯à¥¤áâ ¢¨¬  ¢ ªàã£¥ jzj � 1 á¢®¨¬ à §«®¦¥­¨¥¬ ¢ àï¤ �¥©«®à  ¢
®ªà¥áâ­®áâ¨ â®çª¨ z = 0; â® ¥áâì ¢ ªàã£¥ jzj � 1 1=�(z) = c0+c1z+ :::: ¨ àï¤ áå®¤¨âáï à ¢­®¬¥à­®. �âáî¤ 
á«¥¤ã¥â, çâ®

1

�(e�i�)
= c0 + c1e

�i� + ::: 2 H0(F );

¯®áª®«ìªã ¨§ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  ¤«ï 1=�(z) ¯à¨ jzj = 1 á«¥¤ã¥â ¨ áå®¤¨¬®áâì àï¤  ¤«ï
1=�(e�i�) ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬. � ª®­¥æ, ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå äã­ªæ¨© ¨§ H0(F ) - ¥áâì äã­ªæ¨ï ¨§
H0(F ); â ª¨¬ ®¡à §®¬, '̂n(�) 2 H0:

�à®¢¥à¨¬ â¥¯¥àì ãá«®¢¨¥ ®àâ®£®­ «ì­®áâ¨. �¥¯®áà¥¤áâ¢¥­­®¥ ¢ëç¨á«¥­¨¥

Ik =

�Z
��

(ei�n � '̂n(�))e
i�kf(�)d�

¯à¨ k � 0 ¤ ¥â

Ik =
1

2�

�Z
��

ei�(n+k)
�
1� �n(e

�i�)
�(e�i�)

�
j�(e�i�j2d� =

1

2�

�Z
��

ei�(n+k)
�
�(e�i�) ��n(e

�i�)
�
�(e�i�)d� =

1

2�

�Z
��

ei�(n+k)

 
n�1X
m=0

bme
�i�m

! 1X
l=0

�ble
i�l

!
d� =

1

2�

�Z
��

ei�k

 
n�1X
m=0

bme
i�(n�m)

! 1X
l=0

�ble
i�l

!
d� = 0:



�®á«¥¤­¨© ¨­â¥£à « à ¢¥­ ­ã«î, ¯®áª®«ìªã ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¥áâì «¨­¥©­ ï ª®¬¡¨­ æ¨ï íªá-
¯®­¥­â á ¯®ª § â¥«ï¬¨ k + (n �m) + l � 1; £¤¥ k � 0; l � 0; n�m � 1; á¬. á®®â­®è¥­¨¥ (2.1.19).

� §«®¦¨¢ äã­ªæ¨î '̂n(�) ¢ àï¤ �ãàì¥ ¯® á¨áâ¥¬¥ ®àâ®£®­ «ì­ëå äã­ªæ¨© fei�n; n 2 Zg ¢ á¨«ã â®£®,
çâ® '̂n(�) 2 H0(F ); ¬ë ¯®«ãç¨¬ à §«®¦¥­¨¥ ¢¨¤ 

'̂n(�) = C0 +C�1e�i� + :::;

¨ ¯®¤áâ ¢¨¢ íâ® à §«®¦¥­¨¥ ¢ á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ®æ¥­ª¨ ¯à®£­®§  ¯®«ãç¨¬ ¨áª®¬®¥ ¯à¥¤-
áâ ¢«¥­¨¥

�̂n =

�Z
��

[C0 + C�1e�i� + :::]Z(d�) = C0�0 + C�1��1 + :::

� à ¨ ¬ ¥ à 2.1.15 [�à®£­®§¨à®¢ ­¨¥ ��� á à æ¨®­ «ì­ë¬ á¯¥ªâà®¬] �ãáâì á¯¥ªâà «ì­ ï ¯«®â­®áâì
¯®á«¥¤®¢ â¥«ì­®áâ¨ � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

f(�) =
1

2�

����P (e�i�)
Q(e�i�)

����
2

;

£¤¥ äã­ªæ¨¨ P (z); Q(z) ï¢«ïîâáï ¯®«¨­®¬ ¬¨, ª®­¥ç­®© áâ¥¯¥­¨, ­¥ ¨¬¥îé¨¬¨ ª®à­¥© ¯à¨ jzj � 1: �®£¤ 
¬®¦­® ¯à¥¤áâ ¢¨âì äã­ªæ¨î �(z) á«¥¤ãîé¨¬ ®¡à §®¬

�(�) =
P (z)

Q(z)
=

1X
k=0

bkz
k;

£¤¥ à ¤¨ãá áå®¤¨¬®áâ¨ àï¤  ¡®«ìè¥ 1. � ª¨¬ ®¡à §®¬ § ¤ ç  á¢®¤¨âáï ª ¯à¥¤ë¤ãé¥¬ã ¯à¨¬¥àã ¨ ®¯â¨-
¬ «ì­ë© ¯à®£­®§ ¯®«ãç ¥âáï á ¯®¬®éìî äã­ªæ¨¨ '̂n(�) ¯® ä®à¬ã«¥ (2.1.76).

� à ¨ ¬ ¥ à 2.1.16 � áá¬®âà¨¬ ¯à¨¬¥à ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®£® ¯à®£­®§  ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨
á ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© R(n) = an; jaj < 1; ¤«ï n � 0: �à¨ n < 0; R(n) = R(�n) = (�a)�n: ���
á â ª®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© à áá¬ âà¨¢ « áì ¢ �à¨¬¥à¥ 2.1.6, ¥¥ á¯¥ªâà «ì­ ï ¯«®â­®áâì à ¢­ 

f(�) =
1

2�

1� jaj2
j1� ae�i�j2 =

1

2�
j�(e�i�j2;

£¤¥

�(z) =
(1� jaj2)1=2

1� az
= (1� jaj2)1=2

X
k=0

akzk:

�âáî¤  ­ å®¤¨¬, çâ® '̂n(�) = an; ¨ á«¥¤®¢ â¥«ì­®,

�̂n =

�Z
��

anZ(d�) = an�0:

� à ¨ ¬ ¥ à 2.1.17 [�à®£­®§¨à®¢ ­¨¥ á¨­£ã«ïà­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨] �¡é ï â¥®à¨ï £®¢®à¨â ® â®¬,
çâ® á¨­£ã«ïà­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬®¦­® ¯à®£­®§¨à®¢ âì áª®«ì ã£®¤­® â®ç­® ¯® ¨å ¯à®è«®¬ã. �®-
ª ¦¥¬, ª ª ¯®áâà®¨âì ®¯â¨¬ «ì­ë© ¯à®£­®§ ¤«ï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨. � áá¬®âà¨¬
¯®á«¥¤®¢ â¥«ì­®áâì ¨§ �à¨¬¥à  2.1.2. �®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­

�n =
NX
k=1

zke
i�kn

£¤¥ zi ®àâ®£®­ «ì­ë, ¨¬¥¥â ­ã«¥¢®¥ áà¥¤­¥¥ ¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î

R(n) =
NX
k=1

�2ke
i�kn =

�Z
��

ei�nF (d�);



¨ ¥¥ á¯¥ªâà «ì­ ï ¬¥à  F (d�) ¤¨áªà¥â­  ¨ á®áà¥¤®â®ç¥­  ¢ â®çª å �i 2 [��; �); á ¢¥á ¬¨ �2k: �«ï à¥è¥­¨ï
§ ¤ ç¨ ®¯â¨¬ «ì­®£® ¯à®£­®§ , ­ ¯à¨¬¥à, ­  ®¤¨­ è £, ¬ë ¤®«¦­ë ¢ë¡à âì äã­ªæ¨î '̂(�) 2 H0(F );
ª®â®à ï ¬¨­¨¬¨§¨àã¥â ®è¨¡ªã ¯à®£­®§ 

Mj�̂1 � �1j2 =
�Z

��
jei� � '̂(�)j2F (d�) =

NX
k=1

jei�k � '̂(�k)j2�2k:

�§ �¥®à¥¬ë 2.1.10 á«¥¤ã¥â, çâ® ¬¨­¨¬ «ì­ ï ®è¨¡ª  ¯à®£­®§  à ¢­  ­ã«î, á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â
äã­ªæ¨ï '̂(�) 2 H0(F ) â ª ï, çâ®

'̂(�k) = ei�k ¤«ï ¢á¥å k = 1; :::; N: (2.1.77)

�ã¤¥¬ ¨áª âì íâã äã­ªæ¨î ¢ ¢¨¤¥

'̂(�k) =
n�1X
k=0

�ke
�i�k: (2.1.78)

�®®â­®è¥­¨¥ (2.1.77) ¯à¨¢®¤¨â ª á«¥¤ãîé¥© «¨­¥©­®© á¨áâ¥¬¥ ãà ¢­¥­¨©, ª®â®à®© ¤®«¦­ë ã¤®¢«¥â¢®-
àïâì ª®íää¨æ¨¥­âë �k

ei�k =
N�1X
l=0

�le
�i�kl:

�á«¨ ¢á¥ �k à §«¨ç­ë, â® ®¯à¥¤¥«¨â¥«ì íâ®© «¨­¥©­®© á¨áâ¥¬ë

det

0
BBBB@

1 e�i�1 ::: e�i�1(N�1)

: : :

1 e�i�N ::: e�i�N (N�1)

1
CCCCA =

Y
k 6=l

(e�i�k � e�i�l) 6= 0;

¨ á«¥¤®¢ â¥«ì­®, á¨áâ¥¬  ãà ¢­¥­¨© ®â­®á¨â¥«ì­® �k ¨¬¥¥â à¥è¥­¨¥. � ©¤ï ¥£® ¨ ¯®¤áâ ¢¨¢ ¢ (2.1.78),
¯®«ãç¨¬ ¢ëà ¦¥­¨¥ ¤«ï ®æ¥­ª¨ ¯à®£­®§  ­  ®¤¨­ è £, ª®â®à®¥ ¤ ¥â â®ç­®¥ §­ ç¥­¨¥ �1:

�«¥¤ãîé¨¥ ¯à¨¬¥àë â ª¦¥ ®¯¨áë¢ îâ á¨­£ã«ïà­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨.

� à ¨ ¬ ¥ à 2.1.18 �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ ¨§ �à¨¬¥à  2.1.2

�n =
1X
k=1

zke
i�kn;

£¤¥ ¢á¥ �k 2 [��; �); k = 1; :::;1,  
1P
k=1

Mjzkj2 â ª¦¥ ï¢«ï¥âáï á¨­£ã«ïà­®©.

� ¥ è ¥ ­ ¨ ¥ �® �¥®à¥¬¥ 2.1.10 ¯®á«¥¤®¢ â¥«ì­®áâì �n - á¨­£ã«ïà­ , â® ¥áâì ¥¥ ¬®¦­® ¯à®£­®§¨à®-
¢ âì áª®«ì ã£®¤­® â®ç­® ­  «î¡®¥ ª®«¨ç¥áâ¢® è £®¢. �®ª ¦¥¬, ª ª ­¥¯®áà¥¤áâ¢¥­­® ¯®áâà®¨âì â ª®©
¯à®£­®§ ­  ®¤¨­ è £. �¯¥ªâà «ì­ ï ¬¥à  ¯®á«¥¤®¢ â¥«ì­®áâ¨ �n á®áà¥¤®â®ç¥­  ­  áç¥â­®¬ ¬­®¦¥áâ¢¥
â®ç¥ª f�k; k = 1; 2; :::g ¯®íâ®¬ã äã­ªæ¨ï '(�); ®¡¥á¯¥ç¨¢ îé ï â®ç­ë© ¯à®£­®§ ­  ®¤¨­ è £ ¤®«¦­  ¡ëâì
à ¢­ 

'(�) =

8<
:

ei�k ; ¯à¨ � = �k;

¯à®¨§¢®«ì­  ¨«¨ à ¢­  ­ã«î ¯à¨ � 6= �k:

�®ª ¦¥¬, çâ® äã­ªæ¨ï

'(�) =
1X
k=1

If�kg(�)e
i�k 2 H0(F );

â® ¥áâì áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì 'n(�) 2 H0(F ); áå®¤ïé ïáï ª '(�) ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  L2 =
L2([��; �];B([��; �]); F (d�)):



� ¤ ¤¨¬ ­¥ª®â®à®¥ " > 0 ¨ ®¯à¥¤¥«¨¬ â ª®¥ ç¨á«® N1("); çâ®0
@M

8<
:
�����
1X
k=1

zke
i�kn �

mX
k=1

zke
i�kn

�����
2
9=
;
1
A

1=2

=

 1X
k=m+1

Mfjzkj2g
!1=2

� "

2

¯à¨ m > N1("):
�â®£® ¢á¥£¤  ¬®¦­® ¤®¡¨âìáï ¢ á¨«ã áå®¤¨¬®áâ¨ àï¤  ¨§ Mfjzkj2g: �â® ­¥à ¢¥­áâ¢® ®§­ ç ¥â, çâ®

äã­ªæ¨ï 'm(�) =
mP
k=1

If�kg(�)e
i�k ã¤®¢«eâ¢®àï¥â ­¥à ¢¥­áâ¢ã

k'm(�) � '(�)k � "

2
; ¯à¨ m > N1("): (2.1.79)

�® �¥®à¥¬¥ 2.1.6 ¤«ï ª ¦¤®£® ä¨ªá¨à®¢ ­­®£® k

zk = Z(f�kg) = l:i:m:
N

1

N

n�1X
l=0

��lei�kl = l:i:m:
N

�Z
��

'kN (�)Z(d�):

�à¨ íâ®¬, ¥á«¨ N !1; â®

'kN (�) =
1

N

N�1X
l=0

e�i(���k)l ! If�kg(�);

äã­ªæ¨ï 'kN (�) 2 H0(F ) ¯®áª®«ìªã ï¢«ï¥âáï áã¬¬®© íªá¯®­¥­â á ®âà¨æ â¥«ì­ë¬¨ ¯®ª § â¥«ï¬¨, ¨

ei�k'kN (�)! ei�kIf�kg(�);

¯à¨ç¥¬ áå®¤¨¬®áâì ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ ¬¥âà¨ª¨ ¯à®áâà ­áâ¢  L2: �®íâ®¬ã ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£®
m ¯à¨ N !1

mX
k=1

ei�k'kN (�)!
mX
k=1

ei�kIf�kg(�) = 'm(�):

�«¥¤®¢ â¥«ì­®, ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ m > N1(") ­ ©¤¥âáï â ª®¥ N2(m; "); çâ® ¯à¨ N > N2(m; ")
¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® 






mX
k=1

ei�k'kN (�) � 'm(�)






 � "

2
; (2.1.80)

¯à¨ç¥¬ ¢ á¨«ã «¨­¥©­®áâ¨ ¯à®áâà ­áâ¢  H0(F )

gmN (�) =
mX
k=1

ei�k'kN (�) 2 H0(F ):

�¡ê¥¤¨­ïï ­¥à ¢¥­áâ¢  (2.1.79), (2.1.80) ¯®«ãç ¥¬, çâ® ¢ë¡à ¢ m > N1("); N > N2(m; "); ¢ á¨«ã ­¥à ¢¥­-
áâ¢  âà¥ã£®«ì­¨ª  ¤«ï ­®à¬ë, ¯®«ãç¨¬ ¤«ï äã­ªæ¨¨ gmN (�) ­¥à ¢¥­áâ¢®

kgmN (�) � '(�)k � ":

�ë¡à ¢ ­¥ª®â®àãî ¯®á«¥¤®¢ â¥«ì­®áâì §­ ç¥­¨© " # 0; ¬ë ¯®«ãç¨¬ ¯®á«¥¤®¢ â¥«ì­áâì äã­ªæ¨© gm(")
N(")(�)

¨§ H0(F );  ¯¯à®ªá¨¬¨àãîé¨å äã­ªæ¨î '(�) ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  L2:
�®ç­ë© ¯à®£­®§ ­  ®¤¨­ è £ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

�̂1 = l:i:m:
"#0

�Z
��

g
m(")
N(")(�)Z(d�) = l:i:m:

"#0

m(")X
k=1

1

N (")

N(")�1X
l=0

��lei�kl: (2.1.81)



� à ¨ ¬ ¥ à 2.1.19 �®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­, ¨¬¥îé ï á¯¥ªâà «ì­ãî ¯«®â­®áâì

f(�) = 0; 1 < j�j � �;

â ª¦¥ á¨­£ã«ïà­  ¢ á¨«ã �¥®à¥¬ë 2.1.10. �®ª § âì íâ®, ­¥¯®áà¥¤áâ¢¥­­® ¯®áâà®¨¢ â®ç­ë© ¯à®£­®§ ­ 
®¤¨­ è £.

� ¥ è ¥ ­ ¨ ¥ �ã­ªæ¨ï f(�) ®¡à é ¥âáï ¢ ­ã«ì ­  ¬­®¦¥áâ¢¥ ¯®«®¦¨â¥«ì­®© �¥¡¥£®¢®© ¬¥àë, ¯®-
íâ®¬ã ¢ á¨«ã �¥®à¥¬ë 2.1.10 ¯®á«¥¤®¢ â¥«ì­®áâì � á¨­£ã«ïà­  ¨ áãé¥áâ¢ã¥â â®ç­ë© ¯à®£­®§ ­  «î¡®¥
ª®«¨ç¥áâ¢® è £®¢. �«ï â®£® çâ®¡ë ¯®áâà®¨âì â ª®© ¯à®£­®§ ­ã¦­® ­ ©â¨ á¯¥ªâà «ì­ãî äã­ªæ¨î ¯à®-
£­®§¨àãîé¥£® ä¨«ìâà  '̂1(�);, ª®â®à ï à ¢­  ei� ¯à¨ j�j � 1 ¨ ¯à®¨§¢®«ì­  ­  ®áâ «ì­®© ç áâ¨ ®âà¥§ª 
[��; �]:

�à¨ íâ®¬, ¢ á¨«ã â®£®, çâ® f(�) ®¡à é ¥âáï ¢ ­ã«ì ¢­¥ ®âà¥§ª  [�1; 1]; ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥
�Z

��
jeila � '̂1(�)j2f(�)d� =

1Z
�1

jeila � '̂1(�)j2f(�)d� = 0;

¨ âà¥¡ã¥âáï «¨èì ®¡¥á¯¥ç¨âì ¢ë¯®«­¥­¨¥ ãá«®¢¨ï

'̂1(�) 2 H0(F );

â® ¥áâì ­  ®âà¥§ª¥ [�1; 1] äã­ªæ¨ï '̂1(�) ¤®«¦­   ¯¯à®ªá¨¬¨à®¢ âìáï ¢ L2 áã¬¬®© íªá¯®­¥­â c ®âà¨æ -
â¥«ì­ë¬¨ ¯®ª § â¥«ï¬¨.

�®ª ¦¥¬ ª ª ¯®áâà®¨âì â ªãî äã­ªæ¨î. � ¬¥â¨¬, çâ®

ei� = [1� (1� e�i�)]�1;

¨ ªà®¬¥ â®£®
j1� e��j � r < 1; ¯à¨ j�j � 1:

�   ¬ ¥ ç   ­ ¨ ¥ �  á ¬®¬ ¤¥«¥ íâ® ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¨ ¯à¨ j�j � � < �
3 :

�®áª®«ìªã àï¤
1X
k=1

zk = (1� z)�1

áå®¤¨âáï à ¢­®¬¥à­® ­  «î¡®¬ ªàã£¥ à ¤¨ãá  r < 1; â® àï¤

1X
k=0

(1� e�i�)k = [1� (1� e�i�)]�1 = ei�;

áå®¤¨âáï à ¢­®¬¥à­®,   §­ ç¨â ¨ ¢ L2; ¯à¨ j�j � 1: �® ä®à¬ã«¥ ¡¨­®¬  �ìîâ®­  ª ¦¤ë© ç«¥­ àï¤ 
¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë íªá¯®­¥­â á ®âà¨æ â¥«ì­ë¬¨ ¯®ª § â¥«ï¬¨

(1� e�i�)k =
kX
l=0

Cl
k(�1)le�i�l 2 H0(F )

¯®íâ®¬ã '̂1(�); ®¡¥á¯¥ç¨¢ îé ï â®ç­ë© ¯à®£­®§ ­  ®¤¨­ è £ ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

'̂1(�) =
1X
k=0

kX
l=0

Cl
k(�1)le�i�l 2 H0(F ); (2.1.82)

¨ ¨á¯®«ì§ãï á¯¥ªâà «ì­®¥ à §«®¦¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �; ¯®«ãç ¥¬ â®ç­ë© ¯à®£­®§ ¢ ¢¨¤¥ àï¤ ,
áå®¤ïé¥£®áï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥

�̂1 = �1 =

�Z
��

'̂1(�)Z�(d�) =
1X
k=0

kX
l=0

Cl
k(�1)l��l:



�­ «®£¨ç­® ¯®ª §ë¢ ¥âáï, � ¤ ç  2.2.19, çâ® äã­ªæ¨ï '̂n(�); ®¡¥á¯¥ç¨¢ îé ï â®ç­ë© ¯à®£­®§ ­  n
è £®¢ à ¢­ 

'̂n(�) =
1X
k=0

kX
l=0

Ck
n+kC

l
k(�1)l+ke�i�l 2 H0(F ): (2.1.83)

� à ¨ ¬ ¥ à 2.1.20 [�¡é¨© á«ãç © ®æ¥­¨¢ ­¨ï à¥£ã«ïà­®© ���. �¥®à¥¬  �¥£®-�®«¬®£®à®¢ -�à¥©­ .]
�ãáâì § ¤ ­  à¥£ã«ïà­ ï ¯®á«¥¤®¢ â¥«ì­®áâì �; ª®â®à ï ¨¬¥¥â á¯¥ªâà «ì­ãî ¯«®â­®áâì f(�) > 0 ¯®çâ¨
¢áî¤ã ­  [��; �]: �â  á¯¥ªâà «ì­ ï ¯«®â­®áâì ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

f(�) =
1

2�

���(e�i�)��2
á äã­ªæ¨¥©

�(z) =
p
2� exp

(
1

2
c0 +

1X
k=1

ckz
k

)
;

£¤¥

ck =
1

2�

�Z
��

ei�k lnf(�)d�:

�ã­ªæ¨ï '̂n(�); ®¡¥á¯¥ç¨¢ îé ï ®¯â¨¬ «ì­ë© ¯à®£­®§ ­  n è £®¢ ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ (2.1.76)

'̂n(�) = ei�n
�n(�)

�(�)
;

£¤¥ �n(z) =
1P
k=n

bkz
k;   bk - ¥áâì ª®íää¨æ¨¥­âë à §«®¦¥­¨ï äã­ªæ¨¨ �(z) ¢ àï¤ �¥©«®à . �è¨¡ª 

¯à®£­®§  à ¢­ 

Mfj�n � �̂nj2g =
n�1X
k=0

jbkj2:

� ç áâ­®áâ¨, ¯®áª®«ìªã

b0 = �(0) =
p
2� exp

�
1

2
c0

�
;

¯®«ãç ¥¬, çâ® ®è¨¡ª  ¯à®£­®§  ­  ®¤¨­ è £ à ¢­ 

Mfj�1 � �̂1j2g = 2� exp

2
4 1

2�

�Z
��

ln f(�)d�

3
5 : (2.1.84)

�â®â à¥§ã«ìâ â ¯à®ïá­ï¥â á¬ëá« �¥®à¥¬ë 2.1.10, â ª ª ª, ¥á«¨ ¨­â¥£à «

�Z
��

ln f(�)d� = �1;

â® ®è¨¡ª  ¯à®£­®§  ­  ®¤¨­ è £ à ¢­  ­ã«î, ¨ á«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì á¨­£ã«ïà­ . �®à¬ã« 
(2.1.84) - ¥áâì ¨§¢¥áâ­ ï ä®à¬ã«  �®«¬®£®à®¢  ¤«ï ®è¨¡ª¨ ¯à®£­®§  à¥£ã«ïà­®© ���.

� à ¨ ¬ ¥ à 2.1.21 �ë¢¥áâ¨ ä®à¬ã«ã �®«¬®£®à®¢  ¤«ï á«ãç ï ¤¥©áâ¢¨â¥«ì­®© à¥£ã«ïà­®© ¯®á«¥¤®-
¢ â¥«ì­®áâ¨ � ¨¬¥îé¥© á¯¥ªâà «ì­ãî ¯«®â­®áâì f(�) > 0 ¨ min

[��;�]
f(�) > 0:



� ¥ è ¥ ­ ¨ ¥ �à¥¤¯®«®¦¨¬ ¢­ ç «¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì � ¯®¤ç¨­ï¥âáï à¥£à¥áá¨®­­®© áå¥¬¥
¯®àï¤ª  q; (á¬. �¯à¥¤¥«¥­¨¥ 2.1.6 ¨ �¥®à¥¬ã 2.1.1) â® ¥áâì

�n + b1�n�1 + :::+ bq�n�q = "n; (2.1.85)

£¤¥ ¯®«¨­®¬ Q(z) = 1+b1z+ :::+bqz
k ­¥ ¨¬¥¥â ª®à­¥© ¢­ãâà¨ ¥¤¨­¨ç­®£® ªàã£ ,   " - ¯®á«¥¤®¢ â¥«ì­®áâì

¡¥«®£® èã¬  áMfj"nj2g = �2: �«ï â ª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®è¨¡ª  ¯à®£­®§  ­  ®¤¨­ è £ ®¯à¥¤¥«ï¥âáï
í«¥¬¥­â à­®, ¯®áª®«ìªã ¯® ä®à¬ã«¥ (2.1.85) ¨ ¨§ ®àâ®£®­ «ì­®áâ¨ "n ¨ ¯à®áâà ­áâ¢  Hn�1(�) á«¥¤ã¥â,
çâ® ­ ¨«ãçè¨© «¨­¥©­ë© ¯à®£­®§ ¥áâì

�̂n = �b1�n�1 � :::� bq�n�q;

  ®è¨¡ª  â ª®£® ¯à®£­®§  à ¢­ 
Mfj�n � �̂nj2g = Mfj"nj2g = �2:

� ¤àã£®© áâ®à®­ë ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ � ¬®¦­® «¥£ª® ¯®¤áç¨â âì §­ ç¥­¨¥ ¢ëà ¦¥­¨ï ¢ ¯à ¢®© ç áâ¨
ä®à¬ã«ë (2.1.84).

�¯¥ªâà «ì­ ï ¯«®â­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ � à ¢­ 

f�(�) =
�2

2�
jQ(e�i�j�2 = �2

2�

qY
k=1

j1� ake
�i�j�2;

£¤¥ a�1k - ª®à­¨ ¯®«¨­®¬  Q(z); «¥¦ é¨¥ ¢­¥ ¥¤¨­¨ç­®£® ªàã£ , ¨ á«¥¤®¢ â¥«ì­®, jakj < 1: �ëç¨á«ï¥¬

�Z
��

lnf�(�)d� =

�Z
��

ln
�2

2�
d��

qX
k=1

�Z
��

ln j1� ake
�i�j2d�:

�¤­ ª®, ¨á¯®«ì§ãï à §«®¦¥­¨¥ ¢ àï¤ �¥©«®à  äã­ªæ¨¨

ln (1� z) =
1X
k=1

zk

k
;

á¯à ¢¥¤«¨¢®¥ ¯à¨ jzj < 1; ¨¬¥¥¬ ¯à¨ jakj < 1;

�Z
��

ln j1� ake
�i�j2d� =

�Z
��

ln (1� ake
�i�)(1� �ake

i�)d� =

�
�Z

��

 1X
m=1

ame�im�

m
+

1X
m=1

�ameim�

m

!
d� = 0;

¯®áª®«ìªã
�Z

��
ei�md� = 0 ¯à¨ m 6= 0:

� ª¨¬ ®¡à §®¬ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨  ¢â®à¥£à¥áá¨¨ ¯®«ãç ¥¬ á®®â­®è¥­¨¥

�Z
��

ln f�(�)d� = 2� ln
�2

2�
;

¨§ ª®â®à®£® á«¥¤ã¥â (2.1.84).
� «¥¥ ¬ë ¨á¯®«ì§ã¥¬ à¥§ã«ìâ â ® ¢®§¬®¦­®áâ¨  ¯¯à®ªá¨¬ æ¨¨ ­¥¢ëà®¦¤¥­­®© á¯¥ªâà «ì­®© ¯«®â-

­®áâ¨, á¯¥ªâà «ì­ë¬¨ ¯«®â­®áâï¬¨ ¯®á«¥¤®¢ â¥«ì­®áâ¥©  ¢â®à¥£à¥á¨¨. �à¨¢¥¤¥¬ íâ®â à¥§ã«ìâ â ¡¥§ ¤®-
ª § â¥«ìáâ¢ .



� ¥ ¬ ¬   2.1.5 �ãáâì á¯¥ªâà «ì­ ï ¯«®â­®áâì ­¥ª®â®à®© ��� f(�) > 0; ¨ min
[��;�]

f(�) = c > 0: �®£¤ 

¤«ï «î¡®£® 0 < " < c; áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì­®áâ¨  ¢â®à¥£à¥áá¨¨ á® á¯¥ªâà «ì­ë¬¨ ¯«®â­®áâï¬¨

g1"(�) ¨ g2"(�); ã¤®¢«¥â¢®àïîé¨¥ ¯à¨ ¢á¥å � 2 [��; �] á®®â­®è¥­¨ï¬

f(�) � " � g1"(�) � f(�) � g2"(�) � f(�) + ":

�á«¨ ®¡®§­ ç¨âì ç¥à¥§

�2(f(�)) = inf
fc0;:::;cng

M

8<
:
������1 �

nX
k=0

ck��k

�����
2
9=
; =

inf
fc0;:::;cng

�Z
��

�����ei� �
nX

k=0

cke
�i�k

�����
2

f(�)d�;

  ¨¬¥­­®, ®è¨¡ªã ¯à®£­®§  ­  ®¤¨­ è £, â® ®ç¥¢¨¤­®, çâ®

�2(g1") � �2(f) � �2(g2"):

�¤­ ª®, ¤«ï «î¡®£® "; ¢ á¨«ã ã¦¥ ¤®ª § ­­®© ä®à¬ã«ë �®«¬®£®à®¢  ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨  ¢â®à¥-
£à¥á¨¨, ¬ë ¨¬¥¥¬ á®®â­®è¥­¨ï

�2(gi") = 2� exp

2
4 1

2�

�Z
��

lngi"(�)d�

3
5 ; ¤«ï i = 1; 2:

�®íâ®¬ã ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ " # 0 ¯®«ãç ¥¬ âà¥¡ã¥¬ë© à¥§ã«ìâ â

lim
"#0

�2(g1") = lim
"#0

�2(g2") = �2(f) = 2� exp

2
4 1

2�

�Z
��

ln f(�)d�

3
5 :

2.1.8 � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì­®£® à¥è¥­¨ï

2.2.1 �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì � = (�n) á«ãç ©­ëå ¢¥«¨ç¨­

�n =
1X
k=1

(�k sin�kn + �k cos�kn);

£¤¥ �k; �k - ¤¥©áâ¢¨â¥«ì­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

�n =
1X

k=�1
zke

i�kn:

2.2.2 �®ª § âì, çâ® áâ®å áâ¨ç¥áª ï ¬¥à  ¢ �à¨¬¥à¥ 2.1.7 ª®­¥ç­®- ¤¤¨â¨¢­ .

2.2.3 �®ª § âì á«¥¤ãîé¨¥ á¢®©áâ¢  ®àâ®£®­ «ì­®© á¯¥ªâà «ì­®© ¬¥àë Z(d�); ¨¬¥îé¥© áâàãªâãà­ãî
äã­ªæ¨î m(d�): �«ï «î¡ëå ¬­®¦¥áâ¢ A1; A2 2 B([��; �]) ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï:
(a)

kZ(A1)� Z(A2)k2 = m(A1�A2) =

m(A1) +m(A2) � 2m(A1 \A2):

(b) �á«¨ A2 � A1; â® kZ(A1) � Z(A2)k2 = m(A1)�m(A2):



(c) �á«¨ A2 � A1; â® kZ(A2)k � kA1)k:
(d) �á«¨ A2 � A1; ¨ Z(A1) = 0 â® Z(A2) = 0:

(e) Z(A1 nA2) = Z(A1) � Z(A1 \A2):

(f) �á«¨ A2 � A1; â® Z(A1 nA2) = Z(A1)� Z(A2):

(g) Z(A1 [A2) = Z(A1) + Z(A2) � Z(A1 \A2):

(h) Z(A1�A2) = Z(A1) + Z(A2)� 2Z(A1 \A2):

2.2.4 �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì �n = ei�n; £¤¥ á«ãç ©­ ï ¢¥«¨ç¨­  � ¨¬¥¥â à ¢­®¬¥à­®¥ à á-
¯à¥¤¥«¥­¨¥ ­  [��; �] ï¢«ï¥âáï áâ æ¨®­ à­®©. � ©â¨ ¥¥ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ¨ á¯¥ªâà «ì­ãî
¯«®â­®áâì.

� â ¢ ¥ â

Mf�ng = 0; R�(n) =

8<
:

1; ¯à¨ n = 1;

0; ¯à¨ n = 0;

f�(�) =
1

2�
:

2.2.5 �®ª § âì, çâ® ��� � = (�n) á«ãç ©­ëå ¢¥«¨ç¨­, ®¡« ¤ îé ï á¢®©áâ¢®¬ �n = �n+N ¤«ï ¢á¥å n 2 Z
¨ ­¥ª®â®à®£® N , ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ (2.1.12).

� ª   §   ­ ¨ ¥ �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ (2.1.12) â® ¥¥ á¯¥ªâà «ì­ ï
¬¥à  ¤®«¦­  ¡ëâì á®áà¥¤®â®ç¥­  ¢ â®çª å

�k =
2�

N
k; k = 0; :::; N � 1:

�á¯®«ì§ãï �¥®à¥¬ã 2.1.6, á®®â­®è¥­¨¥ (2.1.66) ¨ á¢®©áâ¢® ¯¥à¨®¤¨ç­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ � ­ -
å®¤¨¬, çâ®

zk = Z(f�kg) = 1

N

N�1X
l=0

�le
�i�kl =

1

N

N�1X
l=0

�le
�i2�
N

kl
:

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ­ã¦­® ¯®ª § âì, çâ® á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

�n =
N�1X
k=0

zke
i�kn;

ª®â®à®¥ á«¥¤ã¥â ¨§ á®®â­®è¥­¨ï (¤®ª § âì á ¬®áâ®ïâ¥«ì­®)

N�1X
l=0

e
i2�
N

(m�n)l
=

8<
:

N; ¯à¨ m = n;

0; ¯à¨ m 6= n:

2.2.6 �ãáâì �1 ­¥ª®â®à ï ���, ¯®«ãç¥­ ï ¨§ � á ¯®¬®éìî «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï á ç áâ®â­®© å -
à ªâ¥à¨áâ¨ª®© '1(�),   �2 ­¥ª®â®à ï ���, ¯®«ãç¥­ ï ¨§ �1 á ¯®¬®éìî «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï á
ç áâ®â­®© å à ªâ¥à¨áâ¨ª®© '2(�): �®ª § âì, çâ® �2 ¬®¦¥â ¡ëâì ¯®«ãç¥­  ¨§ � á ¯®¬®éìî «¨­¥©­®£®
¯à¥®¡à §®¢ ­¨ï á ç áâ®â­®© å à ªâ¥à¨áâ¨ª®© '2(�)'1(�):

2.2.7 �ãáâì X(n) = 1
3[Y (n)+Y (n� 1)+Y (n� 2)] ­ ©â¨ ç áâ®â­ãî å à ªâ¥à¨áâ¨ªã ¯à¥®¡à §®¢ ­¨ï ���

Y ¢ X:

2.2.8 �ãáâì �n - ¯®á«¥¤®¢ â¥«ì­®áâì, ª®â®à ï ¯®¤ç¨­ï¥âáï à¥£à¥áá¨®­­®© áå¥¬¥ ¢â®à®£® ¯®àï¤ª 

�n � (�1 + �2)�n�1 + �1�2�n�2 = "n;

£¤¥ "n - ¯®á«¥¤®¢ â¥«ì­®áâì ¡¥«®£® èã¬  á Mfj"nj2g = 1 ¨ j�1j < 1; j�2j < 1; �1 6= �2:



(a) � ©â¨ á¯¥ªâà «ì­ãî ¯«®â­®áâì �n:

(b) � ©â¨ ¢ëà ¦¥­¨¥ ¤«ï ®æ¥­ª¨ ®¯â¨¬ «ì­®£® ¯à®£­®§  �̂n ¢ â¥à¬¨­ å �n�1; �n�2:

(c) � ©â¨ ®è¨¡ªã ¯à®£­®§  ­  ®¤¨­ è £.

(d) � ©â¨ ¯à¥¤áâ ¢«¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ � ¢ ¢¨¤¥ ®¤­®áâ®à®­­¥£® áª®«ì§ïé¥£® áà¥¤­¥£® ¨ ¢ë-
à ¦¥­¨¥ ¤«ï ®è¨¡ª¨ ¯à®£­®§  ­  n è £®¢.

� â ¢ ¥ â (a) f�(�) =
1

2�j(1� �1e
�i�)(1� �2e

�i�)j2 :

(b) �̂n = (�1 + �2)�n�1 + �1�2�n�2:

(c) �21 =Mfj"nj2g = 1:

(d) �n =
1P
l=0

bl"n�l;

£¤¥

bl =

8><
>:

1; ¯à¨ l = 0;

�l+12 � �l+11
�2 � �1

; ¯à¨ l > 0:

�2n =
n�1X
k=0

jblj2:

2.2.9 �ãáâì 0 < a < �; ¯®ª § âì, çâ®

R(n) =

8<
:

(�n)�1 sin an; n 2 Z n f0g;
a
� ; n = 0;

¥áâì ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ­¥ª®â®à®© ���. ­ ©â¨ á¯¥ªâà «ì­ãî ¯«®â­®áâì íâ®© ¯®á«¥¤®¢ â¥«ì-
­®áâ¨.

� ª   §   ­ ¨ ¥ �®ª § âì, çâ®

R(n) =
1

2�

aZ
�a

ei�nd�;

®âªã¤  á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì c ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© R(n) ¥áâì à¥§ã«ìâ â ¯à®å®-
¦¤¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¡¥«®£® èã¬  ç¥à¥§ «¨­¥©­ë© ä¨«ìâà á ç áâ®â­®© å à ªâ¥à¨áâ¨ª®©

'(�) =

8<
:

1; ¯à¨ j�j � a;

0; ¯à¨ a < j�j � �;

2.2.10 � ©â¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ���, ¨¬¥îé¥© á¯¥ªâà «ì­ãî ¯«®â­®áâì f(�) =
� � j�j
�2

; j�j �
�:

� ª   §   ­ ¨ ¥

R(n) =

�Z
��

ei�nf(�)d�:

� â ¢ ¥ â

R(n) =

8><
>:

1; ¯à¨ n = 0;

2(�1)n
(�n)2

¯à¨ n 6= 0:



2.2.11 �ãáâì �n; �n - ­¥ª®àà¥«¨à®¢ ­­ë¥ ��� á® á¯¥ªâà «ì­ë¬¨ ¬¥à ¬¨ F�(d�); F�(d�): �®ª § âì, çâ®
Xn = �n + �n ¥áâì ��� ¨ ­ ©â¨ ¥¥ á¯¥ªâà «ì­ãî ¬¥àã.

� â ¢ ¥ â
FX(d�) = F�(d�) + F�(d�):

2.2.12 �ãáâì �n; �n - ���, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢­¥­¨ï¬

�n � ��n�1 = "1n;

�n � ��n�1 = �n + "2n;

£¤¥ j�j < 1,   "1; "2 ­¥ª®àà¥«¨à®¢ ­­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¡¥«®£® èã¬ . � ©â¨ á¯¥ªâà «ì­ãî
¯«®â­®áâì ��� �:

� ª   §   ­ ¨ ¥ �¡®§­ ç¨¬ Z1(d�); Z2(d�) á¯¥ªâà «ì­ë¥ ¬¥àë ¯®á«¥¤®¢ â¥«ì­®áâ¥© "1 ¨ "2; á®®â-
¢¥âáâ¢¥­­®. �®£¤  á¯¥ªâà «ì­ ï ¬¥à  ¯®á«¥¤®¢ â¥«ì­®áâ¨ � à ¢­ 

Z� (d�) =
Z1(d�)

(1� �e�i�)2
+

Z2(d�)

1� �e�i�
;

®âªã¤  ¢ á¨«ã ­¥ª®àà¥«¨à®¢ ­­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¥© "1; "2 ­ å®¤¨¬ ®â¢¥â.

� â ¢ ¥ â

f�(d�) =
1

2�j(1� �e�i�)j4 +
1

2�j1� �e�i�j2 :

2.2.13 �ãáâì �n - ¯®á«¥¤®¢ â¥«ì­®áâì ¤¢ãåáâ®à®­­¥£® áª®«ì§ïé¥£® áà¥¤­¥£®

�n =
1X

k=�1
ak"n�k;

£¤¥

ak =

8><
>:

1
� ; ¯à¨ k = 0;

sin k
�k

¯à¨ k 6= 0;

  " ¯®á«¥¤®¢ â¥«ì­®áâì ¡¥«®£® èã¬ . � ©â¨ á¯¥ªâà «ì­ãî ¯«®â­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ �: �¯à¥-
¤¥«¨âì ï¢«ï¥âáï «¨ íâ  ¯®á«¥¤®¢ â¥«ì­®áâì, à¥£ã«ïà­®©, á¨­£ã«ïà­®© ¨«¨ ­¥¤¥â¥à¬¨­¨à®¢ ­­®©.

� ª   §   ­ ¨ ¥ � ­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ï¢«ï¥âáï à¥§ã«ìâ â®¬ ¯à®å®¦¤¥­¨ï ¡¥«®£® èã¬  ç¥à¥§
«¨­¥©­ãî á¨áâ¥¬ã á ¨¬¯ã«ìá­®© å à ªâ¥à¨áâ¨ª®©

h(m) = am =
1

2�

�Z
��

'(�)ei�md�;

£¤¥ '(�)� ç áâ®â­ ï å à ªâ¥à¨áâ¨ª  «¨­¥©­®© á¨áâ¥¬ë (á¬. �à¨¬¥à 2.1.13). �¥âàã¤­® ã¡¥¤¨âìáï,
çâ®

'(�) =

8<
:

1; ¯à¨ j�j � 1;

0; ¯à¨ 1 < j�j � �:

� â ¢ ¥ â

f�(�) =

8<
:

1
2� ; ¯à¨ j�j � 1;

0; ¯à¨ 1 < j�j � �:

�®á«¥¤®¢ â¥«ì­®áâì � - á¨­£ã«ïà­ , á¬. �à¨¬¥à 2.1.19.



2.2.14 �ãáâì �n; �n - ¤¢¥ ��� á ®¤¨­ ª®¢®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥©. �¥ ¨á¯®«ì§ãï â¥®à¥¬ã �¥£®-
�®«¬®£®à®¢ -�à¥©­  ¯®ª § âì, çâ® ¤«ï íâ¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥© ®è¨¡ª  ¯à®£­®§  ­  ®¤¨­ è £
®¤­  ¨ â  ¦¥.

2.2.15 �«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨§ § ¤ ç¨ 2.1.4. ¯®«ãç¨âì ®¯â¨¬ «ì­ãî ®æ¥­ªã ¯à®£­®§  ­  n è £®¢ ¨
®¯à¥¤¥«¨âì ®è¨¡ªã ¯à®£­®§ .�®ª § âì, çâ® áãé¥áâ¢ã¥â ­¥«¨­¥©­ë© ¯à®£­®§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �̂n;
§ ¢¨áïé¨© «¨èì ®â ¤¢ãå ¯®á«¥¤­¨å §­ ç¥­¨© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �0; ��1; ®¡¥á¯¥ç¨¢ îé¨© â®ç­ë©
¯à®£­®§, â® ¥áâì

Mfj�̂n � �nj2g = 0; n � 1:

2.2.16 �«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨, ¨¬¥îé¥© á¯¥ªâà «ì­ãî ¯«®â­®áâì

f(�) =
1

2�
(10� 6 cos�)

®¯â¨¬ «ì­ë© «¨­¥©­ë© ¯à®£­®§ ­  n è £®¢.

� ª   §   ­ ¨ ¥ �à¥¤áâ ¢¨¬ ¢ëà ¦¥­¨¥ 10 + 6 cos� ¢ ¢¨¤¥

10 + 6 cos� = �2j1� �ei�j2

c j�j < 1: � å®¤¨¬, çâ® �2 = 9; � = 1=3: � «¥¥ ¢á¥  ­ «®£¨ç­® �à¨¬¥àã 2.1.16.

� â ¢ ¥ â �̂n = (1=3)n�0:

2.2.17 �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì, ¤«ï ª®â®à®© ®è¨¡ª  ¯à®£­®§  �n = 0; ¯à¨ ­¥ª®â®à®¬ n � 1;
ï¢«ï¥âáï á¨­£ã«ïà­®©. �á«¨ �n ! R(0) ¯à¨ n!1; â® ¯®á«¥¤®¢ â¥«ì­®áâì à¥£ã«ïà­ .

� ª   §   ­ ¨ ¥ �á¯®«ì§®¢ âì �¥®à¥¬ã 2.1.9 ¨ �¥¬¬ã 2.1.4.

2.2.18 �®ª § âì, çâ® ¤«ï à¥£ã«ïà­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ �n

�̂n ! 0; n!1:

� ª   §   ­ ¨ ¥ �¬. ãª § ­¨¥ ª ¯à¥¤ë¤ãé¥¬ã ¯à¨¬¥àã.

2.2.19 �®ª § âì, çâ® äã­ªæ¨ï '̂n(�); ®¡¥á¯¥ç¨¢ îé ï â®ç­ë© ¯à®£­®§ ­  n è £®¢ ¤«ï ��� ¢ �à¨¬¥à¥
2.1.19 à ¢­ 

'̂n(�) =
1X
k=0

kX
l=0

Ck
n+kC

l
k(�1)l+ke�i�l 2 H0(F ):

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï á®®â­®è¥­¨¥¬

ei�n = [1� (1 � e�i�)]�n

¨ ¨á¯®«ì§®¢ âì à §«®¦¥­¨¥ äã­ªæ¨¨ (1� z)�n ¢ àï¤ �¥©«®à 

1

(1 � z)n
=

1X
k=0

Ck
n+k(�1)kzk;

à ¢­®¬¥à­® áå®¤ïé¨©áï ¢ «î¡®¬ ªàã£¥ à ¤¨ãá  r < 1:



2.2 � àâ¨­£ «ë (�¨áªà¥â­®¥ ¢à¥¬ï)

�à¨ à¥è¥­¨¨ ¯à¨ª« ¤­ëå § ¤ ç, ¢ ª®â®àëå ¨á¯®«ì§ãîâáï â¥®à¥â¨ª®-¢¥à®ïâ­®áâ­ë¥ ¬®¤¥«¨, ª«îç¥¢ë¬
¬®¬¥­â®¬ ï¢«ï¥âáï ­ «¨ç¨¥ § ¢¨á¨¬®áâ¨ ¬¥¦¤ã à §«¨ç­ë¬¨ á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨. � ®¡é¥¬ á«ãç ¥
íâ  § ¢¨á¨¬®áâì ®¯¨áë¢ ¥âáï á®¢¬¥áâ­ë¬ à á¯à¥¤¥«¥­¨¥¬, çâ® å®âï ¨ å à ªâ¥à¨§ã¥â íâã § ¢¨á¨¬®áâì
¯®«­®áâìî, ­® ï¢«ï¥âáï ¢¥áì¬  £à®¬®§¤ª¨¬ ¨ ç áâ® ­¥¯à¨¥¬«¥¬ë¬. �®íâ®¬ã ¢á¥ ®¯¨á ­­ë¥ ¢ëè¥ ®á­®¢-
­ë¥ ¬®¤¥«¨ á«ãç ©­ëå ¯à®æ¥áá®¢ ã¯à®é îâ íâã § ¢¨á¨¬®áâì, á¢®¤ï ¥¥ ª ­¥ª®â®àë¬ ¡®«¥¥ ¯à®áâë¬ á®®â-
­®è¥­¨ï¬. �á­®, çâ® ¯à¨ â ª®¬ ã¯à®é¥­¨¨, ¬®¤¥«ì â¥àï¥â ¬­®£¨¥ á¢®©áâ¢  ¨áå®¤­®£® ¯à®æ¥áá  ¨ ¯®íâ®¬ã
¤«ï ª ¦¤®£® ª« áá  ¬®¤¥«¥© ¬®¦­® à¥è¨âì «¨èì ­¥ª®â®àë© ªàã£ â¨¯®¢ëå § ¤ ç. �á«¨ à áá¬ âà¨¢ âì
¬®¤¥«ì ¯®á«¥¤®¢ â¥«ì­®áâ¨, ®¡à §ãîé¥© ¬ àâ¨­£ «, á íâ®© â®çª¨ §à¥­¨ï, â® ã¤¨¢¨â¥«ì­ë¬ ï¢«ï¥âáï
­¥á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã çà¥§¢ëç ©­® ¯à®áâë¬ ®¯¨á ­¨¥¬ ¨ â¥¬ è¨à®ª¨¬ ªàã£®¬ § ¤ ç, ª®â®àë¥ ¢ à ¬ª å
íâ®£® ®¯¨á ­¨ï ¬®¦­® à¥è¨âì. �¥«® ¢ â®¬, çâ® ®¯¨á ­¨¥ ¬ àâ¨­£ «  ­ ¯àï¬ãî á¢ï§ ­® á ¬­®¦¥áâ¢®¬
á«ãç ©­ëå á®¡ëâ¨©, ¯à®¨áå®¤ïé¨å ¤® â¥ªãé¥£® ¬®¬¥­â  ¢à¥¬¥­¨, ¨ â¥¬ á ¬ë¬ ¥£® áâàãªâãà  ®à¥¤¥«¥­ 
¥áâ¥áâ¢¥­­ë¬ å®¤®¬ ¢à¥¬¥­¨, çâ® çà¥§¢ëç ©­® ¢ ¦­® ¤«ï ¬®¤¥«¥©, ®¯¨áë¢ îé¨å ¤¨­ ¬¨ç¥áª¨¥ ¯à®æ¥á-
áë. �â¨¬ ¬®¦­® ®¡ìïá­¨âì è¨à®ª®¥ ¯à¨¬¥­¥­¨¥ â¥®à¨¨ ¬ àâ¨­£ «®¢ ¢ § ¤ ç å ä¨«ìâà æ¨¨, ã¯à ¢«¥­¨ï,
â¥®à¨¨ á¢ï§¨,ä¨­ ­á®¢®© ¬ â¥¬ â¨ª¨ ¨ áâ â¨áâ¨ª¨. �à®¬¥ â®£®, ¬ àâ¨­£ «ë ¯®§¢®«ïîâ ¢¥áì¬  "íª®­®¬-
­ë¬¨" áà¥¤áâ¢ ¬¨ ®¡®¡é¨âì ª« áá¨ç¥áª¨¥ â¥®à¥¬ë ® áå®¤¨¬®áâ¨ á«ãç ©­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ¤ âì
®æ¥­ª¨ ¢¥à®ïâ­®áâ¥© ¢ ¦­ëå á«ãç ©­ëå á®¡ëâ¨© ¢ ®ç¥­ì ¯à®áâëå â¥à¬¨­ å ¨ â.¤. �¢®©áâ¢® ¬ àâ¨­£ «ì-
­®áâ¨ ®á­®¢ ­® ­  ¯®­ïâ¨¨ ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ®â­®á¨â¥«ì­® ­¥ª®â®à®© � -  «£¥¡àë,
ª®â®à®¥ ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ª« áá¨ç¥áª®£® ¯®­ïâ¨ï, ¢¢®¤¨¬®£® á ¯®¬®éìî ä®à¬ã«ë � ©¥á  ¨ ª®â®à®¥
¬®¦­® ®¯à¥¤¥«¨âì ª ª

Mf�jBg =
1Z

�1
xdF (xjB)

á ¨­â¥£à «®¬ ¯® ãá«®¢­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï

F (AjB) =
PfA \Bg
PfBg = Pf� 2 AjBg:

�¥®¡å®¤¨¬®âì ®¡®¡é¥­¨ï íâ®£® ®¯à¥¤¥«¥­¨ï á¢ï§ ­  á â¥¬, çâ® ¤ ­­ ï ä®à¬ã«  â¥àï¥â á¬ëá« ¥á«¨
¢¥à®ïâ­®áâì á®¡ëâ¨ï B à ¢­  ­ã«î, çâ® ç áâ® ¨¬¥¥â ¬¥áâ®, ¥á«¨ á®¡ëâ¨¥ B ¯®à®¦¤ ¥âáï á«ãç ©­®©
¢¥«¨ç¨­®© á ­¥¯à¥àë¢­ë¬ à á¯à¥¤¥«¥­¨¥¬. �®íâ®¬ã ¢ á«¥¤ãîé¥¬ à §¤¥«¥ ¢¢®¤¨âáï ®¡é¥¥ ®¯à¥¤¥«¥­¨¥
ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ¯à¨¢®¤ïâáï ®á­®¢­ë¥ á¢®©áâ¢  íâ®© å à ªâ¥à¨áâ¨ª¨ á«ãç ©­®©
¢¥«¨ç¨­ë.

2.2.1 �¯à¥¤¥«¥­¨¥ ¨ á¢®©áâ¢  ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï

�ãáâì § ¤ ­® ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢® f
;F ;Pg; G - ­¥ª®â®à ï � - ¯®¤ «£¥¡à   «£¥¡àë F , â® ¥áâì
G � F ¨ �(!) - á«ãç ©­ ï ¢¥«¨ç¨­  â ª ï, çâ® Mj�j <1:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.1 �á«®¢­ë¬ ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ á«ãç ©­®© ¢¥«¨ç¨­ë � ®â­®á¨-
â¥«ì­® � -  «£¥¡àë G ­ §ë¢ ¥âáï á«ãç ©­ ï ¢¥«¨ç¨­ , ®¡®§­ ç ¥¬ ïMf�jGg ¨ ã¤®¢«¥â¢®àïîé ï á«¥¤ã-
îé¨¬ ãá«®¢¨ï¬:

1. Mf�jGg ï¢«ï¥âáï G - ¨§¬¥à¨¬®©;

2. ¤«ï «î¡®£® ¬­®¦¥áâ¢  A 2 G ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®Z
A

�dP =

Z
A

Mf�jGgdP: (2.2.1)

� ¥ ® à ¥ ¬   2.2.1 �á«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë �; â ª®© çâ®Mfj�jg <
1 áãé¥áâ¢ã¥â ¨ ®¯à¥¤¥«¥­® ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  N ; PfNg = 0:



� ® ª   §   â ¥ « ì á â ¢ ® �¯à¥¤¥«¨¬ ¬¥àã Q ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ f
;Gg á®®â­®è¥­¨¥¬

Q(A) =

Z
A

�dP; A 2 G:

�â  ¬¥à  ï¢«ï¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­®© ®â­®á¨â¥«ì­® ¬¥àë P; à áá¬ âà¨¢ ¥¬®© ­  â®¬ ¦¥ ¯à®áâà ­-
áâ¢¥. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¤«ï ­¥ª®â®à®£® ¬­®¦¥áâ¢  A ¬¥à  P(A) = 0 â® ®âáî¤  ¢ á¨«ã ¨­â¥£à¨àã¥-
¬®áâ¨ á«ãç ©­®© ¢¥«¨ç¨­ë � á«¥¤ã¥â, çâ® ¨ ¬¥à  Q(A) = 0: �® â¥®à¥¬¥ �®¤®­ -�¨ª®¤¨¬  íâ® ®§­ ç ¥â,

çâ® áãé¥áâ¢ã¥â á«ãç ©­ ï ¢¥«¨ç¨­ , ­ §ë¢ ¥¬ ï ¯à®¨§¢®¤­®© �®¤®­ -�¨ª®¤¨¬  dQ
dP

(!); ®¯à¥¤¥«¥­­ ï á

â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ¬¥àë ­ã«ì (¯® ¬¥à¥ P) ¨ ¨§¬¥à¨¬ ï ®â­®á¨â¥«ì­® � -  «£¥¡àë G â ª ï, çâ® ¤«ï
«î¡®£® á®¡ëâ¨ï A 2 G

Q(A) =

Z
A

dQ

dP
(!)dP:

� ­­®¥ á®®â­®è¥­¨¥ ®§­ ç ¥â, çâ® ¤«ï «î¡®£® á®¡ëâ¨ï A 2 G

Q(A) =

Z
A

�dP =

Z
A

dQ

dP
(!)dP;

¨ á«¥¤®¢ â¥«ì­®,

Mf�jGg = dQ

dP
(!):

�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï ¢ëâ¥ª îâ á«¥¤ãîé¨¥ á¢®©áâ¢  ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï:

1. �á«¨ �(!) = C = const (P� ¯.­.); â®Mf�jGg = C (P� ¯.­.):

2. �á«¨ �(!) � � (P� ¯.­.); â® Mf�jGg �Mf�jGg (P� ¯.­.):
3. jMf�jGgj �Mfj�jjGg (P� ¯.­.):

4. �á«¨ a; b - § ¤ ­­ë¥ ª®­áâ ­âë, �; � - ¨­â¥£à¨àã¥¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, â®

Mfa� + b�jGg = aMf�jGg+ bMf�jGg; (P� ¯.­.):

5. �ãáâì G = f;;
g - âà¨¢¨ «ì­ ï � -  «£¥¡à . �®£¤ ,

Mf�jGg = Mf�g; (P� ¯.­.):

6. �ãáâì á«ãç ©­ ï ¢¥«¨ç¨­  � ¨§¬¥à¨¬  ®â­®á¨â¥«ì­® � -  «£¥¡àë F ; â®£¤ Mf�jFg = �; (P�¯.­.):
7. MfMf�jGgg = Mf�g:
8. �á«¨ G1 � G2; â®

MfMf�jG2gjG1g = Mf�jG1g; (P� ¯.­.):

9. �á«¨ G2 � G1; â®
MfMf�jG2gjG1g = Mf�jG2g; (P� ¯.­.):

10. �á«¨ á«ãç ©­ ï ¢¥«¨ç¨­  � ­¥ § ¢¨á¨â ®â � -  «£¥¡àë G; â® ¥áâì ¤«ï «î¡®£® B 2 G á«ãç ©­ë¥
¢¥«¨ç¨­ë � ¨ IB - ­¥§ ¢¨á¨¬ë, â®

Mf�jGg = Mf�g:

11. �ãáâì � ¨§¬¥à¨¬  ®â­®á¨â¥«ì­® � -  «£¥¡àë G; ¨ Mfj��jg <1; â®£¤ 

Mf��jGg = �Mf�jGg; (P� ¯.­.):



12. �¥à ¢¥­áâ¢® �¥­á¥­ . �ãáâì g(x) - ¢ë¯ãª« ï ¢­¨í äã­ªæ¨ï â ª ï, çâ® Mfjg(x)jg <1; â®£¤ 

g[Mf�jGg] �Mf[g(�)jG]g; (P� ¯.­.):

13. �ãáâì � - G ¯à®¨§¢®«ì­ ï ¨§¬¥à¨¬ ï á«ãç ©­ ï ¢¥«¨ç¨­ . �á«¨ Mf�2g <1;Mf�2g <1; â®

Mf(� � �)2g �Mf(� �Mf�jGg)2g:

� ® ª   §   â ¥ « ì á â ¢ ® [c¢®©áâ¢® (13)]. �ëç¨á«¨¬

Mf(� � �)2g = Mf(� �Mf�jGg+Mf�jGg � �)2g =

Mf(� �Mf�jGg)2g+Mf(Mf�jGg � �)2g+ 2Mf(� �Mf�jGg)(Mf�jGg � �)g:
�®ª ¦¥¬, çâ® ¯®á«¥¤­¥¥ á« £ ¥¬®¥ à ¢­® ­ã«î. �¥©áâ¢¨â¥«ì­®, ¯® á¢®©áâ¢ã (7)

Mf(� �Mf�jGg)(Mf�jGg � �)g = MfMf(� �Mf�jGg)(Mf�jGg � �)jGgg:
� «¥¥, ¯®áª®«ìªã á«ãç ©­ ï ¢¥«¨ç¨­  (Mf�jGg � �) ï¢«ï¥âáï G� ¨§¬¥à¨¬®© ¨

Mf(� �Mf�jGg)jGg = Mf�jGg �MfMf�jGgjGg = Mf�jGg �Mf�jGg = 0;

â® ¯® á¢®©áâ¢ã (10)

MfMf(� �Mf�jGg)(Mf�jGg � �)jGgg = MfMf(� �Mf�jGg)jGg(Mf�jGg � �)g = 0:

�, ­ ª®­¥æ, â ª ª ª Mf(Mf�jGg � �)2)g � 0; ¯®«ãç ¥¬ á®®â­®è¥­¨¥ (13).

�   ¬ ¥ ç   ­ ¨ ¥ C¢®©áâ¢® (13) ï¢«ï¥âáï çà¥§¢ëç ©­® ¢ ¦­ë¬ ¢ § ¤ ç å ®æ¥­¨¢ ­¨ï á«ãç ©­ëå ¢¥«¨-
ç¨­. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¤ ­  ¯ à  á«ãç ©­ëå ¢¥«¨ç¨­, f�; �g; ¯¥à¢ ï ¨§ ª®â®àëå ­¥­ ¡«î¤ ¥¬ ,  
¢â®à ï ­ ¡«î¤ ¥¬ . �à¥¤¯®«®¦¨¬, çâ® ¬ë å®â¨¬ ®æ¥­¨âì á«ãç ©­ãî ¢¥«¨ç¨­ã � ­ ¨«ãçè¨¬ ®¡à §®¬
¯® ­ ¡«î¤¥­¨î á«ãç ©­®© ¢¥«¨ç¨­ë �: �á­®, çâ® ¢áïª ï â ª ï ®æ¥­ª  ¥áâì ­¥ çâ® ¨­®¥ ª ª ª ª ï-â®
¨§¬¥à¨¬ ï äã­ªæ¨ï á«ãç ©­®© ¢¥«¨ç¨­ë �; â® ¥áâì ®æ¥­ª  ¨é¥âáï ¢ ¢¨¤¥ �̂ = '(�): � ª ç¥áâ¢¥ ¬¥àë
¡«¨§®áâ¨ ®æ¥­ª¨ ¨ á ¬®© á«ãç ©­®© ¢¥«¨ç¨­ë � ¬®¦­® ¢ë¡à âì

Mj� � �̂j2 =Mj� � '(�)j2:
�ãáâì G = F�; â®£¤  '(�) - ¥áâì G - ¨§¬¥à¨¬ ï á«ãç ©­ ï ¢¥«¨ç¨­ , ¨ ¢ á¨«ã á¢®©áâ¢  (13)

Mf� � '(�)g2 �M(� �Mf�jGg)2

¤«ï «î¡®© äã­ªæ¨¨ ': �â® ®§­ ç ¥â, çâ® ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ®¡« ¤ ¥â íªáâà¥¬ «ì­ë¬
á¢®©áâ¢®¬ ­ ¨«ãçè¥© ®æ¥­ª¨ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥.

�   ¬ ¥ ç   ­ ¨ ¥ �á«¨ ®¡ê¥¤¨­¨âì íâ® á¢®©áâ¢® ¢¬¥áâ¥ á® á¢®©áâ¢®¬ (8), â® ¬®¦­® ã¢¨¤¥âì, çâ® ®¯¥à â®à
¢§ïâ¨ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ï¢«ï¥âáï ®¯¥à â®à®¬ ¯à®¥ªâ¨à ¢ ­¨ï á«ãç ©­ëå ¢¥«¨ç¨­
� 2 H2 ­  ¬­®¦¥áâ¢® G - ¨§¬¥à¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­, ¨ ¯à¨ íâ®¬ ¢ë¯®«­ï¥âáï ¥áâ¥áâ¢¥­­®¥ ãá«®¢¨¥
®àâ®£®­ «ì­®áâ¨

(� �Mf�jGg) ?Mf�jGg;
¯®áª®«ìªã

covf(� �Mf�jGg);Mf�jGgg = Mf(� �Mf�jGg)Mf�jGgg = MfMf(� �Mf�jGg)jGgMf�jGgg = 0:

�à¨¢¥¤¥¬ ¯à¨¬¥àë ¢ëç¨á«¥­¨ï ãá«®¢­ëå ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨©.

� à ¨ ¬ ¥ à 2.2.1 �ãáâì � - ¤¨áªà¥â­ ï á«ãç ©­ ï ¢¥«¨ç¨­ , ¯à¨­¨¬ îé ï áç¥â­®¥ ¬­®¦¥áâ¢® §­ ç¥-

­¨© fyk; k = 1; :::g á ¢¥à®ïâ­®áâï¬¨Pf� = ykg > 0; ¨
1P
k=1

Pf� = ykg = 1: �ãáâì � ¨­â¥£à¨àã¥¬ ï á«ãç ©­ ï

¢¥«¨ç¨­ . �¯à¥¤¥«¨âì ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ � ®â­®á¨â¥«ì­® � -  «£¥¡àë F�, ¯®à®¦¤¥­­®©
á«ãç ©­®© ¢¥«¨ç¨­®© �:



� ¥ è ¥ ­ ¨ ¥ �«ï «î¡®£® á®¡ëâ¨ï A 2 F

P(Aj� = yk) =
P(A \ f� = ykg)

P(� = yk)
; k � 1:

�«ï y 2 R n fy1; y2; ::::g ãá«®¢­ ï ¢¥à®ïâ­®áâì ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  ¯à®¨§¢®«ì­ë¬ ®¡à §®¬, ­ ¯à¨¬¥à,
¬®¦­® ¯®«®¦¨âì ¥¥ à ¢­®© ­ã«î.

�® ®¯à¥¤¥«¥­¨î ¤«ï «î¡®£® ¬­®¦¥áâ¢  A 2 F� ¤®«¦­® ¢ë¯®«­ïâìáï à ¢¥­áâ¢®Z
A

�dP =

Z
A

Mf�jF�gdP: (2.2.2)

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ A = f� = ykg; â®£¤  à ¢¥­áâ¢® (5.4.2) ¡ã¤¥â ¢ë¯®«­ïâìáï ¥á«¨

Mf�jF�g = Mf�j� = yg =

8>>><
>>>:

1

P(� = y)

Z
f!:�=yg

�dP; y = yk; k � 1;

0; y = R n fy1; y2; :::g:
�®áª®«ìªã «î¡®¥ ¯®¤¬­®¦¥áâ¢®A 2 F� ¯à¥¤áâ ¢¨¬® ª ª áç¥â­®¥ ®¡ê¥¤¨­¥­¨¥ ¬­®¦¥áâ¢ ¢¨¤  f� = ykg; â®
à ¢¥­áâ¢® (5.4.2) ¢ë¯®«­¥­® ¨ ¤«ï «î¡®£® ¬­®¦¥áâ¢  A 2 F� ; ¨ á«¥¤®¢ â¥«ì­® ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥ ®¯à¥¤¥«¥­® ª ª ¨§¬¥à¨¬ ï äã­ªæ¨ï ®â á«ãç ©­®© ¢¥«¨ç¨­ë �:

� à ¨ ¬ ¥ à 2.2.2 �ãáâì ¤ ­  ¯ à  á«ãç ©­ëå ¢¥«¨ç¨­ f�; �g; ¨¬¥îé¨å á®¢¬¥áâ­ãî ¯«®â­®áâì à á¯à¥-
¤¥«¥­¨ï p� �(x; y) � 0 ¨ Mfj�jg < 1: �®ª § âì, çâ® ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ Mf�j�g ¬®¦­®
¢ëç¨á«¨âì ¯® ä®à¬ã«¥

Mf�j�g =

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

1Z
�1

xf� �(x; �)dx

1Z
�1

f� �(x; �)dx

; ¥á«¨

1Z
�1

f� �(x; �)dx > 0;

0; ¥á«¨

1Z
�1

f� �(x; �)dx = 0:

� ¥ è ¥ ­ ¨ ¥ �® ®¯à¥¤¥«¥­¨î ¤®«¦­® ¢ë¯®«­ïâìáï à ¢¥­áâ¢® (5.4.1). � ª ç¥áâ¢¥ ¬­®¦¥áâ¢  A 2 F�

¢®§ì¬¥¬ A = f� � yg: �à®¬¥ â®£®, ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¥áâì F� - ¨§¬¥à¨¬ ï á«ãç ©­ ï
¢¥«¨ç¨­ , ¨ ¯®íâ®¬ã áãé¥áâ¢ã¥â ¡®à¥«¥¢áª ï äã­ªæ¨ï '(y) â ª ï, çâ®

Mf�jF�g = '(�):

�®¤áâ ¢¨¢ íâ® á®®â­®è¥­¨¥ ¢ à ¢¥­áâ¢® (5.4.1), ¯®«ãç¨¬

Z
A

Mf�jF�gdP =

yZ
�1

1Z
�1

'(v)f� �(u; v)dudv;

Z
A

�dP =

yZ
�1

1Z
�1

uf� �(u; v)dudv:

�®áª®«ìªã à ¢¥­áâ¢® (5.4.1) ¤®«¦­® ¢ë¯®«­ïâìáï ¯à¨ ¢á¥å y 2 R; â® ¢ á¨«ã â¥®à¥¬ë �ã¡¨­¨, ¯®«ãç ¥¬
á«¥¤ãîé¥¥ á®®â­®è¥­¨¥, ª®â®à®¬ã ¤®«¦­  ã¤®¢«¥â¢®àïâì äã­ªæ¨ï '

'(v)

1Z
�1

f� �(u; v)du =

1Z
�1

uf� �(u; v)du: (2.2.3)



�®áª®«ìªã à ¢¥­áâ¢®
1Z

�1
f� �(u; v)du = 0

¢«¥ç¥â §  á®¡®© ¢ á¨«ã ¨­â¥£à¨àã¥¬®áâ¨ � ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

1Z
�1

uf� �(u; v)du = 0

â® äã­ªæ¨ï '(v)

'(v) =

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

1Z
�1

uf� �(u; v)du

1Z
�1

f� �(u; v)du

; ¥á«¨

1Z
�1

f� �(u; v)du > 0;

0; ¥á«¨

1Z
�1

f� �(u; v)du = 0:

«¥©áâ¢¨â¥«ì­® ã¤®¢«¥â¢àï¥â ãà ¢­¥­¨î (5.4.3), ¨ ®¯à¥¤¥«ï¥â ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥.

� à ¨ ¬ ¥ à 2.2.3 [� ãáá®¢áª¨¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë]. �ãáâì ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥ á®¢¬¥áâ­®¥ à á-
¯à¥¤¥«¥­¨¥ á«ã ©­ëå ¢¥«¨ç¨­ f�; �g - £ ãáá®¢áª®¥ á ¯ à ¬¥âà ¬¨

Mf�g = m�; Mf�g = m�;

Df�g = d� �; Df�g = d� � > 0; covf�; �g = d� �:

�®ª § âì, çâ® ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ Mf�j�g ¬®¦­® ¢ëç¨á«¨âì ¯® ä®à¬ã«¥
Mf�j�g = m� + d� �(d� �)

�1(� �m�); (2.2.4)

¯à¨ íâ®¬
Mf(� �Mf�j�g)2g = d� � � d� �(d� �)

�1d� �: (2.2.5)

� ¥ è ¥ ­ ¨ ¥ �®­¥ç­®, íâã ä®à¬ã«ã ¬®¦­® ¯®«ãç¨âì ¨§ ®¡é¨å á®®â­®è¥­¨©, ¨á¯®«ì§ãï ¢ëà ¦¥­¨¥
¤«ï ¯«®â­®áâ¨ ãá«®¢­®£® à á¯à¥¤¥«¥­¨ï. �¤­ ª®, ¤«ï £ ãáá®¢áª¨å á«ãç ©­ëå ¢¥«¨ç¨­ ¬®¦­® ¢®á¯®«ì-
§®¢ âìáï â¥¬, çâ® ­¥ª®àà¥«¨à®¢ ­­®áâì ¢«¥ç¥â §  á®¡®© ­¥§ ¢¨á¨¬®áâì.

� áá¬®âà¨¬ á«ãç ©­ãî ¢¥«¨ç¨­ã

� = � �m� +C(� �m�)

¨ ¢ë¡¥à¥¬ ¯ à ¬¥âà C â ª¨¬ ®¡à §®¬, çâ®¡ë � ? � �m� : �á«®¢¨¥ ®àâ®£®­ «ì­®áâ¨ ¤ ¥â á®®â­®è¥­¨¥

d� � +Cd� � = 0;

®âªã¤  C = �d� �(d� �)�1: �«¥¤®¢ â¥«ì­®, á«ãç ©­ ï ¢¥«¨ç¨­ 
� = � �m� � d� �(d� �)

�1(� �m�)

­¥ § ¢¨á¨â ®â � ¨ ¯® á¢®©áâ¢ ¬ ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï

Mf�j�g = Mf�g = 0:

�ëç¨á«ïï ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ �; ¯®«ãç ¥¬

0 = Mf�j�g = Mf�j�g �m� � d� �(d� �)
�1(� �m�)



®âªã¤  ¨ á«¥¤ã¥â (5.4.4). �®¤áâ ¢«ïï á®®â­®è¥­¨¥ ¤«ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¢ ä®à¬ã«ã
¤«ï ãá«®¢­®© ª®¢ à¨ æ¨¨ á ãç¥â®¬ á®®â­®è¥­¨ï d� � = d� �; ¯®«ãç ¥¬

Mf(� �Mf�j�g)2g = Mf(� �m� + d� �(d� �)�1(� �m�))2g =

Mf(� �m�)2 + d� �(d� �)�1Mf(� �m�)2g(d� �)�1d� ��

Mf(� �m�)(� �m�)(d� �)�1d� �g �Mfd� �(d� �)�1(� �m�)(� �m�)g =

d� � + d� �(d� �)�1d� � � d� �(d� �)�1d� � � d� �(d� �)�1d� � = d� � � d� �(d� �)�1d� �:

�   ¬ ¥ ç   ­ ¨ ¥ �®®â­®è¥­¨ï (5.4.4), (5.4.5) ï¢«ïîâáï ¢ëà ¦¥­¨¥¬ ¢ ¦­®© â¥®à¥¬ë ® ­®à¬ «ì­®© ª®à-
à¥«ïæ¨¨, ¤ îé¥© ¯à®áâ®¥ á®®â­®è¥­¨¥ ¤«ï ¢ëç¨á«¥­¨ï ãá«®¢­ëå ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨© £ ãáá®¢áª¨å
á«ãç ©­ëå ¢¥«¨ç¨­. �â¨ á®®â­®è¥­¨ï á¯à ¢¥¤«¨¢ë ¨ ¢ ¢¥ªâ®à­®¬ á«ãç ¥, ª®£¤  ¬ âà¨æ  ª®¢ à¨ æ¨¨
á«ãç ©­®£® ¢¥ªâ®à  d� � ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®©.

2.2.2 �¯à¥¤¥«¥­¨¥ ¨ ¯à¨¬¥àë ¬ àâ¨­£ «®¢ ¨ áã¡¬ àâ¨­£ «®¢

�ãáâì ­  ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ f
;F ;Pg § ¤ ­® ­¥ã¡ë¢ îé¥¥ á¥¬¥©áâ¢® � -  «£¥¡à Fn; n > 0
â ª®¥, çâ® F0 � F1 � ::: � F :

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.2 �ãáâì X0; X1; ::: - ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­, ®¯à¥¤¥«¥­­ëå
­  f
;F ;Pg . �á«¨ ¯à¨ ª ¦¤®¬ n á«ãç ©­ ï ¢¥«¨ç¨­  Xn - Fn - ¨§¬¥à¨¬ , â® X = (Xn;Fn); n > 0 ¨«¨
¯à®áâ® X = (Xn;Fn) ¡ã¤¥â ­ §ë¢ âìáï áâ®å áâ¨ç¥áª®© ¯®á«¥¤®¢ â¥«ì­®áâìî.

�á«¨ áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì â ª®¢ , çâ® á«ãç ©­ ï ¢¥«¨ç¨­  Xn - Fn�1 - ¨§¬¥à¨¬  ¯à¨
¢á¥å n � 1; â® â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì ¡ã¤¥â ­ §ë¢ âìáï ¯à¥¤áª §ã¥¬®©.

�   ¬ ¥ ç   ­ ¨ ¥ �¬ëá« íâ®£® ­ §¢ ­¨ï áâ ­®¢¨âáï ¯®­ïâ­ë¬, ¥á«¨ ¢ ª ç¥áâ¢¥ Fn ¢ë¡à ­ë � -  «£¥¡àë
FX
n = �fX0; :::; Xng; ¯®à®¦¤¥­­ë¥ á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨X ¤® ¬®¬¥­â  ¢à¥¬¥­¨

n. �à¥¤áª §ã¥¬®áâì ®§­ ç ¥â â®£¤ , çâ® á«ãç ©­ ï ¢¥«¨ç¨­  Xn - ¥áâì ¡®à¥«¥¢áª ï äã­ªæ¨ï ¢¥«¨ç¨­
fX0; :::; Xn�1g; ¨ á«¥¤®¢ â¥«ì­®,¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  ¯® ­ ¡«î¤¥­¨ï¬ á«ãç ©­ëå ¢¥«¨ç¨­ ¤® ¬®¬¥­â ,
¯à¥¤è¥áâ¢ãîé¥£® n:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.3 �â®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn)­ §ë¢ ¥âáï ¬ àâ¨­£ -
«®¬, ¨«¨ áã¡¬ àâ¨­£ «®¬, ¥á«¨ ¤«ï «î¡®£® n � 0;

MfjXnjg <1
¨ á®®â¢¥âáâ¢¥­­®,

MfXn+1jFng = Xn (P� ¯.­.) (¬ àâ¨­£ «);

MfXn+1jFng � Xn (P� ¯.­.) (áã¡¬ àâ¨­£ «):
(2.2.6)

�â®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn)­ §ë¢ ¥âáï áã¯¥à¬ àâ¨­£ «®¬ ¥á«¨ ¯®á«¥¤®¢ â¥«ì-
­®áâì �X = (�Xn;Fn) - áã¡¬ àâ¨­£ «.

�§ á¢®©áâ¢ ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï á«¥¤ã¥â, çâ® á¢®©áâ¢® (2.2.6) íª¢¨¢ «¥­â­® á«¥¤ãîé¥¬ã
ãá«®¢¨î: ¤«ï «î¡®£® n � 0 ¨ á®¡ëâ¨ï A 2 Fn ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ Z

A

Xn+1dP =

Z
A

XndP (¬ àâ¨­£ «);

Z
A

Xn+1dP �
Z
A

XndP (áã¡¬ àâ¨­£ «):

(2.2.7)

�à¨¢¥¤¥¬ àï¤ ¯à®áâëå ¯à¨¬¥à®¢ áâ®å áâ¨ç¥áª¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥© ®¡à §ãîé¨å ¬ àâ¨­£ «ë ¨ áã¡-
¬ àâ¨­£ «ë.



� à ¨ ¬ ¥ à 2.2.4 �ãáâì (�n)n�0 - ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ áMf�ng = 0:

�®£¤  áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn), £¤¥ Xn =
nP

k=0
�n; Fn = �f�0; :::; �ng - ¬ àâ¨­£ «.

�á«¨ Mf�ng � 0; â® ¯®á«¥¤®¢ â¥«ì­®áâì X - áã¡¬ àâ¨­£ «.

� à ¨ ¬ ¥ à 2.2.5 �ãáâì (�n)n�0 - ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ áMf�ng = 1:

�®£¤  áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn), £¤¥ Xn =
nQ

k=0
�n; Fn = �f�0; :::; �ng - ¬ àâ¨­£ «.

�á«¨ Mf�ng � 1; â® ¯®á«¥¤®¢ â¥«ì­®áâì X - áã¡¬ àâ¨­£ «.

� à ¨ ¬ ¥ à 2.2.6 �ãáâì � - á«ãç ©­ ï ¢¥«¨ç¨­  á Mfj�jg < 1 ¨ F0 � F1 � ::: � F : �®£¤  áâ®å áâ¨-
ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn), £¤¥ Xn = Mf�jFng - ¬ àâ¨­£ «. � àâ¨­£ «ë, ¤®¯ãáª îé¨¥
â ª®¥ ¯à¥¤áâ ¢«¥­¨¥ ­ §ë¢ îâáï à¥£ã«ïà­ë¬¨ ¬ àâ¨­£ « ¬¨.

� à ¨ ¬ ¥ à 2.2.7 �ãáâì áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥ì­®áâì X = (Xn;Fn)- ¬ àâ¨­£ «, ¨ g(x) - ¢ë¯ã-
ª« ï ¢­¨§ äã­ªæ¨ï â ª ï, çâ®Mfjg(Xnjg <1 ¤«ï ¢á¥å n � 0: �®£¤  áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì
(g(Xn);Fn) - áã¡¬ àâ¨­£ «. �á«¨ áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâìX = (Xn;Fn)- áã¡¬ àâ¨­£ «, ¨ g(x)
- ¢ë¯ãª« ï ¢­¨§ ­¥ã¡ë¢ îé ï äã­ªæ¨ï â ª ï, çâ® ¤«ï ¢á¥å n � 0 Mfjg(Xnjg < 1 ¤«ï ¢á¥å n � 0; â®
áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì (g(Xn);Fn) - â ª¦¥ áã¡¬ àâ¨­£ «.

� à ¨ ¬ ¥ à 2.2.8 � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ëå á«ãç ©-
­ëå ¢¥«¨ç¨­ (�n)n�1; ¯à¨­¨¬ îé¨å §­ ç¥­¨ï f�1; 1g á ¢¥à®ïâ­®áâï¬¨ Pf�n = 1g = p; Pf�n = �1g =
q = 1�p: �âã ¯®á«¥¤®¢ â¥«ì­®áâì ¬®¦­® à áá¬ âà¨¢ âì ª ª à¥§ã«ìâ âë ¨£àë ¤¢ãå «¨æ, £¤¥ �n = 1 âà ª-
âã¥âáï ª ª ¢ë¨£àëè ¯¥à¢®£® ¨£à®ª  ¢ n� ¯ àâ¨¨,   �n = �1; ª ª ¥£® ¯à®¨£àëè. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì
áâ ¢®ª ¯¥à¢®£® ¨£à®ª  ¥áâì Vn; â® ¥£® ®¡é¨© ¢ë¨£àëè ¯®á«¥ n� ®© ¯ àâ¨¨ à ¢¥­

Xn =
nX

k=1

�nVn = Xn�1 + �nVn:

�®áª®«ìªã ¨£à®ªã ­¥¨§¢¥áâ­ë à¥§ã«ìâ âë ¡ã¤ãé¨å ¯ àâ¨©, â® ¥£® áâà â¥£¨ï ¬®¦¥â ¡ §¨à®¢ âìáï â®«ìª®
­  à¥§ã«ìâ â å ¯à®è¥¤è¨å ¯ àâ¨©, çâ® ®§­ ç ¥â

Vn = Vnf�1; :::; �n�1g � 0;

¨«¨ Vn - ¥áâì Fn�1 = �f�1; :::; �n�1g - ¨§¬¥à¨¬ ï á«ãç ©­ ï ¢¥«¨ç¨­ . � áá¬®âà¨¬ ¯®¢¥¤¥­¨¥ ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ X = (Xn;Fn)á â®çª¨ §à¥­¨ï ®¯à¥¤¥«¥­¨ï 2.2.3, â®£¤ 

MfXnjFn�1g = Xn�1 + VnMf�ng
¨ ¯®á«¥¤®¢ â¥«ì­®áâì ®¡à §ã¥â ¬ àâ¨­£ «, ¥á«¨Mf�ng = p�q = 0; áã¡¬ àâ¨­£ «, ¥á«¨Mf�ng = p�q > 0;
¨ áã¯¥à¬ àâ¨­£ «, ¥á«¨ Mf�ng = p� q < 0:

� à ¨ ¬ ¥ à 2.2.9 �ãáâì � = (�n)n�1 - ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­, á®¢¬¥áâ­ ï ¯«®â­®áâì
à á¯à¥¤¥«¥­¨ï ª®â®àëå à ¢­  «¨¡® p0n(x1; :::; xn) «¨¡® p

1
n(x1; :::; xn): �à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨ï p1n > 0

¨ à áá¬®âà¨¬ äã­ªæ¨î

�n =
p0n(�1; :::; �n)

p1n(�1; :::; �n)
;

ª®â®à ï ¥áâì ®â­®è¥­¨¥ ¯à ¢¤®¯®¤®¡¨ï. (�ëç¨á«¥­¨¥ ®â­®è¥­¨ï ¯à ¢¤®¯®¤®¡¨ï ç áâ® ¨á¯®«ì§ã¥âáï ¢
áâ â¨áâ¨ª¥ ¯à¨ à¥è¥­¨¨ § ¤ ç¨ à §«¨ç¥­¨ï £¨¯®â¥§. � ¤ ­­®¬ á«ãç ¥ à áá¬ âà¨¢ ¥âáï á¨âã æ¨ï à §«¨-
ç¥­¨ï £¨¯®â¥§ ® á®¢¬¥áâ­®¬ à á¯à¥¤¥«¥­¨¨ á®¢®ªã¯­®áâ¨ á«ãç ©­ëå ¢¥«¨ç¨­ �1; :::; �n:)

�á«¨ ¨áâ¨­ ï ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï ¥áâì p1;   Fn = �f�1; ::::; �ng; â®
Mf�n+1jFng =Mf�n+1j�1 = x1; :::; �n = xng =Z
R

�n+1(x1; :::; xn; y)Pf�n+1 2 dyj�1 = x1; :::; �n = xng =
Z
R

p0n+1(x1; :::; xn; y)

p1n(x1; :::; xn)
dy =

p0n(x1; :::; xn)

p1n(x1; :::; xn)
= �n:



�«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì � = (�n; Fn) ®¡à §ã¥â ¬ àâ¨­£ «. � ¤àã£®© áâ®à®­ë, ¯®áª®«ìªã

Gn = �f�1; :::; �ng � �f�1; :::; �ng = Fn;
â®

Mf�n+1jGng =MfMf�n+1jFngjGng = Mf�njGng = �n;

¨ á«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì (�n; Gn) â ª¦¥ - ¬ àâ¨­£ «.
�«¥¤ãîé ï â¥®à¥¬ , ¯à¨­ ¤«¥¦ é ï �ã¡ã ®¯à¥¤¥«ï¥â áâàãªâãàã áã¡¬ àâ¨­£ «  ¨ áã¯¥à¬ àâ¨­£ « .

� ¥ ® à ¥ ¬   2.2.2 �ãáâì X = (Xn;Fn)- áã¡¬ àâ¨­£ «. �®£¤  áãé¥áâ¢ã¥â ¬ àâ¨­£ « m = (mn;Fn)
¨ ­¥ã¡ë¢ îé ï ¯à¥¤áª §ã¥¬ ï á«ãç ©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì A = (An;Fn�1) â ª¨¥, çâ® ¤«ï «î¡®£®

n � 0 á¯à ¢¥¤«¨¢® à §«®¦¥­¨¥ �ã¡ 

Xn = mn +An (P� ¯.­.): (2.2.8)

� ª« áá¥ ¯à¥¤áª §ã¥¬ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© A à §«®¦¥­¨¥ �ã¡  ¥¤¨­áâ¢¥­­®.

� ® ª   §   â ¥ « ì á â ¢ ® �®«®¦¨¬ m0 = X0; A0 = 0 ¨

mn = m0 +
n�1X
j=0

[Xj+1 �MfXj+1jFjg];

An =
n�1X
j=0

[MfXj+1jFjg �Xj ]:

(2.2.9)

�¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¯®á«¥¤®¢ â¥«ì­®áâ¨ m; A ®¡« ¤ îâ âà¥¡ã¥¬ë¬¨ á¢®©áâ¢ ¬¨. �á«¨ áãé¥áâ¢ã¥â
¤àã£®¥ à §«®¦¥­¨¥ Xn = m

0

n + A
0

n á ¯à¥¤áª §ã¥¬®© ¯®á«¥¤®¢ â¥«ì­®áâìî A
0

; â®

A
0

n+1 � A
0

n = (An+1 � An) + (mn+1 �mn) � (m
0

n+1 �m
0

n):

�§ïâ¨¥ ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ®â­®á¨â¥«ì­® � -  «£¥¡àë Fn; ¤ ¥â à ¢¥­áâ¢®
A

0

n+1 � A
0

n = An+1 �An (P� ¯.­.);

¨ ¯®áª®«ìªã A
0

0 = A0 = 0; â®

A
0

n = An; m
0

n = mn (P� ¯.­.)

¤«ï ¢á¥å n � 0:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.4 �à¥¤áª §ã¥¬ ï ­¥ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì A ¢ à §«®¦¥­¨¨ �ã¡ 
(2.2.8) ­ §ë¢ ¥âáï ª®¬¯¥­á â®à®¬ ¬ àâ¨­£ «  X.

� §«®¦¥­¨¥ �ã¡  ¨£à ¥â ®á­®¢­ãî à®«ì ¯à¨ ¨§ãç¥­¨¨ á¢®©áâ¢ ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëå ¬ àâ¨­£ «®¢,
â® ¥áâì ¬ àâ¨­£ «®¢ X = (Xn;Fn); ¤«ï ª®â®àëå MfX2

ng < 1 ¯à¨ n � 0: �®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì
X2 = (X2

n;Fn) - áã¡¬ àâ¨­£ « ¨ ¯® �¥®à¥¬¥ 2.2.2 áãé¥áâ¢ãîâ ¬ àâ¨­£ « m = (mn;Fn) ¨ ¯à¥¤áª §ã¥¬ ï
­¥ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì < X >= (< X >n;Fn�1) â ª¨¥, çâ®

X2
n = mn+ < X >n : (2.2.10)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.5 �®á«¥¤®¢ â¥«ì­®áâì< X > ­ §ë¢ ¥âáï ¯à¥¤áª §ã¥¬®© ª¢ ¤à â¨ç­®© ¢ à¨-
 æ¨¥© ¨«¨ ª¢ ¤à â¨ç­®© å à ªâ¥à¨áâ¨ª®© ¬ àâ¨­£ «  X:

�§ ä®à¬ã« (2.2.9) á«¥¤ã¥â, çâ®

< X >n=
nX
j=1

Mf(Xj �Xj�1)2jFj�1g =
nX
j=1

Mf(�Xj)
2jFj�1g; (2.2.11)



¨ ¤«ï ¢á¥å l � k

Mf(Xk �Xl)
2jFlg = MfX2

k �X2
l jFlg =Mf< X >k � < X >l jFlg: (2.2.12)

�á«¨ X0 = 0; (P� ¯.­.) â®
MfX2

kg =Mf< X >kg: (2.2.13)

� à ¨ ¬ ¥ à 2.2.10 �ãáâì X = (Xn;Fn), £¤¥ Xn =
nP

k=1
�n; Fn = �f�1; :::; �ng;   �n; n � 1 - ¯®á«¥¤®¢ -

â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ á Mf�ng = 0 ¨ Mf�2ng < 1: �®£¤  áâ®å áâ¨ç¥áª ï ¯®á«¥¤®-
¢ â¥«ì­®áâì X = (Xn;Fn)- ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë© ¬ àâ¨­£ « á ª¢ ¤à â¨ç­®© å à ªâ¥à¨áâ¨ª®©

< X >n=
nX

k=1

Df�ig: (2.2.14)

�¢ ¤à â¨ç­ ï å à ªâ¥à¨áâ¨ª , â ª¨¬ ®¡à §®¬, ï¢«ï¥âáï ¤¥â¥à¬¨­¨à®¢ ­­®© ¯®á«¥¤®¢ â¥«ì­®áâìî.

� à ¨ ¬ ¥ à 2.2.11 �ãáâì ¤ ­ë ¤¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ X = (Xn;Fn) ¨ Y = (Yn;Fn) - ª¢ ¤à â¨ç­®
¨­â¥£à¨àã¥¬ë¥ ¬ àâ¨­£ «ë. �®«®¦¨¬

< X; Y >n=
1

4
[< X + Y >n � < X � Y >n]: (2.2.15)

�®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì (XnYn� < X; Y >n;Fn) - ¬ àâ¨­£ «. �®íâ®¬ã

Mf(Xk �Xl)(Yk � Yl)jFlg = Mf< X; Y >k � < X; Y >l jFlg:

�á«¨, ª ª ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥, ¬ àâ¨­£ «ë X; Y ®¡à §®¢ ­ë ª ª áã¬¬ë ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå
¢¥«¨ç¨­ f�1; :::; �ng ¨ f�1; :::; �ng; á®®â¢¥âáâ¢¥­­®, â®

< X; Y >n=
nX
i=1

covf�i; �ig:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.6 �®á«¥¤®¢ â¥«ì­®áâì < X; Y >= (< X; Y >n;Fn�1); ®¯à¥¤¥«¥­­ ï á®®â­®-
è¥­¨¥¬ (2.2.15) ­ §ë¢ ¥âáï ¢ §¨¬­®© å à ªâ¥à¨áâ¨ª®© ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëå ¬ àâ¨­£ «®¢ X ¨
Y:

�§ ¨¬­ ï ª¢ ¤à â¨ç­ ï å à ªâ¥à¨áâ¨ª  à ¢­ 

< X; Y >n=
nX
i=1

Mf�Xi�YijFi�1g: (2.2.16)

2.2.3 � àª®¢áª¨¥ ¬®¬¥­âë ¨ á®åà ­¥­¨¥ ¬ àâ¨­£ «ì­®£® á¢®©áâ¢  ¯à¨ á«ã-
ç ©­®© § ¬¥­¥ ¢à¥¬¥­¨

� § ¤ ç å â¥®à¨¨ á«ãç ©­ëå ¯à®æ¥áá®¢ ¢ ¦­®¥ §­ ç¥­¨¥ ¨£à ¥â ¯®­ïâ¨¥ � àª®¢áª®£® ¬®¬¥­â  ¨«¨ ¬®-
¬¥­â  ®áâ ­®¢ª¨. �£® ä¨§¨ç¥áª®¥ §­ ç¥­¨¥ á®®â¢¥âáâ¢ã¥â ¬®¬¥­âã ¢à¥¬¥­¨ ­ áâã¯«¥­¨ï ª ª®£®-­¨¡ã¤ì
á«ãç ©­®£® á®¡ëâ¨ï, ¯à¨ç¥¬ ®¯à¥¤¥«¨âì ¯à®¨§®è«® ®­® ¨«¨ ­¥â, ¬®¦­® ¯® ­ ¡«î¤¥­¨ï¬ ¯à¥¤ëáâ®à¨¨
á«ãç ©­®£® ¯à®æ¥áá .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.7 �«ãç ©­ ï ¢¥«¨ç¨­  � = � (!); ¯à¨­¨¬ îé ï §­ ç¥­¨ï ¨§ ¬­®¦¥áâ¢  f0; 1; :::;1g
­ §ë¢ ¥âáï � àª®¢áª¨¬ ¬®¬¥­â®¬ (®â­®á¨â¥«ì­® (Fn)) ¥á«¨ ¤«ï «î¡®£® n � 0

f! : � (!) = ng 2 Fn:

�á«¨ Pf� <1g = 1; â® � àª®¢áª¨© ¬®¬¥­â � ­ §ë¢ ¥âáï ¬®¬¥­â®¬ ®áâ ­®¢ª¨.



� ­­®¥ ®¯à¥¤¥«¥­¨¥ íª¢¨¢ «¥­â­® á«¥¤ãîé¥¬ã, ¤«ï «î¡®£® n � 0

f! : � (!) � ng 2 Fn:
�®ª ¦¥¬ íâ®. �¥©á¢¨â¥«ì­®, ¯ãáâì � ã¤®¢«¥â¢®àï¥â ®¯à¥¤¥«¥­¨î 2.2.7. �®£¤ ,

f� � ng =
n[

k=0

f� = kg;

®¤­ ª®, ª ¦¤®¥ ¨§ á®¡ëâ¨© f� = kg 2 Fk � Fn: �®íâ®¬ã, á®¡ëâ¨¥ f� � ng 2 Fn: �¡à â­®, ¯ãáâì ¤«ï ¢á¥å
n � 0 ¢ë¯®«­¥­® f� � ng 2 Fn: �®£¤ ,

f� = ng = f� � ng \ f� > n� 1g = f� � ng \ f� � n� 1g 2 Fn:
�­ ç¥­¨¥ á«ãç ©­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ X ¢ á«ãç ©­ë© ¬®¬¥­â ¢à¥¬¥­¨ � ®¯à¥¤¥«ï¥âáï ª ª

X� =
1X
k=0

XnIf! : � = ng:

�¤¥áì If! : � (!) = ng = 1; ¥á«¨ � (!) = n ¨ à ¢­® ­ã«î ¢ ¯à®â¨¢­®¬ á«ãç ¥. � á¨«ã ®¯à¥¤¥«¥­¨ï 2.2.7
â ª ï áã¯¥à¯®§¨æ¨ï á«ãç ©­ëå ¢¥«¨ç¨­ á®åà ­ï¥â á¢®©áâ¢  ¨§¬¥à¨¬®áâ¨, ¨ á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï
á«ãç ©­®© ¢¥«¨ç¨­®©. �¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®£® B 2 B

f! : X� 2 Bg =
1X
n=0

fXn 2 B; � = ng 2 F :

� áá¬®âà¨¬ á«¥¤ãîé¨© ¯à¨¬¥à � àª®¢áª®£® ¬®¬¥­â .

� à ¨ ¬ ¥ à 2.2.12 �ãáâì X = (Xn;Fn)- áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì, ¬­®¦¥áâ¢® B 2 B(R); ¨
� - ¬®¬¥­â ¯¥à¢®£® ¯®¯ ¤ ­¨ï ¢ ¬­®¦¥áâ¢® B: �® ¥áâì

� = inffn � 0 : Xn 2 Bg;
¯à¨ íâ®¬, ¥á«¨ Xn�2B ¤«ï ¢á¥å n � 0; â® ¯®« £ ¥¬ � =1: �«ãç ©­ ï ¢¥«¨ç¨­  � (!) - ï¢«ï¥âáï � àª®¢-
áª¨¬ ¬®¬¥­â®¬, ¯®áª®«ìªã ¤«ï «î¡®£® n � 0

f! : � (!) = ng = fX0�2B; :::; Xn�1�2B;Xn 2 Bg 2 Fn:
�­®¦¥áâ¢® � àª®¢áª¨å ¬®¬¥­â®¢ ï¢«ï¥âáï § ¬ª­ãâë¬ ®â­®á¨â¥«ì­® ¯à®áâëå ®¯¥à æ¨©, ­ ¯à¨¬¥à,

¥á«¨ � ¨ � - ¤¢  � àª®¢áª¨å ¬®¬¥­â  ®â­®á¨â¥«ì­® ¯®â®ª  Fn, â® � + �; min(�; �) = � ^ � ¨ max(�; �)
ï¢«ïîâáï � àª®¢áª¨¬¨ ¬®¬¥­â ¬¨. �¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®£® n � 0;

fmin(�; �) � ng = f� � ng [ f� � ng 2 Fn;

fmax(�; �) � ng = f� � ng \ f� � ng 2 Fn;

f� + � � ng =
[

k; l � 0
k + l � n

f� = kg \ f� = lg 2 Fn:

� à ¨ ¬ ¥ à 2.2.13 �ãáâì � - ­¥ª®â®àë© � àª®¢áª¨© ¬®¬¥­â, â®£¤  minf�; ng = � ^n - â ª¦¥ � àª®¢-
áª¨© ¬®¬¥­â ¨ ¬®¦­® ®¯à¥¤¥«¨âì, â ª ­ §ë¢ ¥¬ë© ®áâ ­®¢«¥­­ë© ¯à®æ¥áá

X�^n =

8<
:

Xn; ¯à¨ n � �;

X� ; ¯à¨ n > �:

�®£¤ , ¥á«¨ áâ®å áâ¨ç¥áª ï ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn)- ¬ àâ¨­£ « (áã¡¬ àâ¨­£ «), â® ¨ ®áâ ­®-
¢«¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì X�^n = (X�^n;Fn) - â ª¦¥ ¬ àâ¨­£ « (áã¡¬ àâ¨­£ «).



�®ª ¦¥¬ íâ®.�ãáâì ¯®á«¥¤®¢ â¥«ì­®áâìX� áã¡¬ àâ¨­£ «. �® ®¯à¥¤¥«¥­¨î ®áâ ­®¢«¥­­®£® ¯à®æ¥áá 

X�^(n+1) =
nX

k=0

XkIf� = kg+Xn+1If� � n+ 1g:

�®£¤ , ¯®áª®«ìªã á«ãç ©­ë¥ ¢¥«¨ç¨­ë Xk; If� = kg; k = 0; :::; n ¨ If� � n + 1g = Iff� � ngg - Fn
¨§¬¥à¨¬ë, â® ¢ á¨«ã áã¡¬ àâ¨­£ «ì­®£® á¢®©áâ¢ 

MfX�^(n+1)jFng =
nX

k=0

XkIf� = kg+MfXn+1jFngIf� � n+ 1g �

n�1X
k=0

XkIf� = kg+XnIf� = ng+XnIf� � n+ 1g =
n�1X
k=0

XkIf� = kg+XnIf� � ng = Xn:

�á«¨ à áá¬ âà¨¢ âì � -  «£¥¡àã Fn ª ª ¬­®¦¥áâ¢® á®¡ëâ¨©, ¯à®¨áå®¤ïé¨å ¤® ¬®¬¥­â  ¢à¥¬¥­¨ n;
â® ¯®  ­ «®£¨¨ ¬®¦­® à áá¬ âà¨¢ âì ¨ ¬­®¦¥áâ¢® á®¡ëâ¨© F� ; ¯à®¨áå®¤ïé¨å ¤® á«ãç ©­®£® ¬®¬¥­â 
¢à¥¬¥­¨ �:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.8 �â® ¬­®¦¥áâ¢® á®¡ëâ¨© ®¯à¥¤¥«ï¥âáï ª ª

F� = fA 2 F : A \ f� = ng 2 Fn; 8n � 0g:

�­®¦¥áâ¢® F� á®¤¥à¦¨â 
 ¨ ;; § ¬ª­ãâ® ®â­®á¨â¥«ì­® ®¯¥à æ¨© áç¥â­®£® ®¡ê¥¤¨­¥­¨ï ¨ áç¥â­®£®
¯¥à¥á¥ç¥­¨ï,   ªà®¬¥ â®£®, ¥á«¨ A 2 F� , â® ¤«ï «î¡®£® n �A \ f� = ng = f� = ng n (A \ f� = ng) 2 Fn; ¨
á«¥¤®¢ â¥«ì­®, �A 2 F� : � ª¨¬ ®¡à §®¬, F� - � -  «£¥¡à .

� à ¨ ¬ ¥ à 2.2.14 �«ãç ©­ë¥ ¢¥«¨ç¨­ë � ¨ X� ¨§¬¥à¨¬ë ®â­®á¨â¥«ì­® ��  «£¥¡àë F� : �®ª ¦¥¬,
çâ® � ¨§¬¥à¨¬  ®â­®á¨â¥«ì­® F� : �¥©áâ¢¨â¥«ì­®, ¤«ï ¯à®¨§¢®«ì­®£® n � 0 à áá¬®âà¨¬ á®¡ëâ¨¥ A =
f� = ng. �à®¢¥à¨¬, çâ® íâ® á®¡ëâ¨¥ A 2 F� : �® ®¯à¥¤¥«¥­¨î ¤«ï «î¡®£® m � 0 ¤®«¦­® ¨¬¥âì ¬¥áâ®
¢ª«îç¥­¨¥

A \ f� = mg = f� = ng \ f� = mg 2 Fm:
�¤­ ª®,

f� = ng \ f� = mg =
8<
:
; 2 Fm; ¥á«¨ m 6= n;

f� = ng = f� = mg 2 Fm; ¥á«¨ m = n:

�­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¤«ï á«ãç ©­®© ¢¥«¨ç¨­ë X� ¯®ª §ë¢ îâ, çâ® á®¡ëâ¨¥ A = fX� 2 Bg; ¤«ï
«î¡®£® B 2 B(R); ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î

A \ f� = mg = fX� 2 Bg \ f� = mg = fXm 2 Bg 2 Fm;

çâ® ¨ ®§­ ç ¥â ¨§¬¥à¨¬®áâì X� ®â­®á¨â¥«ì­® F� :
�á«¨ à áá¬ âà¨¢ îâáï ¤¥â¥à¬¨­¨à®¢ ­­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ m < n; â® ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ¯®â®ª 
Fn; n � 0; ¢ë¯®«­ï¥âáï ¢ª«îç¥­¨¥ Fm � Fn: �ª §ë¢ ¥âáï, çâ® ¤ ­­®¥ á¢®©áâ¢® ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬,
¥á«¨ § ¬¥­¨âì ¤¥â¥à¬¨­¨à®¢ ­­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ ­  á«ãç ©­ë¥ � àª®¢áª¨¥ ¬®¬¥­âë.

� à ¨ ¬ ¥ à 2.2.15 �ãáâì �; � - � àª®¢áª¨¥ ¬®¬¥­âë ®â­®á¨â¥«ì­® Fn; n � 0: �ãáâì Pf� � �g = 1;
â®£¤  F� � F�:

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥­¨ï ¢®§ì¬¥¬ ­¥ª®â®à®¥ á®¡ëâ¨¥ A 2 F� ¨ ¯®ª ¦¥¬, çâ® A 2 F� :
� áá¬®âà¨¬ á®¡ëâ¨¥

A \ f� = mg = A \ f� = mg \ f� � �g:



�â® à ¢¥­áâ¢® ¨¬¥¥â ¬¥áâ® á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ­ã«¥¢®© ¬¥àë, ¯®áª®«ìªã á®¡ëâ¨¥ f� � �g = 
 á
â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ¬¥àë ­ã«ì,   ¢á¥ � -  «£¥¡àë ¯®¯®«­¥­ë ¬­®¦¥áâ¢ ¬¨ ­ã«¥¢®© ¬¥àë. � «¥¥

A \ f� = mg \ f� � �g = A \ f� = mg =
m[
k=0

A \ f� = kg 2 Fm:

�«¥¤®¢ â¥«ì­®, ¤«ï «î¡®£® m � 0;
A \ f� = mg 2 Fm;

çâ® ¨ ®§­ ç ¥â, çâ® A 2 F� :
�á«¨ X = (Xn;Fn) ®¡à §ã¥â ¬ àâ¨­£ « ¨«¨ áã¡¬ àâ¨­£ «, â® ¯® á¢®©áâ¢ ¬ ãá«®¢­®£® ¬ â¥¬ â¨ç¥-

áª®£® ®¦¨¤ ­¨ï ¤«ï ¬ àâ¨­£ « 

MfXng = MfMfXnjF0gg = MfX0g;
¨ ¤«ï áã¡¬ àâ¨­£ « 

MfXng = MfMfXnjF0gg �MfX0g:
�â® á¢®©áâ¢® ¬®¦¥â, ®¤­ ª®, ­ àãè âìáï ¥á«¨ § ¬¥­¨âì ¤¥â¥à¬¨­¨à®¢ ­­ë© ¬®¬¥­â ¢à¥¬¥­¨ ­  ­¥ª®â®-
àë© á«ãç ©­ë© ¬®¬¥­â ¢à¥¬¥­¨ �:

� à ¨ ¬ ¥ à 2.2.16 � áá¬®âà¨¬ ¯à¨¬¥à 2.2.8, ¢ ª®â®à®¬ ¨£à®ª ¨á¯®«ì§ã¥â á«¥¤ãîéãî áâà â¥£¨î ¨£àë,
¢ë¡¨à ï ¢¥«¨ç¨­ã áâ ¢ª¨ Vn ¯® ¯à ¢¨«ã:

Vn =

8<
:

2n�1; ¥á«¨ �1 = �2 = ::: = �n�1 = �1

0; ¢ ®áâ «ì­ëå á«ãç ïå.

�â® ®§­ ç ¥â, çâ® ®­ ã¤¢ ¨¢ ¥â áâ ¢ª¨, ­ ç¨­ ï á® áâ ¢ª¨ V1 = 1; ¨ ¯à¥ªà é ¥â ¨£àã ¯®á«¥ ¯¥à¢®£®
¢ë¨£àëè . �á«¨ �1 = �2 = ::: = �n = �1; â®

Xn =
nX

k=1

�nVn =
nX

k=1

(�2k�1) = �(2n � 1):

�¤­ ª®, ¥á«¨ �n+1 = 1; â®
Xn+1 = Xn + Vn+1 = �(2n � 1) + 2n = 1:

�ãáâì � = inffn : Xn = 1g: �á«¨ p = q = 1=2; â® Pf� = ng = (1=2)n; ¯®íâ®¬ã

Mf�g =
1X
n=1

n(1=2)n = 2 <1;

¨ á«¥¤®¢ â¥«ì­®, Pf� <1g = 1: � «¥¥, PfX� = 1g = 1; ¯®íâ®¬ãMfX� g = 1 6= MfX0g = 0:
� ª¨¬ ®¡à §®¬ ¢ ¤ ­­®¬ ¯à¨¬¥à¥ ¬ àâ¨­£ «ì­®¥ á¢®©áâ¢® ­ àãè ¥âáï ¯à¨ § ¬¥­¥ ¤¥â¥à¬¨­¨à®¢ ­-

­®£® ¬®¬¥­â  ¢à¥¬¥­¨ ­  á«ãç ©­ë©. �à¨ç¨­  ¢ â®¬, çâ® â ª ï áâà â¥£¨ï ¨£àë ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨ ­¥
à¥ «¨§ã¥¬ , â ª ª ª ¨£à  ¬®¦¥â ¯à®¤®«¦ âìáï ¡¥áª®­¥ç­® ¤®«£® ¨ â¥ªãé¥¥ §­ ç¥­¨¥ ¯à®¨£àëè  ¬®¦¥â
¡ëâì áª®«ì ã£®¤­® ¡®«ìè¨¬.

�«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® ¢ "­®à¬ «ì­ëå" á¨âã æ¨ïå ¬ àâ¨­£ «ì­®¥ á¢®©áâ¢® á®åà ­ï¥âáï.

� ¥ ® à ¥ ¬   2.2.3 �ãáâì X = (Xn;Fn)- ¬ àâ¨­£ « (áã¡¬ àâ¨­£ «) ¨ �; � - ¬®¬¥­âë ®áâ ­®¢ª¨,
¤«ï ª®â®àëå �; � � N <1: �á«¨ Pf� � �g = 1; â®

MfX�jF�g = X� (� X� ¤«ï áã¡¬ àâ¨­£ « );

¥á«¨ �; � - ¯à®¨§¢®«ì­ë¥ ®£à ­¨ç¥­­ë¥ ¬®¬¥­âë ®áâ ­®¢ª¨, â®

MfX� jF�g = X�^� (� X�^� ¤«ï áã¡¬ àâ¨­£ « ):

�á«¨ Pf� � �g = 1; â®

MfX�g =MfX�g (�MfX�g ¤«ï áã¡¬ àâ¨­£ « ):



�«ï ¬ àâ¨­£ «®¢, à áá¬ âà¨¢ ¥¬ëå ­  ¡¥áª®­¥ç®¬ ¨­â¥à¢ «¥ ¢à¥¬¥­¨, á¢®©áâ¢® "­®à¬ «ì­®áâ¨" å -
à ªâ¥à¨§ã¥âáï ª ª à ¢­®¬¥à­ ï ¨­â¥£à¨àã¥¬®áâì.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.9 �®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ Xn à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬  ¥á«¨

lim
C"1

sup
n�0

Z
jXnj>C

jXnjdP = 0:

� ¥ ® à ¥ ¬   2.2.4 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn)®¡à §ã¥â ¬ àâ¨­£ « ¨ ¯®á«¥¤®¢ â¥«ì-
­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ Xn ï¢«ï¥âáï à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬®©. �®£¤  ¯à¥¤ë¤ãé ï �¥®à¥¬  2.2.3
¢¥à­  ¤«ï ¯à®¨§¢®«ì­ëå (¢®§¬®¦­® ­¥®£à ­¨ç¥­­ëå) ¬®¬¥­â®¢ ®áâ ­®¢ª¨.

(�®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  á¢®©áâ¢¥ áå®¤¨¬®áâ¨ à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬®£® ¬ àâ¨­£ «  ¨ ¯à¨¢¥¤¥­®
­¨¦¥ á¬. �à¨¬¥à 2.2.20.)

� ¯à¨¬¥à¥ 2.2.16 ãá«®¢¨¥ �¥®à¥¬ë 2.2.4 ­ àãè ¥âáï. �¥©áâ¢¨â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå
¢¥«¨ç¨­ Xn ­¥ ï¢«ï¥âáï à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬®©, â ª ª ª á«ãç ©­ ï ¢¥«¨ç¨­  jXnj = 2n � 1 á ¢¥à®-
ïâ­®áâìî p = (1=2)n; ¯®íâ®¬ã

sup
n�0

Z
jXn j>C

jXnjdP = lim
n!1

2n � 1

2n
= 1:

� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à¨¬¥àë ¨á¯®«ì§®¢ ­¨ï ¤ ­­®© â¥®à¥¬ë.

� à ¨ ¬ ¥ à 2.2.17 [�®¦¤¥áâ¢  � «ì¤ ]. �ãáâì �1; �2::: ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå, ®¤¨­ ª®¢®
à á¯à¥¤¥«¥­­ëå á«ãç ©­ëå ¢¥«¨ç¨­ á Mfj�kjg < 1; ¨ � - ­¥ª®â®àë© ¬®¬¥­â ®áâ ­®¢ª¨ ®â­®á¨â¥«ì­®
F�
n = �f�1; :::; �ng; � � 1 ¨ M� <1: �®£¤ 

Mf�1 + :::+ ��g = Mf�1gMf�g: (2.2.17)

�á«¨ Mf�2kg <1; â®

Mf(�1 + :::+ �� )� �M�1g2 =Df�1gMf�g: (2.2.18)

�®ª § âì á®®â­®è¥­¨ï (2.2.17), (2.2.18).

�   ¬ ¥ ç   ­ ¨ ¥ �®®â­®è¥­¨ï (2.2.17), (2.2.18) ­ §ë¢ îâáï â®¦¤¥áâ¢ ¬¨ � «ì¤ .

� ¥ è ¥ ­ ¨ ¥ �®ª ¦¥¬ â®¦¤¥áâ¢® (2.2.17) ¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï. �à¥¦¤¥ ¢á¥£® ®¡à â¨¬
¢­¨¬ ­¨¥ ­  â®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì

Xn =
nX

k=1

�k � nM�1;

¥áâì ¬ àâ¨­£ « ®â­®á¨â¥«ì­® F�
n: � áá¬®âà¨¬ ®£à ­¨ç¥­­ë© ¬®¬¥­â ®áâ ­®¢ª¨ T = �^n; ¨ ¢®á¯®«ì§ã¥¬áï

â¥®à¥¬®© ® á®åà ­¥­¨¨ ¬ àâ¨­£ «ì­®£® á¢®©áâ¢ . �®£¤ 

MfXT g = MfX0g = 0;

®âªã¤  á«¥¤ã¥â, çâ®

M

(
�^nX
k=1

�k

)
= Mf�1gMf� ^ ng: (2.2.19)

�à¥¡ã¥¬®¥ â®¦¤¥áâ¢® ¡ã¤¥â ¯®«ãç¥­®, ¥á«¨ ¬ë ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ n!1: �®áª®«ìªã

� ^ n = min(�; n) " �; (P� ¯.­.)



¨ Mf�g <1; â® ¯® â¥®à¥¬¥ �¥¡¥£  ® ¬ ¦®à¨àã¥¬®© áå®¤¨¬®áâ¨ ¯à ¢ ï ç áâì (2.2.19) áå®¤¨âáï ª Mf�g:
�«ãç ©­ ï ¢¥«¨ç¨­  ¯®¤ §­ ª®¬ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¢ «¥¢®© ç áâ¨ (2.2.19) â ª¦¥ ®£à ­¨ç¥­ 
¨­â¥£à¨àã¥¬®© á«ãç ©­®© ¢¥«¨ç¨­®©, ¤¥©áâ¢¨â¥«ì­®,�����

�^nX
k=1

�k

����� �
�^nX
k=1

j�kj �
�X

k=1

j�kj;

¨ ¯®áª®«ìªã � ^ n � n; â® ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨

Sn =
�^nX
k=1

j�kj �Mj�kj; S0 = 0;

®¡à §ãîé¥© ¬ àâ¨­£ «, ¨¬¥¥¬ MfSng = MfS0g = 0; ®âªã¤  ¢ á¨«ã Mfj�kjg = Mfj�1jg

M

(
�^nX
k=1

j�kj
)

= Mj�1jMf� ^ ng �Mj�1jMf�g:

�®á«¥¤®¢ â¥«ì­®áâì

Sn "
�X

k=1

j�kj; (P� ¯.­.)

¯®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë ® ¬®­®â®­­®¬ ¯à¥¤¥«¥ì­®¬ ¯¥à¥å®¤¥ ¯®¤ §­ ª®¬ ¨­â¥£à «  �¥¡¥£ 

M

(
�X

k=1

j�kj
)
�Mj�1jMf�g:

� ª¨¬ ®¡à §®¬ ¢ á¨«ã â¥®à¥¬ë �¥¡¥£  ® ¬ ¦®à¨àã¥¬®© áå®¤¨¬®áâ¨ ¬®¦­® ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯®¤ §­ ª®¬
¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ¢ «¥¢®© ç áâ¨ á®®â­®è¥­¨ï (2.2.19), ¨ ¯®áª®«ìªã � ^ n " �; (P� ¯.­.) â®

lim
n!1

�^nX
k=1

�k =
�X

k=1

�k; (P� ¯.­.)

¨

lim
n!1M

(
�^nX
k=1

�k

)
= M

(
�X

k=1

�k

)
:

� ª¨¬ ®¡à §®¬ â®¦¤¥áâ¢® � «ì¤  ¤«ï áà¥¤­¨å §­ ç¥­¨© ãáâ ­®¢«¥­®. �®¦¤¥áâ¢® ¤«ï ¤¨á¯¥àá¨© ¯®«ãç -
¥âáï  ­ «®£¨ç­ë¬ ®¡à §®¬, ¥á«¨ à áá¬®âà¥âì ¬ àâ¨­£ « Y = (Yn;F�

n) á Yn = X2
n � nDf�1g:

� à ¨ ¬ ¥ à 2.2.18 �à¨¬¥­¨¬ â®¦¤¥áâ¢  � «ì¤  ª ¨áá«¥¤®¢ ­¨î § ¤ ç¨ ®¡ ¨£à¥ ¤¢ãå «¨æ (�à¨¬¥àë
2.2.8, 2.2.16). �à¥¤¯®«®¦¨¬, çâ® ¨£à®ª¨ à á¯®« £ îâ ª®­¥ç­ë¬¨ ­ ç «ì­ë¬¨ ª ¯¨â « ¬¨ A ¨ B; á®®â-

¢¥âáâ¢¥­­®, áâ ¢ª¨ ä¨ªá¨à®¢ ­ë ¨ à ¢­ë 1: �á«¨ Sn =
nP

k=1
�k; â® ¢¥«¨ç¨­ë ª ¯¨â «®¢ ¯¥à¢®£® ¨ ¢â®à®£®

¨£à®ª®¢ ¯®á«¥ n - £® à®§ë£àëè  à ¢­ë

Xn = A+ Sn; Yn = B � Sn:

�£à  § ª ­ç¨¢ ¥âáï ¥á«¨ Sn ¤®áâ¨£ ¥â ãà®¢­ï �A ¨«¨ B: � ¯¥à¢®¬ á«ãç ¥ à §®àï¥âáï ¯¥à¢ë© ¨£à®ª, ¢®
¢â®à®¬ - ¢â®à®©. �¯à¥¤¥«¨¬ ¬®¬¥­â ®ª®­ç ­¨ï ¨£àë ª ª ¬®¬¥­â ®áâ ­®¢ª¨

� = inf fn � 1 : Sn = �A; ¨«¨ Sn = Bg:
�®á«¥¤®¢ â¥«ì­®áâì Sn ¥áâì ¯®á«¥¤¢ â¥«ì­®áâì á®áâ®ï­¨© � àª®¢áª®© æ¥¯¨, á®®â¢¥âáâ¢ãîé¥© ¬®¤¥«¨
á«ãç ©­ëå ¡«ã¦¤ ­¨©, ã ª®â®à®© ¯à¨ p = q = 1=2 ¢á¥ á®áâ®ï­¨ï ¢®§¢à â­ë. �®íâ®¬ã §  ª®­¥ç­®¥ ¢à¥¬ï
®­  ¤®áâ¨£ ¥â «î¡®£® ãà®¢­ï, ¯®íâ®¬ã Pf� < 1g = 1 ¨ Mf�g < 1 (� ¤ ç  2.2.15). �¢¥¤¥¬ � = PfS� =
�Ag ¨ � = PfS� = Bg; �+ � = 1: � «¥¥ ¯à¨ p = q = 1=2 ¬ë ¨¬¥¥¬ ¨§ (2.2.17)

MfS� g = Mf�gMf�1g = 0 = (�A)PfS� = �Ag+ BPfS� = Bg = �(�A) + �B:



� §à¥è¨¢ á¨áâ¥¬ã ãà ¢­¥­¨© ®â­®á¨â¥«ì­® � ¨ � ¯®«ãç ¥¬

� =
B

A+B
; � =

A

A+ B
:

�«ï ®æ¥­ª¨ áà¥¤­¥£® ¢à¥¬¥­¨ ¨£àë ¯à¨¬¥­¨¬ â®¦¤¥áâ¢® (2.2.18), ª®â®à®¥ ¤ ¥â

MfS2�g = Mf�gDf�1g = Mf�g = �A2 + �B2 = AB:

� à ¨ ¬ ¥ à 2.2.19 � áá¬®âà¨¬ ¯à¥¤ë¤ãé¨© ¯à¨¬¥à ¢ á«ãç ¥ p 6= q: �«ï á«ãç ©­ëå ¢¥«¨ç¨­ �k =
(q=p)�k ¨¬¥¥¬

Mf�kg = q

p
p+

p

q
q = 1:

�®íâ®¬ã ¯®á«¥¤®¢ â¥«ì­®áâì

Xn =
nY

k=1

�k =

�
q

p

�Sn

¬ àâ¨­£ «, ¯à¨ç¥¬MfX0g = 1: �á«¨Mf�g <1; â® ¬®¦­® ¯à¨¬¥­¨âì �¥®à¥¬ã 2.2.3, çâ® ¤ ¥â á®®â­®è¥-
­¨¥

M

(�
q

p

�S�)
= 1 = �

�
q

p

��A
+ �

�
q

p

�B
;

¨§ ª®â®à®£® ¢¬¥áâ¥ á à ¢¥­áâ¢®¬ �+ � = 1

� =

�
q

p

�B
� 1

�
q

p

�B
�
�
q

p

�A ; � =

1�
�
q

p

�A
�
q

p

�B
�
�
q

p

�A :

�«ï ®¯à¥¤¥«¥­¨ï Mf�g ¯à¨¬¥­¨¬ â®¦¤¥áâ¢® (2.2.17), ª®â®à®¥ ¤ ¥â

Mf�g = MS�
Mf�1 g =

MfS�g
p� q

=
�A+ �B

p� q
:

�«ï ¢ëç¨á«¥­¨ï Mf�g ­ã¦­® ¯®¤áâ ¢¨âì á®®â¢¥âáâ¢ãîé¨¥ §­ ç¥­¨ï � ¨ �:

�   ¬ ¥ ç   ­ ¨ ¥ �«ï ª®àà¥ªâ­®£® ¯à¨¬¥­¥­¨ï â®¦¤¥áâ¢ � «ì¤  ¢ ®¡®¨å ¯à¥¤ë¤ãé¨å ¯à¨¬¥à å ­ã¦­®,
ª®­¥ç­®, ¢­ ç «¥ ã¡¥¤¨âìáï ¢ â®¬, çâ® Mf�g < 1: �«ï ¤®ª § â¥«ìáâ¢  ª®­¥ç­®áâ¨ ¬ â¥¬ â¨ç¥áª®£®
®¦¨¤ ­¨ï � ¬®¦­® ¨á¯®«ì§®¢ âì á«¥¤ãîé¥¥ á®®¡à ¦¥­¨¥. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì �n = � ^ n;
¯®áª®«ìªã �n � n; â® Mf�ng < 1 ¨ ¯à¨¬¥­¨¬ë â®¦¤¥áâ¢  � «ì¤ . �à¨ íâ®¬ jS�n j � maxfjAj; jBjg; ¨
á«¥¤®¢ â¥«ì­®,

jMfS�ngj �MfjS�n jg � C1 <1; MfS2�ng � C2 <1;

®âªã¤  á«¥¤ã¥â, çâ® ¢ �à¨¬¥à¥ 2.2.18

MfS2�ng = Mf�ng; â® ¥áâì Mf�ng � C2;

  ¢ �à¨¬¥à¥ 2.2.19

jMfS�ngj = Mf�ngjp� qj â® ¥áâì Mf�ng � C1

jp� qj :

�®áª®«ìªã �n " � ¨ Mf�ng � C < 1 â® ¢ á¨«ã â¥®à¥¬ë ® ¬®­®â®­­®¬ ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¯®¤§ ­ª®¬
¨­â¥£à «  �¥¡¥£  Mf�g � C <1:



2.2.4 �ã­¤ ¬¥­â «ì­ë¥ ­¥à ¢¥­áâ¢  ¤«ï ¬ àâ¨­£ «®¢

�¤­¨¬ ¨§ ­ ¨¡®«¥¥ ¢ ¦­ëå ¯à¨¬¥­¥­¨© �¥®à¥¬ë ® á®åà ­¥­¨¨ ¬ àâ¨­£ «ì­®£® á¢®©áâ¢  ¯à¨ á«ãç ©-
­®© § ¬¥­¥ ¢à¥¬¥­¨ ï¢«ïîâáï, â ª ­ §ë¢ ¥¬ë¥ ¬ àâ¨­£ «ì­ë¥ ­¥à ¢¥­áâ¢ . �® ä®à¬¥ ®­¨ ­ ¯®¬¨­ îâ
­¥à ¢¥­áâ¢® �¥¡ëè¥¢ , ®¤­ ª®, ¨å á®¤¥à¦ ­¨¥ áãé¥áâ¢¥­­® ®¯¨à ¥âáï ­  ¬ àâ¨­£ «ì­ë¥ á¢®©áâ¢ . �®
áãâ¨ ®­¨ ®§­ ç îâ, çâ® à á¯à¥¤¥«¥­¨¥ ¢á¥å í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨, ®¡à §ãîé¥© ¬ àâ¨­£ « ¨«¨
áã¡¬ àâ¨­£ «, ¤® ­¥ª®â®à®£® ­®¬¥à  n ¢ §­ ç¨â¥«ì­®© áâ¥¯¥­¨ ®¯à¥¤¥«ï¥âáï à á¯à¥¤¥«¥­¨¥¬ ¯®á«¥¤­¥£®
í«¥¬¥­â . � ª¨¬ ®¡à §®¬ ®¯à¥¤¥«ïîé¥¥ á¢®©áâ¢® áã¡¬ àâ¨­£ « , á®áâ®ïé¥¥ ¢ â®¬, çâ® ®­ ï¢«ï¥âáï ¢
áà¥¤­¥¬ ¢®§à áâ îé¥© ¯®á«¥¤®¢ â¥«ì­®áâìî, ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì á¢®©áâ¢  ¨ ®æ¥­¨âì ¢ ¦­ë¥ ¢¥à®ïâ-
­®áâ­ë¥ å à ªâ¥à¨áâ¨ª¨ ¢á¥© á®¢®ªã¯­®áâ¨ í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯® à á¯à¥¤¥«¥­¨î ¯®á«¥¤­¥£®
í«¥¬¥­â .

� ¥ ® à ¥ ¬   2.2.5 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn) - áã¡¬ àâ¨­£ «. �®«®¦¨¬

X+
n = maxfXn; 0g; ¨ X�

n = minfXn; 0g:
�®£¤  ¤«ï «î¡®£® � > 0

�P

�
max
k�n

Xk � �

�
�M

�
X+
n I

�
max
k�n

Xk � �

��
�MX+

n ; (2.2.20)

�P

�
min
k�n

Xk � ��
�
�M

�
XnI

�
min
k�n

Xk � ��
��

�MfX0g �MfX+
n g �MfX0g; (2.2.21)

�P

�
max
k�n

jXkj � �

�
� 3max

k�n
MfjXkjg: (2.2.22)

�ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì Y = (Yn;Fn) - áã¯¥à¬ àâ¨­£ «. �®£¤  ¤«ï «î¡®£® � > 0

�P

�
max
k�n

Yk � �

�
�MfY0g �M

�
YnI

�
max
k�n

Yk � �

��
�MfY0g+MfY �

n g; (2.2.23)

�P

�
min
k�n

Yk � ��
�
�M

�
YnI

�
min
k�n

Yk � ��
��

�MfY �
n g; (2.2.24)

�P

�
max
k�n

jYkj � �

�
� 3max

k�n
MfjYkjg: (2.2.25)

�ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì Y = (Yn;Fn) - ­¥®âà¨æ â¥«ì­ë© áã¯¥à¬ àâ¨­£ «. �®£¤  ¤«ï «î¡®£®

� > 0

�P

�
max
k�n

Yk � �

�
�MfY0g; (2.2.26)

�P

�
sup
k�n

Yk � �

�
�MfYng: (2.2.27)

�   ¬ ¥ ç   ­ ¨ ¥ �®ª § â¥«ìáâ¢® ¢á¥å ­¥à ¢¥­áâ¢ ¯à®¨§¢®¤¨âáï ¯® ®¡é¥© áå¥¬¥, ¯®íâ®¬ã ¯®ª ¦¥¬ ¢
ª ç¥áâ¢¥ ¯à¨¬¥à  ¢ë¢®¤ ­¥à ¢¥­áâ¢  (2.2.20).

� ® ª   §   â ¥ « ì á â ¢ ® ­¥à ¢¥­áâ¢  (2.2.20). �¯à¥¤¥«¨¬ ¬®¬¥­â ®áâ ­®¢ª¨

� =

8><
>:

inffk � n : Xk � �g;

n; ¥á«¨ max
k�n

Xk < �:

� á¨«ã �¥®à¥¬ë ® á®åà ­¥­¨¨ ¬ àâ¨­£ «ì­®£® á¢®©áâ¢  ¤«ï áã¡¬ àâ¨­£ « X ¨¬¥¥¬ á«¥¤ãîéãî æ¥¯®çªã
­¥à ¢¥­áâ¢

MfXng �MfX�g = M

�
X� I

�
max
k�n

Xk � �

��
+M

�
X� I

�
max
k�n

Xk < �

��
�

�P

�
max
k�n

Xk � �

�
+M

�
XnI

�
max
k�n

Xk < �

��
;



®âªã¤ 

�P

�
max
k�n

Xk � �

�
�M

�
XnI

�
max
k�n

Xk � �

��
�M

�
X+
n I

�
max
k�n

Xx � �

��
�MX+

n :

� ¥ ® à ¥ ¬   2.2.6 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn) - ­¥®âà¨æ â¥«ì­ë© áã¡¬ àâ¨­£ «.
�®£¤  ¤«ï «î¡®£® p � 1 ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢ :

¥á«¨ p > 1

MfXp
ng �Mfmax

k�n
Xp
kg �

�
p

p� 1

�p
MfXp

ng; (2.2.28)

¥á«¨ p = 1

MfXng �Mfmax
k�n

Xkg � e

e� 1
[1 +MfjXn lnXnjg] : (2.2.29)

� ® ª   §   â ¥ « ì á â ¢ ® á«ãç © p > 1: �­ ç «¥ ¯à¥¤¯®«®¦¨¬, çâ® Mfmax
k�n

Xp
ng < 1: �¡®§­ ç¨¬

�n = max
k�n

Xp
n: �«ï «î¡®© ­¥®âà¨æ â¥«ì­®© á«ãç ©­®© ¢¥«¨ç¨­ë � ¨ r > 1 á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

(� ¤ ç  2.2.20)

Mf�rg = r

1Z
0

tr�1P(� � t)dt:

�®á¯®«ì§®¢ ¢è¨áì íâ¨¬ á®®â­®è¥­¨¥¬ ¨ ­¥à ¢¥­áâ¢®¬ (2.2.20) ¤«ï ®æ¥­ª¨ ¢¥à®ïâ­®áâ¨ á®¡ëâ¨ï Pf� � tg;
¯®«ãç¨¬ æ¥¯®çªã ­¥à ¢¥­áâ¢

Mf�png = p

1Z
0

tp�1P(�n � t)dt � p

1Z
0

tp�2

0
B@ Z
f�n�tg

XndP

1
CAdt =

p

1Z
0

tp�2

2
4Z



XnIf�n � tgdP
3
5dt = p

Z



Xn

2
4 �nZ
0

tp�2dt

3
5dP =

p

p � 1
M
�
Xn(�n)

p�1	 :
(�§¬¥­¥­¨¥ ¯®àï¤ª  ¨­â¥£à¨à®¢ ­¨ï ¢®§¬®¦­® ¢ á¨«ã ­¥®à¨æ â¥«ì­®áâ¨ ¯®¤¨­â¥à «ì­ëå ¢¥«¨ç¨­ ¯®
â¥®à¥¬¥ �ã¡¨­¨.) � á¨«ã ­¥à ¢¥­áâ¢  �¥«ì¤¥à 

MfXn(�n)
p�1g � (MfXp

ng)1=p(Mf�(p�1)qn g)1=q;

£¤¥ q = p
p� 1 : �®íâ®¬ã, ¯®¤áâ ¢«ïï íâ® á®®â­®è¥­¨¥ ¢ ­¥à ¢¥­áâ¢® ¤«ï Mf�png; ¯®«ãç ¥¬

(Mf�png)1=p �
p

p� 1
(MfXp

ng)1=p:

�®§¢®¤ï ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ áâ¥¯¥­ì p; ¯®«ãç ¥¬ à¥§ã«ìâ â â¥®à¥¬ë.
�á«¨ ãá«®¢¨¥ Mf�pg < 1 ­¥ § ¤ ­®, â® ¬®¦­® à áá¬®âà¥âì á«ãç ©­ãî ¢¥«¨ç¨­ã �n ^ L; £¤¥ L > 0

- ­¥ª®â®à ï ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï. �®£¤ , ¯®¢â®àïï ¯à¥¤ë¤ãé¨¥ à ááã¦¤¥­¨ï ¤«ï íâ®© á«ãç ©­®©
¢¥«¨ç¨­ë, ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

Mf(�n ^ L)pg � p

p� 1
MfXpg;

¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ L " 1 ¯® â¥®à¥¬¥ �¥¡¥£  ® ¬ ¦®à¨àã¥¬®© áå®¤¨¬®áâ¨ ¯®«ãç ¥¬

Mf�png = lim
L"1

Mf(�n ^ L)pg � p

p� 1
MfXpg:



�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï ¯à®áâë¬ á«¥¤áâ¢¨¥¬ ¯¥à¢ëå ¤¢ãå. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¯®á«¥¤®¢ â¥«ì-
­®áâì X = (Xn;Fn) - ¬ àâ¨­£ «, â® ¯®á«¥¤®¢ â¥«ì­®áâì jXjp = (jXnjp;Fn) - ­¥®âà¨æ â¥«ì­ë© áã¡¬ à-
â¨­£ « ¯à¨ p � 1, ¥á«¨MfjXnjpg <1; ¨ ª ­¥© ¯à¨¬¥­¨¬ë ¯à¥¤ë¤ãé¨¥ à¥§ã«ìâ âë.

� ¥ ® à ¥ ¬   2.2.7 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn) - ¬ àâ¨­£ «, � > 0 ¨ p � 1: �®£¤ 

P

�
max
k�n

jXkj � �

�
� MfjXnjpg

�p
; (2.2.30)

¥á«¨ p > 1

MfjXnjpg �Mfmax
k�n

jXkjpg �
�

p

p � 1

�p
MfjXnjpg; (2.2.31)

¢ ç áâ­®áâ¨, ¥á«¨ p = 2

P

�
max
k�n

jXkj � �

�
� MfjXnj2g

�2
; (2.2.32)

Mfmax
k�n

jXkj2g � 4MfX2
ng; (2.2.33)

�   ¬ ¥ ç   ­ ¨ ¥ �«¥¤ãîé ï â¥®à¥¬  å à ªâ¥à¨§ã¥â "ç¨á«® ¯¥à¥á¥ç¥­¨©" ­¥ª®â®à®£® ®âà¥§ª  [a; b] á«ã-
ç ©­®© ¯®á«¥¤®¢ â¥«ì­®áâìî X = (Xn;Fn), ®¡à §ãîé¥© áã¡¬ àâ¨­£ «. �®ç¥¬ã ¢ ¦­  íâ  å à ªâ¥à¨-
áâ¨ª ? �á«¨ ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì �n áå®¤¨âáï (P- ¯.­.), â® ¤«ï «î¡®£® ®âà¥§ª  [a; b] í«¥¬¥­âë
¯®á«¥¤®¢ â¥«ì­®áâ¨ «¨¡® ®áâ îâáï ¢ ­¥¬ ¯®á«¥ ­¥ª®â®à®£® N; «¨¡® ¢ëå®¤ïâ ¨§ ­¥£®, «¨¡® «®ª «¨§ãîâ-
áï ®ª®«® ®¤­®© ¨§ ¥£® £à ­¨æ. � «î¡®¬ á«ãç ¥ ¤«ï áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç¨á«® ¯¥à¥á¥ç¥­¨©
«î¡®£® ®âà¥§ª  ï¢«ï¥âáï ª®­¥ç­ë¬ (P- ¯.­.). �®¥à¥¬ , ¯à¨­ ¤«¥¦ é ï �ã¡ã, ¤ ¥â ®æ¥­ªã áà¥¤­¥£® §­ -
ç¥­¨ï ç¨á«  ¯¥à¥á¥ç¥­¨© ®£à ­¨ç¥­­ë¬ áã¡¬ àâ¨­£ «®¬. �ª §ë¢ ¥âáï, çâ® ¤«ï «î¡ëå a; b; a < b ç¨á«®
¯¥á¥ç¥­¨© ª®­¥ç­® á ¢¥à®ïâ­®áâìî 1, ®âáî¤  á«¥¤ã¥â áå®¤¨¬®áâì íâ®£® áã¡¬ àâ¨­£ «  (P- ¯.­.).

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 2.2.10 �ãáâì § ¤ ­ë a; b; a < b: �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢à¥-
¬¥­

�0 = 0;

�1 = inffn > �0 : Xn � ag;

�2 = inffn > �1 : Xn � bg;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
�2m�1 = inffn > �2m�2 : Xn � ag;

�2m = inffn > �2m�1 : Xn � bg;
¯®« £ ï �k =1; ¥á«¨ á®®â¢¥âáâ¢ãîé¥¥ ¬­®¦¥áâ¢®, ¯® ª®â®à®¬ã ¡¥à¥âáï ¨­ä¨­¨¬ã¬ ¯ãáâ®. �«ï ª ¦¤®£®
n � 1 ®¯à¥¤¥«¨¬ á«ãç ©­ãî ¢¥«¨ç¨­ã

�n(a; b) =

8<
:

0; ¥á«¨ �2 > n;

maxfm : �2m � ng; ¥á«¨ �2 � n:

�«ãç ©­ ï ¢¥«¨ç¨­  �n(a; b) - ¥áâì ç¨á«® ¯¥à¥á¥ç¥­¨© ®âà¥§ª  [a; b] ¯®á«¥¤®¢ â¥«ì­®áâìî fXk; k =
1; :::; ng á­¨§ã ¢¢¥àå.

� ¥ ® à ¥ ¬   2.2.8 �ãáâì X = (Xn;Fn) - áã¡¬ àâ¨­£ «. �®£¤  ¤«ï «î¡®£® n � 1

Mf�n(a; b)g � Mf[Xn � a]+g
b� a

: (2.2.34)



2.2.5 �å®¤¨¬®áâì áã¡¬ àâ¨­£ «®¢ ¨ ¬ àâ¨­£ «®¢

�§ ­¥à ¢¥­áâ¢  �ã¡  ¤«ï ç¨á«  ¯¥à¥á¥ç¥­¨© á«¥¤ã¥â â¥®à¥¬  ® áå®¤¨¬®áâ¨ áã¡¬ àâ¨­£ « . �â  â¥®à¥¬ 
ï¢«ï¥âáï  ­ «®£®¬ â¥®à¥¬ë ª« áá¨ç¥áª®£®  ­ «¨§  ® áå®¤¨¬®áâ¨ ­¥ã¡ë¢ îé¥© ®£à ­¨ç¥­­®© ¯®á«¥¤®-
¢ â¥«ì­®áâ¨. �¥©áâ¢¨â¥«ì­®, áã¡¬ àâ¨­£ « ï¢«ï¥âáï  ­ «®£®¬ ­¥ã¡ë¢ îé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨, ¯®-
áª®«ìªã ï¢«ï¥âáï ­¥ã¡ë¢ îé¨¬ ¢ ¢¥à®ïâ­®áâ­®¬ á¬ëá«¥ ( ¢ á¬ëá«¥ ãá«®¢­®£® áà¥¤­¥£®), ®¤­ ª®, íâ®£®
®ª §ë¢ ¥âáï ¤®áâ â®ç­®, çâ®¡ë ãáâ ­®¢¨âì ¥£® áå®¤¨¬®áâì ¯®çâ¨ ­ ¢¥à­®¥.

� ¥ ® à ¥ ¬   2.2.9 �ãáâì X = (Xn;Fn) - áã¡¬ àâ¨­£ « á

sup
n
Mf[Xn]

+g <1:

�®£¤  (P- ¯.­.) áãé¥áâ¢ã¥â lim
n
Xn = X1 ¨ Mf[X1]+g <1:

�á«¨
sup
n
MfjXnjg <1;

â® ãá«®¢¨¥ â¥®à¥¬ë ¢ë¯®«­ï¥âáï ¨ (P- ¯.­.) áãé¥áâ¢ã¥â lim
n
Xn = X1 ¨MfjX1jg <1:

�¥¯®áà¥¤áâ¢¥­­®¥ ¯à¨¬¥­¥­¨¥ ¤ ­­®© â¥®à¥¬ë ¯®§¢®«ï¥â áä®à¬ã«¨à®¢ âì àï¤ ¯à®áâëå á«¥¤áâ¢¨©
¤«ï ­¥¯®«®¦¨â¥«ì­ëå ¬ àâ¨­£ «®¢ ¨ áã¡¬ àâ¨¨­£ «®¢, ¯®áª®«ìªã ¤«ï ­¨å [Xn]+ = 0:

� ¥ ® à ¥ ¬   2.2.10 �á«¨ X - ­¥¯®«®¦¨â¥«ì­ë© áã¡¬ àâ¨­£ «, (P- ¯.­.) áãé¥áâ¢ã¥â ®£à ­¨ç¥­-
­ë© ¯à¥¤¥« limXn:

�á«¨ X = (Xn;Fn) - ­¥¯®«®¦¨â¥«ì­ë© áã¡¬ àâ¨­£ «, â® à áè¨à¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì X =
(Xn;Fn) á 1 � n �1; £¤¥ X1 = limXn; ¨ F1 = � fSFng - ­¥¯®«®¦¨â¥«ì­ë© ¬ àâ¨­£ «.

� ­­®¥ ãâ¢¥à¦¤¥­¨¥ ®§­ ç ¥â, çâ®

MfX1jFmg � Xm:

�á«¨ X - ­¥¯®«®¦¨â¥«ì­ë© ¬ àâ¨­£ «, â® (P- ¯.­.) áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ë© ¯à¥¤¥« limXn:

�«¥¤ãîé ï â¥®à¥¬  ®â­®á¨âáï ª ¢ ¦­®¬ã ª« ááã à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬ëå ¬ àâ¨­£ «®¢ ¨ ãáâ -
­ ¢«¨¢ ¥â á¢ïì ¬¥¦¤ã á¢®©áâ¢®¬ à ¢­®¬¥à­®© ¨­â¥£à¨àã¥¬®áâ¨ (á¬. �¯à¥¤¥«¥­¨¥ 2.2.9), à¥£ã«ïà­®áâìî
(á¬. �à¨¬¥à 2.2.6) ¨ áå®¤¨¬®áâìî.

� ¥ ® à ¥ ¬   2.2.11 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn) ®¡à §ã¥â ¬ àâ¨­£ «, â®£¤  á«¥¤ãî-
é¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

 ) �®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn) ï¢«ï¥âáï à¥£ã«ïà­ë¬ ¬ àâ¨­£ «®¬, â® ¥áâì áãé¥áâ¢ã¥â

á«ãç ©­ ï ¢¥«¨ç¨­  �; Mfj�jg <1 â ª ï, çâ®

Xn = Mf�jFng;

¡) �®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ Xn; n � 1 ï¢«ï¥âáï à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬®©;

¢) �®á«¥¤®¢ â¥«ì­®áâì Xn áå®¤¨âáï ¢ L1 ª ­¥ª®â®à®© á«ãç ©­®© ¢¥«¨ç¨­¥ X1; â® ¥áâì

lim
n
MfjXn �X1jg = 0;

¤) sup
n
MfjXnjg <1 ¨ à áè¨à¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì X = (Xn;Fn), 1 � n � 1; £¤¥

X1 = limXn; F1 = �

 1[
n=1

Fn
!

®¡à §ã¥â ¬ àâ¨­£ «, â® ¥áâì, MfX1jFng = Xn; (P� ¯.­.):



� ¯®¬®éìî ¤ ­­®© â¥®à¥¬ë ¬®¦­® ãáâ ­®¢¨âì â¥¯¥àì ¨ â¥®à¥¬ã ® á®åà ­¥­¨¨ ¬ àâ¨­£ «ì­®£® á¢®©-
áâ¢  ¯à¨ á«ãç ©­®© § ¬¥­¥ ¢à¥¬¥­¨, áä®à¬ã«¨à®¢ ­­ãî à ­¥¥ (á¬. �¥®à¥¬ã 2.2.4).

� à ¨ ¬ ¥ à 2.2.20 [�®ª § â¥«ìáâ¢® �¥®à¥¬ë 2.2.4] �á«¥¤áâ¢¨¥ �¥®à¥¬ë 2.2.11 ¯®á«¥¤®¢ â¥«ì­®áâì
X = (Xn;Fn) ®¡à §ã¥â à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬ë© ¬ àâ¨­£ « ¨ ¯®íâ®¬ã (P- ¯.­.) áãé¥áâ¢ã¥â X1 =
lim
n
Xn:

� «¥¥, çâ®¡ë ®¯à¥¤¥«¨âìMfX� jF�g ­ã¦­® ¯®ª § âì, çâ® á«ãç ©­ ï ¢¥«¨ç¨­  X� - ¨­â¥£à¨àã¥¬ , â®
¥áâì MfjX� jg < 1: �¤­ ª®, ª ª á«¥¤ã¥â ¨§ á¢®©áâ¢ � àª®¢áª¨å ¬®¬¥­â®¢, ¥á«¨ Xn = MfX1jFn)g â®
X� = MfX1jF�g: �¥©áâ¢¨â¥«ì­®, ¢®á¯®«ì§ã¥¬áï à ¢¥­áâ¢®¬

MfX1jFngIf� = ng = MfX1jF�gIf� = ng;

ª®â®à®¥ ®§­ ç ¥â, çâ® ­  ¬­®¦¥áâ¢¥, £¤¥ � = n ãá«®¢­ë¥ ¬ â¥¬ â¨ç¥áª¨¥ ®¦¨¤ ­¨ï ®â­®á¨â¥«ì­® � -
 «£¥¡à Fn ¨ F� á®¢¯ ¤ îâ. �â® á¢®©áâ¢® á¯à ¢¥¤«¨¢® ¨ ¤«ï «î¡ëå á«ãç ©­ëå ¢¥«¨ç¨­ �; Mfj�jg <1;
â® ¥áâì

Mf�jFngIf� = ng = Mf�jF�gIf� = ng
¨ ¬ë ¥£® ¯à¨¢®¤¨¬ ¡¥§ ¤®ª § â¥«ìáâ¢ .

� «¥¥ ¢ á¨«ã íâ®£® à ¢¥­áâ¢  ¨ á¢®©áâ¢  à¥£ã«ïà­®áâ¨ ¨¬¥¥¬

MfX1jF�g =
1X
n=0

MfX1jF�gIf� = ng =

1X
n=0

MfX1jFngIf� = ng =
1X
n=0

XnIf� = ng = X� :

� ª¨¬ ®¡à §®¬
X� = MfX1jF�g;

MfjX� jg = MfjMfX1jF�gjg �MfjX1jg;
¨ á«¥¤®¢ â¥«ì­®,MfX� jF�g ®¯à¥¤¥«¥­®. �®á¯®«ì§ã¥¬áï â¥¯¥àì á¢®©áâ¢®¬ ¢«®¦¥­­®áâ¨ � -  «£¥¡à: F� �
F� ; ¥á«¨ Pf� � �g = 1 (á¬. �à¨¬¥à 2.2.15). �®£¤ 

MfX� jF�g = MfMfX1jF�gjF�g =MfX1jF�g = X� ; (P� ¯.­.):

�á«¨ ãá«®¢¨¥ Pf� � �g = 1 ­¥ ¨¬¥¥â ¬¥áâ , â® à ¢¥­áâ¢® ¢ë¯®«­¥­® «¨èì ­  ¬­®¦¥áâ¢¥ f� � �g;
®¤­ ª®, ­  ¬­®¦¥áâ¢¥ f� > �g

MfX� jF�g = X� ;

¯®íâ®¬ã ¢ ®¡é¥¬ á«ãç ¥ ¬ë ¨¬¥¥¬ á®®â­®è¥­¨¥

MfX� jF�g = X�^� : (2.2.35)

�¡®¡é¥­¨¥ â¥®à¥¬ë ® á«ãç ©­®© § ¬¥­¥ ¢à¥¬¥­¨ ¤«ï áã¡¬ àâ¨­£ «®¢ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤.

� ¥ ® à ¥ ¬   2.2.12 �ãáâì áã¡¬ àâ¨­£ « X = (Xn;Fn) ¬ ¦®à¨àã¥âáï ­¥ª®â®àë¬ à¥£ã«ïà­ë¬ ¬ à-
â¨­£ «®¬, â® ¥áâì ¤«ï ­¥ª®â®à®© ¨­â¥£à¨àã¥¬®© á«ãç ©­®© ¢¥«¨ç¨­ë �; Mfj�jg <1

Xn �Mf�jFng:

�®£¤ , ¥á«¨ Pf� � �g = 1; â®
MfX� jF�g � X� : (2.2.36)

�á«¨ ãá«®¢¨¥ Pf� � �g = 1 ­¥ ¨¬¥¥â ¬¥áâ , â® ¢ ®¡é¥¬ á«ãç ¥ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

MfX� jF�g � X�^� : (2.2.37)

�é¥ ®¤­® ¯®«¥§­®¥ á¢®©áâ¢® â ª¦¥ ¢ëâ¥ª ¥â ¨§ á¢®©áâ¢ à¥£ã«ïà­ëå ¬ àâ¨­£ «®¢.



� ¥ ® à ¥ ¬   2.2.13 [�¥¢¨] �ãáâì � = �(!) - ¨­â¥£à¨àã¥¬ ï á«ãç ©­ ï ¢¥«¨ç¨­  (Mfj�jg < 1) ¨
fFn; n = 1; 2; ::g - ­¥ã¡ë¢ îé¥¥ á¥¬¥©áâ¢® � - ¯®¤ «£¥¡à F : �®£¤  ¯à¨ n!1 (P- ¯.­.)

Mf�jFng !Mf�jF1g;

£¤¥ F1 = �

� 1S
n=1

Fn
�

- ¬¨­¨¬ «ì­ ï � -  «£¥¡à , á®¤¥à¦ é ï ¢á¥ � -  «£¥¡àë Fn:

�   ¬ ¥ ç   ­ ¨ ¥ �¬ëá« ¤ ­­®© â¥®à¥¬ë áâ ­®¢¨âáï ¯à®§à ç­ë¬ ¥á«¨ ¢á¯®¬­¨âì ® â®¬, çâ® ®¯¥à æ¨ï
¢§ïâ¨ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ®áãé¥áâ¢«ï¥â ¯à®¥ªâ¨à®¢ ­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë ­  �
-  «£¥¡àã, ®â­®á¨â¥«ì­® ª®â®à®© ®­® ¢ëç¨á«ï¥âáï ( á¬. á¢®©áâ¢® 8 ¨ ª®¬¬¥­â à¨© ª íªáâà¥¬ «ì­®¬ã
á¢®©áâ¢ã ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï 13). �®£¤  á¬ëá« ¤ ­­®© â¥®à¥¬ë á®áâ®¨â ¢ â®¬, çâ®
à¥§ã«ìâ â ¯à®¥ªâ¨à®¢ ­¨ï ­¥ª®â®à®£® ¢¥ªâ®à  (á«ãç ©­®© ¢¥«¨ç¨­ë �) ­  ¯®á«¥¤®¢ â¥«ì­®áâì à áè¨àï-
îé¨åáï ¯®¤¯à®áâà ­áâ¢ (� -  «£¥¡à Fn) áå®¤¨âáï ª à¥§ã«ìâ âã ¯à®¥ªâ¨à®¢ ­¨ï íâ®© á«ãç ©­®© ¢¥«¨ç¨­ë
­  ¯à¥¤¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® (� -  «£¥¡ã F1).

� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ¯à¨¬¥à ­¥à¥£ã«ïà­®£® ¬ àâ¨­£ « , ¥é¥ ®¤¨­ ­¥à¥£ã«ïà­ë© ¬ àâ¨­£ « ¢®§­¨ª «
¢ �à¨¬¥à¥ 2.2.16.

� à ¨ ¬ ¥ à 2.2.21 �ãáâì Xn = exp fSn � n
2 g, £¤¥ Sn =

nP
k=1

�k; ¨ ­¥§ ¢¨á¨¬ë¥ ®¤¨­ ª®¢® à á¯à¥¤¥-

«¥­­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë �k ¨¬¥îâ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ N (0; 1); ¨ Fn = �f�1; :::; �ng: �®£¤ 
X = (Xn;Fn) - ¬ àâ¨­£ «, ¨

lim
n
Xn = lim

n
exp

�
n

�
Sn
n
� 1

2

��
= 0; (P� ¯.­.);

¯®áª®«ìªã ¢ á¨«ã ãá¨«¥­­®£® § ª®­  ¡®«ìè¨å ç¨á¥«

Sn
n
! 0; (P� ¯.­.):

�«¥¤®¢ â¥«ì­® X1 = 0; (P� ¯.­.); ¨ Xn 6= MfX1jFng = 0:

2.2.6 �å®¤¨¬®áâì ¨ à áå®¤¨¬®áâì ª¢ ¤à â¨ç­® - ¨­â¥£à¨àã¥¬ëå ¬ àâ¨­£ «®¢

�®¢¥¤¥­¨¥ ª¢ ¤à â¨ç­® - ¨­â¥£à¨àã¥¬®£® ¬ àâ¨­£ «  ¢ §­ ç¨â¥«ì­®© áâ¥¯¥­¨ ®¯à¥¤¥«ï¥âáï ¥£® ª¢ ¤à -
â¨ç¥áª®© å à ªâ¥à¨áâ¨ª®© (ª®¬¯¥­á â®à®¬).

�¡®§­ ç¨¬ fXn !g ¯®¤¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  í«¥¬¥­â à­ëå ¨áå®¤®¢, ­  ª®â®à®¬ ¯®á«¥¤®¢ â¥«ì-
­®áâì Xn áå®¤¨âáï ª ­¥ª®â®à®¬ã ¯à¥¤¥«ã. �«ï ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬®£® ¬ àâ¨­£ «  X = (Xn;Fn)
®¡®§­ ç¨¬ f< X >1< 1g ¯®¤¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  í«¥¬¥­â à­ëå ¨áå®¤®¢, ­  ª®â®à®¬ ­¥ã¡ë¢ î-
é ï ¯®á«¥¤®¢ â¥«ì­®áâì < X >n, ®¡à §ãîé ï ¥£® ª®¬¯¥­á â®à, ®£à ­¨ç¥­ , ¨ á«¥¤®¢ â¥«ì­®, áå®¤¨âáï
ª ª®­¥ç­®¬ã ¯à¥¤¥«ã.

�ã¤¥¬ â ª¦¥ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥

A � B; (P� ¯.­.);

¥á«¨
PfIA � IBg = 1;

â® ¥áâì á®¡ëâ¨¥ A á®¤¥à¦¨âáï ¢ á®¡ëâ¨¨ B á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ­ã«¥¢®© ¢¥à®ïâ­®áâ¨.

� ¥ ® à ¥ ¬   2.2.14 �ãáâì X = (Xn;Fn) - ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë© ¬ àâ¨­£ «. �®£¤  ¨¬¥¥â
¬¥áâ® ¢ª«îç¥­¨¥

f< X >1<1g � fXn !g; (P� ¯.­.):

(�­ë¬¨ á«®¢ ¬¨ áå®¤¨¬®áâì ¬ àâ¨­£ «  ¢«¥ç¥â §  á®¡®© áå®¤¨¬®áâì ¥£® ª¢ ¤à â¨ç­®© å à ªâ¥à¨-
áâ¨ª¨ (P- ¯.­.).)



�®ª § â¥«ìáâ¢ã íâ®£® à¥§ã«ìâ â  ¯à¥¤¯®è«¥¬ á«¥¤ãîéãî «¥¬¬ã.

� ¥ ¬ ¬   2.2.1 �ãáâì X = (Xn;Fn) - áã¡¬ àâ¨­£ « á X0 = 0 ¨

Xn = mn +An

¥£® à §«®¦¥­¨¥ �ã¡  (á¬. �¥®à¥¬ã 2.2.2.) �®£¤ , ¥á«¨ Xn � 0; â® (P- ¯.­.)

fA1 <1g � fXn !g: (2.2.38)

�®ª § â¥«ìáâ¢® «¥¬¬ë.
�«ï ¯à®¨§¢®«ì­®£® a > 0 ®¯à¥¤¥«¨¬ � àª®¢áª¨© ¬®¬¥­â

�a =

8<
:

inffn � 1 : An+1 > ag;

1 ¥á«¨ supAn � a:

�®£¤  A�a � a ¨ ¯®áª®«ìªã m�a^n â ª¦¥ ¬ àâ¨­£ « (á¬. �à¨¬¥à 2.2.13), â®

MfX�a^ng = Mfm�a^ng+MfA�a^ng = MfX0g+MfA�a^ng = MfA�a^ng � a:

�®á«¥¤®¢ â¥«ì­®áâì Y a
n = X�a^n ¥áâì ­¥®âà¨æ â¥«ì­ë© áã¡¬ àâ¨­£ « á sup

n
MfY a

n g � a <1; ¯®íâ®¬ã Y a
n

- áå®¤¨âáï (P- ¯.­.) ¨ fY a
n !g = 
; (P- ¯.­.). � «¥¥ ¯®áª®«ìªã ­  ¬­®¦¥áâ¢¥ f�a = 1g ¢ë¯®«­ï¥âáï

Y a
n = Xn; â®

fA1 � ag = f�a =1g = fY a
n !g

\
f�a =1g = fXn !g

\
f�a =1g � fXn !g:

�®íâ®¬ã (P- ¯.­.)

fA1 <1g =
[
a>0

fA1 � ag � fXn !g:

� ® ª   §   â ¥ « ì á â ¢ ® [�®ª § â¥«ìáâ¢® â¥®à¥¬ë] � áá¬®âà¨¬ ¤¢  áã¡¬ àâ¨­£ «  X2 = (X2
n;Fn)

¨ (X + 1)2 = ((X + 1)2n;Fn): �ãáâì ¨å à §«®¦¥­¨ï �ã¡ 

X2
n = m

0

n +A
0

n; (X + 1)2n = m
00

n + A
00

n;

â®£¤  A
0

n = A
00

n; ¯®áª®«ìªã

A
0

n =
nX

k=1

Mf�X2
k jFk�1g =

nX
k=1

Mf(�Xk)
2jFk�1g;

¨

A
00

n =
nX

k=1

Mf�(Xk + 1)2jFk�1g =
nX

k=1

Mf�X2
k jFk�1g =

nX
k=1

Mf(�Xk)
2jFk�1g:

� á¨«ã 2.2.38 (P- ¯.­.)

f< X >1<1g = fA0

1 <1g � fX2
n !g

\
f(X + 1)2n !g = fXn !g:

�«¥¤ãîé¨© à¥§ã«ìâ â, ª®â®àë© ¬ë ¯à¨¢®¤¨¬ ¡¥§ ¤®ª â¥«ìáâ¢  ¯®ª §ë¢ ¥â, ª®£¤  áå®¤¨¬®áâì ª¢ ¤à â¨ç-
­®© å à ªâ¥à¨áâ¨ª¨ ¨ áå®¤¨¬®áâì ¬ àâ¨­£ «  íª¢¨¢ «¥­â­ë.

� ¥ ® à ¥ ¬   2.2.15 �á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® M sup j�Xnj2 <1; â® (P- ¯.­.)

f< X >1<1g = fXn !g:
(�á«¨ ¯à¨à é¥­¨ï ¬ àâ¨­£ «  à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¢ áà¥¤­¥¬, â® ¬ àâ¨­£ « ¨ ¥£® ª¢ ¤à â¨ç­ ï

å à ªâ¥à¨áâ¨ª  áå®¤ïâáï ¨ à áå®¤ïâáï ®¤­®¢à¥¬¥­­® (P- ¯.­.). � ­­®¥ ãá«®¢¨¥ ¢ë¯®«­ï¥âáï ¥á«¨, ­ -
¯à¨¬¥à, j�Xnj � C):



�«ï ª¢ ¤à â¨ç­® - ¨­â¥£à¨àã¥¬ëå ¬ àâ¨­£ «®¢ á¯à ¢¥¤«¨¢ § ª®­ ¡®«ìè¨å ç¨á¥«.

� ¥ ® à ¥ ¬   2.2.16 �ãáâì X = (Xn;Fn) - ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë© ¬ àâ¨­£ «, ¨ < X >= (<
X >n;Fn�1) - ¥£® ª¢ ¤à â¨ç­ ï å à ªâ¥à¨áâ¨ª . �á«¨ Pf< X >1=1g = 1; â®

lim
n

Xn

< X >n
= 0; (P� ¯.­.):

�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â ¯à¨¬¥­¥­¨¥ íâ®£® à¥§ã«ìâ â  ¢ § ¤ ç¥ ®æ¥­¨¢ ­¨ï ­¥¨§¢¥áâ­®£® ¯ à ¬¥-
âà .

� à ¨ ¬ ¥ à 2.2.22 �ãáâì f�1; �2; :::g - ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­, á M�i =
0; D�i = Vi > 0; ¨ ¯®á«¥¤®¢ â¥«ì­®áâì Xn ®¯à¥¤¥«¥­  á ¯®¬®éìî à¥ªãàà¥­â­®£® á®®â­®è¥­¨ï

Xn+1 = �Xn + �n+1;

£¤¥ X0 ­¥ § ¢¨á¨â ®â f�1; �2; :::g ¨ � - ­¥¨§¢¥áâ­ë© ¯ à ¬¥âà, �1 < � < 1: �®¦­® à áá ¬ âà¨¢ âì Xn

ª ª à¥§ã«ìâ âë ¨§¬¥à¥­¨©, ¯® ª®â®àë¬ ­¥®¡å®¤¨¬® ¯®áâà®¨âì ®æ¥­ªã ¯ à ¬¥âà  �,

�̂n = �̂n(X0; X1; :::; Xn):

� áá¬®âà¨¬ ®æ¥­ªã ¬¥â®¤  ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢, ª®â®à ï áâà®¨âáï á«¥¤ãîé¨¬ ®¡à §®¬, ¤«ï § ¤ ­­®£®
­ ¡®à  X0; :::; Xn ®æ¥­ª  �n ¢ë¡¨à ¥âáï â ª, çâ®¡ë ¬¨­¨¬¨§¨à®¢ âì áã¬¬ã ­®à¬¨à®¢ ­­ëå áà¥¤­¥ª¢ ¤à -
â¨ç¥áª¨å ®âª«®­¥­¨©,   ¨¬¥­­®:

n�1X
k=0

(Xk+1 � �Xk)
2

Vk+1
! min

�
:

�â  § ¤ ç  ­  ­ å®¦¤¥­¨¥ ¬¨­¨¬ã¬  ª¢ ¤à â¨ç­®© ä®à¬ë

�2
n�1X
k=0

X2
k

Vk+1
� 2�

n�1X
k=0

XkXk+1

Vk+1
! min

�

¨¬¥¥â à¥è¥­¨¥ ¢ ¢¨¤¥ ®æ¥­ª¨ ¬¥â®¤  ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢

�̂n =

n�1X
k=0

XkXk+1

Vk+1

n�1X
k=0

X2
k

Vk+1

:

�âã ®æ¥­ªã ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

�̂n = � +
Mn

< M >n
;

£¤¥

Mn =
n�1X
k=0

Xk�k+1
Vk+1

ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë© ¬ âà¨­£ « á ª¢ ¤à â¨ç­®© å à ªâ¥à¨áâ¨ª®©

< M >n=
n�1X
k=0

X2
k

Vk+1
:

� ª¨¬ ®¡à §®¬, áå®¤¨¬®áâì ®æ¥­ª¨ ¬¥â®¤  ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ ª â®ç­®¬ã §­ ç¥­¨î ¯ à ¬¥âà  � ¨¬¥¥â
¬¥áâ® ¥á«¨

Mn

< M >n
! 0; (P� ¯.­.): (2.2.39)



�«¥¤ãîé¨¥ ãá«®¢¨ï ï¢«ïîâáï ¤®áâ â®ç­ë¬¨ ¤«ï ¢ë¯®«­¥­¨ï (2.2.39). �á«¨

sup
n

Vn+1
Vn

<1;

1X
n=1

Mmin

�
�2n
Vn

; 1

�
=1;

â® ãá«®¢¨¥ (2.2.39) ¢ë¯®«­ï¥âáï ¨ �̂n ! �; (P� ¯.­.): �¥©áâ¢¨â¥«ì­®,

1X
n=1

min

�
�2n
Vn

; 1

�
�

1X
n=1

�2n
Vn

=
1X
n=1

(Xn � �Xn�1)2n
Vn

�

2

" 1X
n=1

X2
n

Vn
+ �2

1X
n=1

X2
n�1
Vn

#
� 2

�
sup
n

Vn+1
Vn

+ �2
�
< M >1 :

�«¥¤®¢ â¥«ì­®, ( 1X
n=1

min

�
�2n
Vn

; 1

�
=1

)
� f< M >1=1g:

�® â¥®à¥¬¥ �®«¬®£®à®¢  ® âà¥å àï¤ å à áå®¤¨¬®áâì àï¤ 

1X
n=1

Mmin

�
�2n
Vn

; 1

�

¢«¥ç¥â §  á®¡®© (P- ¯.­.) à áå®¤¨¬®áâì àï¤ 
1X
n=1

min

�
�2n
Vn

; 1

�
: � ª¨¬ ®¡à §®¬, Pf< M >1= 1g = 1; ¨

¯® �¥®à¥¬¥ 2.2.16 ¢ë¯®«­ï¥âáï (2.2.39), çâ® ¢«¥ç¥â §  á®¡®© áå®¤¨¬®áâì ®æ¥­ª¨.

2.2.7 � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì­®£® à¥è¥­¨ï

2.2.1. �ãáâì � ¨ � - ­¥§ ¢¨á¨¬ë¥ ¨ ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë áMj�j <1:�®ª § âì,
çâ®

Mf�j� + �g =Mf�j� + �g = � + �

2
; (P� ¯.­.):

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï ®¯à¥¤¥«¥­¨¥¬ 5.4.1 ¨ ¯à®¢¥à¨âì ¢ë¯®«­¥­¨¥ á¢®©áâ¢ ãá«®¢­®£®
¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï.

2.2.2. �ãáâì � - á«ãç ©­ ï ¢¥«¨ç¨­  á äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï F�(x): �®ª § âì, çâ® ¥á«¨ F�(b)�F�(a) >
0; â®

Mf�ja < � � bg =

bZ
a

xF�(x)

F�(b)� F�(a)
:

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï ®¯à¥¤¥«¥­¨¥¬ 5.4.1 ¨ ¯à®¢¥à¨âì ¢ë¯®«­¥­¨¥ á¢®©áâ¢ ãá«®¢­®£®
¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï.

2.2.3. �ë¢¥áâ¨ ¨§ ®¯à¥¤¥«¥­¨ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¥£® á¢®©áâ¢ :

1. �á«¨ �(!) = C = const (P� ¯.­.); â®Mf�jGg = C (P� ¯.­.):
2. �á«¨ �(!) � � (P� ¯.­.); â®Mf�jGg �Mf�jGg (P� ¯.­.):

3. jMf�jGgj �Mfj�jjGg (P� ¯.­.):

4. �á«¨ a; b - § ¤ ­­ë¥ ª®­áâ ­âë, �; � - ¨­â¥£à¨àã¥¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, â®

Mfa� + b�jGg = aMf�jGg+ bMf�jGg; (P� ¯.­.):



5. �ãáâì G = f;;
g - âà¨¢¨ «ì­ ï � -  «£¥¡à . �®£¤ ,

Mf�jGg =M�; (P� ¯.­.):
� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï â¥¬, çâ® ®â­®á¨â¥«ì­® âà¨¢¨ «ì­®© �  «£¥¡àë ¨§¬¥à¨¬ë
«¨èì ª®­áâ ­âë.

6. �ãáâì á«ãç ©­ ï ¢¥«¨ç¨­  � ¨§¬¥à¨¬  ®â­®á¨â¥«ì­® � -  «£¥¡àë F ; â®£¤ Mf�jFg = �; (P-
¯.­.).

7. M(Mf�jFg) = M�:

8. �á«¨ G1 � G2; â®
MfMf�jG2gjG1g = Mf�jG1g; (P� ¯.­.):

9. �á«¨ G2 � G1; â®
MfMf�jG2gjG1g = Mf�jG2g; (P� ¯.­.):

10. �á«¨ á«ãç ©­ ï ¢¥«¨ç¨­  � ­¥ § ¢¨á¨â ®â � -  «£¥¡àë G; â® ¥áâì ¤«ï «î¡®£® B 2 G á«ãç ©­ë¥
¢¥«¨ç¨­ë � ¨ IB - ­¥§ ¢¨á¨¬ë, â®

Mf�jGg = M�:

11. �ãáâì � ¨§¬¥à¨¬  ®â­®á¨â¥«ì­® � -  «£¥¡àë G; ¨ Mj��j <1; â®£¤ 

Mf��jGg = �Mf�jGg; (P� ¯.­.):

12. �¥à ¢¥­áâ¢® �¥­á¥­ . �ãáâì g(x) - ¢ë¯ãª« ï ¢­¨í äã­ªæ¨ï â ª ï, çâ®Mfjg(x)jg <1; â®£¤ 

g[Mf�jGg] �Mf[g(�)jG]g; (P� ¯.­.):

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï â¥¬, çâ® ¤«ï ¢ë¯ãª«®© ¢­¨§ äã­ªæ¨¨ g(x) áãé¥áâ¢ã¥â â ª ï
äã­ªæ¨ï q(x); çâ® ¤«ï «î¡ëå x; y á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

g(x) � g(y) + q(y)(x � y):

�á«¨ g(x) - ¤¨ää¥à¥­æ¨àã¥¬ , â® q(x) = g
0

(x):

2.2.4. �®ª § âì â¥®à¥¬ã ® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨ ¤«ï £ ãáá®¢áª¨å ¢¥ªâ®à®¢. �¬. ¯à¨¬¥à 5.4.2.

� ª   §   ­ ¨ ¥ � áá¬®âà¥âì á«ãç ©­ë© ¢¥ªâ®à

� = � �m� +C(� �m�)

¨ ¢ë¡à âì ¬ âà¨æã C â ª¨¬ ®¡à §®¬, çâ®¡ë � ? � �m� : � «¥¥ ª ª ¢ ¯à¨¬¥à¥ 5.4.2.

2.2.5. �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ¯à¨¬¥à¥ 5.4.3 ®¡à §ã¥â ¬ àâ¨­£ «.

2.2.6. �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ¯à¨¬¥à¥ 2.2.5 ®¡à §ã¥â ¬ àâ¨­£ «.

2.2.7. �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ¯à¨¬¥à¥ 2.2.6 ®¡à §ã¥â ¬ àâ¨­£ «.

2.2.8. �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ¯à¨¬¥à¥ 2.2.7 ®¡à §ã¥â áã¡¬ àâ¨­£ «.

� ª   §   ­ ¨ ¥ �á¯®«ì§®¢ âì ­¥à ¢¥­áâ¢® �¥­á¥­ .

2.2.9. �«ï ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬®£® ¬ àâ¨­£ «  ¢ë¢¥áâ¨ á®®â­®è¥­¨ï (2.2.11) - (2.2.13).

2.2.10. � ¯à¨¬¥à¥ 2.2.10 ¢ë¢¥áâ¨ á®®â­®è¥­¨¥ (2.2.14) ¤«ï ª¢ ¤à â¨ç­®© å à ªâ¥à¨áâ¨ª¨.

2.2.11. � ¯à¨¬¥à¥ 2.2.11 ¯®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì

(XnYn� < X; Y >n;Fn);
£¤¥ < X; Y > ®¯à¥¤¥«¥­  á®®â­®è¥­¨¥¬ (2.2.15) ®¡à §ã¥â ¬ àâ¨­£ «. �ë¢¥áâ¨ á®®â­®è¥­¨¥ (2.2.16)
¤«ï ¢§ ¨¬­®© ª¢ ¤à â¨ç­®© å à ªâ¥à¨áâ¨ª¨.



2.2.12. � ¯à¨¬¥à¥ 2.2.13 ¯®ª § âì, çâ® "®áâ ­®¢«¥­­ë©" ¬ àâ¨­£ « (áã¡¬ àâ¨­£ «) â ª¦¥ ï¢«ï¥âáï ¬ à-
â¨­£ «®¬ (áã¡¬ àâ¨­£ «®¬).

2.2.13. �¡êïá­¨âì ¯®ç¥¬ã à §­®áâì � àª®¢áª¨å ¬®¬¥­â®¢, ¢®®¡é¥ £®¢®àï� àª®¢áª¨¬ ¬®¬¥­â®¬ ­¥ ï¢«ï-
¥âáï.

2.2.14. �ë¢¥áâ¨ â®¦¤¥áâ¢® � «ì¤  ¤«ï ¤¨á¯¥àá¨© (á®®â­®è¥­¨¥ (2.2.18) ¢ ¯à¨¬¥à¥ 2.2.17).

2.2.15. �®ª § âì, çâ® ¢ ¯à¨¬¥à å 2.2.18, 2.2.19 ¨£à  ¢á¥£¤  § ª ­ç¨¢ ¥âáï §  ª®­¥ç­®¥ ¢à¥¬ï (P- ¯.­.) ¨
¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¢à¥¬¥­¨ ®ª®­ç ­¨ï ¨£àë ª®­¥ç­®.

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï á¢®©áâ¢ ¬¨ � àª®¢áª®£® ¯à®æ¥áá  á«ãç ©­®£® ¡«ã¦¤ ­¨ï ¨ § ¬¥-
ç ­¨¥¬ ¯®á«¥ �à¨¬¥à  2.2.19.

2.2.16. �®á¯®«ì§®¢ ¢è¨áì ®¡é¥© áå¥¬®© ¤®ª § â¥«ìáâ¢  ­¥à ¢¥­áâ¢  (2.2.20) § ¢¥àè¨âì ¤®ª § â¥«ìáâ¢®
�¥®à¥¬ë 2.2.5.

2.2.17. �ãáâì f�1; �2; :::g - ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ëå á«ãç ©­ëå ¢¥«¨-
ç¨­ á Pf�i = 0g = Pf�i = 2g = 1=2: �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì

X = (Xn;Fn) =
 

nY
i=1

�i; �f�1; :::; �ng
)

ï¢«ï¥âáï ¬ àâ¨­£ «®¬ ¨ áå®¤¨âáï á ¢¥à®ïâ­®áâìî 1 ª ª®­¥ç­®© á«ãç ©­®© ¢¥«¨ç¨­¥. �®ª § âì
â ª¦¥, çâ® ¯à¨ íâ®¬ ¯®á«¥¤®¢ â¥«ì­®áâì X ­¥ ï¢«ï¥âáï à¥£ã«ïà­ë¬ ¬ àâ¨­£ «®¬.

� ª   §   ­ ¨ ¥ �®ª § âì, çâ® ¤ ­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì áå®¤¨âáï ª ­ã«î (P- ¯.­.). �®ª § âì, çâ®
¤ ­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ­¥ ï¢ï«ï¥âáï à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬®© ¨ ¢®á¯®«ì§®¢ âìáï �¥®à¥¬®©
2.2.11.

2.2.18. �ãáâì f�1; �2; :::g - ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ á à á¯à¥¤¥«¥­¨¥¬

Pf�i = 1g = Pf�i = �1g = 1

2i
; Pf�i = 0g = 1� 1

i
:

�®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì

Xn =
nX
i=1

�i

à áå®¤¨âáï (P- ¯.­.).

� ª   §   ­ ¨ ¥ �®ª § âì, çâ® Xn - ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ë© ¬ àâ¨­£ «, ­ ©â¨ ¥£® ª¢ ¤à â¨ç-
­ãî å à ªâ¥à¨áâ¨ªã ¨ ¢®á¯®«ì§®¢ âìáï �¥®à¥¬®© 2.2.15.

2.2.19. �ãáâì f�1; �2; :::g - ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ á à á¯à¥¤¥«¥­¨¥¬

Pf�i = 1g = Pf�i = �1g = 1

2i2
; Pf�i = 0g = 1� 1

i2
:

�®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì

Xn =
nX
i=1

�i

áå®¤¨âáï (P- ¯.­.).

� ª   §   ­ ¨ ¥ �¬. ãª § ­¨¥ ª ¯à¥¤ë¤ãé¥¬ã ¯à¨¬¥àã.



2.2.20. �®ª § âì, çâ® ¤«ï «î¡®© ­¥®âà¨æ â¥«ì­®© á«ãç ©­®© ¢¥«¨ç¨­ë � ¨ r > 1 á¯à ¢¥¤«¨¢® á®®â­®è¥-
­¨¥

M�r = r

1Z
0

tr�1P(� � t)dt:

� ª   §   ­ ¨ ¥ �á¯®«ì§®¢ âì ä®à¬ã«ã ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¨ ¯®ª § âì, çâ® ¤«ï «î¡®© L > 0

r

LZ
0

tr�1P(� � t)dt = LrPf� � Lg+
LZ
0

trdF (t) =Mf(� ^ L)rg;

  § â¥¬ ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯® L " 1:

2.2.21. �®ª § âì, çâ® á«ãç ©­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ �k; k � 1 ¢ �¯à¥¤¥«¥­¨¨ 2.2.10 ï¢«ïîâáï � àª®¢áª¨¬¨
¬®¬¥­â ¬¨.





�« ¢  3

�«ãç ©­ë¥ äã­ªæ¨¨

3.1 �â æ¨®­ à­ë¥ á«ãç ©­ë¥ ¯à®æ¥ááë

� ¯à¥¤ë¤ãé¨å à §¤¥« å ¡ë«¨ ¢¢¥¤¥­ë ¯®­ïâ¨ï ¯à®æ¥áá  ¨­â¥£à¨àã¥¬®£® ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ë-
á«¥ (á¬. � §¤¥« 1.2.2) ¨ ¯à®æ¥áá®¢ áâ æ¨®­ à­ëå ¢ è¨à®ª®¬ á¬ëá«¥ (á¬. � §¤¥« 1.2.3). � à §¤¥«¥, ¯®-
á¢ïé¥­­®¬ áâ æ¨®­ à­ë¬ á«ãç ©­ë¬ ¯®á«¥¤®¢ â¥«ì­®áâï¬, ¨«¨ áâ æ¨®­ à­ë¬ ¯à®æ¥áá ¬ á ¤¨áªà¥â­ë¬
¢à¥¬¥­¥¬, ¬ë ¢¨¤¥«¨ ª ª ¯®­ïâ¨¥ áâ æ¨®­ à­®áâ¨, ¯®§¢®«ï¥â ¢¥áì¬  íª®­®¬­ë¬¨ áà¥¤áâ¢ ¬¨, «¨èì ¢
â¥à¬¨­ å ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ à¥è âì ¬­®£®ç¨á«¥­­ë¥ ¯à ªâ¨ç¥áª¨ ¢ ¦­ë¥ § ¤ ç¨. �¥«ë© àï¤ § -
¤ ç, ¢®§­¨ª îé¨å ¢ â¥å­¨ª¥ á¢ï§¨ ¢ ä¨§¨ª¥, âà¥¡ã¥â à áè¨à¥­¨ï ¯®­ïâ¨ï áâ æ¨®­ à­®áâ¨ ­  ¯à®æ¥ááë
¢ ­¥¯à¥àë¢­®¬ ¢à¥¬¥­¨.�ã¬ë ¢ í«¥ªâà®­­ëå, ¯à¨¡®à å, ª¢ ­â®¢ë© èã¬ ®¯â¨ç¥áª®£® ¨§«ãç¥­¨ï,  â¬®-
áä¥à­ë¥ à ¤¨®¯®¬¥å¨ - íâ® ¢á¥ ¯à¨¬¥àë á«ãç ©­ëå ¯à®æ¥á®¢, à §¢¨¢ îé¨åáï ¢ ­¥¯à¥àë¢­®¬ ¢à¥¬¥­¨.
�ç¥­ì ç áâ® ¬®¦­® áç¨â âì, çâ® áâ â¨áâ¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ íâ¨å ¯à®æ¥áá®¢ ®áâ îâáï ­¥¨§¬¥­­ë¬¨
¢ â¥ç¥­¨¥ ¢à¥¬¥­¨ ¨å ­ ¡«î¤¥­¨ï, ¨ â®£¤  íâ¨ ¯à®æ¥ááë ¬®¦­® á ¤®áâ â®ç­®© áâ¥¯¥­ìî â®ç­®áâ¨ áç¨â âì
áâ æ¨®­ à­ë¬¨.

3.1.1 �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï áâ æ¨®­ à­®£® á«ãç ©­®£® ¯à®æ¥áá 

� ¤ ­­®¬ à §¤¥«¥ ¬ë à áá¬ âà¨¢ ¥¬ «¨èì ¯à®æ¥ááë �(t); t 2 R; áâ æ¨®­ à­ë¥ ¢ è¨à®ª®¬ á¬ëá«¥, ¯®íâ®-
¬ã á®£« á­® ®¯à¥¤¥«¥­¨ï¬ 1.2.5, ¤«ï áâ æ¨®­ à­®£® ª®¬¯«¥ªá­®§­ ç­®£® ¯à®æ¥áá  ¢ ­¥¯à¥àë¢­®¬ ¢à¥¬¥-
­¨,

Mf�(t)g = m�(t) = const = m0; covf�(t); �(s)g = Mf(�(t)�m0)(�(s) �m0)g = R�(t� s):

�   ¬ ¥ ç   ­ ¨ ¥ � ¤ «ì­¥©è¥¬ ¬ë ¯®« £ ¥¬, çâ® m0 = 0:

�á­®¢­ë¥ á¢®©áâ¢  ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ á«¥¤ãîâ ¨§ ®¡é¨å á¢®©áâ¢ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ª¢ ¤à â¨ç­®-
¨­â¥£à¨àã¥¬®£® ¯à®æ¥áá  (á¬. �¥®à¥¬ë 1.2.1, 1.2.5):

1. �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ï¢«ï¥âáï �à¬¨â®¢®© â® ¥áâì ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ãá«®¢¨î á¨¬-
¬¥âà¨¨

R�(t) = R�(�t); (3.1.1)

2.
jR�(t)j � R�(0); (3.1.2)

3.
jR�(t)� R�(s)j2 � 2R�(0)[R�(0) �RefR�(t� s)g]: (3.1.3)

4. �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï R�(t) ­¥¯à¥àë¢­  ­  R ¥á«¨ ®­  ­¥¯à¥àë¢­  ¯à¨ t = 0: (� ¤ ç  3.1.1)

5. �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï R�(t) ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®-®¯à¥¤¥«¥­­®©,â® ¥áâì ¤«ï «î¡ëå ft1; ::::; tng 2
R ¨ ¯à®¨§¢®«ì­®£® ­ ¡®à  ª®¬¯«¥ªá­ëå ç¨á¥« fz1; :::; zng; n � 1 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

nX
i;j=1

zi�zjR�(ti � tj) � 0: (3.1.4)
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6. �î¡ ï ­¥®âà¨æ â¥«ì­®-®¯à¥¤¥«¥­­ ï äã­ªæ¨ï ï¢«ï¥âáï �à¬¨â®¢®©, â® ¥áâì ¢ë¯®«­¥­¨¥ ­¥à ¢¥­-
áâ¢  (3.1.4) ¢«¥ç¥â ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (3.1.1).

� ª¦¥ ª ª ¨ ¢ á«ãç ¥ ¤¨áªà¥â­®£® ¢à¥¬¥­¨ ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï áâ æ¨®­ à­®£® ¯à®æ¥áá  ¨¬¥¥â
á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥. � â ª¦¥ ª ª ¢ á«ãç ¥ ¤¨áªà¥â­®£® ¢à¥¬¥­¨, ¢ ­¥¯à¥àë¢­®¬ ¢à¥¬¥­¨ á¯à -
¢¥¤«¨¢® ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥. �®§¬®¦­®áâì á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï ®¯à¥¤¥«ï¥â ¨ áãé¥áâ¢®¢ ­¨¥
áâ æ¨®­ à­®£® á«ãç ©­®£® ¯à®æ¥áá  á § ¤ ­­®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥©.

� ¥ ® à ¥ ¬   3.1.1 [�®å­¥à - �¨­ç¨­] �®¬¯«¥ªá­®§­ ç­ ï äã­ªæ¨ï R�(t); ®¯à¥¤¥«¥­­ ï ­  R1 ¨ ­¥-
¯à¥àë¢­ ï ¯à¨ t = 0; ï¢«ï¥âáï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ­¥ª®â®à®£® áâ æ¨®­ à­®£® ¢ è¨à®ª®¬ á¬ëá«¥

á«ãç ©­®£® ¯à®æ¥áá  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

R�(t) =

1Z
�1

eit�dF�(�);

£¤¥ F�(�) - ¤¥©áâ¢¨â¥«ì­ ï ­¥ã¡ë¢ îé ï ®£à ­¨ç¥­­ ï äã­ªæ¨ï ­  R:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1.1 �¥à  F�(d�); ¯®à®¦¤¥­­ ï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï F�(�) ­  ¡®à¥«¥¢áª¨å
¯®¤¬­®¦¥áâ¢ å ¢ R ­ §ë¢ ¥âáï á¯¥ªâà «ì­ë¬ à á¯à¥¤¥«¥­¨¥¬ ¯à®æ¥áá  �(t):

�ã­ªæ¨ï F�(�) ­¥¯à¥àë¢­  á¯à ¢  ¨ ®¯à¥¤¥«¥­  á â®ç­®áâìî ¤® ­¥ª®â®à®©  ¤¤¨â¨¢­®© ¯®áâ®ï­­®©, ª®â®-
àãî ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë F�(�1) = 0; F�(1) = R�(0):

�á«¨ á¯¥ªâà «ì­ ï ¬¥à  F�(d�) ¨¬¥¥â ¯«®â­®áâì f�(�) � 0, â® ¥áâì ¤«ï «î¡®£® �®à¥«¥¢áª®£® ¬­®¦¥-
áâ¢  B 2 B(R); ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

F�(B) =

Z
B

f�(�)dx;

â® ¢§ï¢ ¢ ª ç¥áâ¢¥ ¬­®¦¥áâ¢  B = (�1; �]; ¯®«ãç ¥¬ á®®â­®è¥­¨¥

F�(�) =

�Z
�1

f�(y)dy;

®âªã¤  á«¥¤ã¥â, çâ®

f�(�) =
d

d�
F�(�); ¯®çâ¨ ¢áî¤ã ­ R:

�   ¬ ¥ ç   ­ ¨ ¥ �ã­ªæ¨ï f�(�) ®¡ëç­® ­ §ë¢ ¥âáï á¯¥ªâà «ì­®© ¯«®â­®áâìî áâ æ¨®­ à­®£® ¯à®æ¥á-
á  �(t); ¯ à ¬¥âà � ¨¬¥¥â á¬ëá« ç áâ®âë,   á ¬® á¯¥ªâà «ì­®¥ à §«®¦¥­¨¥ ¯®ª §ë¢ ¥â à á¯à¥¤¥«¥­¨¥
í­¥à£¨¨ áâ æ¨®­ à­®£® ¯à®æ¥áá  ¯® ç áâ®â ¬ á¯¥ªâà .

� ¥ ® à ¥ ¬   3.1.2 �á«¨ ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï  ¡á®«îâ­® ¨­â¥£à¨àã¥¬ , â® ¥áâì

1Z
�1

jR�(t)jdt <1; (3.1.5)

â® â®£¤  á¯¥ªâà «ì­ ï ¯«®â­®áâì áãé¥áâ¢ã¥â ¨ ®¯à¥¤¥«ï¥âáï ®¡à â­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥

f�(�) =
1

2�

1Z
�1

e�i�tR�(t)dt:

�á«¨ ãá«®¢¨¥  ¡á®«îâ­®© ¨­â¥£à¨àã¥¬®áâ¨ (3.1.5) ­¥ ¢ë¯®«­¥­®, â® á¯¥ªâà «ì­ ï ¬¥à  ®¯à¥¤¥«ï¥âáï
á«¥¤ãîé¨¬ á®®â­®è¥­¨¥¬, ¤«ï «î¡ëå �1 < �2

F�(�1)� F�(�2) =
1

2�
lim
T!1

TZ
�T

eit�1 � e�it�2

it
R�(t)dt:



�á«¨ á¯¥ªâà «ì­®¥ à á¯à¥¤¥«¥­¨¥ á¨¬¬¥âà¨ç­®, â® ¥áâì ¥á«¨

F (�)�R�(0) = R�(0)� F (��+ 0); (3.1.6)

â® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¤¥©áâ¢¨â¥«ì­  ¨

R�(t) =

1Z
�1

(cos t�)dF�(�): (3.1.7)

�á«¨ ¯à¨ íâ®¬ ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (3.1.5), â® á¯¥ªâà «ì­ ï ¯«®â­®áâì
áãé¥áâ¢ã¥â ¨ ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

f�(�) =
1

�

1Z
0

R�(t) cos (t�)dt:

�¯¥ªâà «ì­ ï ¯«®â­®áâì ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

� ¥ ® à ¥ ¬   3.1.3 �ãáâì áâ æ¨®­ à­ë© ¢ è¨à®ª®¬ á¬ëá«¥ á«ãç ©­ë© ¯à®æ¥áá �(t) ¨¬¥¥â á¯¥ªâà «ì-
­ãî ¯«®â­®áâì f�(�); â®£¤ :

1. f�(�) � 0; ¯à¨ ¢á¥å �1 < � <1;

2. á¯¥ªâà «ì­ ï ¯«®â­®áâì ¤¥©áâ¢¨â¥«ì­®£® ¯à®æ¥áá  ï¢«ï¥âáï ç¥â­®© äã­ªæ¨¥©, â® ¥áâì f�(�) =
f�(��);

3. ¤¨á¯¥àá¨ï áâ æ¨®­ à­®£® ¯à®æ¥áá  á¢ï§ ­  á® á¯¥ªâà «ì­®© äã­ªæ¨¥© á®®â­®è¥­¨¥¬

D� = R�(0) =

1Z
�1

f�(�)d�; (3.1.8)

¥á«¨ ¯à®æ¥áá ¤¥©áâ¢¨â¥«ì­ë©, â®

D� = R�(0) = 2

1Z
0

f�(�)d�:

� à ¨ ¬ ¥ à 3.1.1 �¯¥ªâà «ì­ ï ¯«®â­®áâì ­¥ª®â®à®£® á«ãç ©­®£® ¯à®æ¥áá  ¨¬¥¥â ¢¨¤

f�(�) =

8><
>:

�2

2� ; ¥á«¨ j�j � x0;

0; ¥á«¨ j�j > x0;

£¤¥ x0 > 0: �ëç¨á«¨âì ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ¨ ¤¨á¯¥àá¨î ¯à®æ¥áá  �(t):

� ¥ è ¥ ­ ¨ ¥ � á¨«ã á¨¬¬¥âà¨¨ á¯¥ªâà «ì­®© ¯«®â­®áâ¨ ¯® ä®à¬ã«¥ (3.1.7) ¨¬¥¥¬ á ãç¥â®¬ á®®â­®-
è¥­¨ï dF�(�) = f�(�)d�

R�(t) = 2

1Z
0

(cos (t�))f�(�)d� =
�2

�

x0Z
0

(cos (t�))d� =
�2

�t
sin (x0t):

D� = R�(0) =
�2

�

x0Z
0

d� =
�2x0
�

:



�   ¬ ¥ ç   ­ ¨ ¥ � ¬¥â¨¬, çâ® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ x0t = �k; k 2 Z: �â®
®§­ ç ¥â, çâ® á¥ç¥­¨ï ¯à®æ¥áá  �(t); �(t+ �k

x0 ) ­¥ ª®àà¥«¨à®¢ ­ë.

� à ¨ ¬ ¥ à 3.1.2 �ãé¥áâ¢ã¥â «¨ áâ æ¨®­ à­ë© ¢ è¨à®ª®¬ á¬ëá«¥ á«ãç ©­ë© ¯à®æ¥áá, ¨¬¥îé¨© ª®-
¢ à¨ æ¨®­­ãî äã­ªæ¨î

R�(t) =

8<
:

�2; ¯à¨ jtj � t0;

0; ¯à¨ jtj > t0?

� ¥ è ¥ ­ ¨ ¥ �à¥¤¯®«®¦¨¬, çâ® â ª®© ¯à®æ¥áá áãé¥áâ¢ã¥â. �®£¤  ¥£® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ã¤®-
¢«¥â¢®àï¥â (3.1.5), ¨ á«¥¤®¢ â¥«ì­®, ¤ ­­ë© ¯à®æ¥áá ¤®«¦¥­ ¨¬¥âì á¯¥ªâà «ì­ãî ¯«®â­®áâì

f�(�) =
1

2�

1Z
�1

e�it�R�(t)dt =
�2

�

t0Z
0

cos (t�)dt =
�2

��
sin (t0�):

� ¬¥â¨¬ ®¤­ ª®, çâ® ¤ ­­ ï äã­ªæ¨ï f�(�) ­¥ ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­®©, ¨ á«¥¤®¢ â¥«ì­®, ­¥ ¬®¦¥â ¡ëâì
á¯¥ªâà «ì­®© ¯«®â­®áâìî.� ª¨¬ ®¡à §®¬, ¯à®æ¥áá  á § ¤ ­­®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ­¥ áãé¥áâ¢ã¥â.

� à ¨ ¬ ¥ à 3.1.3 � £« ¢¥ 1 ®¡áã¦¤ «®áì ¯®­ïâ¨¥ ¯à®æ¥áá  "¡¥«®£® èã¬ " ª ª ¯à®æ¥áá , ¨¬¥îé¥£®
ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î

R�(t) = �2�(t):

�ëç¨á«¨âì á¯¥ªâà «ì­ãî ¯«®â­®áâì ¯à®æ¥áá  ¡¥«®£® èã¬ .

� ¥ è ¥ ­ ¨ ¥ �®à¬ «ì­® ¯à¨¬¥­ïï ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ª � - äã­ªæ¨¨, ¯®«ãç ¥¬

f�(�) =
1

2�

1Z
�1

e�i�t�2�(t)dt =
�2

2�
:

�   ¬ ¥ ç   ­ ¨ ¥ � ¤ ­­®¬ à §¤¥«¥ ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯®­ïâ¨¥ ¯à®æ¥áá  "¡¥«®£® èã¬ ", ª ª ¯à®-
æ¥áá  ¨¬¥îé¥£® à ¢­®¬¥à­ãî á¯¥ªâà «ì­ãî ¯«®â­®áâì ¢® ¢á¥¬ ¤¨ ¯ §®­¥ ç áâ®â �1 < � <1:

� à ¨ ¬ ¥ à 3.1.4 �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ­¥ª®â®à®£® áâ æ¨®­ à­®£® á«ãç ©­®£® ¯à®æ¥áá R�(t) ¨¬¥-
¥â ¢¨¤

R�(t) = De��jtj;

£¤¥ D > 0; � > 0 - ­¥ª®â®àë¥ ¯ à ¬¥âàë. �®ª § âì, çâ® ¤ ­­ë© ¯à®æ¥áá ¨¬¥¥â á¯¥ªâà «ì­ãî ¯«®â­®áâì
¨ ¢ëç¨á«¨âì ¥¥.

� ¥ è ¥ ­ ¨ ¥ �ã­ªæ¨ï R�(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (3.1.5), ¯®íâ®¬ã áãé¥áâ¢ã¥â á¯¥ªâà «ì­ ï ¯«®â-
­®áâì

f�(t) =
1

2�

1Z
�1

e�i�tR�(t)dt =
D

2�

1Z
�1

e�i�t��jtjdt =

D

2�

1Z
0

[e�i�t��t+ ei�t��t]dt =
D

2�

�
1

i� + �
+

1

�i� + �

�
=

D�

�(�2 + �2)
:

�   ¬ ¥ ç   ­ ¨ ¥ � à ¬¥âà � å à ªâ¥à¨§ã¥â áª®à®áâì ã¬¥­ìè¥­¨ï ª®àà¥«ïæ¨¨ ¬¥¦¤ã á¥ç¥­¨ï¬¨, ¯®-
áª®«ìªã ¯à¨ t � 1=� ¢ë¯®«­ï¥âáï R�(t) � 0: �á«¨ á¥ç¥­¨ï ¯à®æ¥áá  ­¥ª®àà¥«¨à®¢ ­ë ¯à¨ ¡«¨§ª¨å

§­ ç¥­¨ïå t; t
0

; â® â ª®© ¯à®æ¥áá ¬®¦¥â ¡ëâì å®à®è¥© ¬®¤¥«ìî ¯à®æ¥áá  ¡¥«®£® èã¬  ¯à¨ � !1: �¥©-
áâ¢¨â¥«ì­®, ¥á«¨ D ¨ � áâà¥¬ïâáï ª ¡¥áª®­¥ç­®áâ¨, â ª çâ® D=� ! �2 > 0; â® á¯¥ªâà «ì­ ï ¯«®â­®áâì

f�(�)! �2
� áâà¥¬¨âáï ª à ¢­®¬¥à­®© á¯¥ªâà «ì­®© ¯«®â­®áâ¨ ¢® ¢á¥¬ ¤¨ ¯ §®­¥ ç áâ®â �1 < � <1:



�à¨¢¥¤¥¬ ¯à¨¬¥àë ­¥ª®â®àëå ­ ¨¡®«¥¥ ç áâ® ¢áâà¥ç îé¨åáï áâ æ¨®­ à­ëå (¢ è¨à®ª®¬ á¬ëá«¥)
¯à®æ¥áá®¢.

� à ¨ ¬ ¥ à 3.1.5 �ãáâì �(t) = �0g(t); £¤¥Mf�(0)g = 0; Mf�2(0)g = 1 ¨ g = g(t) - ­¥ª®â®à ï ª®¬¯«¥ªá-
­®§­ ç­ ï ¤¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï. �à¨ ª ª¨å äã­ªæ¨ïå g(t) á«ãç ©­ë© ¯à®æ¥áá �(t) áâ æ¨®­ à¥­?
�¯à¥¤¥«¨âì ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î â ª®£® ¯à®æ¥áá .

� ¥ è ¥ ­ ¨ ¥ �§ ãá«®¢¨ï áâ æ¨®­ à­®áâ¨ ¯®«ãç ¥¬ á®®â­®è¥­¨¥

g(t)g(s) = g(t � s)g(0);

®âªã¤ , ¥á«¨ ¨á¯®«ì§®¢ âì ¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ g(t) = �(t)ei'(t); ¢ëâ¥ª ¥â, çâ®

�(t) = jg(0)j = const; '(t) � '(t � s) = '(s) � '(0):

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® '(�)� ¤¨ää¥à¥­æ¨àã¥¬  ¯à¨ t = 0; â®

d

dt
'(t) =

d

dt
'(t)

����
t=0

= �:

�âªã¤  äã­ªæ¨ï
g(t) = jg(0)jei�t:

�®¢ à¨ æ¨®­­ ï äã­ªæ¨ï â ª®£® ¯à®æ¥áá  à ¢­ 

R�(t) = jg(0)j2ei�t:

� ª¦¥ ª ª ¨ ¢ á«ãç ¥ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å ¯à®æ¥áá®¢ ¤¨áªà¥â­®£® ¢à¥¬¥­¨ ¬®¦­® ¯®áâà®¨âì ¯à¨¬¥à
áâ æ¨®­ à­®£® ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®£® ¯à®æ¥áá , § ¤ ¢ ¥£® ­¥¯®áà¥¤áâ¢¥­­®¥ à §«®¦¥­¨¥ ¯® £ à¬®­¨ç¥áª¨¬
äã­ªæ¨ï¬. �«¥¤ãîé¨© ¯à¨¬¥à ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ¯à¥¤ë¤ãé¥£®.

� à ¨ ¬ ¥ à 3.1.6 � áá¬®âà¨¬ ¯à®æ¥áá

�(t) =
1X
k=1

zke
i�kt;

£¤¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë zk ®àâ®£®­ «ì­ë, àï¤

1X
k=1

Mfjzkj2g <1 (3.1.9)

áå®¤¨âáï ¨ ¢á¥ ç¨á«  �1 < �k < 1 - à §«¨ç­ë. �®ª § âì, çâ® ¤ ­­ë© ¯à®æ¥áá ï¢«ï¥âáï áâ æ¨®­ à­ë¬
¨ ®¯à¥¤¥«¨âì ¥£® ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î. � ©â¨ á¯¥ªâà «ì­®¥ à §«®¦¥­¨¥ ¯à®æ¥áá  �:

� ¥ è ¥ ­ ¨ ¥ �ï¤ �(t) =
1P
k=1

zke
i�kt áå®¤¨âáï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ¤«ï «î¡®£® t 2 R: �â®

á«¥¤ã¥â ¨§ áå®¤¨¬®áâ¨ àï¤  (3.1.9) (á¬. �à¨¬¥à 2.1.2). � «¥¥ â ª¦¥ ª ª ¢ �à¨¬¥à¥ 2.1.2 ¨á¯®«ì§ã¥¬
ãá«®¢¨¥ ®àâ®£®­ «ì­®áâ¨ ¨ ¯®«ãç ¥¬ ¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ á®®â­®è¥­¨¥

R�(t; s) = M

( 1X
k=1

zke
i�kt

1X
l=1

zlei�ls

)
=

X
k;l�1

Mfzk�zlgei(tk�sl) =
1X
k=1

Mfjzkj2gei�k(t�s):
(3.1.10)

� ª¨¬ ®¡à §®¬ R�(t; s) � R�(t� s) ¨ ¯à®æ¥áá ï¢«ï¥âáï áâ æ¨®­ à­ë¬.
�®®â­®è¥­¨¥ (3.1.10) § ¤ ¥â ¨ á¯¥ªâà «ì­®¥ à á¯à¥¤¥«¥­¨¥ ¯à®æ¥áá  �(t)

F�(�) =
X
�k��

Mjzkj2:



�«¥¤ãîé¨© ¯à¨¬¥à ®¯¨áë¢ ¥â, â ª ­ §ë¢ ¥¬ë©, "â¥«¥£à ä­ë© á¨£­ «", ¬®¤¥«ì ª®â®à®£® ç áâ® ¨á-
¯®«ì§ã¥âáï ¤«ï á«ãç ©­ëå ¯à®æ¥á®¢, á¢ï§ ­­ëå á ¯¥à¥¤ ç¥© ¨­ä®à¬ æ¨¨.

� à ¨ ¬ ¥ à 3.1.7 �ãáâì f�(t); t 2 Rg - á«ãç ©­ë© ¯à®æ¥áá, ¯à¨­¨¬ îé¨© ¤¢  §­ ç¥­¨ï �(t) = f1; �1g;
á ¢¥à®ïâ­®áâï¬¨

Pf�(t) = 1g = 1

2
; Pf�(t) = �1g = 1

2
:

�®á«¥¤®¢ â¥«ì­®áâì ¬®¬¥­â®¢ ¯¥à¥å®¤  ¨§ ®¤­®£® á®áâ®ï­¨ï ¢ ¤àã£®¥ ä®à¬¨àã¥â ®¤­®à®¤­ë© ¯à®æ¥áá
�ã áá®­  á ¯ à ¬¥âà®¬ �0 > 0: �â® ®§­ ç ¥â, çâ® ¢¥à®ïâ­®áâì pk(u); â®£® çâ® ­  ¨­â¥à¢ «¥ (t; t + u)
¯à®¨áå®¤¨â k ¯¥à¥å®¤®¢ à ¢­ 

pk(u) = e��0u
�
(�0u)

k

k!

�
; k = 0; 1; ::::

�®ª § âì, çâ® ¤ ­­ë© ¯à®æ¥áá ï¢«ï¥âáï áâ æ¨®­ à­ë¬ ¨ ®¯à¥¤¥«¨âì ¥£® å à ªâ¥à¨áâ¨ª¨.

� ¥ è ¥ ­ ¨ ¥ � å®¤¨¬ áà¥¤­¥¥ §­ ç¥­¨¥

Mf�(t)g = 1 �Pf�(t) = 1g+ (�1) �Pf�(t) = �1g = 0:

� «¥¥ ®¯à¥¤¥«ï¥¬ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î ¯à¨ � > 0 á ãç¥â®¬ â®£®, çâ® ¯à®æ¥áá ¬®¦¥â ¯à¨­¨¬ âì
«¨èì ¤¢  §­ ç¥­¨ï. � íâ®¬ á«ãç ¥ ¯à®¨§¢¥¤¥­¨¥ �(t)�(t+ � ) ¬®¦¥â â ª¦¥ ¯à¨­¨¬ âì «¨èì ¤¢  §­ ç¥­¨ï
f1;�1g; ¨ á®®â¢¥âáâ¢¥­­®,

R�(t; t+ � ) = Mf�(t); �(t+ � )g =

Pf�(t) = 1; �(t+ � ) = 1g �Pf�(t) = �1; �(t+ � ) = 1g+

Pf�(t) = �1; �(t+ � ) = �1g � Pf�(t) = 1; �(t+ � ) = �1g:
� ãç¥â®¬ ®ç¥¢¨¤­®© á¨¬¬¥âà¨¨ ¨¬¥¥¬ á®®â­®è¥­¨ï

Pf�(t) = 1; �(t+ � ) = 1g = Pf�(t) = �1; �(t+ � ) = �1g;
Pf�(t) = �1; �(t+ � ) = 1g = Pf�(t) = 1; �(t+ � ) = �1g:

� ¬¥â¨¬ â¥¯¥àì, çâ® á®¡ëâ¨¥ f�(t) = 1; �(t+ � ) = 1g á®áâ®¨â ¢ â®¬, çâ® ¯à®æ¥áá �(�); ª®â®àë© ­ å®¤¨«áï ¢
¬®¬¥­â ¢à¥¬¥­¨ t ¢ á®áâ®ï­¨¨ �(t) = 1 á®¢¥àè¨« ­  ¨­â¥à¢ «¥ (t; t+ � ) ç¥â­®¥ ç¨á«® ¯¥à¥å®¤®¢. �âáî¤ 
­ å®¤¨¬

Pf�(t) = 1; �(t+ � ) = 1g = Pf�(t) = 1j�(t+ � ) = 1gPf�(t) = 1g =

1

2

1X
k=0

p2k(� ) =
e��0�

2

1X
k=0

�
(�0� )

2k

(2k)!

�
=

e��0� ch (�0� )
2

:

�­ «®£¨ç­®,

Pf�(t) = �1; �(t+ � ) = 1g = e��0�

2

1X
k=0

�
(�0� )

2k+1

(2k + 1)!

�
=

e��0� sh (�0� )
2

:

�®¤áâ ¢«ïï íâ¨ á®®â­®è¥­¨ï ¢ ¢ëà ¦¥­¨¥ ¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¯®«ãç ¥¬

R�(t; t+ � ) = e��0� [ch (�0� )� sh (�0� )] = e�2�0� :

� á¨«ã á¨¬¬¥âà¨¨ R�(t+ �; t) = e2�0� ¯à¨ � < 0 ¨ á«¥¤®¢ â¥«ì­®,

R�(t; t+ � ) = R�(� ) = e�2�0j�j;

çâ® ¨ ¤®ª §ë¢ ¥â áâ æ¨®­ à­®áâì. �®¢ à¨ æ¨®­­ ï äã­ªæ¨ï R�(t)  ¡á®«îâ­® ¨­â¥£à¨àã¥¬ , ¯®íâ®¬ã ¯®
�¥®à¥¬¥ 3.1.2 ¯à®æ¥áá ¨¬¥¥â á¯¥ªâà «ì­ãî ¯«®â­®áâì

f�(x) =
1

�

1Z
0

cos (�t)e�2�0tdt =
2�0

�(4�20 + �2)
: (3.1.11)



3.1.2 �¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ áâ æ¨®­ à­®£® á«ãç ©­®£® ¯à®æ¥áá 

�á¯®«ì§ãï ¯®­ïâ¨¥ ®àâ®£®­ «ì­®© áâ®å áâ¨ç¥áª®© ¬¥àë, ¢¢¥¤¥­­®¥ ¢ à §¤¥«¥ 2.1.4 ¤«ï á¯¥ªâà «ì­®-
£® ¯à¥¤áâ ¢«¥­¨ï ���, ¬®¦­® ¯®«ãç¨âì á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¨ ¤«ï áâ æ¨®­ à­®£® á«ãç ©­®£®
¯à®æ¥áá . � ª ¦¥ ª ª ¨ ¢ á«ãç ¥ ¤¨áªà¥â­®£® ¢à¥¬¥­¨ íâ® ¯à¥¤áâ ¢«¥­¨¥ § ¤ ¥âáï áâ®å áâ¨ç¥áª¨¬ ¨­â¥-
£à «®¬ ¯® ­¥ª®â®à®© ¬¥à¥ Z(dx); ®¯à¥¤¥«¥­­®© ­  ¡®à¥«¥¢áª¨å ¯®¤¬­®¦¥áâ¢ å ¯à®áâà ­áâ¢  R:

� ¥ ® à ¥ ¬   3.1.4 �ãáâì f�(t); t 2 Rg áâ æ¨®­ à­ë© ¢ è¨à®ª®¬ á¬ëá«¥ á«ãç ©­ë© ¯à®æ¥áá á® §­ -
ç¥­¨ï¬¨ ¢ L2f
;F ;Pg , ¨¬¥îé¨©

Mf�(t)g = 0; covf�(t); �(s)g = R�(t � s):

�®¢ à¨ æ¨®­­ ï äã­ªæ¨ï R�(�) ­¥¯à¥àë¢­  ¢ ­ã«¥ ¨ ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

R�(t) =

1Z
�1

eit�dF�(�):

�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï á â®ç­®áâìî ¤® áâ®å áâ¨ç¥áª®© íª¢¨¢ «¥­â­®áâ¨ ®àâ®£®­ «ì­ ï

áâ®å áâ¨ç¥áª ï ¬¥à  Z(d�) á® §­ ç¥­¨ï¬¨ ¢ L2f
;F ;Pg â ª ï, çâ®

�(t) =

1Z
�1

eit�Z(d�); (P� ¯.­.): (3.1.12)

�«ï «î¡®£® ¡®à¥«¥¢áª®£® ¬­®¦¥áâ¢  A 2 B(R)

MfjZ(A)j2g = m(A) =

Z
A

dF�(�):

�á«¨ Z(�) - ¥áâì ¯à®æ¥áá á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨, á®®â¢¥áâ¢ãîé¨© ®àâ®£®­ «ì­®© áâ®å -
áâ¨ç¥áª®© ¬¥à¥ Z(d�), â® ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ¯à®æ¥áá  �(t) ¬®¦­® § ¯¨á âì ¢ ä®à¬¥ áâ®å áâ¨ç¥áª®£®
¨­â¥£à «  ¯® ¯à®æ¥ááã á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨

�(t) =

1Z
�1

eit�dZ(�); (P� ¯.­.);

­ ª®­¥æ, ¥á«¨ Mf�(t)g = � 6= 0; â® ¯à¥¤áâ ¢«¥­¨¥ ¨¬¥¥â ¢¨¤

�(t) = �+

1Z
�1

eit�Z(d�):

�¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¨£à ¥â ¢ ¦­ãî à®«ì ¢ ®¯¨á ­¨¨ «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© á«ãç ©­®£® ¯à®-
æ¥áá .

3.1.3 �¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï áâ æ¨®­ à­ëå á«ãç ©­ëå ¯à®æ¥áá®¢

�à¥¤áâ ¢¨¬ á¥¡¥ ­¥ª®â®àãî á¨áâ¥¬ã S; ®áãé¥áâ¢«ïîéãî ¯à¥®¡à §®¢ ­¨¥ á¨£­ «®¢, â® ¥áâì äã­ªæ¨©,
§ ¢¨áïé¨å ®â ¢à¥¬¥­¨. �ã­ªæ¨ï, ª®â®à ï ¤®«¦­  ¡ëâì ¯à¥®¡à §®¢ ­  ­ §ë¢ ¥âáï ¢å®¤®¬,   äã­ªæ¨ï
ª®â®à ï ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¯à¥®¡à §®¢ ­¨ï ­ §ë¢ ¥âáï ¢ëå®¤®¬ á¨áâ¥¬ë S: �áïª ï á¨áâ¥¬  § -
¤ ¥âáï ª« áá®¬ L ¤®¯ãáâ¨¬ëå äã­ªæ¨© ­  ¢å®¤¥ ¨ ®¯¥à â®à®¬, TX(�) = Y (�); £¤¥ X(�)� ¤®¯ãáâ¨¬ ï
äã­ªæ¨ï ­  ¢å®¤¥,   Y (�)� äã­ªæ¨ï ­  ¢ëå®¤¥ á¨áâ¥¬ë.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1.2 �¨áâ¥¬  ­ §ë¢ ¥âáï «¨­¥©­®©, ¥á«¨:

1. ª« áá L - ¥áâì «¨­¥©­®¥ ¯à®áâà ­áâ¢®;



2. ®¯¥à â®à T ã¤®¢«¥â¢®àï¥â ¯à¨­æ¨¯ã áã¯¥à¯®§¨æ¨¨, â® ¥áâì

T (�X1 + �X2) = �TX1 + �TX2; 8�; � 2 R1; X1; X2 2 L:

�à¨¬¥à®¬ «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï ¬®¦¥â á«ã¦¨âì ¯à¥®¡à §®¢ ­¨¥ ¢¨¤ 

y(t) =

1Z
�1

�h(t; s)X(s)ds;

¤«ï ª®â®à®£® ª« áá ¤®¯ãáâ¨¬ëå ¢å®¤®¢ L § ¢¨á¨â ®â á¢®©áâ¢ äã­ªæ¨¨ �h(t; s): �ãáâì ¢å®¤­ ï äã­ªæ¨ï
à ¢­  X(t) = �(t� � ); â®£¤ 

Y (t) =

1Z
�1

�h(t; s)�(s � � )ds =

8<
:

�h(t; � ); ¯à¨; t � �;

0; ¯à¨; t < �:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1.3 �ã­ªæ¨ï �h(t; s)� ¥áâì à¥ ªæ¨ï «¨­¥©­®© á¨áâ¥¬ë ­  �� äã­ªæ¨î ­  ¢å®¤¥
¢ ¬®¬¥­â ¢à¥¬¥­¨ s; ¨ ­ §ë¢ ¥âáï ¨¬¯ã«ìá­ë¬ ®âª«¨ª®¬ «¨­¥©­®© á¨áâ¥¬ë.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1.4 �¨­¥©­ ï á¨áâ¥¬  ­ §ë¢ ¥âáï ®¤­®à®¤­®© ¥á«¨

�h(t; s) = �h(t� s; 0) = h(t� s):

�ã­ªæ¨ï h(t) ­ §ë¢ ¥âáï ¨¬¯ã«ìá­ë¬ ®âª«¨ª®¬ «¨­¥©­®© ®¤­®à®¤­®© á¨áâ¥¬ë.

� áá¬®âà¨¬ «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ áâ æ¨®­ à­®£® á«ãç ©­®£® ¯à®æ¥áá  § ¤ ­­®¥ ¨­â¥£à «ì­ë¬
á®®â­®è¥­¨¥¬

�(t) =

1Z
�1

h(t� s)�(s)ds: (3.1.13)

�«ï â®£®, çâ®¡ë ¯à ¢ ï ç áâì á®®â­®è¥­¨ï (3.1.13) ¡ë«  ª®àà¥ªâ­® ®¯à¥¤¥«¥­ , ­¥®¡å®¤¨¬®, çâ®¡ë à¥-
 «¨§ æ¨ï á«ãç ©­®£® ¯à®æ¥áá  �(t; !) ¡ë«  ¨§¬¥à¨¬®© äã­ªæ¨¥©. �®áª®«ìªã ¬ë ¨á¯®«ì§ã¥¬ «¨èì ¨­-
ä®à¬ æ¨î ® ¢â®à®¬ ¬®¬¥­â¥ ¯à®æ¥áá  �(t) ¨ ­¥ §­ ¥¬ ¢á¥£® á¥¬¥©áâ¢  ª®­¥ç­®-¬¥à­ëå à á¯à¥¤¥«¥­¨©,
â® ãâ¢¥à¦¤ âì íâ® ¤«ï ª®­ªà¥â­®£® ¯à®æ¥áá  ¬ë ­¥ ¬®¦¥¬. �¥¬ ­¥ ¬¥­¥¥ áãé¥áâ¢ã¥â ¢ ¦­ë© à¥§ã«ìâ â,
ª®â®àë¬ ¬®¦­® ¢®á¯®«ì§®¢ âìáï: � ­¥¯à¥àë¢­®£® ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ¯à®æ¥áá  ¢á¥£¤  áãé¥-
áâ¢ã¥â ¨§¬¥à¨¬ ï ¢¥àá¨ï [á¬. �¯à¥¤¥«¥­¨¥ 1.1.12]. �®áª®«ìªã áâ æ¨®­ à­ë© ¯à®æ¥áá á ­¥¯à¥àë¢­®© ¢
­ã«¥ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ­¥¯à¥àë¢¥­ ¢ á.ª., â® ¬ë ¬®¦¥¬ áç¨â âì, çâ® ¨¬¥¥¬ ¤¥«® ¨¬¥­­® á íâ®©
¢¥àá¨¥©.

�à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨ï h(�)  ¡á®«îâ­® ¨­â¥£à¨àã¥¬  ­  ¢á¥© ¢à¥¬¥­­®© ®á¨, â® ¥áâì
1Z

�1
jh(s)jds <1; (3.1.14)

¨ ¨­â¥£à¨àã¥¬  á ª¢ ¤à â®¬ ­  «î¡®¬ ®£à ­¨ç¥­­®¬ ¨­â¥à¢ «¥. �®£¤  ¨­â¥£à « ¢ á®®â­®è¥­¨¨ (3.1.13)
áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

1Z
�1

1Z
�1

h(t� s1)R�(s1 � s2)�h(t � s2)ds1ds2 =

1Z
�1

1Z
�1

h(s1)R�(s1 � s2)�h(s2)ds1ds2 <1:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1.5 �«ï «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï, ®áãé¥áâ¢«ï¥¬®£® ®¤­®à®¤­®© á¨áâ¥¬®© á
¨­â¥£à¨àã¥¬ë¬ ¨¬¯ã«ìá­ë¬ ®âª«¨ª®¬ ®¯à¥¤¥«¥­  ç áâ®â­ ï å à ªâ¥à¨áâ¨ª 

'(�) =

1Z
�1

e�it�h(t)dt: (3.1.15)



� áâ®â­ ï å à ªâ¥à¨áâ¨ª  § ¤ ¥â á¢ï§ì ¬¥¦¤ã ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ ¢å®¤­®£® ¨ ¢ëå®¤­®£® á¨£­ «®¢,
á®®â¢¥âáâ¢¥­­®

~X(�) =
1

2�

1Z
�1

e�i�tX(t)dt; ~Y (�) =
1

2�

1Z
�1

e�i�tY (t)dt;

á®®â­®è¥­¨¥¬
~Y (�) = '(�) ~X(�)

¨«¨

Y (t) =

1Z
�1

h(t � s)X(s)ds =

1Z
�1

ei�t'(�) ~X(�)d�:

�«ï áâ æ¨®­ à­ëå á«ãç ©­ëå ¯à®æ¥áá®¢ ¬®¦­® § ¤ âì  ­ «®£¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥. �ãáâì F�(�) - á¯¥ª-
âà «ì­®¥ à á¯à¥¤¥«¥­¨¥ ��� �(t); ¨ äã­ªæ¨ï '(�) 2 L2fR;B(R); F�g; â® ¥áâì

1Z
�1

j'(�)j2F�(d�) <1: (3.1.16)

�¯à¥¤¥«¨¬ ¯à®æ¥áá �(t) á®®â­®è¥­¨¥¬

�(t) =

1Z
�1

h(t � s)�(s)ds =

1Z
�1

eit�'(�)Z(d�); (3.1.17)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1.6 �á«¨ ­¥ª®â®àë© á«ãç ©­ë© ¯à®æ¥áá �(t); t 2 R ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥
(3.1.17) á ­¥ª®â®à®© äã­ªæ¨¥© '(�); ã¤®¢«¥â¢®àïîé¥© (3.1.16), â® £®¢®àïâ, çâ® á«ãç ©­ë© ¯à®æ¥áá �
¯®«ãç¥­ ¨§ � á ¯®¬®éìî «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï. �ã­ªæ¨ï ' ¢ (3.1.17) ­ §ë¢ ¥âáï ç áâ®â­®© å à ª-
â¥à¨áâ¨ª®© íâ®£® ¯à¥®¡à §®¢ ­¨ï.

�«ï â®£®, çâ®¡ë ¯à®æ¥áá �(t) ¡ë« ª®àà¥ªâ­® ®¯à¥¤¥«¥­ �á«¨ äã­ªæ¨ï '(x) ã¤®¢«¥â¢®àï¥â (3.1.16) â®
¯à®æ¥áá � â ª¦¥ ï¢«ï¥âáï áâ æ¨®­ à­ë¬, ¯à¨ç¥¬ á®®â­®è¥­¨¥ (3.1.17) § ¤ ¥â ¥£® á¯¥ªâà «ì­®¥ ¯à¥¤-
áâ ¢«¥­¨¥. �§ á¢®©áâ¢ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  á«¥¤ã¥â, çâ® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¯à®æ¥áá  �(t)
à ¢­ 

covf�(t); �(0)g = M

2
4 1Z
�1

eit�'(�)Z(d�)

3
5
2
4 1Z
�1

eit�'(�)Z(d�)

3
5 =

1Z
�1

eit�j'(�)j2F (d�): (3.1.18)

� áá¬®âà¨¬ ¯à¨¬¥àë ­¥ª®â®àëå «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨©.

� à ¨ ¬ ¥ à 3.1.8 [�à¥®¡à §®¢ ­¨¥ á¤¢¨£ ]. �ãáâì ¯à®æ¥áá

�(t) = �(t+ T ); £¤¥ T 2 R:

� ©â¨ ç áâ®â­ãî å à ªâ¥à¨áâ¨ªã íâ®£® ¯à¥®¡à §®¢ ­¨ï.

� ¥ è ¥ ­ ¨ ¥ � á¨«ã á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï (3.1.12)

�(t) = �(t+ T ) =

1Z
�1

ei(t+T )�Z(d�);

¯®íâ®¬ã ç áâ®â­ ï å à ªâ¥à¨áâ¨ª  íâ®£® ¯à¥®¡à §®¢ ­¨ï à ¢­ 

'(�) = eiT�: (3.1.19)



� à ¨ ¬ ¥ à 3.1.9 [�¨«ìâà ­¨§ª¨å ç áâ®â]. � áá¬®âà¨¬ «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ á ç áâ®â­®© å à ª-
â¥à¨áâ¨ª®©

'(�) = 1; ¯à¨ 0 < a < j�j � b:

� ©â¨ ¨¬¯ã«ìá­ë© ®âª«¨ª íâ®£® «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï.

� ¥ è ¥ ­ ¨ ¥ � ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¯®«ãç ¥¬

h(t) =

bZ
a

ei�tdx+

�aZ
�b

ei�tdx =
sin bt� sin at

t
:

�â®â ä¨«ìâà ï¢«ï¥âáï ¤®¯ãáâ¨¬ë¬ ¤«ï «î¡®£® áâ æ¨®­ à­®£® ¯à®æ¥áá  ¢å®¤¥, ¯®áª®«ìªã ¤«ï «î¡®£®
á¯¥ªâà «ì­®£® à á¯à¥¤¥«¥­¨ï FY (d�)

1Z
�1

j'(�)j2dFY (�) = FY (b) � FY (a) + [FY (�a � 0)� FY (b� 0)] � FY (1)� FY (�1) = DY <1:

�à¨ a = 0 ¨¬¥¥¬

h(t) =
sin bt

t
:

� à ¨ ¬ ¥ à 3.1.10 [�¨«ìâà ¢ëá®ª¨å ç áâ®â]. � áâ®â­ ï å à ªâ¥à¨áâ¨ª  íâ®£® ä¨«ìâà  à ¢­ 

'(�) = 1; ¯à¨ 0 < b < j�j <1:

�ãé¥áâ¢ã¥â «¨ äã­ªæ¨ï ¨¬¯ã«ìá­®£® ®âª«¨ª  ¤«ï ¤ ­­®£® ä¨«ìâà ?

� ¥ è ¥ ­ ¨ ¥ �­â¥£à « Z
�1

'(�)e�i�td�� à áå®¤¨âáï;

¯®íâ®¬ã ¤«ï ¤ ­­®£® ä¨«ìâà  ­¥ áãé¥áâ¢ã¥â äã­ªæ¨¨ ¨¬¯ã«ìá­®£® ®âª«¨ª .

�   ¬ ¥ ç   ­ ¨ ¥ �¤­ ª®, ¥á«¨ ¨á¯®«ì§®¢ âì ¯®­ïâ¨¥ ®¡®¡é¥­­®© äã­ªæ¨¨, â® â ªãî äã­ªæ¨î ¨¬¯ã«ìá-
­®£® ®âª«¨ª  ¬®¦­® ®¯à¥¤¥«¨âì. �«ï â®¦¤¥áâ¢¥­­®£® ¯à¥®¡à §®¢ ­¨ï äã­ªæ¨ï ¨¬¯ã«ìá­®£® ®âª«¨ª 
à ¢­  h(t) = �(t): �¨«ìâà ¢ëá®ª¨å ç áâ®â á®®â¢¥âáâ¢ã¥â ¯à¥®¡à §®¢ ­¨î, ª®â®à®¥ ¬®¦­® ¯à¥¤áâ ¢¨âì
ª ª à¥§ã«ìâ â ¢ë¯®«­¥­¨ï â®¦¤¥áâ¢¥­­®£® ¯à¥®¡à §®¢ ­¨ï ¬¨­ãá à¥§ã«ìâ â ¯à¥®¡à §®¢ ­¨ï ä¨«ìâà®¬
­¨§ª¨å ç áâ®â (á¬. �à¨¬¥à 3.1.9), çâ® ¤ ¥â

h(t) = �(t) � sin bt

t
:

� à ¨ ¬ ¥ à 3.1.11 [�¨ää¥à¥­æ¨à®¢ ­¨¥ á«ãç ©­®£® ¯à®æ¥áá ]. �ãáâì ¯à®æ¥áá �(t) ¤¨ää¥à¥­æ¨àã¥¬ ¢

áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥. � ©â¨ ç áâ®â­ãî å à ªâ¥à¨áâ¨ªã ¯à¥®¡à §®¢ ­¨ï �(t) ! d
dt
�(t) ¨ ª®¢ -

à¨ æ¨®­­ãî äã­ªæ¨î ¯à®æ¥áá  �
0

(t):

� ¥ è ¥ ­ ¨ ¥ �§ ®¡é¨å ãá«®¢¨© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ á«¥¤ã¥â (á¬.

� §¤¥« ??), çâ® ¯à®æ¥áá ¤¨ää¥à¥­æ¨àã¥¬ ¢ á.ª. â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
@2R�(t; s)
@t@s

����
t=s

áãé¥áâ¢ã¥â

¤«ï «î¡®£® t 2 R: �«ï áâ æ¨®­ à­®£® ¯à®æ¥áá  íâ® ãá«®¢¨¥ íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ ­¨î R
00

� (0); çâ® ¢
á¢®î ®ç¥à¥¤ì íª¢¨¢ «¥­â­® ãá«®¢¨î

R
00

� (0) =

1Z
�1

�2F (d�) <1: (3.1.20)



�§ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨­â¥£à «  á«¥¤ã¥â, çâ®

ei�h � 1

h
! i� (3.1.21)

¢ L2fR;B(R); Fg: �®á¯®«ì§®¢ ¢è¨áì (3.1.19) ¯®«ãç ¥¬

�(t+ h) � �(t)

h
=

1Z
�1

ei�h � 1

h
eit�Z(d�):

�à¥¤¥«ë á«¥¢  ¨ á¯à ¢  áãé¥áâ¢ãîâ ¢ á¨«ã ¯à¥¤¯®«®¦¥­¨ï ® ¤¨ää¥à¥­æ¨àã¥¬®áâ¨, ¯®íâ®¬ã ¯¥à¥å®¤ï ª
¯à¥¤¥«ã ¢ á.ª., ¯®«ãç ¥¬ á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®¯¥à â®à  ¤¨ää¥à¥­æ¨à®¢ ­¨ï

�
0

(t) =

1Z
�1

i�eit�Z(d�): (3.1.22)

� ª¨¬ ®¡à §®¬ ¯à®æ¥áá �
0

(t) ¯®«ãç¥­ ¨§ ¯à®æ¥áá  �(t) á ¯®¬®éìî «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï, ¨¬¥îé¥£®
ç áâ®â­ãî å à ªâ¥à¨áâ¨ªã '(�) = i�: � á¨«ã ãá«®¢¨ï (3.1.20) á«ãç ©­ë© ¯à®æ¥áá �

0

(t) ï¢«ï¥âáï áâ æ¨®-
­ à­ë¬ ¢ è¨à®ª®¬ á¬ëá«¥, ¨¬¥¥â Mf�0(t)g = 0 ¨ ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î

R�
00 (t) = covf�0(t); �0(0)g =

1Z
�1

�2eit�F (d�):

� à ¨ ¬ ¥ à 3.1.12 [�¨­¥©­ë¥ áâ®å áâ¨ç¥áª¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï]. �à¥¤¯®«®¦¨¬, çâ® áâ -
æ¨®­ à­ë© ¯à®æ¥áá Y (t) n-à § á.ª. ¤¨ää¥à¥­æ¨àã¥¬ ¨ ¬ë å®â¨¬ ­ ©â¨ m-à § á.ª. ¤¨ää¥à¥­æ¨àã¥¬ë©
¯à®æ¥ááX(t), á¢ï§ ­­ë© á Y «¨­¥©­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

¢¨¤ 

dif 0ur
mX
j=0

bjX
(j)(t) =

nX
k=0

akY
(k)(t); (3.1.23)

£¤¥ ak; bj - § ¤ ­­ë¥ ª®­áâ ­âë. �¯à¥¤¥«¨âì ãá«®¢¨ï, ¯à¨ ª®â®àëå X(t)� áâ æ¨®­ à­ë© á«ãç ©­ë© ¯à®-
æ¥áá. �¯à¥¤¥«¨âì ç áâ®â­ãî å à ªâ¥à¨áâ¨ªã ¯à¥®¡à §®¢ ­¨ï Y (t)! X(t):

� ¥ è ¥ ­ ¨ ¥ �®¯ëâ ¥¬áï ­ ©â¨ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï X(t) ¢ ¢¨¤¥ «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï ¯à®æ¥áá 
Y (t) á ­¥ª®â®à®© ç áâ®â­®© å à ªâ¥à¨áâ¨ª®© '(�);   ¨¬¥­­®,

X(t) =

1Z
�1

ei�t'(�)ZY (d�):

�á¯®«ì§ãï á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ®¯¥à â®à  ¤¨ää¥à¥­æ¨à®¢ ­¨ï (3.1.22) ¯®«ãç ¥¬,

X(k)(t) =

1Z
�1

ei�t(i�)k'(�)ZY (d�); Y (k)(t) =

1Z
�1

ei�t(i�)kZY (d�);

®âªã¤ 
mX
j=0

bjX
(j)(t) =

1Z
�1

ei�tB(i�)'(�)ZY (d�);
nX

k=0

akY
(k)(t) =

1Z
�1

ei�tA(i�)ZY (d�);

£¤¥

A(z) =
nX

k=0

akz
k; B(z) =

nX
j=0

bjz
j :



�®£¤  ¯à¥¤¯®«®¦¨¢, çâ® ¯®«¨­®¬ B(z) ­¥ ¨¬¥¥â ç¨áâ® ¬­¨¬ëå ª®à­¥© ¨
A(i�)
B(i�)

2 L2fR;B(R); FY g; ¬®¦­®
¯®«ãç¨âì á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ç áâ®â­®© å à ªâ¥à¨áâ¨ª¨

'(�) =
A(i�)

B(i�)
;

¨ á®®â¢¥âáâ¢¥­­®, á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ¯à®æ¥áá  X(t)

X(t) =

1Z
�1

eit�'(�)ZY (�):

�á«®¢¨¥ áâ æ¨®­ à­®áâ¨ ¯à®æ¥áá  X(t) - ¥áâì

1Z
�1

����A(i�)B(i�)

����
2

FY (d�) <1:

�á«¨ ¯à®æ¥áá Y (t) ¨¬¥¥â á¯¥ªâà «ì­ãî ¯«®â­®áâì fY (�), â® ¯à®æ¥áá X(t) â ª¦¥ ¨¬¥¥â á¯¥ªâà «ì­ãî
¯«®â­®áâì

fX (�) =

����A(i�)B(i�)

����
2

fY (�):

�â ª ¤«ï ¯®«ãç¥­¨ï å à ªâ¥à¨áâ¨ª á«ãç ©­ëå ¯à®æ¥áá®¢, ®¯¨áë¢ ¥¬ëå «¨­¥©­ë¬¨ áâ®å áâ¨ç¥áª¨¬¨
¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ ¨á¯®«ì§ã¥âáï á«¥¤ãîé¨©  «£®à¨â¬. �ãáâì § ¤ ­ë: ­ ¡®àë ç¨á¥«
fa0; :::; ang; ¨ fb0; :::; bmg; ®¯à¥¤¥«ïîé¨¥ ¢¨¤ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (??), å à ªâ¥à¨áâ¨ª¨ áâ -
æ¨®­ à­®£® ¯à®æ¥áá  Y (t); ¨¬¥îé¥£® á¯¥ªâà «ì­ãî ¯«®â­®áâì, ­  ¢å®¤¥ á¨áâ¥¬ë

mY = MfY (t)g; RY (t) = covfY (0); Y (t)g
¨«¨

fY (�) =
1

2�

1Z
�1

RY (t)e
�i�tdt:

�á«¨ âà¥¡ã¥âáï ­ ©â¨ å à ªâ¥à¨áâ¨ª¨ á«ãç ©­®£® ¯à®æ¥áá  X(t) ­  ¢ëå®¤¥ á¨áâ¥¬ë, â® ¯®á«¥¤®¢ â¥«ì­®
®¯à¥¤¥«ï¥¬:

1. ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥

MfX(t)g = mX =
a0
b0
my ;

2. ª¢ ¤à â ¬®¤ã«ï ç áâ®â­®© å à ªâ¥à¨áâ¨ª¨

j'(�)j2 =
����A(i�)B(i�)

����
2

;

3. á¯¥ªâà «ì­ãî ¯«®â­®áâì fX (�) ¯à®æ¥áá  X(t)

fX (�) = j'(�)j2fY (�) =
����A(i�)B(i�)

����
2

fY (�);

4. ª®¢ à¨ æ¨®­­ãî äã­ªæ¨î RX(t) ¯à®æ¥áá  X(t)

RX(t) =

1Z
�1

fY (�)d�:



� à ¨ ¬ ¥ à 3.1.13 �ãáâì «¨­¥©­ ï á¨áâ¥¬  ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬

a1X
0

(t) + a0X(t) = Y (t);

£¤¥ Y (t) - áâ æ¨®­ à­ë© ¯à®æ¥áá, ¨¬¥îé¨© mY = 0 ¨ á¯¥ªâà «ì­ãî ¯«®â­®áâì

fY (�) =
D�

�(�2 + �2)
:

� ©â¨ å à ªâ¥à¨áâ¨ª¨ ¯à®æ¥áá  X(t):

� ¥ è ¥ ­ ¨ ¥ �à¥¤­¥¥ §­ ç¥­¨¥ ¯à®æ¥áá  mX = 0: � áâ®â­ ï å à ªâ¥à¨áâ¨ª  ¨ ª¢ ¤à â ¥¥ ¬®¤ã«ï
à ¢­ë

'(�) =
1

a0 + i�a1
; j'(�)j2 =

���� 1

a20 + (�a1)

����
2

:

�¯¥ªâà «ì­ ï ¯«®â­®áâì ¯à®æ¥áá  X(t) ¥áâì

fX (�) =
D�

�(�2 + �2)(a20 + (�a1)
2)
:

�®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¯à®æ¥áá  X(t) à ¢­  ¯à¨ � < a0
a1

RX (t) =

1Z
�1

ei�tfX (�)d� = Ge��0j�j
�
ch (�0t) +

�0
�0

sh (�0jtj)
�
;

£¤¥

�0 =
1

2

�
�+

a0
a1

�
; �0 =

1

2

�
a0
a1
� �

�
; G =

D

a0(�a1 + a0)
:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1.7 �á«¨ h(t) = 0 ¯à¨ t < 0 «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ ­ §ë¢ ¥âáï ä¨§¨ç¥áª¨

à¥ «¨§ã¥¬ë¬ ¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ ¢ëå®¤­®© á¨£­ « �(t) § ¢¨á¨â «¨èì ®â ¯à®è«ëå §­ ç¥­¨© ¢å®¤­®£®
á¨£­ «  �(s) ¯à¨ s � t:

� à ¨ ¬ ¥ à 3.1.14 �ãáâì ¨¬¯ã«ìá­ë© ®âª«¨ª «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï à ¢¥­

h(t) =

8<
:

1
T e

�t=T ; ¯à¨ t � 0;

0; ¯à¨ t < 0:

�å®¤­®© á¨£­ « ¨¬¥¥â á¯¥ªâà «ì­ãî ¯«®â­®áâì

fY (�) =
D�

�(�2 + �2)
:

� ©â¨ á¯¥ªâà «ì­ãî ¯«®â­®áâì ¨ ¤¨á¯¥àá¨î ¢ëå®¤­®£® á¨£­ « 

X(t) =

1Z
0

h(s)Y (t� s)ds =

tZ
�1

h(t� s)Y (s)ds:

� ¥ è ¥ ­ ¨ ¥ �® ä®à¬ã«¥ 3.1.15

'(�) =

1Z
0

1

T
e�t(1=T+i�)dt =

1

1 + i�T
:



�¯¥ªâà «ì­ ï ¯«®â­®áâì ¯à®æ¥áá  X(t) à ¢­ 

fX (�) = j'(�)j2fY (�) = 1

1 + (�T )2
D�

�(�2 + �2)
:

�à¨¬¥­ïï à¥§ã«ìâ â ¯à¨¬¥à  3.1.13 ¯à¨ a0 = 1; a1 = T ¯®«ãç ¥¬

DX = RX(0) =
D

1 + �T
:

� à ¨ ¬ ¥ à 3.1.15 � ¯à¨¬¥à¥ 3.1.12 ®¯à¥¤¥«¨âì, ª®£¤  «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥, § ¤ ¢ ¥¬®¥ íâ¨¬
ãà ¢­¥­¨¥¬, ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬®£® ä¨«ìâà .

� ¥ è ¥ ­ ¨ ¥ � áâ®â­ ï å à ªâ¥à¨áâ¨ª  «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï, á®®â¢¥âáâ¢ãîé¥£® «¨­¥©­®¬ã
ãà ¢­¥­¨î, à ¢­ 

'(�) =
A(i�)

B(i�)
;

®â­®è¥­¨î ¤¢ãå ¯®«¨­®¬®¢ áâ¥¯¥­¨ m ¨ n; á®®â¢¥âáâ¢¥­­®, ¯à¨ç¥¬ ¯®«¨­®¬ B(z) ­¥ ¨¬¥¥â ª®à­¥© ­ 
¬­¨¬®© ®á¨. � §¤¥«¨¢ ®¤¨­ ¯®«¨­®¬ ­  ¤àã£®©, ¯®«ãç¨¬ á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ç áâ®â­®© å -
à ªâ¥à¨áâ¨ª¨

A(i�)
B(i�)

= P (i�) +
n
0X

k=1

t
0

kX
s=1

c
0

ks

(i� � p
0

k)
s
+

n
00X

k=1

t
00

kX
s=1

c
00

ks

(i�� p
00

k)
s
;

£¤¥

P (i�) =
m�nX
k=0

dk(i�)
k; ¥á«¨ m � n; ¨ P (ix) = 0; ¯à¨ m < n:

�®¬¯«¥ªá­ë¥ ç¨á«  p
0

k - íâ® ª®à­¨ ¯®«¨­®¬  B(z); «¥¦ é¨¥ ¢ «¥¢®© ¯®«ã¯«®áª®áâ¨, â® ¥áâì Re p
0

k < 0;  

ª®¬¯«¥ªá­ë¥ ç¨á«  p
0

k - íâ® ª®à­¨ ¯®«¨­®¬  B(z); «¥¦ é¨¥ ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨, â® ¥áâì Re p
00

k > 0:
�®á¯®«ì§ã¥¬áï á®®â­®è¥­¨ï¬¨

1

(ix� p)s
=

1

(s � 1)!

ds�1

dps�1

1Z
0

epte�i�tdt =

1Z
0

ts�1

(s � 1)!
epte�i�tdt; ¯à¨ Re p > 0;

1

(i� � p)s
= �

0Z
�1

ts�1

(s � 1)!
epte�i�tdt; ¯à¨ Re p < 0

(3.1.24)

¨ ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ¯à®æ¥áá  X(t) ¢® ¢à¥¬¥­­®© ®¡« áâ¨

X(t) =

n�mX
k=0

dkY
(k)(t) +

1Z
0

Y (t� s)G1(s)ds +

1Z
0

Y (t+ s)G1(�s)ds; (3.1.25)

£¤¥

G1 =
n
0X

k=1

0
@ t

0

kX
s=1

c
0

ks
ts

(s � 1
!

1
A ep

0

kt; ¯à¨ t > 0;

G2 = �
n
00X

k=1

0
@ t

00

kX
s=1

c
00

kst
s

(s � 1
!

1
A ep

00

k t; ¯à¨ t < 0:



�   ¬ ¥ ç   ­ ¨ ¥ �®®â­®è¥­¨¥ (3.1.25) ¯®ª §ë¢ ¥â, çâ® à¥è¥­¨¥ áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå ¯à®æ¥áá®¢, ¯¥à¢ë© - á®®â¢¥âáâ¢ãîé¨© ç áâ®â­®© å à ªâ¥-
à¨áâ¨ª¥ G1(t) - ¥áâì à¥§ã«ìâ â ¯à®å®¦¤¥­¨ï ¢å®¤­®£® á¨£­ «  ç¥à¥§ ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬ë© ä¨«ìâà,
¢â®à®© á¨£­ « á®®â¢¥âáâ¢ã¥â ä¨«ìâàã, ¢ëå®¤ ª®â®à®£® § ¢¨á¨â ®â ¡ã¤ãé¨å §­ ç¥­¨© ¢å®¤­®£® á¨£­ « ,
¨ ª®â®àë©, á«¥¤®¢ â¥«ì­® ­¥ ï¢«ï¥âáï ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬ë¬. �â®© ¤¥ª®¬¯®§¨æ¨¨ ¢ëå®¤­®£® á¨£­ « 
á®®â¢¥âáâ¢ã¥â ¨ à §«®¦¥­¨¥ ª®à­¥© ¯®«¨­®¬  ­  £àã¯¯ë ª®à­¥©, «¥¦ é¨å ¢ «¥¢®© ¯®«ã¯«®áª®áâ¨, ¨
«¥¦ é¨å ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨. �§ (3.1.25) á«¥¤ã¥â, çâ® à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¯à¥¤-
áâ ¢¨¬® ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬ë¬ ä¨«ìâà®¬, ¥á«¨ ª®à­¨ ¯®«¨­®¬  B(z) «¥¦ â ¢ «¥¢®© ¯®«ã¯«®áª®áâ¨.
�â® á¢®©áâ¢® á®£« áã¥âáï ¨ á å®à®è® ¨§¢¥áâ­ë¬ ªà¨â¥à¨¥¬ ãáâ®©ç¨¢®áâ¨ «¨­¥©­®© ¤¨­ ¬¨ç¥áª®© á¨áâ¥-
¬ë. �¥©áâ¢¨â¥«ì­®, ­ «¨ç¨¥ ã ¯®«¨­®¬  B(z) ª®à­¥© ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨ ®§­ ç ¥â, çâ® «¨­¥©­ ï
á¨áâ¥¬  á ç áâ®â­®© å à ªâ¥à¨áâ¨ª®© A(z)=B(z) ­¥ãáâ®©ç¨¢ , â® ¥áâì á¢®©áâ¢® ä¨§¨ç¥áª®© à¥ «¨§ã¥¬®-
áâ¨ ¨ á¢®©áâ¢® ãáâ®©ç¨¢®áâ¨ ®¯à¥¤¥«ïîâáï ®¤­¨¬ ¨ â¥¬ ¦¥  «£¥¡à ¨ç¥áª¨¬ á¢®©áâ¢®¬ ª®à­¥© ¯®«¨­®¬ 
B(z)

� à §¤¥«¥, ¯®á¢ïé¥­­®¬ áâ æ¨®­ à­ë¬ ¯®á«¥¤®¢ â¥«ì­®áâï¬ ¡ë«® ¯®ª § ­®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì,
¨¬¥îé ï ­¥¢ëà®¦¤¥­­ãî á¯¥ªâà «ì­ãî ¯«®â­®áâì, ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­ , ª ª à¥§ã«ìâ â ¯à®å®¦¤¥-
­¨ï ¤¨áªà¥â­®£® ¡¥«®£® èã¬  ç¥à¥§ ­¥ª®â®àë© «¨­¥©­ë© ä¨«ìâà (á¬. �¥®à¥¬ã 2.1.5). � ­¥¯à¥àë¢­®¬
¢à¥¬¥­¨ ¯à®æ¥áá á à ¢­®¬¥à­®© ç áâ®â­®© ¯«®â­®áâìî ­  ¢á¥¬ ¢à¥¬¥­­®¬ ¨­â¥à¢ «¥ (­¥¯à¥àë¢­ë© "¡¥-
«ë© èã¬") ®¯à¥¤¥«¨âì ­¥«ì§ï, â ª ª ª ¥£® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ¤®«¦­  ¡ëâì à ¢­  �(t): �¨¦¥ ¢
à §¤¥« å, ¯®á¢ïé¥­­ëå ¯à®æ¥áá ¬ á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨ ¨ áâ®å áâ¨ç¥áª®¬ã ¨áç¨á«¥­¨î, ¬ë
¯®ª ¦¥¬, ª ª ¬®¦­® á ¯®¬®éìî áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ®¯à¥¤¥«¨âì ¯à®æ¥áá, ª®â®àë© ¢¥¤¥â á¥¡ï ª ª
à¥§ã«ìâ â ¯à®å®¦¤¥­¨ï "¡¥«®£® èã¬ " ç¥à¥§ «¨­¥©­ë© ä¨«ìâà.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.1.8 �ë ä®à¬ «ì­® ¯®« £ ¥¬, çâ® ¯à®æ¥áá �(t) - ¥áâì à¥§ã«ìâ â ¯à®å®¦¤¥-
­¨ï "¡¥«®£® èã¬ " ç¥à¥§ ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬ë© «¨­¥©­ë© ä¨«ìâà á ¨¬¯ã«ìá­ë¬ ®âª«¨ª®¬ h(t); ¥á«¨
á¯¥ªâà «ì­ ï ¯«®â­®áâì ¯à®æ¥áá  � ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

f�(�) =
1

2�
j'(�)j2; (3.1.26)

£¤¥

'(�) =

1Z
0

h(t)e�i�tdt;

1Z
0

jh(t)j2dt <1:

�¥£ª® ¯à®¢¥à¨âì (á¬. �à¨¬¥à 3.1.3), çâ® â ª ï á¯¥ªâà «ì­ ï ¯«®â­®áâì ¡ë«  ¡ë ã ¯à®æ¥áá , ª®â®àë© ¯®-
«ãç¥­ ¯à¨ ¯à®å®¦¤¥­¨¨ áâ æ¨®­ à­®£® ¯à®æ¥áá  á à ¢­®¬¥à­®© á¯¥ªâà «ì­®© ¯«®â­®áâìî ç¥à¥§ ä¨«ìâà
á ç áâ®â­®© å à ªâ¥à¨áâ¨ª®© '(�):

�á«®¢¨¥ ¢®§¬®¦­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï ­¥ª®â®à®£® áâ æ¨®­ à­®£® ¯à®æ¥áá  ª ª à¥§ã«ìâ â ¯à®å®¦¤¥­¨ï
¡¥«®£® èã¬  ç¥à¥§ ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬ë© ä¨«ìâà ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¥© â¥®à¥¬®©.

� ¥ ® à ¥ ¬   3.1.5 �«ï â®£®, çâ®¡ë ­¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï f(�) ¤®¯ãáª «  ¯à¥¤áâ ¢«¥­¨¥ (3.1.26)
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥

1Z
�1

lnf(�)

1 + �2
d� > �1: (3.1.27)

� íâ®¬ á«ãç ¥ äã­ªæ¨ï '(�) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

'(�) = exp

8<
: 1

2�

1Z
�1

ln f(u)

1 + u2
i + u�

u+ i�
du

9=
; : (3.1.28)



� § ª«îç¥­¨¥ à áá¬®âà¨¬ ¯à¨¬¥à ¨á¯®«ì§®¢ ­¨ï â¥®à¨¨ «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© ¢ § ¤ ç å ®¡à -
¡®âª¨ á¨£­ «®¢. �¥«® ¢ â®¬, çâ® ¬­®£¨¥ ®¯¥à æ¨¨ ç¨á«¥­­®© ®¡à ¡®âª¨ á¨£­ «®¢ ¬®£ãâ ¡ëâì á¢¥¤¥­ë
ª «¨­¥©­ë¬ ®¤­®à®¤­ë¬ ¯à¥®¡à §®¢ ­¨ï¬. �á«¨ ¢å®¤­®© á¨£­ « ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª áã¬¬ã ­¥ª®â®-
à®£® ¤¥â¥à¬¨­¨à®¢ ­­®£® ¯à®æ¥áá  (¯®«¥§­®£® á¨£­ « ) ¨ áâ æ¨®­ à®­®£® á«ãç ©­®£® ¯à®æ¥áá  (èã¬ ),
â® à¥§ã«ìâ â ®¡à ¡®âª¨ â ª¦¥ ¥áâì áã¬¬  ¯®«¥§­®£® ¢ëå®¤­®£® á¨£­ «  ¨ èã¬ , å à ªâ¥à¨áâ¨ª¨ ª®â®-
à®£® ¬®¦­® ®¯à¥¤¥«¨âì á ¯®¬®éìî «¨­¥©­® â¥®à¨¨. � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ § ¤ çã ç¨á«¥­­®£®
¤¨ää¥à¥­æ¨à®¢ ­¨ï.

� à ¨ ¬ ¥ à 3.1.16 �ãáâì á«ãç ©­ë© ¯à®æ¥áá

Y (t) = f(t) + �(t);

£¤¥ f(t) - ­¥ª®â®à ï ­¥á«ãç ©­ ï ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï,   �(t) - æ¥­âà¨à®¢ ­­ë© á«ãç ©­ë© ¯à®-
æ¥áá m� = 0; D� = �2 á à ¢­®¬¥à­®© ­  [��0; �0] á¯¥ªâà «ì­®© ¯«®â­®áâìî

f�(�) =

8><
>:

�2
2�0

; ¯à¨ j�j � �0;

0; ¯à¨ j�j > �0:

�à®æ¥áá Y (t) ¯®¤¢¥à£ ¥âáï ç¨á«¥­­®¬ã ¤¨ää¥à¥­æ¨à®¢ ­¨î

X(t) =
Y (t + h) � Y (t)

h
:

�ëç¨á«¨âì mX (t); DX (t) ¯à¨ h! 0:

� ¥ è ¥ ­ ¨ ¥ �à®æ¥áá

X(t) =
f(t + h)� f(t)

h
+
�(t + h)� �(t)

h
= X1(t) +X2(t);

£¤¥ ¯¥à¢ë© á¨£­ « ï¢«ï¥âáï ¤¥â¥à¬¨­¨à®¢ ­­ë¬,   ¢â®à®© á«ãç ©­ë¬, ¯à¨ç¥¬

MfX2(t)g = M

�
�(t+ h)� �(t)

h

�
=
Mf�(t+ h)g �Mf�(t)g

h
= 0:

�®íâ®¬ã

m�(t) =MfX(t)g =
f(t + h)� f(t)

h
! f

0

(t)

¯à¨ h! 0;   DX (t) = DX2
(t):

�à®æ¥áá X2(t) - ¥áâì à¥§ã«ìâ â «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï áâ æ¨®­ à­®£® á«ãç ©­®£® ¯à®æ¥áá  �(t):

�®á¯®«ì§®¢ ¢è¨áì ¥£® á¯¥ªâà «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ �(t) =
1R
�1

ei�tZ�(d�) ¯®«ãç ¥¬

X2(t) =
�(t + h) � xi(t)

h
=

1Z
�1

ei�(t+h) � ei�t

h
Z�(d�) =

1Z
�1

'(�)ei�tZ�(d�);

£¤¥ ç áâ®â­ ï å à ªâ¥à¨áâ¨ª  «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï '(�) ¨ ¥¥ ¬®¤ã«ì à ¢­ë

'(�) =
ei�h � 1

h
; j'(�)j2 = 2(1� cos (�h))

h2
:

�¯¥ªâà «ì­ ï ¯«®â­®áâì ¯à®æ¥áá  X2(t) à ¢­ 

fX2
(�) =

2(1� cos (i�h)

h2
f�(�);



  ¤¨á¯¥àá¨ï

DX2
= DX =

1Z
1

2(1� cos (i�h)

h2
f�(�)d� =

2�2

�0h2

�0Z
0

(1� cos (�h))d� =
2�2

h2

�
1� sin (�0h)

�0h

�
:

�à¨ h! 0

lim
h!0

DX = lim
h!0

2�2

h2

�
1� sin (�0h)

�0h

�
=

�2�20
3

:

�   ¬ ¥ ç   ­ ¨ ¥ � ª¨¬ ®¡à §®¬ ¯à¨ ç¨á«¥­­®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ ¤¨á¯¥àá¨ï èã¬  ¢ëå®¤­®£® á¨£-
­ «  ¬ «® § ¢¨á¨â ®â è £  ¤¨ää¥à¥­æ¨à®¢ ­¨ï h;   ®¯à¥¤¥«ï¥âáï ¢ ®á­®¢­®¬ è¨à¨­®© á¯¥ªâà  èã¬ 
¢® ¢å®¤­®¬ á¨£­ «¥, ¡®«¥¥ â®£®, ¤ ¦¥ ¯à¨ ®ç¥­ì ¬ «®© ¤¨á¯¥àá¨¨ íâ®£® èã¬  (�2 - ¬ «®) ¤¨á¯¥àá¨ï
¢ëå®¤­®£® á¨£­ «  ¬®¦¥â ¡ëâì ¡®«ìè®© ¯à¨ è¨à®ª®¯®«®á­®¬ èã¬¥ (�0 - ¢¥«¨ª®).

3.1.4 � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì­®£® à¥è¥­¨ï

3.1.1 �®ª § âì, çâ® ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï áâ æ¨®­ à­®£® ¯à®æ¥áá  ­¥¯à¥àë¢­  ­  R; ¥á«¨ ®­  ­¥¯à¥-
àë¢­  ¯à¨ t = 0:

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï ­¥à ¢¥­áâ¢®¬ (3.1.3).

3.1.2 �ãáâì ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï áâ æ¨®­ à­®£® ¯à®æ¥áá  ¤¥©áâ¢¨â¥«ì­ . �®ª § âì, çâ® á¯¥ªâà «ì-
­®¥ à á¯à¥¤¥«¥­¨¥ â ª®£® ¯à®æ¥áá  á¨¬¬¥âà¨ç­®, â® ¥áâì ¢ë¯®«­¥­® á®®â­®è¥­¨¥ (3.1.6). �®ª § âì,
çâ® ¨§ á®®â­®è¥­¨ï (3.1.6) á«¥¤ã¥â à ¢¥­áâ¢®

F (A) = F (�A); £¤¥ � A = f� : �� 2 Ag:

3.1.3 �ãáâì �(t) - áâ æ¨®­ à­ë© ¯à®æ¥áá ¨M�(t) = � 6= 0: �¡êïá­¨âì ¯®ç¥¬ã ¢ íâ®¬ á«ãç ¥ ­¥ áãé¥áâ¢ã¥â
á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï ¢¨¤  (3.1.12).

3.1.4 �ë¢¥áâ¨ á®®â­®è¥­¨¥ (3.1.11) ¤«ï á¯¥ªâà «ì­®© ¯«®â­®áâ¨ â¥«¥£à ä­®£® á¨£­ « . �ãé¥áâ¢ã¥â «¨
£ ãáá®¢áª¨© áâ æ¨®­ à­ë© ¯à®æ¥áá, ¨¬¥îè¨© â ªãî ¦¥ á¯¥ªâà «ì­ãî ¯«®â­®áâì?

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ à §¤¥«  1.2.1 ¨ �¥®à¥¬®© 3.1.1.

3.1.5 �«ï ¯à®æ¥áá  �; ¢¢¥¤¥­­®£® ¢ �¯à¥¤¥«¥­¨¨ 3.1.6 ¯®ª § âì áâ æ¨®­ à­®áâì ¨ ¢ë¢¥áâ¨ á®®â­®è¥­¨¥
(3.1.18) ¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨.

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï á¢®©áâ¢ ¬¨ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  (á¬. �à¨¬¥à 2.1.10 ¨ á®®â-
­®è¥­¨ï (5.6.6)).

3.1.6 �®ª § âì �¥®à¥¬ã ??.

3.1.7 �®ª § âì, çâ® ¨§ á®®â­®è¥­¨ï (3.1.20) ¢ëâ¥ª ¥â á®®â­®è¥­¨¥ (3.1.21).

3.1.8 �¡êïá­¨âì ¯®ç¥¬ã ¤«ï «¨­¥©­®© ®¯¥à æ¨¨ ¨­â¥£à¨à®¢ ­¨ï, ª®â®àãî ¬®¦­® á¢¥áâ¨ ª à¥è¥­¨î «¨-
­¥©­®£® ãà ¢­¥­¨ï X

0

(t) = Y (t); ¢®®¡é¥ £®¢®àï, ­¥ áãé¥áâ¢ã¥â á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï á
¯®¬®éìî ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬®£® ä¨«ìâà .

3.1.9 �ãáâì �(t) - áâ æ¨®­ à­ë© ¯à®æ¥áá.�ãáâì � ­¥ª®â®à®¥ ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®. �®ª § âì, çâ® ¯à®æ¥áá
�(t) = eit��(t) â ª¦¥ ï¢«ï¥âáï áâ æ¨®­ à­ë¬. �¢«ï¥âáï «¨ áâ æ¨®­ à­ë¬ ¯à®æ¥áá �(t) cos�t?



3.1.10 �ãáâì �(t) =
NP
k=1

�k(t) - ¥áâì áã¬¬  áâ æ¨®­ à­ëå ¢ è¨à®ª®¬ á¬ëá«¥ ¯à®æ¥áá®¢, ¤®¯ãáª îé¨å

á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ á ¬¥à ¬¨ Zk(dx): �®ª § âì, çâ® ¤«ï ¯à®æ¥áá  �(t) â ª¦¥ ¨¬¥¥â ¬¥áâ®
á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ á ­¥ª®â®à®© ¬¥à®© Z(dx): � ©â¨ íâã ¬¥àã.

�ãáâì ¯à®æ¥ááë �k(t) ¯®¯ à­® ­¥ª®àà¥«¨à®¢ ­­ë, �®ª § âì, çâ® á¯¥ªâà «ì­®¥ à á¯à¥¤¥«¥­¨¥ ¯à®-
æ¥áá  �(t) à ¢­® áã¬¬¥ á¯¥ªâà «ì­ëå à á¯à¥¤¥«¥­¨© ¯à®æ¥áá®¢ �k(t): �à¨¢¥áâ¨ ¯à¨¬¥à, ¯®ª §ë¢ -
îé¨©, çâ® ¤«ï ª®àà¥«¨à®¢ ­­ëå ¯à®æ¥áá®¢ íâ® ãâ¢¥à¦¤¥­¨¥ ­¥¢¥à­®.

3.1.11 �ãáâì �(t) - áâ æ¨®­ à­ë© ¯à®æ¥áá á® á¯¥ªâà «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬

�(t) =

1Z
�1

eit�Z�(d�):

�ãáâì

�(t) =

1Z
�1

eitg(�)'(�)Z�(d�);

£¤¥ g(�) ­¥ª®â®à ï ¤¥©áâ¢¨â¥«ì­ ï äã­ªæ¨ï,   '(�) 2 L2fR;B(R); F�g: �®ª § âì, çâ® ¯à®æ¥áá �(t)
â ª¦¥ ï¢«ï¥âáï áâ æ¨®­ à­ë¬. � ©â¨ á®®â­®è¥­¨¥ ¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¯à®æ¥áá  �(t):

� â ¢ ¥ â

R�(t; s) =

1Z
�1

ei(t�s)g(�)j'(�)j2F�(d�):

3.1.12. �®ª § âì, çâ® äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï á®®â­®è¥­¨¥¬

�(t) =

8><
>:

1� jtj
t0
; ¯à¨ jtj � t0;

0; ¯à¨ jtj > t0;

ï¢«ï¥âáï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¥© ­¥ª®â®à®£® áâ æ¨®­ à­®£® ¯à®æ¥áá . � ©â¨ ¥¥ á¯¥ªâà «ì­ãî
¯«®â­®áâì.

� ª   §   ­ ¨ ¥ � ©â¨ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ C(t) ¨ ¢®á¯®«ì§®¢ âìáï �¥®à¥¬®© 3.1.2.

� â ¢ ¥ â f�(�) =
1� cos�t0
��2t0

:

3.1.13 �¯àà¥¤¥«¨âì ï¢«ïîâáï «¨ á«¥¤ãîé¨¥ äã­ªæ¨¨ ª®¢ à¨ æ¨®­­ë¬¨ äã­ªæ¨ï¬¨ ­¥ª®â®àëå á«ãç ©-
­ëå ¯à®æ¥áá®¢, ¨ ¥á«¨ ï¢«ïîâáï ­ ©â¨ ¨å á¯¥ªâà «ì­ë¥ ¯«®â­®áâ¨.

1) C(t) = �2e��jtj cos �t; � > 0;

2) C(t) = �2e��jtj(1 + �jtj); � > 0;

3) C(t) = �2e��jtj
�
1 + �jtj+ (�t)2

3

�
; � > 0;

4) C(t) = �2e��jtj(cos �t � �
�
sin �jtj); � > 0:

5) C(t) = �2e��jtj(cos �t + �
�
sin �jtj); � > 0:

6) C(t) = �2e��jtj(ch �t + �
�
sh �jtj)); � � �:

� ª   §   ­ ¨ ¥ � ©â¨ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨© C(t): �®áª®«ìªã ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¤«ï
¢á¥å äã­ªæ¨© ï¢«ïîâáï ­¥®âà¨æ â¥«ì­ë¬¨ ¨ ¨­â¥£à¨àã¥¬ë¬¨ äã­ªæ¨ï¬¨, â® ¯® �¥®à¥¬¥ 3.1.1, ®­¨
ï¢«ïîâáï ª®¢ à¨ æ¨®­­ë¬¨ äã­ªæ¨ï¬¨ ­¥ª®â®àëå áâ æ¨®­ à­ëå á«ãç ©­ëå ¯à®æ¥áá®¢.



� â ¢ ¥ â 1) f�(�) =
�2�
2�

�
1

�2 + (� + �)2
+ 1
�2 + (� � �)2

�
:

2) f�(�) =
�2�
�

2�4

(�2 + �2)2
:

3) f�(�) =
�2�
�

�4

3(�2 + �2)3
:

4) f�(�) =
�2�
�

2�2

(�2 + �2 + �2)2 � 4�2�2
:

5) f�(�) =
�2�
�

2(�2 + �2)
(�2 + �2 � �2)2 + 4�2�2

:

6) f�(�) =
�2�
�

2(�2 � �2)
[(�� �)2 + �2][(�+ �)2 + �2]

:

3.1.15 �¢«ï¥âáï «¨ ¤¨ää¥à¥­æ¨àã¥¬ë¬ áâ æ¨®­ à­ë© ¯à®æ¥áá á® á¯¥ªâà «ì­®© ¯«®â­®áâìî:

1) f(�) = �
�2 + �

; �; � > 0;

2) f(�) =

���� 1
�2 + (� � �)2

� 1
�2 + (� + �)2

���� :
� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï à¥§ã«ìâ ¬¨ �à¨¬¥à  3.1.11 ¨ ãá«®¢¨¥¬ (3.1.20).

� â ¢ ¥ â 1) �¥â.

2) �¥â.

3.1.16 �ãáâì ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï áâ æ¨®­ à­®£® ¯à®æ¥áá  �(t) ¡¥áª®­¥ç­®¥ ç¨á«® à § ¤¨ää¥à¥­æ¨-
àã¥¬  ¯à¨ t = 0: �®ª § âì, çâ® â®£¤ :

1)
1R
�1

�2ndF (�) <1; 8n > 0;

2) �(t + � ) =
1X
k=0

�k

k!
�(k)(t):

� ª   §   ­ ¨ ¥ �á¯®«ì§®¢ âì ãá«®¢¨¥ (3.1.20) ¨ ¯®ª § âì 1). � «¥¥ ¨á¯®«ì§ãï á¯¥ªâà «ì­®¥ ¯à¥¤-

áâ ¢«¥­¨¥ ¯à®æ¥áá  �(t) =
1R
�1

eit�Z(d�); ¯®ª § âì, çâ®

�(k)(t) =

1Z
�1

(i�)keit�Z(d�):

� â¥¬ § ¯¨á âì á¯¥ªâà «ì­®¥ à §«®¦¥­¨¥ ¤«ï ¯à®æ¥áá  �(t + � ) ¨ ¢®á¯®«ì§®¢ âì¬ï à §«®¦¥­¨¥¬
ei�� ¢ àï¤ �¥©«®à .

3.1.17 [�¥®à¥¬  ®âáç¥â®¢] �ãáâì áâ æ¨®­ à­ë© ¯à®æ¥áá ¨¬¥¥â ®£à ­¨ç¥­­ë© á¯¥ªâà, â® ¥áâì ¤®¯ãáª ¥â
¯à¥¤áâ ¢«¥­¨¥

�(t) =

aZ
�a

eit�F (d�);

¨ á¯¥ªâà «ì­ ï ¬¥à  ­¥ ¨¬¥¥â  â®¬®¢ ¢ â®çª å � = �a; � = a;   ¨¬¥­­® F (f�ag) = F (fag) = 0:
�®ª § âì, çâ® ¤«ï «î¡®£® t 2 R á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

�(t) =
k=1X
k=�1

�

�
�k

a

�
sin (�k � at)

�k � at
: (3.1.29)



� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï â¥¬, çâ® äã­ªæ¨¨ fei�k�a ; k 2 Zg ®¡à §ãîâ ¡ §¨á ¢ L2([�a; a]); ¨
¯à¥¤áâ ¢¨âì äã­ªæ¨î eit� ­  [�a; a] ¥¥ à §«®¦¥­¨¥¬ ¢ àï¤ �ãàì¥

eit� =
1X

k=�1

sin (�k � at)

�k � at
ei
�k�
a :

� «¥¥ ¢®á¯®«ì§®¢ âìáï á¯¥ªâà «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ ¯à®æ¥áá  �(t); ¨ ¯®¤áâ ¢¨¢ ¢ ­¥£® à §«®¦¥­¨¥
äã­ªæ¨¨ eit�; ¨ ¯®«ãç¨âì ¯à¥¤áâ ¢«¥­¨¥ (3.1.29). � á¨«ã ®âáãáâ¢¨ï  â®¬®¢ ¬¥àë F (d�) ¢ â®çª å
f�ag ¨ fag àï¤ �ãàì¥ äã­ªæ¨¨ eit� áå®¤¨âáï â ª¦¥ ¢ L2f[�a; a];B([�a; a]); F (d�)g; ®âªã¤  á«¥¤ã¥â
áå®¤¨¬®áâì àï¤  ¢ ¯à¥¤áâ ¢«¥­¨¨ (3.1.29) ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥.

3.1.18 � áá¬®âà¥âì ¯à¨¬¥à ¯à®æ¥áá  X(t) = cos (at+ �); £¤¥ á«ãç ©­ ï ¢¥«¨ç¨­  � à ¢­®¬¥à­® à á¯à¥-
¤¥«¥­  ­  [0; 2�]: �®ª § âì, çâ® ¢ íâ®¬ á«ãç ¥ â¥®à¥¬  ®âáç¥â®¢ ­¥¢¥à­ . �¡êïá­¨âì, ¯®ç¥¬ã íâ®
¯à®¨áå®¤¨â.

� ª   §   ­ ¨ ¥ �®áâà®¨âì ä®à¬ «ì­ë© àï¤ (3.1.29) ¨ ¯®ª § âì, çâ® ®­ à áå®¤¨âáï ¯à¨ t = � �
2a:

� ©â¨ á¯¥ªâà «ì­®¥ à á¯à¥¤¥«¥­¨¥ ¯à®æ¥áá  X(t) ¨ ã¡¥¤¨âìáï, çâ® ãá«®¢¨¥ F (f�ag) = F (fag) = 0
­ àãè ¥âáï.

3.2 �«¥¬¥­âë áâ®å áâ¨ç¥áª®£®  ­ «¨§ 

� â¥®à¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¢ ¦­ãî à®«ì ¨£à ¥â ¢®§¬®¦­®áâì ¢ëç¨á«¥­¨ï ¯à®¨§¢®¤­®© ­¥ª®â®à®©
äã­ªæ¨¨, § ¤ ­­®© ­  âà ¥ªâ®à¨ïå ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë. �  ­ «¨â¨ç¥áª®© ¬¥å ­¨ª¥ íâ® ¤ ¥â ¢®§¬®¦-
­®áâì ¢ëç¨á«¥­¨ï ¨ ®¯à¥¤¥«¥­¨ï í¢®«îæ¨¨ ¢® ¢à¥¬¥­¨ â ª¨å ¢ ¦­ëå å à ªâ¥à¨áâ¨ª ª ª í­¥à£¨ï, ª®«¨-
ç¥áâ¢® ¤¢¨¦¥­¨ï, ¬®¬¥­â ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï. � â¥®à¨¨ ã¯à ¢«¥­¨ï ¤¥â¥à¬¨­¨à®¢ ­­ë¬¨ á¨áâ¥¬ ¬¨ ¨
â¥®à¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ëç¨á«¥­¨¥ ¯à®¨§¢®¤­ëå ­¥ª®â®àëå ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ëå
äã­ªæ¨© (äã­ªæ¨© �ï¯ã­®¢ ) ¯®§¢®«ï¥â áã¤¨âì ®¡ ãáâ®©ç¨¢®¬ ¨«¨ ­¥ãáâ®©ç¨¢®¬ å à ªâ¥à¥ ¯®¢¥¤¥­¨ï
á¨áâ¥¬ë. �â  ¢®§¬®¦­®áâì ®¡ãá«®¢«¥­  ¤®áâ â®ç­® à¥£ã«ïà­ë¬ ¯®¢¥¤¥­¨¥¬ âà ¥ªâ®à¨© ¤¨­ ¬¨ç¥áª¨å
á¨áâ¥¬ (­¥¯à¥àë¢­®áâì, ¤¨ää¥à¥­æ¨àã¥¬®áâì ¨ â.¤.) �®¯ëâª  ¯à¨¬¥­¨âì  ­ «®£¨ç­ë¥ ¬¥â®¤ë ª á¨áâ¥-
¬ ¬ á® á«ãç ©­ë¬ ¯®¢¥¤¥­¨¥¬ ­ â «ª¨¢ ¥âáï ¯à¥¦¤¥ ¢á¥£® ­  ­¥¢®§¬®¦­®áâì ¯à¨¬¥­¥­¨ï ª« áá¨ç¥áª¨å
¬¥â®¤®¢ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨ ¨­â¥£à¨à®¢ ­¨ï ¢ á¨«ã ¢¥áì¬  ­¥à¥£ã«ïà­®£® å à ªâ¥à  ¯®¢¥¤¥­¨ï á ¬¨å
á«ãç ©­ëå ¯à®æ¥áá®¢. �¨ää¥à¥­æ¨à®¢ ­¨¥ ¨ ¨­â¥£à¨à®¢ ­¨¥ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ¤ ¥â ¢®§-
¬®¦­®áâì ®æ¥­¨âì «¨èì ¯¥à¢ë© ¨ ¢â®à®© ¬®¬¥­âë á®®â¢¥âáâ¢ãîé¨å ¯à®æ¥áá®¢, ­® ­¨ç¥£® ­¥ £®¢®à¨â ®
à á¯à¥¤¥«¥­¨¨ ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢. �®íâ®¬ã ¯®ï¢«¥­¨¥ â¥®à¨¨ áâ®å áâ¨ç¥áª®£®  ­ «¨§ , â® ¥áâì â¥-
®à¨¨, ¯®§¢®«ïîé¥© ¢ëç¨á«ïâì ¯à®¨§¢®¤­ë¥ ¢¤®«ì ­¥à¥£ã«ïà­ëå âà ¥ªâ®à¨© áâ®å áâ¨ç¥áª¨å ¯à®æ¥áá®¢
¡ë«® ¢¥áì¬  § ª®­®¬¥à­ë¬ ¨ ®¡ãá«®¢«¥­ë¬ ¬­®£®ç¨á«¥­­ë¬¨ ¯à¨ª« ¤­ë¬¨ § ¤ ç ¬¨. �®§­¨ª­®¢¥­¨¥
áâ®å áâ¨ç¥áª®£®  ­ «¨§  ®¡ï§ ­® á¢®¨¬ ¯®ï¢«¥­¨¥¬ á ®¤­®© áâ®à®­ë �. �©­èâ¥©­ã ¨ �. �¬®«ãå®¢áª®-
¬ã, ª®â®àë¥ ¯®áâà®¨«¨ ª ç¥áâ¢¥­­ãî â¥®à¨î �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï,   á ¤àã£®© áâ®à®­ë �. �¨­¥àã ¨
�. �â®, § «®¦¨¢è¨¬ ®á­®¢ë áâà®£®© ¬ â¥¬ â¨ç¥áª®© â¥®à¨¨. �ëè¥ ¬ë à áá¬ âà¨¢ «¨ à §«¨ç­ë¥ ¯à¨-
¬¥àë, á¢ï§ ­­ë¥ á ¯à®æ¥áá®¬ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï (á¬. �à¨¬¥àë 1.2.4, ??, ??, � ¤ ç¨ 1.2.5 - 1.2.8,
1.2.22, 1.2.23), ª®â®àë¥ ¤¥¬®­áâà¨àãîâ à §«¨ç­ë¥ á¢®©áâ¢  íâ®£® á«ãç ©­®£® ¯à®æ¥áá . �¤­ ª® ¢ ¦­®áâì
¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ®¡ãá«®¢«¥­  ¯à¥¦¤¥ ¢á¥£® â¥¬, çâ® ®­ ï¢«ï¥âáï ¡ §®¢ë¬ ¤«ï ¬­®¦¥-
áâ¢  ¤àã£¨å ­¥¯à¥àë¢­ëå á«ãç ©­ëå ¯à®æ¥áá®¢ ¤¨ääã§¨®­­®£® â¨¯ , ª®â®àë¥ áâà®ïâáï ­  ¥£® ®á­®¢¥ á
¯®¬®éìî áâ®å áâ¨ç¥áª®£® ¨­â¥£à¨à®¢ ­¨ï.

3.2.1 �à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ¨ ¥£® á¢®©áâ¢ 

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2.1 �«ãç ©­ë© ¯à®æ¥áá f�(t); t � 0g , § ¤ ­ë© ­  ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­-
áâ¢® f
;F ;Pg , ­ §ë¢ ¥âáï ¯à®æ¥áá®¬ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ¥á«¨ ®­ ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©-
áâ¢ ¬¨:

1. �(0) = 0; (P- ¯.­.);

2. f�(t); t � 0g ¯à®æ¥áá á® áâ æ¨®­ à­ë¬¨ ­¥§ ¢¨á¨¬ë¬¨ ¯à¨à é¥­¨ï¬¨;



3. ¯à¨à é¥­¨ï �(t)� �(s) ¨¬¥îâ £ ãáá®¢áª®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ á ¯ à ¬¥âà ¬¨

M[�(t) � �(s)] = 0; M[�(t)� �(s)]2 = �2jt� sj;
4. äã­ªæ¨¨ �(t; !) ­¥¯à¥àë¢­ë (P- ¯.­.).

�à®æ¥áá f�(t); t � 0g á � = 1 ­ §ë¢ ¥âáï áâ ­¤ àâ­ë¬ �à®ã­®¢áª¨¬ ¤¢¨¦¥­¨¥¬ ¨«¨ �¨­¥à®¢áª¨¬ ¯à®-
æ¥áá®¬.

� ª®© ¯à®æ¥áá ¬®¦­® ª®­áâàãªâ¨¢­® ¯®áâà®¨âì ­  "¤®áâ â®ç­® ¡®£ â®¬" ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥.
�ãáâì ­  f
;F ;Pg áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ëå £ ãáá®¢áª¨å
á«ãç ©­ëå ¢¥«¨ç¨­ �1; �2; ::: á à á¯à¥¤¥«¥­¨¥¬N (0; 1):�  ¨­â¥à¢ «¥ [0; T ] ¢®§ì¬¥¬ ¯à®¨§¢®«ì­ãî ¯®«­ãî
¢ L2[0; T ] ®àâ®­®à¬¨à®¢ ­­ãî á¨áâ¥¬ã äã­ªæ¨© '1(t); '2; :::: �®«®¦¨¬

�(t) =

tZ
0

'i(s)ds:

� ¥ ® à ¥ ¬   3.2.1 �«ï «î¡®£® t 2 [0; T ]; àï¤

�(t) =
1X
i=1

�i�i(t) (3.2.1)

áå®¤¨âáï (P- ¯.­.) ¨ ®¯à¥¤¥«ï¥â áâ ­¤ àâ­ë© ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ­  [0; T ]:

�®ª § â¥«ìáâ¢®. �ëïá­¨¬ ¯à¥¦¤¥ ¢á¥£® á¬ëá« äã­ªæ¨© �i(t): � áá¬®âà¨¬ äã­ªæ¨î

It(s) =

8<
:

1; ¥á«¨; s 2 [0; t];

0; ¯à¨ ®áâ «ì­ëå; s:

�ã­ªæ¨ï It(s) ï¢«ï¥âáï ¨­¤¨ª â®à­®© äã­ªæ¨¥© ¨­â¥à¢ «  [0; t]; ¨ ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã L2[0; T ]:
�á«¥¤áâ¢¨¥ íâ®£® ¤«ï ­¥¥ áãé¥áâ¢ã¥â à §«®¦¥­¨¥ ¢ àï¤ �ãàì¥ ¯® ¯®«­®© ®àâ®­®à¬¨à®¢ ­­®© á¨áâ¥¬¥
äã­ªæ¨© '1(t); '2; ::::,

It(s) =
1X
i=1

ci'i(s);

ª®â®à®© áå®¤¨âáï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥. �®íää¨æ¨¥­âë íâ®£® à §«®¦¥­¨ï à ¢­ë

ci =

TZ
0

It(s)'i(s)ds = �i(t);

¯®íâ®¬ã ¢ á¨«ã à ¢¥­áâ¢  � àá¥¢ «ï ¨¬¥¥¬ á®®â­®è¥­¨ï

1X
i=1

c2i =
1X
i=1

�2
i (t) =

TZ
0

I2t (s)ds = t;

TZ
0

It1(s)It2 (s)ds =
1X
i=1

�i(t1)�i(t2) = minft1; t2g;

¤«ï «î¡ëå 0 � t1 � t2 � t3 � t4 � T

TZ
0

[It4(s) � It3(s)][It2(s) � It1(s)] =

1X
i=1

[�i(t4)� �i(t3)][�i(t2)� �i(t1)] = 0:

(3.2.2)



� áá¬®âà¨¬ â¥¯¥àì àï¤

�(t) =
1X
i=1

�i�i(t):

�«ï ª ¦¤®£® t 2 [0; T ] ¯®á«¥¤®¢ â¥«ì­®áâì

�n(t) =
nX
i=1

�i�i(t)

®¡à §ã¥â ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ë© ¬ àâ¨­£ « á ª¢ ¤à â¨ç­®© å à ªâ¥à¨áâ¨ª®©

< � >n (t) =
nX
i=1

�2
i (t) � t:

�® �¥®à¥¬¥ 2.2.14 ®âáî¤  á«¥¤ã¥â áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ �n(t) ª �(t) (P- ¯.­.).
�à®¢¥à¨¬ â¥¯¥àì á¢®©áâ¢  �(t): �¢®©áâ¢® 1) ®ç¥¢¨¤­®, ¯®áª®«ìªã �i(0) = 0; ¨ á«¥¤®¢ â¥«ì­®, �n(0) = 0:

� «¥¥, ¯®áª®«ìªã à á¯à¥¤¥«¥­¨¥ á«ãç ©­ëx ¢¥«¨ç¨­ ¨ á®¢¬¥áâ­ë¥ à á¯à¥¤¥«¥­¨ï á«ãç ©­ëå ¢¥«¨ç¨­
�n(s); s 2 [0; T ] - £ ãáá®¢áª¨¥, â® à á¯à¥¤¥«¥­¨ï ¯à¥¤¥«ì­ëå á«ãç ©­ëå ¢¥«¨ç¨­ £ ãáá®¢áª¨¥. �®íâ®¬ã,
çâ®¡ë ¯à®¢¥à¨âì á¢®©áâ¢® 2) ¤®áâ â â®ç­® ¯à®¢¥à¨âì ­¥ª®àà¥«¨à®¢ ­­®áâì ¢¥«¨ç¨­ �(t4) � �(t3); �(t2) �
�(t1) ¤«ï «î¡ëå 0 � t1 � t2 � t3 � t4 � T: � á¨«ã ¯à¥¤áâ ¢«¥­¨ï (3.2.1) ¨ á®®â­®è¥­¨© (3.2.2) ¨¬¥¥¬

M[�(t2) � �(t1)] = 0;

M[�(t2) � �(t1)]
2 =

1X
i=1

[�(t2)� �(t1)]
2 = jt2 � t1j;

M[�(t4) � �(t3)][�(t2)� �(t1)] =

1X
i=1

[�(t4)� �(t3)][�(t2) ��(t1)] = 0;

(3.2.3)

®âªã¤  á«¥¤ãîâ á¢®©áâ¢  2) ¨ 3). � ª¨¬ ®¡à §®¬ ¯à®æ¥áá �(t) ®¡« ¤ ¥â ¢á¥¬¨ á¢®©áâ¢ ¬¨ �à®ã­®¢áª®£®
¤¢¨¦¥­¨ï,   ¥£® ­¥¯à¥àë¢­®áâì ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ªà¨â¥à¨ï �®«¬®£®à®¢ , â ª ª ª á ãç¥â®¬
£ ãáá®¢áâ¨

Mj�(t) � �(s)j4 = 3jt� sj2:
� «¥¥, ¯®áª®«ìªã �à®ã­®¢áª®¥ ¤¢¨¦¥­¨¥ - ¥áâì ¯à®æ¥áá á ­¥§ ¢¨á¨¬ë¬¨ ¯à¨à é¥­¨ï¬¨ â® ®­ ï¢«ï¥âáï

¬ àª®¢áª¨¬ ¨ ¯®áª®«ìªã áà¥¤­¥¥ § ­ ç¥­¨¥ ¯à¨à é¥­¨© à ¢­® ­ã«î, â® ¨ ¬ àâ¨­£ «®¬ (á¬. � §¤¥« 1.2.4,
¨ ¯à¨¬¥à ??).

� áá¬®âà¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  âà ¥ªâ®à¨© �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.

� à ¨ ¬ ¥ à 3.2.1 [� á¯à¥¤¥«¥­¨¥ ¢à¥¬¥­¨ ¯¥à¢®£® ¤®áâ¨¦¥­¨ï § ¤ ­­®£® ãà®¢­ï].
�ãáâì x > 0 - ­¥ª®â®à®¥ § ¤ ­­®¥ ç¨á«®. �¯à¥¤¥«¨¬ á«ãç ©­ãî ¢¥«¨ç¨­ã �x(!); ª ª ¢à¥¬ï ¯¥à¢®£®

¤®áâ¨¦¥­¨ï ¯à®æ¥áá®¬ �(t) ãà®¢­ï x. �®à¬ «ì­®,

�x(!) = inf ft > 0 : �(t; !) = xg:

�à®¬¥ â®£®, ®ç¥¢¨¤­®, çâ® à á¯à¥¤¥«¥­¨ï �x ¨ ��x ®¤¨­ ª®¢ë ¢ á¨«ã á¨¬¬¥âà¨¨. � «¥¥ ¬®¦­® § ¬¥-
â¨âì, çâ® ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ âà ¥ªâ®à¨© �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï

f�x < tg = fmax
0�s�t

�(s) � xg:

�â¢¥à¦¤¥­¨¥. �«ï x > 0
Pfmax

0�s�t
�(s) � xg = 2Pf�(t) � xg:



�à¨¢¥¤¥¬ ¨­âã¨â¨¢­®¥ ¤®ª § â¥«ìáâ¢® íâ®£® á®®â­®è¥­¨ï, ®á­®¢ ­­®¥ ­  ¯à¨­æ¨¯¥ á¨¬¬¥âà¨¨. � -
¬¥â¨¬ ¢­ ç «¥, çâ®

Pfmax
0�s�t

�(s) � x; �(t) � xg = Pfmax
0�s�t

�(s) � x; �(t) � xg:

�¥©áâ¢¨â¥«ì­®, ¥á«¨ �(s) = x; â® ª ¦¤®© âà ¥ªâ®à¨¨, ­ ç¨­ îé¥©áï ¢ â®çª¥ �(s) = x ¨ § ª ­ç¨¢ î-
é¥©áï ¢ ­¥ª®â®à®© â®çª¥ �(t) � x; á®®â¢¥âcâ¢ã¥â âà ¥ªâ®à¨ï, ï¢«ïîé ïáï §¥àª «ì­ë¬ ®âà ¦¥­¨¥¬

®â­®á¨â¥«ì­® ¯àï¬®© x: �à®æ¥áá �(t) � �(s); à áá¬ âà¨¢ ¥¬ë© ¯à¨ t � s; á­®¢  ï¢«ï¥âáï �à®ã­®¢-
áª¨¬ ¤¢¨¦¥­¨¥¬, (�®«¥¥ â®ç­ ï ä®à¬ã«¨à®¢ª  á«¥¤ãîé ï: �à®ã­®¢áª®¥ ¤¢¨¦¥­¨¥ ­ ç¨­ ¥âáï § ­®¢® ¢

ª ¦¤ë© � àª®¢áª¨© ¬®¬¥­â ¢à¥¬¥­¨, á¬. � ¤ ç  3.2.2. �àã£¨¬¨ á«®¢ ¬¨: �à®ã­®¢áª®¥ ¤¢¨¦¥­¨¥ ®¡« -
¤ ¥â á¢®©áâ¢®¬ áâà®£®© ¬ àª®¢®áâ¨.) â® à á¯à¥¤¥«¥­¨¥ ¯à®æ¥áá  �(t)� �(s) á¨¬¬¥âà¨ç­®, ¨ ¯®áª®«ìªã
¬¥¦¤ã í«¥¬¥­â à­ë¬¨ á®¡ëâ¨ï¬¨, á®áâ ¢«ïîé¨¬¨ á®¡ëâ¨ï, ¯®¤ §­ ª®¬ ¢¥à®ïâ­®áâ¨ ¬®¦­® ãáâ -
­®¢¨âì ¢§ ¨¬­®-®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥, â® á«¥¤®¢ â¥«ì­®, ¨å ¢¥à®ïâ­®áâ¨ à ¢­ë. � «¥¥ § ¬¥â¨¬,
çâ® áã¬¬  á®¡ëâ¨©

fmax
0�s�t

�(s) � x; �(t) � xg [ fmax
0�s�t

�(s) � x; �(t) � xg = fmax
0�s�t

�(s) � xg;

¯®áª®«ìªã ¤«ï £ ãáá®¢áª®£® ¯à®æ¥áá  Pf�(t) = xg = 0: � ª¨¬ ®¡à §®¬,

Pfmax
0�s�t

�(s) � x; �(t) � xg = 1

2
Pfmax

0�s�t
�(s) � xg;

¨ ¢ á¨«ã ®ç¥¢¨¤­®£® à ¢¥­áâ¢ 

fmax
0�s�t

�(s) � x; �(t) � xg = f�(t) � xg

¯®«ãç ¥¬ âà¥¡ã¥¬®¥ á®®â­®è¥­¨¥.
�§ íâ®£® á®®â­®è¥­¨ï á«¥¤ã¥â, çâ®

Pf�x � tg =
�
2

�

�1=2 1Z
x=
p
t

e�1=2z
2

dz; (3.2.4)

â® ¥áâì,
Pf�x <1g = 1;

®¤­ ª®,
M�x =1: (3.2.5)

� à ¨ ¬ ¥ à 3.2.2 [�¥®£à ­¨ç¥­­®áâì âà ¥ªâ®à¨© �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.]
�®ª ¦¥¬, çâ®

P

�
sup
t�0

�(t) = +1
�
= P

�
inf
t�0

�(t) = �1
�

= 1:

�âáî¤  á«¥¤ã¥â, çâ® âà ¥ªâ®à¨¨ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ­¥®£à ­¨ç¥­ë ¨ ¤«ï «î¡®£® x ­  «î¡®¬ ¨­-
â¥à¢ «¥ [M;1) áãé¥áâ¢ã¥â t â ª®¥, çâ® �(t) = x: �®ª ¦¥¬ «¨èì ¯¥à¢®¥ á®®â­®è¥­¨¥, â ª ª ª ¢ á¨«ã
á¨¬¬¥âà¨¨ ��(t) â ª¦¥ �à®ã­®¢áª®¥ ¤¢¨¦¥­¨¥ ¨

P

�
inf
t�0

�(t) = �1
�
= P

�
sup
t�0

[��(t)] =1
�
:

�«ï § ¤ ­­®£® §­ ç¥­¨ï a > 0 ¢ á¨«ã (3.2.4)

P

�
sup
t�0

�(t) � a

�
= P

�
max
t�0

�(t) � a

�
= 2[1� �(a=

p
t)]; (3.2.6)

£¤¥ �(z) - äã­ªæ¨ï � ¯« á  ¤«ï ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¥©. �à¨ t!1
2[1� �(a=

p
t)]! 1;



¯®íâ®¬ã

P

�
sup
t�0

�(t) � a

�
= 1:

� «¥¥,

P

�
sup
t�0

�(t) =1
�

= P

"\
k=1

�
sup
t�0

�(t) � k

�#
= 1:

� à ¨ ¬ ¥ à 3.2.3 [�¥à¥á¥ç¥­¨ï § ¤ ­­®£® ãà®¢­ï]
�§ á®®â­®è¥­¨ï (3.2.4) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® t � 0

P

�
sup

0�s�t
�(s) > 0

�
= 1;

¨ ¢ á¨«ã á¨¬¬¥âà¨¨

P

�
inf

0�s�t]
�(s) < 0

�
= 1:

� ª¨¬ ®¡à §®¬, ­  «î¡®¬ ¨­â¥à¢ «¥ [0; t] âà ¥ªâ®à¨ï �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï, ­ ç¨­ îé ïáï ¢ ­ã«¥,
¯¥à¥á¥ª ¥âáï á ®áìî t ¡¥áª®­¥ç­® ¬­®£® à §. �­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢® ¨ ®â­®á¨â¥«ì­®

«î¡®£® ­ ¯¥à¥¤ § ¤ ­­®£® ãà®¢­ï.

� ª¨¬ ®¡à §®¬ âà ¥ªâ®à¨¨ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï, å®âì ¨ ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨,
®¤­ ª®, ¢¥áì¬  ­¥à¥£ã«ïà­ë. �«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® âà ¥ªâ®à¨¨ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï
­¨£¤¥ ­¥ ¤¨ää¥à¥­æ¨àã¥¬ë ¨ ¨¬¥îâ ¡¥áª®­¥ç­ãî ¢ à¨ æ¨î ­  «î¡®¬, áª®«ì ã£®¤­® ¬ «®¬ ¨­â¥à¢ «¥
¢à¥¬¥­¨.

� à ¨ ¬ ¥ à 3.2.4 [�¥¤¨ää¥à¥­æ¨àã¥¬®áâì âà ¥ªâ®à¨© �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.]
�áâ ­®¢¨¬ á«¥¤ãîé¥¥ á®®â­®è¥­¨¥: ¤«ï «î¡®£® t � 0 ¨ h > 0

P

�
lim
h!0+

�(t + h)� �(t)

h
=1

�
= 1: (3.2.7)

� ¬¥â¨¬, çâ® ¤«ï «î¡®£® 0 < h < �;

sup
0<h<�

�(t+ h)� �(t)

h
� 1

�
sup

0<h<�
[�(t+ h)� �(t)]:

� ª¨¬ ®¡à §®¬, ¨á¯®«ì§ãï á®®â­®è¥­¨¥ (3.2.4) ¨ á¢®©áâ¢® áâà®£®© ¬ àª®¢®áâ¨ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï

¯®«ãç ¥¬

P

�
sup

0<h<�

�(t+ h)� �(t)

h
> a

�
� P

�
sup

0<h<�
[�(t+ h)� �(t)] > �a

�

P

�
sup

0<h<�
�(h) > �a

�
=

�
2

�

�1=2 1Z
a
p
�

e�1=2z
2

dz ! 1

¯à¨ � ! 0; ®âªã¤  á«¥¤ã¥â (3.2.7).
� á¨«ã á¨¬¬¥âà¨¨ ¨§ (3.2.7) á«¥¤ã¥â

P

�
lim
h!0+

�(t + h)� �(t)

h
= �1

�
= 1: (3.2.8)

�®®â­®è¥­¨ï (3.2.7) ¨ (3.2.8) ¯®ª §ë¢ îâ ­¥¤¨ää¥à¥­æ¨àã¥¬®áâì âà ¥ªâ®à¨¨ ¢ «î¡®© § ¤ ­­®© â®çª¥

t � 0:
�«¥¤áâ¢¨¥¬ ­¥¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ï¢«ï¥âáï ¨ ­¥®£à ­¨ç¥­­®áâì ¢ à¨ æ¨¨ âà ¥ªâ®à¨© �à®ã­®¢-

áª®£® ¤¢¨¦¥­¨ï. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¡ë âà ¥ªâ®à¨ï ¨¬¥«  ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î ­  ­¥ª®â®à®¬

¨­â¥à «¥, â® ¢ á¨«ã ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ â¥®à¨¨ äã­ªæ¨© ®­  ¡ë«  ¡ë ¨ ¤¨ää¥à¥­æ¨àã¥¬  ¯®çâ¨

¢áî¤ã ­  íâ®¬ ¨­â¥à¢ «¥. �«¥¤®¢ â¥«ì­®, âà ¥ªâ®à¨¨ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ¨¬¥îâ ­¥®£à ­¨ç¥­­ãî

¢ à¨ æ¨î ­  «î¡®¬, áª®«ì ã£®¤­® ¬ «®¬ ¨­â¥à¢ «¥ ¢à¥¬¥­¨.



� à ¨ ¬ ¥ à 3.2.5 [�¢ ¤à â¨ç­ ï ¢ à¨ æ¨ï âà ¥ªâ®à¨¨ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï]
�ãáâì 0 = tn0 < tn1 < ::: < tnn - ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì à §¡¨¥­¨© ®âà¥§ª  [0; t] â ª ï, çâ®

lim
n!1�n = 0;

£¤¥

�n = max
0�i�n�1

jtn; i+1 � tn ij = 0:

�®£¤ ,

lim
n

n�1X
i=0

(�(tn; i+1) � �(tn i))
2 = t;

¢ á¬ëá«¥ áå®¤¨¬®áâ¨ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬.
�á«¨ ¯®á«¥¤®¢ â¥ì­®áâì à §¡¨¥­¨© ®¡« ¤ ¥â á¢®©áâ¢®¬X

n�1
�n <1;

â® áå®¤¨¬®áâì ¨¬¥¥â ¬¥áâ® ¨ á ¢¥à®ïâ­®áâìî 1.
�®ª ¦¥¬ ¢­ ç «¥ áå®¤¨¬®áâì ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥. �§ ®¯à¥¤¥«¥­¨ï �à®ã­®¢áª®£® ¤¢¨¦¥-

­¨ï á«¥¤ã¥â, çâ®
M(�(tn; i+1) � �(tn i))

2 = tn; i+1 � tn i;

¯®íâ®¬ã

MSn = M

n�1X
i=0

(�(tn; i+1) � �(tn i))
2 = t:

�æ¥­¨¬

DSn = D

(
n�1X
i=0

(�(tn; i+1)� �(tn i))
2

)
=

n�1X
i=0

D
�
(�(tn; i+1)� �(tn i))

2
	
=

n�1X
i=0

�
M(�(tn; i+1) � �(tn i))

4 � (tn; i+1 � tn i)
2
	
=

2
n�1X
i=0

(tn; i+1 � tn i)
2 � 2 max

0�i�n�1
jtn; i+1 � tn ij

n�1X
i=0

(tn; i+1 � tn i) =

2t max
0�i�n�1

jtn;i+1 � tn ij ! 0

¯à¨ n!1: � ª¨¬ ®¡à §®¬ áå®¤¨¬®áâì ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ãáâ ­®¢«¥­ .
� «¥¥, ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢® �¥¡ëè¥¢ , ¯®«ãç ¥¬

PfjSnj > "g � MS2n
"2

� 2t
�n

"2
:

� á¨«ã ¯à¥¤¯®«®¦¥­¨ï ® áå®¤¨¬®áâ¨ àï¤  ¨§ �n ¯®«ãç ¥¬, çâ® ¤«ï «î¡®£® " > 0X
n

PfjSnj > "g <1:

�® «¥¬¬¥ �®à¥«ï-� ­â¥««¨ íâ® ®§­ ç ¥â, çâ® á®¡ëâ¨¥ fjSnj > "g ¯à®¨áå®¤¨â «¨èì ª®­¥ç­®¥ ç¨á«®

à § (P- ¯.­.). �«¥¤®¢ â¥«ì­®, Sn ! 0 (P- ¯.­.).
�à¨¬¥à®¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ à §¡¨¥­¨©, ¤«ï ª®â®à®© ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì (P- ¯.­.), ï¢«ï¥âáï

¯®á«¥¤®¢ â¥«ì­®áâì ¤¢®¨ç­®-à æ¨®­ «ì­ëå à §¡¨¥­¨© ®âà¥§ª  [0; t]:



3.2.2 �â®å áâ¨ç¥áª¨© ¨­â¥£à « ¯® ¢¨­¥à®¢áª®¬ã ¯à®æ¥ááã

� à §¤¥«¥ 2.1.4 ¡ë«® ¢¢¥¤¥­® ¯®­ïâ¨¥ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¯® ­¥ª®â®à®© á®å áâ¨ç¥áª®© ¬¥à¥, ¨«¨
¯à®æ¥ááã á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨. �â®â ¨­â¥£à « ¡ë« ®¯à¥¤¥«¥­ ¤«ï ¤¥â¥à¬¨­¨à®¢ ­­ëå äã­ª-
æ¨©, ¯à¨­ ¤«¥¦ é¨å ¯à®áâà ­áâ¢ã L2: �â®£® ®¯à¥¤¥«¥­¨ï ¢¯®«­¥ ¤®áâ â®ç­® ¤«ï à áá¬®âà¥­¨ï «¨­¥©-
­ëå áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¯®áª®«ìªã �¨­¥à®¢áª¨© ¯à®æ¥áá ï¢«ï¥âáï ¯à®æ¥áá®¬
á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨. �¤­ ª® ¢ ­¥«¨­¥©­®¬ á«ãç ¥ ­¥®¡å®¤¨¬® ®¯à¥¤¥«¥­¨¥ ¨­â¥£à «  ®â
á«ãç ©­ëå äã­ªæ¨©. �®­ïâ¨¥ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¤ï« á«ãç ©­ëå äã­ªæ¨© ¡ë«® ¢¢¥¤¥­® �. �â®,
¨¬ï ª®â®à®£® ¨ ­®á¨â á®®â¢¥âáâ¢ãîé¨© ¨­â¥£à «.

�¯à¥¤¥«¨¬ ª« áá á«ãç ©­ëå äã­ªæ¨©, ¤«ï ª®â®àëå ®¯à¥¤¥«¥­ ¨­â¥£à « �â®. �à¥¤¯®«®¦¨¬, çâ® ­ 
¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ f
;F ;Pg § ¤ ­® ­¥ã¡ë¢ îé¥¥ á¥¬¥©áâ¢® � -  «£¥¡à Ft: �«ãç ©­ë© ¯à®-
æ¥áá w = (w(t);Ft) ­ §ë¢ ¥âáï �¨­¥à®¢áª¨¬ ¯à®æ¥áá®¬, ¥á«¨ w(t) ­¥¯à¥àë¢¥­ (P- ¯.­.), ¨ ï¢«ï¥âáï
ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ë¬ ¬ àâ¨­£ «®¬ á

Mf(w(t)� w(s))2jFsg = �2jt� sj; t � s:

�á­®, çâ® ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ï¢«ï¥âáï ¢¨­¥à®¢áª¨¬ ¯à®æ¥áá®¬ ®â­®á¨â¥«ì­® á®¡áâ¢¥­­®£®
¯®â®ª  � -  «£¥¡à Ft = �fw(s) : 0 � s � tg: �¤­ ª®, ¢ ¦­ ï â¥®à¥¬  �¥¢¨ ãâ¢¥à¦¤ ¥â, çâ® ¢áïª¨©
�¨­¥à®¢áª¨© ¯à®æ¥áá ¥áâì ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.

� ¥ ® à ¥ ¬   3.2.2 [�¥¢¨] �à¥¤¯®«®¦¨¬, çâ® ­  ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ f
;F ;Pg § ¤ ­® ­¥-
ã¡ë¢ îé¥¥ á¥¬¥©áâ¢® � -  «£¥¡à Ft: �ãáâì á«ãç ©­ë© ¯à®æ¥áá w = (w(t);Ft); w(t) 2 Rn ­¥¯à¥àë¢¥­ (P-
¯.­.), ¨ ï¢«ï¥âáï ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ë¬ ¬ àâ¨­£ «®¬ á

Mf(w(t)� w(s))(w(t) �w(s))�jFsg = Injt� sj; t � s;

£¤¥ In - ¥¤¨­¨ç­ ï ¬ âà¨æ  à §¬¥à  n� n:
�®£¤  w - ¥áâì ¯à®æ¥áá n - ¬¥à­®£® �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï ®â­®á¨â¥«ì­® Ft:

�â® ¤®¢®«ì­® á«®¦­ë© à¥§ã«ìâ â ¨ ¬ë ¯à¨¢®¤¨¬ ¥£® ¡¥§ ¤ ª § â¥«ìáâ¢ . �«¥¤ã¥â, ®¤­ ª® ®â¬¥â¨âì, çâ®
­ ¨¡®«¥¥ ¢ ¦­ë¬ §¤¥áì ï¢«ï¥âáï ãá«®¢¨¥ ­¥¯à¥àë¢­®áâ¨. � ¯à¨¬¥à, ¯à®æ¥áá ¢¨¤ 

�(t) = N (t)� �t;

£¤¥ N (t) - ¥áâì ç¨á«® á®¡ëâ¨©, ¯à®¨áå®¤ïé¨å ­  ¨­â¥à¢ «¥ [0; t]; ¤«ï ¯ã áá®­®¢áª®£® ¯®â®ª  á®¡ëâ¨© á
¨­â¥­á¨¢­®áâìî �; â ª¦¥ ï¢«ï¥âáï ª¢ ¤à â¨ç­®-¨­â¥£à¨àã¥¬ë¬ ¬ àâ¨­£ «®¬ ¨

Mf(�(t) � �(s))2jFsg = �jt� sj; t � s;

®¤­ ª®, ¯®¢¥¤¥­¨¥ ¯à®æ¥áá  �(t) á®¢¥àè¥­­® ­¥¯®å®¦¥ ­  ¯®¢¥¤¥­¨¥ ¯à®æ¥áá  �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï,
¯®áª®«ìªã âà ¥ªâ®à¨¨ ¯à®æ¥áá  �(t) à §àë¢­ë (P- ¯.­.).

�   ¬ ¥ ç   ­ ¨ ¥ � á¨«ã â¥®à¥¬ë �¥¢¨ ¬®¦­® ­¥ à §«¨ç âì �¨­¥à®¢áª¨© ¯à®æ¥áá ¨ ¯à®æ¥áá �à®ã­®¢-
áª®£® ¤¢¨¦¥­¨ï.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2.2 �«ãç ©­ë© ¯à®æ¥áá f(t; !) ­ §ë¢ ¥âáï ­¥ã¯à¥¦¤ îé¨¬, ¥á«¨ ¤«ï «î¡®£®

¤«ï «î¡®£® t � 0; á«ãç ©­ ï ¢¥«¨ç¨­  f(t; !) - Ft ¬§¬¥à¨¬ .
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2.3 �¥ã¯à¥¦¤ îé¨© á«ãç ©­ë© ¯à®æ¥áá f(t; !) ­ §ë¢ ¥âáï ¯à®æ¥áá®¬ ª« áá 

PT ; ¥á«¨

P

8<
:

TZ
0

f2(t; !)dt <1
9=
; = 1:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2.4 �¥ã¯à¥¦¤ îé¨© á«ãç ©­ë© ¯à®æ¥áá f(t; !) ­ §ë¢ ¥âáï ¯à®æ¥áá®¬ ª« áá 
MT ; ¥á«¨

M

TZ
0

f2(t; !)dt <1:



�â®å áâ¨ç¥áª¨© ¨­â¥£à « ®¯à¥¤¥«ï¥âáï ¯®  ­ «®£¨¨ á ¨­â¥£à «®¬ �¥¡¥£  ¢­ ç «¥ ­  ­¥ª®â®à®¬ ª« á-
á¥ í«¥¬¥­â à­ëå ¨«¨ ¯à®áâëå äã­ªæ¨© ¨ § â¥¬ ¯à®¤®«¦ ¥âáï ¯® ­¥¯à¥àë¢­®áâ¨ ­  ª« ááëMT ¨ PT :

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2.5 �ã­ªæ¨ï e(t; !) 2 MT ­ §ë¢ ¥âáï ¯à®áâ®© ¥á«¨ áãé¥áâ¢ã¥â à §¡¨¥­¨¥

0 = t0 < t1 < ::: < tn = T ®âà¥§ª  [0; T ], ¨ á®¢®ªã¯­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ �; �0; :::; �n�1 â ª¨¥, çâ® �
- F0 - ¨§¬¥à¨¬ ,   �i - Fti - ¨§¬¥à¨¬ë ¨

e(t; !) = �If0g(t) +
n�1X
i=0

�iI(ti;ti+1](t);

£¤¥ IA - ¥áâì å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ­¥ª®â®à®£® ¯®¤¬­®¦¥áâ¢  A � [0; T ]:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2.6 �«ï ¯à®áâëå äã­ªæ¨© e(s; !); s 2 [0; T ] áâ®å áâ¨ç¥áª¨© ¨­â¥£à « Jt(e) ­ 
®âà¥§ª¥ [0; t] ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬

Jt(e) = �w(0) +
X

n
0 � i � m
tm+1 < t

o�i[w(ti+1)�w(ti)] + �m+1[w(t)�w(tm+1)];

¨ á ãç¥â®¬ á®®â­®è¥­¨ï Pfw(0) = 0g = 1

Jt(e) =
X

n
0 � i � m
tm+1 < t

o�i[w(ti+1)� w(ti)] + �m+1[w(t)�w(tm+1)]:

�â®å áâ¨ç¥áª¨© ¨­â¥£à « ®â äã­ªæ¨¨ e(t; !) ¯® ¢¨­¥à®¢áª®¬ã ¯à®æ¥ááã ®¡®§­ ç ¥âáï

Jt(e) =

tZ
0

e(s; !)dw(s);

¨­â¥£à « ¯® ¯à®¨¢®«ì­®¬ã ®âà¥§ªã [a; b] ¯®­¨¬ ¥âáï ª ª ¨­â¥£à « ®â äã­ªæ¨¨ e(t; !)I[a;b](t) ¨ ®¡®§­ ç -

¥âáï
bR
a

e(s; !)dw(s):

�«¥¤ãîé¨¥ á¢®©áâ¢  áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ­¥¬¥¤«¥­­® á«¥¤ãîâ ¨§ ®¯à¥¤¥«¥­¨ï:

1. �«ï a; b = const
Jt(ae1 + be2) = aJt(e1) + bJt(e2);

2.

tZ
0

e(s; !)dw(s) =

uZ
0

e(s; !)dw(s) +

tZ
u

e(s; !)dw(s); (P� ¯.­.);

3. Jt(e) ï¢«ï¥âcï ­¥¯à¥àë¢­®© äã­ªæ¨¥© t;

4. M

8<
:

tZ
0

e(u; !)dw(u)

������Fs
9=
; =

sZ
0

e(u; !)dw(u); (P� ¯.­.);

5. M

0
@ tZ

0

e1(u; !)dw(u)

1
A
0
@ tZ

0

e2(u; !)dw(u)

1
A = M

tZ
0

e1(u; !)e2(u; !)du;

6. �«ãç ©­ ï ¢¥«¨ç¨­  Jt(e) - Ft ¨§¬¥à¨¬ .
�®§¬®¦­®áâì ®¯à¥¤¥«¥­¨ï áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¤«ï äã­ªæ¨© f 2 MT ®á­®¢ ­  ­  á«¥¤ãîé¥©

 ¯à®ªá¨¬ æ¨®­­®© «¥¬¬¥:



� ¥ ¬ ¬   3.2.1 �«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f 2MT áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¯à®áâëå äã­ª-
æ¨© fn 2MT â ª ï, çâ®

M

TZ
0

[f(t; !) � fn(t; !)]
2dt! 0; n!1: (3.2.9)

�à¨ ¯®áâà®¥­¨¨ ¨­â¥£à «  ®â ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f 2 MT ¬ë ¢ë¡¨à ¥¬ á®®â¢¥âáâ¢ãîéãî ¯®á«¥¤®-
¢ â¥«ì­®áâì fn ¨ áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­

Jt(fn) =

tZ
0

fn(s; !)dw(s): (3.2.10)

�® á¢®©áâ¢ã 5) áâ®å áâ¨ç¥áª®£® ¨­â¥£à « , ¯à¨ n;m!1

M [Jt(fn)� Jt(fm)]2 = M

tZ
0

[fn(s; !) � fm(s; !)]2ds!1:

� ª¨¬ ®¡à §®¬ ¯®á«¥¤®¢ â¥«ì­®áâì fJt(fn)gäã­¤ ¬¥­â «ì­  ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥, ¨ á«¥¤®¢ -
â¥«ì­®, áå®¤¨âáï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ª ­¥ª®â®à®© á«ãç ©­®© ¢¥«¨ç¨­¥, ª®â®à ï ¨ ­ §ë¢ ¥âáï
áâ®å áâ¨ç¥áª¨¬ ¨­â¥£à «®¬ äã­ªæ¨¨ f ¨ ®¡®§­ ç ¥âáï

Jt(f) =

tZ
0

f(s; !)dw(s):

�â®â ¯à¥¤¥« ­¥ § ¢¨á¨â ®â ¢ë¡®à   ¯¯à®ªá¨¬¨àãîé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨ ®¡« ¤ ¥â ¢á¥¬¨ á¢®©áâ¢ ¬¨
¨­â¥£à «  ®â ¯à®áâëå äã­ªæ¨©. �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¢ áà¥¤­¥ª¢ ¤à â¨ç¥-
áª®¬ á¬ëá«¥ ¢ á®®â­®è¥­¨ïå ¤«ï ¨­â¥£à «®¢ ®â ¯à®áâëå äã­ªæ¨©.

�«ï ¯®áâà®¥­¨ï áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ®â äã­ªæ¨© f 2 PT âà¥¡ã¥âáï á«¥¤ãîé ï  ¯¯à®ªá¨¬ æ¨-
®­­ ï

� ¥ ¬ ¬   3.2.2 �«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f 2 PT áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fn 2
MT â ª ï, çâ® ¯® ¢¥à®ïâ­®áâ¨

TZ
0

[f(t; !) � fn(t; !)]
2dt! 0; n!1: (3.2.11)

�ãé¥áâ¢ã¥â â ª¦¥ ¯®á«¥¤®¢ â¥«ì­®áâì ¯à®áâëå äã­ªæ¨©, ¤«ï ª®â®à®© (3.2.11) ¨¬¥¥â ¬¥áâ® (P-
¯.­.).

�à®¬¥ â®£® ­¥®¡å®¤¨¬® á«¥¤ãîé¥¥ ­¥à ¢¥­áâ¢® ¤«ï áâ®å áâ¨ç¥áª¨å ¨­â¥£à «®¢

� ¥ ¬ ¬   3.2.3 �ãáâì f 2MT ; N > 0; C > 0; â®£¤ 

P

8<
:sup

[0;T ]

������
tZ

0

f(s; !)dw(s)

������ > C

9=
; � N

C2 +P

8<
:

TZ
0

f2(s; !)ds > N

9=
; : (3.2.12)

�«ï ¯®áâà®¥­¨ï ¨­â¥£à «  ¡¥à¥¬ á®®â¢¥âáâ¢ãîéãî ¯®á«¥¤®¢ â¥«ì­®áâì ¯à®áâëå äã­ªæ¨©, fn 2 MT ;
 ¯¯à®ªá¨¬¨àãîéãî f 2 PT ¯® ¢¥à®ïâ­®áâ¨, â®£¤  ¢ á®®â¢¥âáâ¢¨¨ á ­¥à ¢¥­áâ¢®¬ (3.2.12) ¤«ï " > 0; � > 0

lim
n;m!1P

8<
:
������
TZ
0

[fn(s; !) � fm(s; !)]dw(s)

������ > �

9=
; �

"

�2
+ lim

n;m!1P

8<
:

TZ
0

[fn(s; !) � fm(s; !)]2ds > "

9=
; =

"

�2
:



�âáî¤  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ " > 0 ¯®«ãç ¥¬

lim
n;m!1P

8<
:
������
TZ
0

fn(s; !)dw(s) �
TZ
0

fm(s; !)dw(s)

������ > �

9=
; = 0:

� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì ¨­â¥£à «®¢ ®â í«¥¬¥­â à­ëå äã­ªæ¨© áå®¤¨âáï ¯® ¢¥à®ïâ­®áâ¨ ª
­¥ª®â®à®© á«ãç ©­®© ¢¥«¨ç¨­¥, ª®â®à ï ¨ ­ §ë¢ ¥âáï áâ®å áâ¨ç¥áª¨¬ ¨­â¥£à «®¬ ®â äã­ªæ¨¨ f 2 PT :
�¥§ ¢¨á¨¬®áâì ®¯à¥¤¥«¥­­®£® â ª¨¬ ®¡à §®¬ ¨­â¥£à «  ®â ¢ë¡®à   ¯¯à®ªá¨¬¨àãîé¥© ¯®á«¥¤®¢ â¥«ì­®-
áâ¨ ¨ ¥£® á¢®©áâ¢  ¯à®¢¥àïîâáï  ­ «®£¨ç­® â®¬ã, ª ª íâ® ¤¥« ¥âáï ¤«ï ¨­â¥£à «  ®â äã­ªæ¨© ¨§MT ;  
¨¬¥­­®: ¯ãâ¥¬ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¢ á®®â¢¥âáâ¢ãîé¨å á®®â­®è¥­¨ïå ¤«ï ¯à®áâëå äã­ªæ¨©.

� à ¨ ¬ ¥ à 3.2.6 � áá¬®âà¨¬ ¢ëç¨á«¥­¨¥ ¨­â¥£à « 

tZ
0

w(s)dw(s):

�®áª®«ìªã §­ ç¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë w(t) - Ft ¨§¬¥à¨¬ë ¨ Mw2(t) = t; â® äã­ªæ¨ï f(t; !) 2 MT

¤«ï «î¡®£® T > 0: �«¥¤®¢ â¥«ì­®, ¤ ­­ë© ¨­â¥£à « ¬®¦­® ®¯à¥¤¥«¨âì, ¢ë¡à ¢ á®®â¢¥âáâ¢ãîéãî

 ¯¯à®ªá¨¬ æ¨î ¤«ï ¯à®æ¥áá  w: �®áâà®¨¬ íâã  ¯¯à®ªá¨¬ æ¨î á«¥¤ãîé¨¬ ®¡à §®¬: § ¤ ¤¨¬ ¯à¨ n � 1
¤¢®¨ç­®-à æ¨®­ «ì­®¥ à §¡¨¥­¨¥ ®âà¥§ª  [0; t] â®çª ¬¨

tk;n =
t

2n
k; k = 0; :::; 2n:

�¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©

fn(s; !) = w

�
t

2n
k

�
; ¯à¨t 2 (

t

2n
k;

t

2n
(k + 1)]:

�¡¥¤¨¬áï, çâ® íâ  ¯®á«¥¤®¢ â¥«ì­®áâì ¤¥©áâ¢¨â¥«ì­®  ¯¯à®ªá¨¬¨àã¥â �¨­¥à®¢áª¨© ¯à®æ¥áá. �ëç¨-
á«¨¬

M

tZ
0

jw(s)� fn(s; !)j2ds:

�ç¨âë¢ ï, çâ® ­  ª ¦¤®¬ ¨­â¥à¢ «¥ ( t
2n
k; t

2n
(k + 1)] à §­®áâ¨ w(s) � fn(s; !) ¨¬¥îâ ®¤¨­ ª®¢®¥ à á-

¯à¥¤¥«¥­¨¥, á®¢¯ ¤ îé¥¥ á à á¯à¥¤¥«¥­¨¥¬ �¨­¥à®¢áª®£® ¯à®æ¥áá  w(s� t
2n
k); ¯®«ãç ¥¬

M

tZ
0

jw(s) � fn(s; !)j2ds =
2n�1X
k=0

t=2nZ
0

Mw2(s)ds =
t2

2n+1
! 0:

� «¥¥ ¢ëç¨á«ï¥¬ ¨­â¥£à « ¤«ï ¯à®áâ®© äã­ªæ¨¨ fn

Jt(fn) =
2n�1X
k=0

w

�
t

2n
k

��
w

�
t

2n
(k + 1)

�
�w

�
t

2n
k

��
=

1

2

2n�1X
k=0

�
w2

�
t

2n
(k + 1)

�
� w2

�
t

2n
k

��
�
�
w

�
t

2n
(k + 1)

�
�w

�
t

2n
k

��2

=

w2(t)

2
� 1

2

2n�1X
k=0

�
w

�
t

2n
(k + 1)

�
� w

�
t

2n
k

��2

:



� ¯®«ãç¥­­®¬ á®®â­®è¥­¨¨ cã¬¬  ¯à¥¤áâ ¢«ï¥â á®¡®© ¢ëà ¦¥­¨¥, ª®â®à®¥ ¬ë ¨á¯®«ì§®¢ «¨ ¯à¨ ¢ëç¨-
á«¥­¨¨ ª¢ ¤à â¨ç¥áª®© ¢ à¨ æ¨¨ �¨­¥à®¢áª®© âà ¥ªâ®à¨¨ (á¬. �à¨¬¥à 3.2.5) ¨ áå®¤¨âáï ª t (P- ¯.­.).
� ª¨¬ ®¡à §®¬,

Jt(w) =

tZ
0

w(s)dw(s) = lim
n
Jt(fn) =

1

2

�
w2(t)� t

�
:

�â¬¥â¨¬ ®á®¡¥­­®áâì ¤ ­­®£® ¢ëà ¦¥­¨ï. �á«¨ ¡ë ¯à®æ¥áá w(t) ¡ë« ¤¨ää¥à¥­æ¨àã¥¬, â® ¢ëç¨á«¥­¨¥
¨­â¥£à «  ¢ ®¡ëç­®¬ á¬ëá«¥ ¤ «® ¡ë w2(t)=2:

�â®å áâ¨ç¥áª¨© ¨­â¥£à « ï¢«ï¥âáï ®á­®¢®© ¤«ï ¯®áâà®¥­¨ï è¨à®ª®£® ª« áá , â ª ­ §ë¢ ¥¬ëå, ¯à®-
æ¥áá®¢ �â®.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.2.7 �¥¯à¥àë¢­ë© á«ãç ©­ë© ¯à®æ¥áá � = f�(t);Ftg; t 2 [0; T ]g ­ §ë¢ ¥âáï ¯à®-
æ¥áá®¬ �â® ®â­®á¨â¥«ì­® �¨­¥à®¢áª®£® ¯à®æ¥áá  w = fw(t);Ftg; t 2 [0; T ] ¥á«¨ áãé¥áâ¢ãîâ ­¥ã¯à¥¦¤ -
îé¨¥ ¯à®æ¥ááë a = (a(t);Ft) ¨ b = (b(t);Ft) â ª¨¥, çâ®

P

8<
:

TZ
0

ja(t; !)jdt <1
9=
; = 1; P

8<
:

TZ
0

b2(t; !)dt <1
9=
; = 1

¨ á ¢¥à®ïâ­®áâìî 1 ¤«ï 0 � t � T

�(t) = �(0) +

tZ
0

a(s; !)ds +

tZ
0

b(s; !)dw(s):

� á®ªà é¥­­®¬ ¢¨¤¥ íâ® ãà ¢­¥­¨¥ ç áâ® § ¯¨áë¢ ¥âáï ¢ ä®à¬¥ áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ « 

d�(t) = a(t; !)dt+ b(t; !)dw(t): (3.2.13)

3.2.3 �®à¬ã«  �â®

�®à¬ã«  �â® § ¤ ¥â á®®â­®è¥­¨¥ ¤«ï ¢ëç¨á«¥­¨ï áâ®å áâ¨ç¥áª¨å ¤¨ää¥à­¥æ¨ «®¢. � ª« áá¨ç¥áª®¬
 ­ «¨§¥ ¥á«¨ âà¥¡ã¥âáï ¢ëç¨á«¨âì ¤¨ää¥à¥­æ¨ « ­¥ª®â®à®© ¤¨ää¥à¥­æ¨àã¥¬®© äã­ªæ¨¨ f(t; x) ¯à¨
x = x(t) ¨á¯®«ì§ã¥âáï ä®à¬ã«  à §«®¦¥­¨ï ¢ àï¤ �¥©«®à  á â®ç­®áâìî ¤® ç«¥­®¢ ¢â®à®£® ¯®àï¤ª  ¯®
�t; ª®â®à ï ¤ ¥â á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥

df(t; x(t)) = f
0

t (t; x(t))dt+ f
0

x(t; x(t))dx(t) =

f
0

t (t; x(t))dt+ f
0

x(t; x(t))x
0

t(t)dt;

¯à¨ íâ®¬ ¤ ­­®© ä®à¬ã«¥ ¯à¨¤ ¥âáï á«¥¤ãîé¨© á¬ëá«:

f(t +�t; x(t+�t))� f(t; x(t)) = [f
0

t (t; x(t)) + f
0

x(t; x(t))x
0

t(t)]�t+ o(j�tj);
£¤¥

o(j�tj)
j�tj ! 0; �t! 0:

�á«¨ ¯à®æ¥áá x(t) ¨¬¥¥â áâ®å áâ¨ç¥áª¨© ¤¨ää¥à¥­æ¨ «, â® ¤ ­­ ï ä®à¬ã« , ¢®®¡é¥ £®¢®àï, ­¥ ¢¥à­ .
�®áª®«ìªã

Mjw(t+�t)�w(t)j2 = j�tj;
â® ¤«ï ¢ëç¨á«¥­¨ï à §«®¦¥­¨ï äã­ªæ¨¨ f(t; x(t)) á â®ç­®áâìî ¤® ç«¥­®¢ ¯¥à¢®£® ¯®àï¤ª  ¯®�t âà¥¡ã¥âáï
¨á¯®«ì§®¢ âì à §«®¦¥­¨¥ ¢ àï¤ �¥©«®à  ¯® �t á â®ç­®áâìî ¤® ç«¥­®¢ ¢â®à®£® ¯®àï¤ª ,   ¯® �w(t) c á
â®ç­®áâìî ¤® ç«¥­®¢ âà¥âì¥£® ¯®àï¤ª . � à¥§ã«ìâ â¥ ¢ ¢ëà ¦¥­¨¨ ¤«ï áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ « 
¯®ï¢«ïîâáï ¤®¯®«­¨â¥«ì­ë¥ á« £ ¥¬ë¥.



� ¥ ® à ¥ ¬   3.2.3 [�®à¬ã«  �â®] �ãáâì á«ãç ©­ë© ¯à®æ¥áá �(t) ¨¬¥¥â áâ®å áâ¨ç¥áª¨© ¤¨ää¥à¥­-
æ¨ « (3.2.13),   äã­ªæ¨ï f(t; x) ¨¬¥¥â ­¥¯à¥àë¢­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ f

0

t (t; x); f
0

x(t; x) ¨ f
00

xx(t; x):
�®£¤  ¯à®æ¥áá f(t; �(t)) â ª¦¥ ¨¬¥¥â áâ®å áâ¨ç¥áª¨© ¤¨ää¥à¥­æ¨ «, à ¢­ë©

df(t; �(t)) = [f
0

t(t; �(t)) + f
0

x(t; �(t))a(t; !) +
1
2f

00

xx(t; �(t))b
2(t; !)]dt+

f
0

x(t; �(t))b(t; !)dw(t):

�®ª § â¥«ìáâ¢®. � á¨«ã ®¯à¥¤¥«¥­¨ï áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ª ª ¯à¥¤¥« , ¢ëç¨á«ï¥¬®£® ¯® ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ ¯à®áâëå äã­ªæ¨©, ¬®¦­® ¤®ª §ë¢ âì ä®à¬ã«ã «¨èì ¤«ï á«ãç ï, ª®£¤  äã­ªæ¨ï �(t)
ï¢«ï¥âáï ¯à®áâ®© ¨ ¡®«¥¥ â®£® ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥

�(t) = �(0) + at+ bw(t);

£¤¥ a = a(!); b = b(!) - á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ­¥ § ¢¨áïé¨¥ ®â ¢à¥¬¥­¨. � ª®¥ ¯à¥¤áâ ¢«¥­¨¥ á¯à ¢¥¤«¨¢®
­  ª ¦¤®¬ ¨­â¥à¢ «¥ (ti; ti+1] ¯®áâ®ï­áâ¢  ¯à®áâ®© äã­ªæ¨¨ ( á¬. ®¯à¥¤¥«¥­¨¥ (3.2.5).

� «¥¥ ¬®¦­® ¯®« £ âì, çâ® f(t; �(t)) = f(t; at + bw(t)) ¨ áãé¥áâ¢ã¥â ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­-
æ¨àã¥¬ ï äã­ªæ¨ï u(t; x) â ª ï, çâ® f(t; at + bw(t)) = u(t; w(t)); ¨ á«¥¤®¢ â¥«ì­®, ­ ¬ ­ã¦­® ¤®ª § âì
ä®à¬ã«ã «¨èì ¤«ï äã­ªæ¨© â¨¯  u(t; w(t)): � ª¦¥ ª ª ¯à¨ ¢ëç¨á«¥­¨¨ ¨­â¥£à «  ®â �¨­¥à®¢áª®£® ¯à®-
æ¥áá  (�à¨¬¥à 3.2.6) § ¤ ¤¨¬ ¯à¨ n � 1 ¤¢®¨ç­®-à æ¨®­ «ì­®¥ à §¡¨¥­¨¥ ®âà¥§ª  [0; t] â®çª ¬¨

tk;n =
t

2n
k; k = 0; :::; 2n;

¯à¨¬¥¬ ®¡®§­ ç¥­¨ï
�t = t2�n; �wk = w[(k + 1)�t]� w[k�t]

¨ ¢ëç¨á«¨¬ à §­®áâì u(t; w(t))�u(0; 0): �à¨ íâ®¬ ¬ë ¨á¯®«ì§ã¥¬ à §«®¦¥­¨¥ äã­ªæ¨¨ u ¢ àï¤ �¥©«®à ,
á®åà ­ïï «¨èì ç«¥­ë ¯¥à¢®£® ¯®àï¤ª  ¯® �t ¨ ãç¨âë¢ ï, çâ® M(�wk)

2 = �t: �ë¯®«­¨¢ áâ ­¤ àâ­ë¥
¯à¥®¡à §®¢ ­¨ï, ¯®«ãç¨¬

u(t; w(t))� u(0; 0) =
2n�1X
k=0

fu((k + 1)�t; w[(k+ 1)�t])� u(k�t; w[k�t])g=

2n�1X
k=0

fu((k + 1)�t; w[(k+ 1)�t])� u(k�t; w[(k+ 1)�t])g+

2n�1X
k=0

fu(k�t; w[(k+ 1)�t])� u(k�t; w[k�t])g= S1n + S2n:

S1n =
2n�1X
k=0

u
0

t(k�t; w[(k+ 1)�t])�t+

n
u
0

t((k + �1k)�t; w[(k+ 1)�t])� u
0

t(k�t; w[(k+ 1)�t])
o
�t

S2n =
2n�1X
k=0

u
0

x(k�t; w[k�t])�wk+
1

2
u
00

xx(k�t; w[k�t])(�wk)
2+

1

2

n
u
00

xx((k�t; w[k�t] + �2k�wk) � u
00

xx(k�t; w[k�t])
o
(�wk)

2;

£¤¥ �1k; �
2
k - á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ ¬

0 � �1k � 1; 0 � �1k � 1:



� ¬¥â¨¬, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë

�n = sup
0�k�2n�1

���u0t((k + �1k)�t; w[(k+ 1)�t])� u
0

t(k�t; w[(k+ 1)�t])
���

¨
�n = sup

0�k�2n�1

���u00xx((k�t; w[k�t]+ �2k�wk)� u
00

xx(k�t; w[k�t])
���

áâà¥¬ïâáï ª ­ã«î (P- ¯.­.), ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ �¨­¥à®¢áª®£® ¯à®æ¥áá  ¨ äã­ªæ¨© u
0

t; u
00

xx:
� ª¨¬ ®¡à §®¬ ¬ë ¯®«ãç ¥¬ á®®â­®è¥­¨¥

u(t; w(t))� u(0; 0) =
2n�1X
k=0

u
0

t(k�t; w[(k+ 1)�t])�t+

2n�1X
k=0

fu0x(k�t; w[k�t])�wk+
1

2
u
00

xx(k�t; w[k�t])�tg+

An +Bn +Cn;

(3.2.14)

£¤¥

An � �nt; Bn � 1

2
�n

2n�1X
k=0

(�wk)
2;

Cn =
1

2

2n�1X
k=0

u
00

xx(k�t; w[k�t])((�wk)
2 ��t):

�á­®, çâ® An ¨ Bn áâà¥¬ïâáï ª ­ã«î (P- ¯.­.), ¯®áª®«ìªã

2n�1X
k=0

(�wk)
2 ! t;

(á¬. �à¨¬¥à 3.2.5.) �®ª ¦¥¬, çâ® ¨ Cn! 0 ¯® ¢¥à®ïâ­®áâ¨.
�«ï ¤®ª § â¥«ìáâ¢  ¢¢¥¤¥¬ ¨­¤¨ª â®à­ãî äã­ªæ¨î

INn = If max
0�k�2n�1

jw[k�t]j � Ng:

�®£¤ 

M

"
2n�1X
k=0

u
00

xx(k�t; w[k�t])I
N
n ((�wk)

2 ��t)

#2
�

sup
s�t;jxj�N

ju00xx(s; x)j2
2n�1X
k=0

(M((�wk)
2 ��t)2 =

2 sup
s�t;jxj�N

ju00xx(s; x)j2
2n�1X
k=0

(�t)2 ! 0; n!1:

� «¥¥

P

(
2n�1X
k=0

u
00

xx(k�t; w[k�t])(1� INn )((�wk)
2 ��t) 6= 0

)
�

P

�
sup
s�t

jw(s)j > N

�
! 0; N !1:



�§ íâ¨å á®®â­®è¥­¨© á«¥¤ã¥â, çâ® Cn ! 0 ¯® ¢¥à®ïâ­®áâ¨. �¥©áâ¢¨â¥«ì­®, ¯¥à¢®¥ ¨§ ­¨å ®§­ ç ¥â, çâ®
CnI

N
n ! 0 ¯® ¢¥à®ïâ­®áâ¨, ¢â®à®¥, çâ®

PfjCn(1� INn j > "g � Pfsup
s�t

jw(s)j > Ng ! 0:

�«¥¤®¢ â¥«ì­®,

PfjCnj > "g � P
n
jCnINn j >

"

2

o
+ P

n
jCn(1� INn )j > "

2

o
! 0; n!1:

�¥à¥å®¤ï â¥¯¥àì ª ¯à¥¤¥«ã ¯à¨ n ! 1 ¨ ãç¨âë¢ ï, çâ® áã¬¬ë ¢ (3.2.14) áâà¥¬ïâáï ª ¨­â¥£à « ¬,
¯®«ãç ¥¬, çâ® ¯à®æ¥áá u(t; w(t)) ¢ (3.2.14) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

u(t; w(t))� u(0; 0) =

tZ
0

u
0

t(s; w(s))ds +

tZ
0

u
0

x(s; w(s))dw(s) +
1

2

tZ
0

u
00

xx(s; w(s))ds:
(3.2.15)

� «¥¥ ¯®áª®«ìªã äã­ªæ¨ï u ¨ ¥¥ ¯à®¨§¢®¤­ë¥ á¢ï§ ­  á äã­ªæ¨¥© f áá®â­®è¥­¨ï¬¨

u
0

t(s; w(s)) = f
0

t (s; �(s)) + af
0

x(s; �(s));

u
0

x(s; w(s)) = bf
0

x(s; �(s));

u
00

xx(s; w(s)) = b2f
00

xx(s; �(s));

¯®¤áâ ­®¢ª  ª®â®àëå ¢ ãà ¢­¥­¨¥ (3.2.15) ¤ ¥â ­ã¦­ë© à¥§ã«ìâ â

f(t; �(t)) = f(0; 0) +

tZ
0

[f
0

t (s; �(s)) + af
0

x(s; �(s)) +
1

2
b2f

00

xx(s; �(s))]ds+

tZ
0

bf
0

x(s; �(s))dw(s):

� á«ãç ¥ ¢¥ªâ®à­®£® á«ãç ©­®£® ¯à®æ¥áá  �â® �(t) 2 Rm ¯à®æ¥áá �(t) ¨¬¥¥â áâ®å áâ¨ç¥áª¨© ¤¨ää¥-
à¥­æ¨ «

d�(t) = a(t; !)dt+ b(t; !)dW (t); (3.2.16)

£¤¥W = (w1; :::; wm) - ¢¥ªâ®à­ë© �¨­¥à®¢áª¨© ¯à®æ¥áá, ª®¬¯®­¥­âë ¢¥ªâ®à-äã­ªæ¨¨ a(t; !) = (a1(t; !); :::; am(t; !)
¨ ¬ âà¨ç­®© äã­ªæ¨¨ b(t; !) = kbij(t; !)k; i; j = 1; :::;m ¥áâì ­¥ã¯à¥¦¤ îé¨¥ á«ãç ©­ë¥ ¯à®æ¥ááë, ã¤®-
¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

P

8<
:

TZ
0

jai(t; !)jdt <1
9=
; = 1; i = 1; :::;m;

P

8<
:

TZ
0

b2ij(t; !)dt <1
9=
; = 1; i; j = 1; :::;m:

�à ¢­¥­¨¥ (3.2.16) § ¯¨áë¢ ¥âáï â®£¤  ¢ ¢¨¤¥

d�i(t) = ai(t; !)dt+
mX
j=1

bij(t; !)dwj(t); i = 1; :::m: (3.2.17)

�«¥¤ãîé ï â¥®à¥¬  ®¯à¥¤¥«ï¥â áâ®å áâ¨ç¥áª¨© ¤¨ää¥à¥­æ¨ « ¢ á«ãç ¥ äã­ªæ¨¨ ¢¥ªâ®à­®£®  à£ã-
¬¥­â . �®ª § â¥«ìáâ¢® ¢¥ªâ®à­®£® á«ãç ï ¯®«­®áâìî ¯®¢â®àï¥â á«ãç © m = 1:



� ¥ ® à ¥ ¬   3.2.4 [�®à¬ã«  �â® ¤«ï ¢¥ªâ®à­®£® ¯à®æ¥áá ] �ãáâì ¢¥ªâ®à­ë© á«ãç ©­ë© ¯à®æ¥áá �(t)
¨¬¥¥â áâ®å áâ¨ç¥áª¨© ¤¨ää¥à¥­æ¨ « (3.2.17),   äã­ªæ¨ï f(t; x) ­¥¯à¥àë¢­  ¨ ¨¬¥¥â ­¥¯à¥àë¢­ë¥ ç áâ-
­ë¥ ¯à®¨§¢®¤­ë¥ f

0

t (t; x); f
0

x(t; x) ¨ f
00

xx(t; x): �®£¤  ¯à®æ¥áá f(t; �1(t); :::; �m(t)) â ª¦¥ ¨¬¥¥â áâ®å áâ¨ç¥-
áª¨© ¤¨ää¥à¥­æ¨ «, à ¢­ë©

df(t; �1(t); :::; �m(t)) ="
f
0

t (t; �1(t); :::; �m(t)) +
mX
i=1

f
0

xi
(t; �1(t); :::; �m(t))ai(t; !)+

1

2

mX
i;j=1

f
00

xixj
(t; �1(t); :::; �m(t))

mX
k=1

bik(t; !)bjk(t; !)

3
5 dt+

mX
i;j=1

f
0

xi(t; �1(t); :::; �m(t))bij(t; !)dwj(t):

� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à¨¬¥àë ¨á¯®«ì§®¢ ­¨ï ä®à¬ã«ë �â®.

� à ¨ ¬ ¥ à 3.2.7 � áá¬®âà¨¬ ¤¢  ¢¥ªâ®à­ëå ¯à®æ¥áá  Xi = (xi(t);Ft); i = 1; 2) á ¤¨ää¥à¥­æ¨ « ¬¨

dxi = ai(t; !)dt+ bi(t; !)dW (t);

£¤¥ W (t) - �¨­¥à®¢áª¨© ¯à®æ¥áá à §¬¥à­®áâ¨ k; ¯à®æ¥ááë x1 2 Rn ¨ x2 2 Rm, a1 2 Rn; a2 2 Rm;
á®®â¢¥âáâ¢¥­­®, b1 - ¬ âà¨æ  à §¬¥à  n� k ¨ b2 - ¬ âà¨æ  à §¬¥à  m � k:

� áá¬®âà¨¬ ¬ âà¨ç­ë© ¯à®æ¥áá Y (t) = x1(t)x�2(t): �à¨¬¥­¥­¨¥ ¢¥ªâ®à­®© ä®à¬ã«ë �â® ª í«¥¬¥­-
â ¬ ¬ âà¨æë Y (t) ¤ ¥â á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥ ¤«ï ¤¨ää¥à¥­æ¨ « 

dY (t) = [x1(t)a�2(t) + a1(t)x�2(t) + b1(t)b�2(t)] dt+

b1(t)dW (t)x�2(t) + x1dW
�(t)b2(t):

(3.2.18)

� à ¨ ¬ ¥ à 3.2.8 �ãáâì f(t; x1; :::; xm) = (x;B(t)x); £¤¥ B(t) - ­¥ª®â®à ï ­¥á«ãç ©­ ï ¬ âà¨æ  à §-
¬¥à  m�m á ¤¨ää¥à¥­æ¨àã¥¬ë¬¨ í«¥¬¥­â ¬¨. �ãáâì X = (x(t);Ft) - ¯à®æ¥áá �â® á ¤¨ää¥à¥­æ¨ «®¬

dx(t) = a(t)x(t)dt+ b(t)dW (t)

á k - ¬¥à­ë¬ �¨­¥à®¢áª¨¬ ¯à®æ¥áá®¬, ¨ ¬ âà¨æ¥© b(t) à §¬¥à  m�k: �¯à¥¤¥«¨¬ ¤¨ää¥à¥­æ¨ « ¯à®æ¥áá 

Y (t) = (x(t); B(t)x(t)): �­ ç «¥ ­ ©¤¥¬ ¤¨ää¥à¥­æ¨ « ¯à®æ¥áá  y(t) = B(t)x(t): �à¨¬¥­¥­¨¥ ¢¥ªâ®à­®©
ä®à¬ã«ë �â® ¤ ¥â

dy(t) = [ _B(t)x(t) +B(t)a(t)]dt+ B(t)b(t)dW (t):

� «¥¥ ¨á¯®«ì§ã¥¬ á®®â­®è¥­¨¥ (3.2.18), á®£« á­® ª®â®à®¬ã

d(x(t)y�(t)) = [a(t)y�(t) + x(t)x�(t)B�(t) + b(t)b�(t)B(t)]dt+

x(t)dW �(t)b�(t)B�(t) + b(t)dW (t)x�(t)B�(t):



�®áª®«ìªã (x(t); B(t)x(t)) = Sp (x(t)y�(t)); â®

d(x(t); B(t)x(t)) = Sp d(x(t); y�(t)) =

h
Spfa(t)x�(t)B�(t)g+ Spfx(t)x�(t) _B�(t)g+ Spfx(t)a�(t)B�(t)g+

Spfb(t)b�(t)B(t)g] dt+

Spfx(t)dW �(t)b�(t)B�(t)g + Spfb(t)dW (t)x�(t)B(t)g =

h
(x(t); B�(t)a(t)) + (x(t); B(t)a(t)) + (x(t); _B(t)x(t))+

Spfb(t)b�(t)B(t)g] dt+

(b�(t)B�(t)x(t); dW (t)) + (b�(t)B(t)x(t); dW (t)):

� ª¨¬ ®¡à §®¬, ®ª®­ç â¥«ì­®¥ ¢ëà ¦¥­¨¥ ¨¬¥¥â ¢¨¤

d(x(t); B(t)x(t)) =

n
(x(t); _B(t)x(t)) + (x(t); [B(t) + B�(t)]a(t) + Spfb(t)b�(t)B(t)g

o
dt+

(b�(t)[B(t) + B�(t)]x(t); dW (t)):

(3.2.19)

� à ¨ ¬ ¥ à 3.2.9 �ãáâì a(t) = a(t; !) 2 PT ; ¨

�(t) = exp

8<
:

tZ
0

a(s)dw(s) � 1

2

tZ
0

a2(s)ds

9=
; :

�¯à¥¤¥«¨¬ áâ®å áâ¨ç¥áª¨© ¤¨ää¥à¥­æ¨ « ¯à®æ¥áá  �(t): �® ä®à¬ã«¥ �â® ¤«ï f(x) = exp(x) ¤«ï ¯à®æ¥áá 
�â®

dx(t) =

tZ
0

a(s)dw(s) � 1

2

tZ
0

a2(s)ds

¨¬¥¥¬

d�(t) = �(t)a(t)dw(t): (3.2.20)

�­ «®£¨ç­® ¯®«ãç ¥¬ á®®â­®è¥­¨¥

d

�
1

�(t)

�
=

�
1

�(t)

��
a2(t)dt� a(t)dw(t)

�
: (3.2.21)

� ¬¥â¨¬ â ª¦¥, çâ® Pf inf
t�T

�(t) > 0g = 1; ¯®áª®«ìªã á®£« á­® ãá«®¢¨î Pf
TR
0

a2(t)dt <1g = 1: �§ ä®à¬ã-

«ë (3.2.20) á«¥¤ã¥â, çâ® ¯à¨ ¤®áâ â®ç­® à¥£ã«ïà­®¬ ¯®¢¥¤¥­¨¨ äã­ªæ¨¨ a(t; !) ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥
M�(t) = 1: �¥©áâ¢¨â¥«ì­®, ãà ¢­¥­¨¥ (3.2.20) íª¢¨¢ «¥­â­® á®®â­®è¥­¨î

�(t) = �(0) +

tZ
0

�(s)a(s)dw(s):

�á«¨
TR
0

M�2(s)a2(s)ds < 1; (íâ® ­¥à ¢¥­áâ¢® «¥£ª® ãáâ ¢«¨¢ ¥âáï, ­ ¯à¨¬¥à, ¢ á«ãç ¥ ¤¥â¥à¬¨­¨à®¢ ­-

­®© äã­ªæ¨¨ a(t)) â®

M

tZ
0

�(s)a(s)dw(s) = 0;



¨ á«¥¤®¢ â¥«ì­®, M�(t) = �(0) = 1:

� à ¨ ¬ ¥ à 3.2.10 �ãáâì a(t); b(t) - ¤¥â¥à¬¨­¨à®¢ ­­ë¥ äã­ªæ¨¨, ­  ®âà¥§ª¥ [0; T ] ¨

TZ
0

ja(t)jdt <1;

TZ
0

b2(t)dt <1:

�¡®§­ ç¨¬ ç¥à¥§

�(t; u) = exp

8<
:

tZ
u

a(s)ds

9=
; ;

¨ à áá¬®âà¨¬ á«ãç ©­ë© ¯à®æ¥áá

x(t) = �(t; 0)� +

tZ
0

�(t; s)b(s)dw(s): (3.2.22)

�®£¤  x(t) ¨¬¥¥â áâ®å áâ¨ç¥áª¨© ¤¨ää¥à¥­æ¨ «

dx(t) = a(t)x(t)dt+ b(t)dw(t); x(0) = �: (3.2.23)

� ª¨¬ ®¡à §®¬ ä®à¬ã«  (3.2.22) § ¤ ¥â ¯à¥¤áâ ¢«¥­¨¥ ¤«ï à¥è¥­¨ï «¨­¥©­®£® ãà ¢­¥­¨ï ¢ ä®à¬¥ ¯à®-
æ¥áá  �â®.

3.2.4 � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì­®£® à¥è¥­¨ï

3.2.1. �ë¢¥áâ¨ á®®â­®è¥­¨ï (3.2.3).

3.2.2. �®ª § âì, çâ® �à®ã­®¢áª®¥ ¤¢¨¦¥­¨¥ ­ ç¨­ ¥âáï § ­®¢® ¢ ª ¦¤ë© � àª®¢áª¨© ¬®¬¥­â ¢à¥¬¥­¨.
�ãáâì w(t); t � 0 - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï, ¨ � - ¬®¬¥­â ®áâ ­®¢ª¨ ®â­®á¨â¥«ì­® Fw

t =
�fw(s) : 0 � s � tg; â® ¥áâì á®¡ëâ¨¥ f� � tg 2 Ft ¤«ï «î¡®£® t � 0 ¨ Pf� <1g = 1: �®£¤  ¯à®æ¥áá

�(s) = �(� + s) � �(� ); s � 0

¥áâì ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï.

3.2.3. �®ª § âì á®®â­®è¥­¨¥ (3.2.5).

3.2.4. �®ª § âì á¢®©áâ¢  1) - 6) áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ®â ¯à®áâëå äã­ªæ¨©.

3.2.5. �®ª § âì, çâ® áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ®â äã­ªæ¨¨ f 2 MT ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ ¯à®áâëå äã­ªæ¨©,  ¯¯à®ªá¨¬¨àãîé¨å f: �­ë¬¨ á«®¢ ¬¨, ¥á«¨ ¥áâì ¤¢¥ à §«¨ç­ë¥ ¯®á«¥¤®-
¢ â¥«ì­®áâ¨ ¯à®áâëå äã­ªæ¨© ffng ¨ fgng;  ¯¯à®ªá¨¬¨àãîé¨¥ f ¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï (3.2.9) ¨
®¯à¥¤¥«ïîé¨¥ áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ¯® ä®à¬ã« ¬

Jt(f) = l:i:m:
n

Jt(fn);

J
0

t(f) = l:i:m:
n

Jt(gn);

â®

MjJt(f) � J
0

t (f)j2 = 0:

3.2.6. �®ª § âì á¢®©áâ¢  1) - 6) áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ®â äã­ªæ¨¨ f 2MT :



3.2.7. �ãáâì ¢ �à¨¬¥à¥ 3.2.3 a(t) - ¤¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï ¨

TZ
0

a2(s)ds <1:

�®ª § âì, çâ®

M��1(t) = exp

8<
:

tZ
0

a2(s)ds

9=
; :

3.2.8. �ãáâì f(t) ¤¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï ¨ sup
[0;T ]

jf(t)j � K: �®ª § âì, çâ®

M

8<
:

tZ
0

f(s)dw(s)

9=
;

2m

� K2mtm(2m � 1)!!:

[�ª § ­¨¥: à áá¬®âà¥âì ¯à®æ¥áá x(t) =
tR
0

f(s)dw(s); ¨ ¯à¨¬¥­¨âì ä®à¬ã«ã �â® ª ¯à®æ¥ááã z(t) =

x2m(t):]

3.2.9. �®  ­ «®£¨¨ á ¤®ª § â¥«ìáâ¢®¬ ¤«ï áª «ïà­®£® á«ãç ï ¢ë¢¥áâ¨ ä®à¬ã«ã �â® ¤«ï ¢¥ªâ®à­®£® ¯à®-
æ¥áá  (�¥®à¥¬  3.2.4).

3.2.10. �®ª § âì, çâ® áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ®â ¤¥â¥à¬¨­¨à®¢ ­­®© äã­ªæ¨¨

x(t) =

tZ
0

f(s)dw(s)

¥áâì £ ãáá®¢áª¨© á«ãç ©­ë© ¯à®æ¥áá ¨ ­ ©â¨ ¥£® å à ªâ¥à¨áâ¨ª¨:

Mx(t); cov(x(t); x(s)):

3.2.11. � �à¨¬¥à¥ 3.2.10 ¯®ª § âì á ¯®¬®éìî ä®à¬ã«ë �â®, çâ® ¯à®æ¥áá (3.2.22) ¤¥©áâ¢¨â¥«ì­® ã¤®¢«¥â¢®-
àï¥â ãà ¢­¥­¨î (3.2.23).

3.2.12. � �à¨¬¥à¥ 3.2.10,¢®á¯®«ì§®¢ ¢è¨áìä®à¬ã«®© (3.2.22), ­ ©â¨ ¢ëà ¦¥­¨ï ¤«ïMx(t) ¨ cov(x(t); x(s)):



3.3 �â®å áâ¨ç¥áª¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï

� à §¤¥«¥ ?? £®¢®à¨«®áì ® ¯à®æ¥áá å ¤¨ääã§¨®­­®£® â¨¯ , í¢®«îæ¨ï ª®â®àëå ¬®¦¥â ¡ëâì ®¯¨á ­  ¢
â¥à¬¨­ å áà¥¤­¥© áª®à®áâ¨ ¤¢¨¦¥­¨ï - "¤à¥©ä ", ¨ ¢¥«¨ç¨­ë ¥¥ ä«ãªâã æ¨© "¤¨ääã§¨¨". �á«¨ íâ¨
å à ªâ¥à¨áâ¨ª¨ ï¢«ïîâáï äã­ªæ¨ï¬¨ â¥ªãé¥£® á®áâ®ï­¨ï, â® í¢®«îæ¨ï â ª®£® ¯à®æ¥áá  ¬®¦¥â ¡ëâì
®¯¨á ­  ãà ¢­¥­¨¥¬,  ­ «®£¨ç­ë¬ ®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î, ¤«ï ª®â®à®£® áª®-
à®áâì ¥áâì ¤¥â¥à¬¨­¨à®¢ ­­ ï äã­ªæ¨ï â¥ªãé¥£® á®áâ®ï­¨ï,   ¢¥«¨ç¨­  ä«ãªâã æ¨© à ¢­  ­ã«î.�¥®à¨ï
áâ®å áâ¨ç¥áª®£® ¨­â¥£à¨à®¢ ­¨ï ¯®§¢®«ï¥â ¤ âì áâà®£®¥ ®¯à¥¤¥«¥­¨¥ á«ãç ©­®£® ¯à®æ¥áá , ï¢«ïîé¥£®áï
à¥è¥­¨¥¬ áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï.

3.3.1 �¯à¥¤¥«¥­¨¥ ¨ ®á­®¢­ë¥ á¢®©áâ¢  áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨©

�ãáâì a(t; x) ¨ b(t; x) - ­¥ª®â®àë¥ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¯à¨ t 2 [0; T ], x 2 R1; Ft - ­¥ª®â®à®¥ ­¥ã¡ë¢ -
îé¥¥ á¥¬¥©áâ¢® ��  «£¥¡à ¨ (w(t);Ft) - �¨­¥à®¢áª¨© ¯à®æ¥áá.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.3.1 �«ãç ©­ë© ¯à®æ¥áá f�(t); t � 0g , § ¤ ­ë© ­  ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­-
áâ¢¥ f
;F ;Pg , ­ §ë¢ ¥âáï à¥è¥­¨¥¬ (á¨«ì­ë¬ à¥è¥­¨¥¬) áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-
­¥­¨ï

d�(t) = a(t; �(t))dt+ b(t; �(t))dw(t) (3.3.1)

á F0 - ¨§¬¥à¨¬ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬ �(0) = �; ¥á«¨ ®­ ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1. �(t)� ­¥¯à¥àë¢¥­ (P- ¯.­.);

2. ¯à¨ ª ¦¤®¬ t 2 [0; T ] á«ãç ©­ë¥ ¢¥«¨ç¨­ë �(t) Ft� ¨§¬¥à¨¬ë;

3. P

(
TR
0

ja(t; �(t))jdt <1
)

= 1; P

(
TR
0

b2(t; �(t))dt <1
)

= 1;

4. ¤«ï ª ¦¤®£® t 2 [0; T ] á ¢¥à®ïâ­®áâìî 1

�(t) = � +

tZ
0

a(s; �(s))ds +

tZ
0

b(s; �(s))dw(s):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 3.3.2 �â®å áâ¨ç¥áª®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (3.3.1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ (¥¤¨­áâ¢¥­­®¥ á¨«ì­®¥ à¥è¥­¨¥) ¥á«¨ ¤«ï «î¡ëå ¥£® ¤¢ãå à¥è¥­¨© �1(t) ¨ �2(t)

Pfsup
[0;T ]

j�1(t)� �2(t)j > 0g = 0: (3.3.2)

�á«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï
¤ îâáï á«¥¤ãîé¥© â¥®à¥¬®©

� ¥ ® à ¥ ¬   3.3.1 �ãáâì a(t; x) ¨ b(t; x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯è¨æ 

ja(t; x)� a(t; y)j2 + jb(t; x)� b(t; y)j2 � Ljx� yj2; (3.3.3)

¨ ãá«®¢¨î «¨­¥©­®£® à®áâ 

a2(t; x) + b2(t; x) � L(1 + x2); (3.3.4)

£¤¥ L > 0 - ­¥ª®â®à ï ª®­áâ ­â ,   x; y 2 R1:
�ãáâì � = �(!) F0 - ¨§¬¥à¨¬ ï á«ãç ©­ ï ¢¥«¨ç¨­ , â ª ï çâ® P(j�(!)j <1) = 1:
�®£¤ :



1. ãà ¢­¥­¨¥ (3.3.1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ �(0) = �;

2. ¥á«¨ M�2m <1; m � 1; â®

Mj�(t)j2m � C(L; T )(1 +M�2m); (3.3.5)

£¤¥ ª®­áâ ­â  C § ¢¨á¨â «¨èì ®â L ¨ T:

�¥ªâ®à­ë© ¢ à¨ ­â â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ ¢ë¯®«­ï¥âáï ¯à¨ á«¥¤ãîé¨å ãá«®-
¢¨ïå:

ãá«®¢¨¥ �¨¯è¨æ 

ka(t; x)� a(t; y)k2 + kb(t; x)� b(t; y)k2 � Lkx� yk2; (3.3.6)

¨ ãá«®¢¨¥ «¨­¥©­®£® à®áâ 

ka(t; x)k2 + kb(t; x)k2 � L(1 + kxk2); (3.3.7)

£¤¥ L > 0 - ­¥ª®â®à ï ª®­áâ ­â ,   x; y 2 Rn: �à¨ ¢ë¯®«­¥­¨¨ íâ¨å ãá«®¢¨© ¢¥ªâ®à­®¥ ¤¨ää¥à¥­æ¨-
 «ì­®¥ ãà ¢­¥­¨¥ (3.3.1)

1. ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ á ­ ç «ì­ë¬ ãá«®¢¨¥¬ �(0) = � 2 Rn;

2. ¥á«¨ Mk�k2m <1; m � 1; â®

Mk�(t)k2m � C(L; T; n)(1 +M�2m); (3.3.8)

£¤¥ ª®­áâ ­â  C § ¢¨á¨â «¨èì ®â L; T ¨ à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢  n:

�«ãç ©­ë© ¯à®æ¥áá, ï¢«ïîé¨©áï à¥è¥­¨¥¬ áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¯à¨ ®¯à¥-
¤¥«¥­­®© áâ¥¯¥­¨ à¥£ã«ïà­®áâ¨ ª®íää¨æ¨¥­â®¢ á­®á  ¨ ¤¨ääã§¨¨ ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ à¥£ã«ïà­®áâ¨,
â ª¨¬¨ ª ª ­¥¯à¥àë¢­ ï § ¢¨á¨¬®áâì ®â ­ ç «ì­ëå ãá«®¢¨©, ¤¨ää¥à¥­æ¨àã¥¬®áâì ¯® ­ ç «ì­ë¬ ãá«®-
¢¨ï¬, ¬ àª®¢®áâì ¨ ¤à.

� ¥ ® à ¥ ¬   3.3.2 [�¥¯à¥àë¢­®áâì ¯® ­ ç «ì­®¬ã ãá«®¢¨î] �ãáâì äã­ªæ¨¨ a ¨ b ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬ (3.3.6), (3.3.7) â¥®à¥¬ë 3.3.1. �ãáâì ­ ç «ì­®¥ ãá«®¢¨¥ � = x 2 Rn ¤¥â¥à¬¨­¨à®¢ ­­® ¨ �x(t)
- ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3.3.1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ �(0) = x: �®£¤ 

M

(
sup
[0;T ]

k�x(t)� �y(t)k2
)
� C(L; T; n)kx� yk2; (3.3.9)

£¤¥ ª®­áâ ­â  C § ¢¨á¨â «¨èì ®â L; T ¨ à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢  n:

� ¥ ® à ¥ ¬   3.3.3 [�¥¯à¥àë¢­ ï § ¢¨á¨¬®áâì ®â ¯ à ¬¥âà ] �ãáâì äã­ªæ¨¨ a(t; x; �) ¨ b(t; x; �) ­¥-
¯à¥àë¢­ë ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå, ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (3.3.6), (3.3.7) â¥®à¥¬ë 3.3.1 ¯à¨

«î¡®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  �: �ãáâì ­ ç «ì­®¥ ãá«®¢¨¥ � 2 Rn ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

Mk�k2 <1
¨ ��(t) - ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3.3.1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ ��(0) = �: �®£¤ 

lim
�!�0

M

(
sup
[0;T ]

k��(t) � ��0 (t)k2
)

= 0: (3.3.10)

� ¥ ® à ¥ ¬   3.3.4 [�¨ää¥à¥­æ¨àã¥¬®áâì ¯® ­ ç «ì­ë¬ ãá«®¢¨ï¬]
�ãáâì äã­ªæ¨¨ a(t; x) ¨ b(t; x) ­¥¯à¥àë¢­ë ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå ¨ ­¥¯à¥àë¢­ë¬¨ ¨ à ¢­®¬¥à-

­® ®£à ­¨ç¥­­ë¬¨ ¢â®àë¬¨ ¯à®¨§¢®¤­ë¬¨, ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (3.3.6), (3.3.7) â¥®à¥¬ë 3.3.1.
�ãáâì ­ ç «ì­®¥ ãá«®¢¨¥ � = x 2 Rn ¤¥â¥à¬¨­¨à®¢ ­­® ¨ �x(t) - ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3.3.1)
á ­ ç «ì­ë¬ ãá«®¢¨¥¬ �(0) = x: �®£¤  ¤«ï «î¡®£® t 2 [0; T ] á«ãç ©­ë© ¯à®æ¥áá �x(t) ¤¨ää¥à¥­æ¨àã¥¬ ¯®

x ¢ áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ¨ ¯à®æ¥áá

@�x(t)

@xk
= 'k(t); k = 1; :::; n



ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã áâ®å áâ¨ç¥áª®¬ã ãà ¢­¥­¨î á® á«ãç ©­ë¬¨ ª®íää¨æ¨¥­â ¬¨

d'k(t) = ra(t; �x(t))'k(t)dt +rb(t; �x(t))'k(t)dw(t);
á ­ ç «ì­ë¬ ãá«®¢¨¥¬

'ik(0) =

8<
:

1; ¯à¨ i = k;

0; ¯à¨ i 6= k:

� ¥ ® à ¥ ¬   3.3.5 [�¥è¥­¨¥ áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ª ª � àª®¢áª¨© ¯à®-
æ¥áá] �ãáâì äã­ªæ¨¨ a ¨ b ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (3.3.6), (3.3.7) â¥®à¥¬ë 3.3.1. �ãáâì ­ ç «ì­®¥

ãá«®¢¨¥ � = x 2 Rn ­¥ § ¢¨á¨â ®â �¨­¥à®¢áª®£® ¯à®æ¥áá  w = (w(t);Ft); t 2 [0; T ] ¨ �(t) - ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ ãà ¢­¥­¨ï (3.3.1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ �(0) = �: �®£¤  �(t) ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ � àª®¢áª¨¬

¯à®æ¥áá®¬ ®â­®á¨â¥«ì­® Ft:
�á«¨ �sx ¥áâì à¥è¥­¨¥ ãà ¢­¥­¨ï (3.3.1) ­  ®âà¥§ª¥ [s; T ] c ¤¥â¥à¬¨­¨à®¢ ­­ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬

�(s) = x; â® ¯¥à¥å®¤­ ï ¢¥à®ïâ­®áâì ¯à®æ¥áá  �(t) ¥áâì

Pf! : �(t) 2 AjFsg = Pf! : �(t) 2 Aj�f�(s)gg =

Pf! : �sx(t) 2 Ag = P(s; x; t; A):

�á«¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (3.3.1) ­¥ § ¢¨áïâ ®â t; â®

P(s; x; t; A) = P(0; x; t� s; A)

¨ �(t) - ®¤­®à®¤­ë© � àª®¢áª¨© ¯à®æ¥áá.

�¥®à¨ï áâ®å áâ¨çá¥ª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥áì¬  à §¢¨â®¥ ­ ¯à ¢«¥­¨¥
â¥®à¨¨ á«ãç ©­ëå ¯à®æ¥áá®¢, ­  à¥§ã«ìâ â å ª®â®à®© ¡ §¨àã¥âáï â¥®à¨ï ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¨
®æ¥­¨¢ ­¨ï. �¤­ ª® ¬ â¥¬ â¨ç¥áª ï â¥å­¨ª , ¯à¨¬¥­ï¥¬ ï ¤®ª § â¥«ìáâ¢ å ï¢«ï¥âáï ¤®áâ â®ç­® á«®¦-
­®© ¨ âà¥¡ãîé¥© §­ ­¨ï æ¥«®£® àï¤  ­¥âà¨¢¨ «ì­ëå à¥§ã«ìâ â®¢ ¢ ®¡« áâ¨ áâ®å áâ¨ç¥áª®£®  ­ «¨§ .
�®íâ®¬ã ­¨¦¥ ¬ë à áá¬ âà¨¢ ¥¬ «¨èì «¨­¥©­ë¥ áâ®å áâ¨ç¥áª¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï.

3.3.2 �¨­¥©­ë¥ áâ®å áâ¨ç¥áª¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï

�ãáâì ¢ ¢¥ªâ®à­®¬ ãà ¢­¥­¨¨ (3.3.1) x 2 Rn; w 2 Rm;

 (t; x) = A(t)x; b(t; x) = B(t);

£¤¥ ¬ âà¨æë A(t); B(t) ¨¬¥îâ à §¬¥à­®áâ¨ n� n; n�m; á®®â¢¥âáâ¢¥­­®, ¨ ¨å í«¥¬¥­âë ï¢«ïîâáï ­¥¯à¥-
àë¢­ë¬¨ äã­ªæ¨ï¬¨ t 2 [0; T ]: � íâ®¬ á«ãç ¥ ãà ¢­¥­¨¥ (3.3.1) ­ §ë¢ ¥âáï «¨­¥©­ë¬ áâ®å áâ¨ç¥áª¨¬
ãà ¢­¥­¨¥¬, ¤«ï ­¥£® ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 3.3.1, ¨ á«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ (3.3.1) ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �â® à¥è¥­¨¥ ¤®¯ãáª ¥â ï¢­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¢ ä®à¬¥ ¯à®æ¥áá  �â®, çâ® ¤¥« ¥â
¥£® ¢¥áì¬  ¯®«¥§­ë¬ ¤«ï ¬­®£®ç¨á«¥­­ëå ¯à¨«®¦¥­¨©.

� ¥ ® à ¥ ¬   3.3.6 �ãáâì �(t) - ¥áâì à¥è¥­¨¥ «¨­¥©­®£® áâ®å áâ¨ç¥áª®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-
­¥­¨ï

d�(t) = A(t)�(t)dt+ B(t)dw(t); (3.3.11)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬

�(t) = x 2 Rn:

�®£¤  ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3.3.11) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

�(t) = �(t; 0)x+

tZ
0

�(t; s)B(s)dw(s); (3.3.12)

£¤¥ �(t; s) - à¥è¥­¨¥ ¬ âà¨ç­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

d

dt
�(t; s) = A(t)�(t; s); �(s; s) = I; (3.3.13)

£¤¥ I - ¥¤¨­¨ç­ ï ¬ âà¨æ  à §¬¥à  n� n:



�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ­ ¬ ¯®âà¥¡ãîâáï ¤¢  ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨ï.

� ¥ ¬ ¬   3.3.1 � âà¨ç­®-§­ ç­ ï äã­ªæ¨ï �(t; s) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1. ¤«ï «î¡ëå 0 � s � r � t � T ¢ë¯®«­¥­® á®®â­®è¥­¨¥ (¯®«ã£àã¯¯®¢®¥ á¢®©áâ¢®)

�(t; s) = �(t; r)�(r; s);

2. ¬ âà¨æ  �(t; s) ­¥¢ëà®¦¤¥­  ¤«ï «î¡ëå t; s 2 [0; T ];

3. äã­ªæ¨ï �(t; s) ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î

d

ds
�(t; s) = ��(t; s)A(s); �(t; t) = I; (3.3.14)

£¤¥ I - ¥¤¨­¨ç­ ï ¬ âà¨æ  à §¬¥à  n� n;

�®ª § â¥«ìáâ¢®. �®®â­®è¥­¨¥ 1) á«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï. �¥¢ëà®¦¤¥­­®áâì ¬ âà¨-
æë �(t; s) ¥áâì á«¥¤áâ¢¨¥ â®¦¤¥áâ¢  �ª®¡¨, á®£« á­® ª®â®à®¬ã

det�(t; s) = det�(s; s) exp

8<
:

tZ
s

Sp(A(u))du

9=
; :

�«ï ¢ë¢®¤  ãà ¢­¥­¨ï (3.3.14) ¤®áâ â®ç­® ¯à®¤¨ää¥à¥­æ¨à®¢ âì á®®â­®è¥­¨¥ �(t; s) = �(t; r)�(r; s) ¯®
r, ®âªã¤  á«¥¤ã¥â à ¢¥­áâ¢®

d

dr
�(t; r)�(r; s) =

d�(t; r)

dr
�(r; s) + �(t; r)A(r)�(r; s) = 0

¨ á®®â­®è¥­¨¥ (3.3.14) ¥áâì á«¥¤áâ¢¨¥ ­¥¢ëà®¦¤¥­­®áâ¨ ¬ âà¨æë �(r; s):

� ¥ ¬ ¬   3.3.2 [�¥®à¥¬  �ã¡¨­¨ ¤«ï áâ®å áâ¨ç¥áª®£® ¨­â¥£à « ]
�ãáâì w = (w(t);Ft) - �¨­¥à®¢áª¨© ¯à®æ¥áá ­  [0; T ]; g(t; s) - ­¥¯à¥àë¢­ë ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­-

­ëå, f(s); h(s) - ¨§¬¥à¨¬ë¥ äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

TZ
0

jf(s)jds <1;

TZ
0

h2(s)ds <1:

�®£¤ 

a) ¯à®æ¥áá X(t); ®¯à¥¤¥«ï¥¬ë© á®®â­®è¥­¨¥¬

X(t) =

TZ
0

g(t; s)h(s)dw(s)

­¥¯à¥àë¢¥­ ¢ áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥;

b) á«ãç ©­ë¥ ¢¥«¨ç¨­ë

A1 =

TZ
0

f(t)

0
@ TZ

0

g(t; s)h(s)dw(s)

1
A dt;

¨

A2 =

TZ
0

0
@ TZ

0

f(t)g(t; s)dt

1
A h(s)dw(s)

à ¢­ë (P- ¯.­.).



�®ª § â¥«ìáâ¢®. (a) � ª ª ª äã­ªæ¨ï g(t; s) ­¥¯à¥àë¢­ , â® ®­  ¨ ®£à ­¨ç¥­  ­  [0; T ]� [0; T ] ¨

TZ
0

g2(t; s)h2(s)ds <1;

¤«ï «î¡®£® t 2 [0; T ] ¯®íâ®¬ã áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ á®®â­®è¥­¨ï ¤«ï X(t) ®¯à¥¤¥«¥­
ª®àà¥ªâ­®. �®ª ¦¥¬ ­¥¯à¥àë¢­®áâì ¢ áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥. � á¨«ã á¢®©áâ¢ áâ®å áâ¨ç¥áª®£®
¨­â¥£à « 

MjX(t) �X(t +�)j2 =
TZ
0

[g(t; u)� g(t+�; u)]2h2(u)du:

� ª ª ª äã­ªæ¨ï g(t; s) ­¥¯à¥àë¢­ , â® ®­  ¨ à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  [0; T ] � [0; T ]; â ª çâ® ¤«ï
«î¡®£® § ¤ ­­®£® " > 0 ¬®¦­® ¢ë¡à âì â ª®¥ �0; çâ® jg(t; u)� g(t +�; u)j < " ¤«ï ¢á¥å � < �0: �®íâ®¬ã
MjX(t) �X(t +�)j2 ! 0 ¯à¨ �! 0: � ª¨¬ ®¡à §®¬ ãâ¢¥à¦¤¥­¨¥ (a) ¤®ª § ­®.

b) �®áª®«ìªã á«ãç ©­ë© ¯à®æ¥áá X(t) ­¥¯à¥àë¢¥­ ¢ áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥, â® áãé¥áâ¢ã¥â
¨§¬¥à¨¬ ï ¢¥àá¨ï íâ®£® ¯à®æ¥áá , ¨ á«¥¤®¢ â¥«ì­®, ¨­â¥£à « ¢ á®®â­®è¥­¨¨ ¤«ï á«ãç ©­®© ¢¥«¨ç¨­ë

A1 =

TZ
0

f(t)X(t)dt

ª®àà¥ªâ­® ®¯à¥¤¥«¥­. �à¥¤¯®«®¦¨¬ ¢­ ç «¥, çâ®

g(t; s) =
NX
i=1

g1 i(t)g2 i(s);

£¤¥ g1 i; g2 i - ¨§¬¥à¨¬ë¥ ®£à ­¨ç¥­­ë¥ äã­ªæ¨¨. �®£¤ 

A1 = A2 =
NX
i=1

TZ
0

f(t)g1 i(t)dt

TZ
0

g2 i(s)h(s)dw(s):

�à¨¡«¨§¨¬ â¥¯¥àì ­¥¯à¥àë¢­ãî äã­ªæ¨î g(t; s) áâã¯¥­ç â®© á«¥¤ãîé¨¬ ®¡à §®¬. �«ï § ¤ ­­®£® " > 0
¢ë¡¥à¥¬ N â ª, çâ® jg(t; s) � g(t

0

; s
0

)j < " ¤«ï jt� t
0 j+ js� s

0 j < 1=n: �®£¤  ¤«ï áâã¯¥­ç â®© äã­ªæ¨¨

gN (t; s) =
NX
i=1

0
@ NX
j=1

g

�
j

n
;
i

n

�
I[ j

N
; j+1
N

](t)

1
A I[ i

N
; i+1
N

](s);

¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

jg(t; s)� gN (t; s)j < ":

�á«¨ ®¯à¥¤¥«¨âì á«ãç ©­ë¥ ¢¥«¨ç¨­ë AN
1 ; A

N
2 á ¯®¬®éìî á®®â¢¥âáâ¢ãîé¨å ¨­â¥£à «®¢, ­® á äã­ªæ¨¥©

gN ¢¬¥áâ® g; â® AN
1 = AN

2 : � «¥¥ ¯®áª®«ìªã gN áå®¤¨âáï ª g à ¢­®¬¥à­®, â® AN
1 ! A1;   AN

2 ! A2 ¢
áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥, ¯®íâ®¬ã MjA1 � A2j2 = 0:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ­¥¬¥¤«¥­­® á«¥¤ã¥â ¨§ «¨­¥©­®áâ¨ ãà ¢­¥­¨ï
(3.3.11). �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¥áâì ¤¢  à¥è¥­¨ï �1(t) ¨ �2(t); â® ¨å à §­®áâì z(t) = �1(t)� �2(t) ã¤®¢«¥â¢®-
àï¥â ãà ¢­¥­¨î

_z(t) = A(t)z(t); z(0) = 0;

¨ á«¥¤®¢ â¥«ì­®, z(t) = 0 ¤«ï «î¡®£® t 2 [0; T ]:



�à®¢¥à¨¬, çâ® ¤¨ääã§¨®­­ë© ¯à®æ¥áá (3.3.12) ¤¥©áâ¢¨â¥«ì­® ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (3.3.11). �«ï
¯à®æ¥áá  �(t); ®¯à¥¤¥«¥­­®£® ä®à¬ã«®© (3.3.12), á ¨á¯®«ì§®¢ ­¨¥¬ à¥§ã«ìâ â®¢ �¥¬¬ 3.3.1, 3.3.2, ¨¬¥¥¬

tZ
0

A(s)�(s)ds =

tZ
0

A(s)�(s; 0)xds +

tZ
0

A(s)

sZ
0

�(s; � )B(� )dw(� )ds =

tZ
0

A(s)�(s; 0)xds +

tZ
0

tZ
�

A(s)�(s; � )dw(� )B(� )ds =

tZ
0

d

ds
�(s; 0)xds+

tZ
0

tZ
�

d

ds
�(s; � )dw(� )B(� )ds =

�(t; 0)x� x+

tZ
0

[�(t; � )� I]B(� )dw(� ) = �(t) � x�
tZ

0

B(� )dw(� );

çâ® ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã.
� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à¨¬¥­¥­¨ï ¯®«ãç¥­­®£® à¥§ã«ìâ â .

� à ¨ ¬ ¥ à 3.3.1 �ãáâì ­ ç «ì­®¥ ãá«®¢¨¥ x = � 2 Rn ¤«ï ãà ¢­¥­¨ï (3.3.11) ï¢«ï¥âáï á«ãç ©­ë¬ ¨

­¥ § ¢¨á¨â ®â �¨­¥à®¢áª®£® ¯à®æ¥áá  w = (w(t);Ft): �ãáâì

M� = m0; cov(�; ��) = 
0;

â®£¤  ¢ á¨«ã á®®â­®è¥­¨ï (3.3.12) ¤«ï «î¡®£® t 2 [0; T ] ®¯à¥¤¥«¥­ë

M�(t) = �(t; 0)m0 = m(t); (3.3.15)

¨

cov(�(t); ��(t)) = �(t; 0)
0�
�(t; 0) +

tZ
0

�(t; s)B(s)B�(s)��(t; s)ds = 
(t): (3.3.16)

� ­­ë¥ á®®â­®è¥­¨ï ¢ëâ¥ª îâ ¨§ á¢®©áâ¢ áâ®å áâ¨ç¥áª®£® ¨­â¥£à « .

� à ªâ¥à¨áâ¨ª¨ m(t) ¨ 
(t) ï¢«ïîâáï à¥è¥­¨ï¬¨ ®¡ëª­®¢¥­­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_m(t) = A(t)m(t); m(0) = m0; (3.3.17)

_
(t) = A(t)
(t) + 
(t)A�(t) +B(t)B�(t); 
(0) = 
0: (3.3.18)

�â¨ á®®â­®è¥­¨ï «¥£ª® ¢ë¢®¤ïâáï ¨§ �¥¬¬ë 3.3.1.

�à®¬¥ â®£® ¥á«¨ ­ ç «ì­®¥ ãá«®¢¨¥ - ¥áâì £ ãáá®¢áª¨© á«ãç ©­ë© ¢¥ªâ®à,   ¨¬¥­­®: �(0) ¨¬¥¥â à á-
¯à¥¤¥«¥­¨¥ N (m0; 
0); â® ¨ ¯à®æ¥áá �(t) ï¢«ï¥âáï £ ãáá®¢áª¨¬, ¯®áª®«ìªã à¥è¥­¨¥ ãà ¢­¥­¨ï ¯à¥¤áâ -
¢¨¬® áâ®å áâ¨ç¥áª¨¬ ¨­â¥£à «®¬ ®â ¤¥â¥à¬¨­¨à®¢ ­­®© äã­ªæ¨¨. �®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ á«ã-
ç ©­ëå ¢¥«¨ç¨­ f�(t1); :::; �(tk)g ¢ íâ®¬ á«ãç ¥ ¡ã¤¥â £ ãáá®¢áª¨¬ á ¬ â¥¬ â¨ç¥áª¨¬¨ ®¦¨¤ ­¨ï¬¨

fm(t1); :::;m(tk)g ¨ ª®¢ à¨ æ¨ï¬¨

C(ti; tj) = cov(�(ti); �
�(tj)); i; j = 1; :::; k:



�®¢ à¨ æ¨®­­ ï äã­ªæ¨ï C(t; s) ¤«ï á«ãç ©­®£® ¯à®æ¥áá  �(t) â ª¦¥ ­ å®¤¨âáï ¨§ ¯à¥¤áâ ¢«¥­¨ï (3.3.12)

C(t; s) = M(�(t) �m(t))(�(s) �m(s))� =

�(t; 0)
0�
�(s; 0) +

t^sZ
0

�(t; u)B(u)B�(u)��(s; u)du:
(3.3.19)

�®¢ à¨ æ¨®­­ ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â â ª¦¥ á®®â­®è¥­¨ï¬

C(t; s) =

8<
:

�(t; s)C(s; s); ¯à¨ t � s

C(t; t)��(s; t); ¯à¨ t � s:
(3.3.20)

�ãáâì ¬ âà¨ç­ë¥ äã­ªæ¨¨ A(t) � A; B(t) � B ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨. �®£¤  ¯à¨ ­¥ª®â®à®¬ ¢ë¡®à¥
­ ç «ì­ëå ãá«®¢¨© à¥è¥­¨¥ «¨­¥©­®£® áâ®å áâ¨ç¥áª®£® ãà ¢­¥­¨ï ®¯à¥¤¥«ï¥â áâ æ¨®­ à­ë© ¯à®æ¥áá.
� áá¬®âà¨¬ ãà ¢­¥­¨¥ (3.3.18) ¤«ï ¬ âà¨æë ª®¢ à¨ æ¨©. �à¨ áâ æ¨®­ à­ëå A;B ®­® ¯à¨­¨¬ ¥â ¢¨¤

_
(t) = A
(t) + 
(t)A� + BB�:

�á«¨ áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ áâ æ¨®­ à­®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï �
; â® ®­® ã¤®¢«¥â¢®àï¥â  «£¥¡à -
¨ç¥áª®¬ã ãà ¢­¥­¨î

A�
 + �
A� +BB� = 0;

¯®«ãç ¥¬®¬ã ¨§ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¯à¨ ãá«®¢¨¨ _
(t) = 0: � â¥®à¨¨ ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ®­® ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ �ï¯ã­®¢ . �á«¨ ¯®«®¦¨âìm0 = 0; 
0 = �
 â® ¯à®æ¥áá
�(t) ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨¥ å à ªâ¥à¨áâ¨ª¨

M�(t) = 0; cov(�(t); �(s)) = �(t� s; 0)�
;

â® ¥áâì ¡ã¤¥â áâ æ¨®­ à­ë¬ ¢ è¨à®ª®¬ á¬ëá«¥ ¯à¨ t; s � 0: �á«¨ ¦¥ ­ ç «ì­®¥ ãá«®¢¨¥ ¡ã¤¥â £ ãáá®¢-
áª¨¬, â® áâ æ¨®­ à­®áâì ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¨ ¢ ã§ª®¬ á¬ëá«¥.�á«¨ ¬ âà¨æ A ãáâ®©ç¨¢  (¢á¥ á®¡áâ¢¥­­ë¥
§­ ç¥­¨ï ¨¬¥îâ ®âà¨æ â¥«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç áâ¨), â®

�
 =

1Z
0

expfAsgBB� (expfAsg)� ds; (3.3.21)

£¤¥
expfAsg = �(s; 0):

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ áâ æ¨®­ à­ë© ¯à®æ¥áá �à­èâ¥©­ -�«¥­¡¥ª .

� à ¨ ¬ ¥ à 3.3.2 � áá¬®âà¨¬ à¥è¥­¨¥ áâ®å áâ¨ç¥áª®£® ãà ¢­¥­¨ï

d�(t) = ���(t)dt+ �dw(t);

£¤¥ �; ¨ � - ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥,   w(t) - ¯à®æ¥áá �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï. �ãáâì M�(0) = 0;  

cov(�(0)) = �2

2�: �®£¤  �
 = �2

2� ¥áâì áâ æ¨®­ à­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

_
(t) = �2�
(t) + �2

¤«ï ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨, ¨

C(t; s) =

8>><
>>:

�(t; s)�
 = expf��(t� s)g �
2

2� ¯à¨ t � s

�
�(s; t) = expf��(s � t)g �
2

2� ¯à¨ t � s:



� ª¨¬ ®¡à §®¬

cov(�(t); �(s)) = C(t� s; 0) = expf��jt� sjg �
2

2�

¥áâì ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï áâ æ¨®­ à­®£® ¯à®æ¥áá .

�à¥®¡à §®¢ ­¨¥ �ãàì¥ íâ®© ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¨¬¥¥â ¢¨¤

f(x) =
1

2�

1Z
�1

C(t; 0)e�ixtdt =
1

2�

�2

�2 + x2
=

1

2�

���� �

�+ ix

����
2

: (3.3.22)

�®£« á­® § ¬¥ç ­¨î ?? íâ® ®§­ ç ¥â, çâ® ¯à®æ¥áá �(t) ¬®¦¥â ¡ëâì ¯®«ãç¥­ ¯à¨ ¯à®å®¦¤¥­¨¨ £ ãá-
á®¢áª®£® ¡¥«®£® èã¬  ç¥à¥§ «¨­¥©­ë© ä¨«ìâà á ç áâ®â­®© å à ªâ¥à¨áâ¨ª®©

'(x) =
�

�+ ix
:

�¬¯ã«ìá­ ï å à ªâ¥à¨áâ¨ª  íâ®£® ä¨«ìâà  à ¢­ 

h(t) =

8<
:

�e��t; ¯à¨ t � 0;

0; ¯à¨ t � 0:

�   ¬ ¥ ç   ­ ¨ ¥ �®¢¯ ¤¥­¨¥ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨ ¯à®æ¥áá  �à­èâ¥©­ -�«¥­¡¥ª  ¨ áâ æ¨®­ à­®£®
¢ è¨à®ª®¬ á¬ëá«¥ ¯à®æ¥áá  ¬®¦¥â ¡ëâì ®á­®¢®© ¤«ï ¬®¤¥«¨à®¢ ­¨ï ¯®á«¥¤­¥£® á ¯®¬®éìî áâ®å áâ¨-
ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �¤­ ª®, ¨á¯®«ì§®¢ âì íâ® á®¢¯ ¤¥­¨¥ ¬®¦­® â®«ìª® ¯à¨ ¤®áâ -
â®ç­® ¡®«ìè¨å §­ ç¥­¨ïå t; ¯®áª®«ìªã ¯à®æ¥áá, ®¯¨áë¢ ¥¬ë© áâ®å áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ ­ ç¨­ ¥â

á¢®î í¢®«îæ¨î «¨èì ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 0;   áâ æ¨®­ à­ë© ¯à®æ¥áá áãé¥áâ¢ã¥â ­  ¢á¥© ¢à¥¬¥­­®©

®á¨. � à ªâ¥à­®¥ ¢à¥¬ï ª®àà¥«ïæ¨¨ ¤«ï ¯à®æ¥áá  �àèâ¥©­ -�«¥­¡¥ª  à ¢­® 1=� (§  íâ® ¢à¥¬ï ª®àà¥«ï-
æ¨ï ¬¥¦¤ã §­ ç¥­¨ï¬¨ ã¬¥­ìè ¥âáï ¢ e à §), ¯®íâ®¬ã ¯à®æ¥áá �à­èâ¥©­ -�«¥­¡¥ª  ¬®¦¥â á«ã¦¨âì

å®à®è¥© ¬®¤¥«ìî áâ æ¨®­ à­®£® ¯à®æ¥áá  ¯à¨ t� 1=�.

�   ¬ ¥ ç   ­ ¨ ¥ �à®æ¥áá �à­èâ¥©­ -�«¥­¡¥ª  ¬®¦­® ¨á¯®«ì§®¢ âì ª ª ¬®¤¥«ì ¯à®æ¥áá  ¡¥«®£® èã-
¬ . �¥©áâ¢¨â¥«ì­®, ¥£® á¯¥ªâà «ì­ ï ¯«®â­®áâì 3.3.22 ¬ ªá¨¬ «ì­  ¢ â®çª¥ x = 0; á¨¬¬¥âà¨ç­  ¨
áª®à®áâì ¥ñ ã¡ë¢ ­¨ï ­  ¡¥áª®­¥ç­®áâ¨ ®¯à¥¤¥«ï¥âáï ¯ à ¬¥âà®¬ �: �¢¥«¨ç¨¢ ï � ¬ë ã¬¥­ìè ¥¬ å -
à ªâ¥à­®¥ ¢à¥¬ï ª®àà¥«ïæ¨¨, ¯à¨ç¥¬ ¢ ¯à¥¤¥«¥ ¯à¨ �! 0 ¬ë ¯®«ãç ¥¬ ­ã«¥¢®¥ ¢à¥¬ï ª®àà¥«ïæ¨¨ ¨ à ¢-
­®¬¥à­®¥ à á¯à¥¤¥«¥­¨¥ á¯¥ªâà «ì­®© ¯«®â­®áâ¨, ª ª ¨ ¤«ï ¯à®æ¥áá  ¡¥«®£® èã¬ . �á«¨ ®¤­®¢à¥¬¥­­® á
ã¢¥«¨ç¥­¨¥¬ � ¯®¤¤¥à¦¨¢ âì ¯®áâ®ï­­®© ¢¥«¨ç¨­ã �=� â® ãáâà¥¬«ïï �!1 ¬ë ¡ã¤¥¬ ¯®«ãç âì ¢á¥

«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ ª ¯à®æ¥ááã ¡¥«®£® èã¬  á à ¢­®¬¥à­ë¬ à á¯à¥¤¥«¥­¨¥¬ á¯¥ªâà «ì­®© ¯«®â­®áâ¨.
�à¨ íâ®¬ ¤¨á¯¥àá¨ï íâ®£® ¯à®æ¥áá  �2 = �2=2�!1;   ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï C(t)! �2�(t): �¤­ ª®
¢ ¯à ªâ¨ç¥áª¨å ¯à¨«®¦¥­¨ïå ¬®¦­® ®£à ­¨ç¨âìáï ª®­¥ç­ë¬ §­ ç¥­¨¥¬ �; â ª ª ª ¥á«¨ å à ªâ¥à­ ï
ç áâ®â  ¯à®æ¥áá®¢ ¢ ¬®¤¥«¨àã¥¬®© á¨áâ¥¬¥ à ¢­  �0; â® ¯à¨ � � �0 ¯à®æ¥áá �à­èâ¥©­ -�«¥­¡¥ª 
ï¢«ï¥âáï å®à®è¥© ¬®¤¥«ìî ¯à®æ¥áá  ¡¥«®£® èã¬ .

3.3.3 �®à¬¨àãîé¨¥ ä¨«ìâàë ¤«ï áâ æ¨®­ à­ëå á«ãç ©­ëå ¯à®æ¥áá®¢ á ¤à®¡­®-
à æ¨®­ «ì­ë¬ á¯¥ªâà®¬

� ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¬ë ¢¨¤¥«¨ ª ª áâ®å áâ¨ç¥áª¨¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¬®¦­® ¨á¯®«ì§®-
¢ âì ¤«ï ¬®¤¥«¨à®¢ ­¨ï áâ æ¨®­ à­ëå ¯à®æ¥áá®¢. �à¨ íâ®¬ á ¬® ãà ¢­¥­¨¥ ï¢«ï¥âáï ä®à¬¨àãîé¨¬
ä¨«ìâà®¬, ­  ¢å®¤ ª®â®à®£® ¯®áâã¯ ¥â �¨­¥à®¢áª¨© ¯à®æ¥áá,   ­  ¢ëå®¤¥ á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ãáâ ­ -
¢«¨¢ ¥âáï áâ æ¨®­ à­ë© ¯à®æ¥áá á ­¥ª®â®à®© á¯¥ªâà «ì­®© ¯«®â­®áâìî. �§¬¥­ïï áâàãªâãàã «¨­¥©­®£®
ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¬®¦­® æ¥«¥­ ¯à ¢«¥­­® ¨§¬¥­ïâì ¨ á¯¥ªâà «ì­ãî ¯«®â­®áâì
¢ëå®¤­®£® ¯à®æ¥áá . �«ï â®£®, çâ®¡ë ®¯¨á âì áâ æ¨®­ à­ë© ¯à®æ¥áá, ä®à¬¨àãîé¨©áï ª ª à¥è¥­¨¥ «¨-
­¥©­®£® áâ®å áâ¨ç¥áª®£® ãà ¢­¥­¨ï, ­ ¬ ¯®âà¥¡ã¥âáï á«¥¤ãîé¨© ¢á¯®¬®£ â¥«ì­ë© à¥§ã«ìâ â.



� ¥ ¬ ¬   3.3.3 �ãáâì w(t) - �¨­¥à®¢áª¨© ¯à®æ¥áá, ¯à¨ t 2 R1: �®£¤  ­  ��  «£¥¡à¥ �®à¥«¥¢áª¨å

¬­®¦¥áâ¢ ¤¥©áâ¢¨â¥«ì­®© ¯àï¬®© ¬®¦­® ®¯à¥¤¥«¨âì ®àâ®£®­ «ì­ãî áâ®å áâ¨ç¥áªãî ¬¥àã Z(dx)
â ªãî, çâ® ¤«ï «î¡®£® � 2 B(R1); ¨¬¥îé¥£® ®£à ­¨ç¥­­ãî ¬¥àã �¥¡¥£  j�j;

MZ(�) = 0; MjZ(�)j2 = j�j
2� ;

MZ(�1)Z(�2) = 0; ¯à¨ �1 \�2 = ;;
(3.3.23)

¨ â ªãî çâ® ¤«ï «î¡®© '(x) 2 L2(R1;B(R1); dx) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

1Z
�1

'(x)Z(dx) =

1Z
�1

f(t)dw(t); (3.3.24)

£¤¥

f(t) =
1

2�

1Z
�1

e�ixt'(x)dx:

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬ á«ãç ©­ë© ¯à®æ¥áá Z(x; x0); x 2 R1 ª ª

Z(x; x0) =
1

2�

1Z
�1

e�ixt � e�ix0t

�it dw(t):

�ã­ªæ¨ï ¯®¤ §­ ª®¬ ¨­â¥£à «  ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î

1Z
�1

����e�ixt � e�ix0t

�it
����
2

dt <1

¤«ï «î¡ëå x; x0 2 R1; ¯®íâ®¬ã ¯à¨ ¢ë¡à ­­®¬ §­ ç¥­¨¨ x0 ¯à®æ¥áá Z(x; x0) ®¯à¥¤¥«¥­ ª ª ¯à¥¤¥« ¢ áà¥¤-
­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥. �«ï ¯à®¨§¢®«ì­ëå ¨­â¥à¢ «®¢ � = (x1; x2] â ª¨å, çâ® x1 � x0 ¯à¨à é¥­¨ï
¯à®æ¥áá  �Z = Z(x2)� Z(x1) ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥

�Z =
1

2�

1Z
�1

e�ix2t � e�ix1t

�it dw(t) =

1Z
�1

l�(t)dw(t) (3.3.25)

¨ ®¡« ¤ îâ á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨

M�Z = 0; Mj�Zj2 = jx2 � x1j
2�

; M(�1Z�2Z) = 0;

¥á«¨ �1 \�2 = ;: �¢  ¯®á«¥¤­¨å á®®â­®è¥­¨ï ¢ëâ¥ª îâ ¨§ â®£®, çâ® ¯®¤¨­â¥£à «ì­ ï äã­ªæ¨ï l�(t)
¥áâì ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ®â ¨­¤¨ª â®à­®© äã­ªæ¨¨ ¨­â¥à¢ «  �

l�(t) =
1

2�

1Z
�1

e�ixtI�(x)dx:

� á¨«ã á¢®©áâ¢ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¨ à ¢¥­áâ¢  � àá¥¢ «ï ¨¬¥¥¬ á®®â­®è¥­¨ï

Mj�Zj2 =
1Z

�1
jl�(t)j2dt = 1

2�

1Z
�1

jI�(x)j2dx =
jx2 � x1j

2�
;

M(�1Z�2Z) =

1Z
�1

l�1
(t)l�2

(t)dt =
1

2�

1Z
�1

I�1
(x)I�2

(x)dx = 0;



¤«ï ­¥¯¥à¥á¥ª îé¨åáï ¨­â¥à¢ «®¢ �1;�2:
�®à¬ã«  (3.3.25) ¯®ª §ë¢ ¥â, çâ® ¯à¨à é¥­¨ï ¯à®æ¥áá  Z(x) ­¥ § ¢¨áïâ ®â ¢ë¡®à  x0; á ¬ ¯à®æ¥áá Z(x)

ï¢«ï¥âáï ¯à®æ¥áá®¬ á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨ ¨ ®¯à¥¤¥«ï¥â ­  B(R1) ®àâ®£®­ «ì­ãî áâ®å áâ¨ç¥-
áªãî ¬¥àã á âà¥¡ã¥¬ë¬¨ á¢®©áâ¢ ¬¨ (á¬. à §¤¥« ??). � «¥¥ ¤«ï «î¡®© äã­ªæ¨¨ '(x) 2 L2(R1;B(R1); dx)
®¯à¥¤¥«¥­ áâ®å áâ¨ç¥áª¨© ¨­â¥£à «

1Z
�1

'(x)dZ(x) = l:i:m:
x0!�1

1Z
x0

'(x)dZ(x):

�®ª ¦¥¬ â¥¯¥àì á¯à ¢¥¤«¨¢®áâì à ¢¥­áâ¢  (3.3.24). �®§ì¬¥¬ ªãá®ç­®-¯®áâ®ï­­ãî äã­ªæ¨î

'(x) =
nX

k=1

'kI�k
(x);

£¤¥ �k = (x
0

k; x
00

k] - ­¥¯¥à¥á¥ª îé¨¥áï ¨­â¥à¢ «ë ª®­¥ç­®© ¤«¨­ë.
�® ®¯à¥¤¥«¥­¨î áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¯® ¬¥à¥ Z(dx) ¨¬¥¥¬

1Z
�1

'(x)Z(dx) =
nX

k=1

�kZ =
nX

k=1

'k
1

2�

1Z
�1

e�itx
00

k � e�itx
0

k

�it dw(t) =

1Z
�1

1

2�

nX
k=1

'k
e�itx

00

k � e�itx
0

k

�it dw(t) =

1Z
�1

f(t)dw(t);

£¤¥

f(t) =
1

2�

nX
k=1

'k
e�itx

00

k � e�itx
0

k

�it =
1

2�

1Z
�1

'(x)e�itxdx:

� ª¨¬ ®¡à §®¬ á®®â­®è¥­¨¥ (3.3.24) ¤®ª § ­® ¤«ï ¯à®áâëå äã­ªæ¨©. �®áª®«ìªã ¬­®¦¥áâ¢® ¯à®áâëå
äã­ªæ¨© ¯«®â­® ¢ L2; â® áâ ­¤ àâ­ ï ¯à®æ¥¤ãà  ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯®§¢®«ï¥â à á¯à®áâà ­¨âì íâ®â
à¥§ã«ìâ â ¨ ­  ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¨§ L2:

�   ¬ ¥ ç   ­ ¨ ¥ � ¢¥­áâ¢® (3.3.24) á¯à ¢¥¤«¨¢® ¨ ¢ ¢¥ªâ®à­®¬ á«ãç ¥. �á«¨ w(t) 2 Rn - ¢¥ªâ®à­ë©
�¨­¥à®¢áª¨© ¯à®æ¥áá á ­¥§ ¢¨á¨¬ë¬¨ ª®¬¯®­¥­â ¬¨, â® ¥¬ã ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ¢¥ª-
â®à­ãî ®àâ®£®­ «ì­ãî áâ®å áâ¨ç¥áªãî ¬¥àã Z(dx) 2 Rn á ­¥ª®àà¥«¨à®¢ ­­ë¬¨ ª®¬¯®­¥­â ¬¨, ¯à¨
íâ®¬ à ¢¥­áâ¢® (3.3.24) ¢ë¯®«­ï¥âáï ¯®-ª®¬¯®­¥­â­®.

�   ¬ ¥ ç   ­ ¨ ¥ �à®æ¥áá Z(x) ¨ á®®â¢¥âáâ¢ãîéãî ¬¥àã Z(dx) ­ §ë¢ îâ ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ �¨-
­¥à®¢áª®£® ¯à®æ¥áá .

�   ¬ ¥ ç   ­ ¨ ¥ �¥¬¬  3.3.3 á¯à ¢¥¤«¨¢  ¨ ¤«ï «î¡®£® ¯à®æ¥áá  á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨ �(t):
�®®â¢¥âáâ¢ãîé¨© ¯à®æ¥áá Z(x) ­ §ë¢ îâ ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ ¯à®æ¥áá  c ®àâ®£®­ «ì­ë¬¨ ¯à¨à -
é¥­¨ï¬¨.

�à¨¬¥­¨¬ ¤ ­­ãî «¥¬¬ã ª  ­ «¨§ã ¯à®æ¥áá®¢ ­  ¢ëå®¤¥ á¨áâ¥¬ë, ®¯¨áë¢ ¥¬®© «¨­¥©­ë¬ áâ®å áâ¨-
ç¥áª¨¬ ãà ¢­¥­¨¥¬ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

d�(t) = A�(t)dt+ BdW (t):

�¡é¥¥ à¥è¥­¨¥ â ª®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

�(t) = �(t; 0)�(0) +

tZ
0

�(t� s; 0)BdW (s);



£¤¥ �(t; 0) - ¬ âà¨æ  äã­¤ ¬¥­â «ì­ëå à¥è¥­¨© ®¤­®®¤­®© á¨áâ¥¬ë. �à¥¤¯®«®¦¨¬, çâ® ®¤­®à®¤­ ï á¨-
áâ¥¬  _X(t) = AX(t) ãáâ®©ç¨¢ , â® ¥áâì ¢á¥ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï det(A� �I) = 0 ¨¬¥îâ
®âà¨æ â¥«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç áâ¨. �®£¤  ¬ âà¨æ  äã­¤ ¬¥­â «ì­ëå à¥è¥­¨© ã¤®¢«¥â¢®àï¥â ¯à¨
t � 0 ­¥à ¢¥­áâ¢ã

k�(t; 0)k � Ce�t; � < 0; (3.3.26)

¨ á«¥¤®¢ â¥«ì­®, ¨­â¥£à¨àã¥¬  á ª¢ ¤à â®¬. �à¨¬¥­¨¬ �¥¬¬ã 3.3.3 ª á« £ ¥¬®¬ã
tR
0

�(t � s; 0)BdW (s):

� á¨«ã «¥¬¬ë áãé¥áâ¢ã¥â ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à  Z(dx) â ª ï, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

tZ
0

�(t� s; 0)BdW (s) =

1Z
�1

�(t� s; 0)Ifs � tgBdW (s) =

1Z
�1

't(x)Z(dx):

�ã­ªæ¨ï 't(x) ®¯à¥¤¥«ï¥âáï ®¡à â­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥, â® ¥áâì

't(x) =

1Z
�1

eisx�(t� s; 0)Ifs � tgBdx = eitx
1Z
0

e�i�x�(�; 0)Bd�:

� ª¨¬ ®¡à §®¬
tZ

0

�(t � s; 0)BdW (s) =

1Z
�1

eitx'(x)Z(dx); (3.3.27)

£¤¥

'(x) =

1Z
0

e�i�x�(�; 0)Bd�

¥áâì ç áâ®â­ ï å à ªâ¥à¨áâ¨ª  ãáâ®©ç¨¢®© «¨­¥©­®© á¨áâ¥¬ë á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.

�   ¬ ¥ ç   ­ ¨ ¥ �à¥¤áâ ¢«¥­¨¥ (3.3.27) ¯®ª §ë¢ ¥â, çâ® ¯à®æ¥áá ­  ¢ëå®¤¥ ãáâ®ç¨¢®© «¨­¥©­®© á¨-
áâ¥¬ë ï¢«ï¥âáï áã¬¬®© § âãå îé¥£® ¯¥à¥å®¤­®£® ¯à®æ¥áá  �(t; 0)�(0)! 0 ¨ ¢¥ªâ®à­®£® áâ æ¨®­ à­®£®
¯à®æ¥áá , á¯¥ªâà «ì­ ï ¯«®â­®áâì ª®¬¯®­¥­â ª®â®à®£®, ®¯à¥¤¥«ï¥âáï í«¥¬¥­â ¬¨ ¬ âà¨ç­®© äã­ª-
æ¨¨ '(x): �â® ¯à¥¤áâ ¢«¥­¨¥ ®¡êïá­ï¥â ¢ ª ª®¬ á¬ëá«¥ á«¥¤ã¥â ¯®­¨¬ âì ¢®§¬®¦­®áâì ä®à¬¨à®¢ ­¨ï

áâ æ¨®­ à­®£® ¯à®æ¥áá  á ¯®¬®éìî áâ®å áâ¨ç¥áª®£® ãà ¢­¥­¨ï. �â æ¨®­ à­ë© ¯à®æ¥áá ãáâ ­ ¢«¨¢ -
¥âáï ­  ¢ëå®¤¥ á¨áâ¥¬ë, ª®£¤  § âãå ¥â á®¡áâ¢¥­­ë© ¯¥à¥å®¤­ë© ¯à®æ¥áá, ¢ë§¢ ­­ë© ­¥­ã«¥¢ë¬ ­ -
ç «ì­ë¬ ãá«®¢¨¥¬ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 0: �ª®à®áâì § âãå ­¨ï ¯¥à¥å®¤­®£® ¯à®æ¥áá  ¬®¦­® ®æ¥­¨âì

á ¨á¯®«ì§®¢ ­¨¥¬ ­¥à ¢¥­áâ¢  (3.3.26), £¤¥ � = max
i

Re(�i);   �i - ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï.

�   ¬ ¥ ç   ­ ¨ ¥ �¯¥ªâà «ì­ ï ¬¥à  Z(dx) ¨¬¥¥â ¯®áâ®ï­­ãî ¯«®â­®áâì ¨ á®®â¢¥âáâ¢ã¥â á¯¥ª-
âà «ì­®© ¯«®â­®áâ¨ ä®à¬ «ì­® ¢¢¥¤¥­­®£® à ­¥¥ ¯à®æ¥áá  ¡¥«®£® èã¬ . � á¨«ã íâ®£® áâ æ¨®­ à­ë©

¯à®æ¥áá, ª®â®àë© ãáâ ­ ¢«¨¢ ¥âáï ¯  ¢ëå®¤¥ «¨­¥©­®© á¨áâ¥¬ë, ¬®¦­® ä®à¬ «ì­® ¯à¥¤áâ ¢¨âì ª ª

à¥§ã«ìâ â ¯à®å®¦¤¥­¨ï ¯à®æ¥áá  ¡¥«®£® èã¬  ç¥à¥§ «¨­¥©­ãî á¨áâ¥¬ã á ç áâ®â­®© å à ªâ¥à¨áâ¨ª®©

'(x):

� à ¨ ¬ ¥ à 3.3.3 [�®áâà®¥­¨¥ áâ æ¨®­ à­®£® ¯à®æ¥áá  á § ¤ ­­®© ¤à®¡­®-à æ¨®­ «ì­®© á¯¥ªâà «ì-
­®© ¯«®â­®áâìî.]

�ãáâì �(t) - ¤¥©áâ¢¨â¥«ì­ë© áâ æ¨®­ à­ë© ¯à®æ¥áá, ¤®¯ãáª îé¨© á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

�(t) =

1Z
�1

eixt
Pn�1(ix)
Qn(ix)

Z(dx); (3.3.28)

£¤¥ Z(dx) - ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ (3.3.23). � á®®â¢¥âáâ¢¨¨

á á®£« è¥­¨¥¬ ?? ¯à®æ¥áá �(t) ¥áâì à¥§ã«ìâ â ¯à®å®¦¤¥­¨ï ¡¥«®£® èã¬  ç¥à¥§ «¨­¥©­ë© ä¨«ìâà á



ç áâ®â­®© å à ªâ¥à¨áâ¨ª®© '(x) =
Pn�1(ix)
Qn(ix)

; £¤¥ Pn�1(z) =
n�1P
k=0

akz
k; Qn(z) = zn +

n�1P
k=0

bkz
k: �à¨ íâ®¬

¬ë ¯®« £ ¥¬, çâ® ¤¥©áâ¢¨â¥«ì­ë¥ ç áâ¨ ª®à­¥© ãà ¢­¥­¨ï P (z) = 0 ï¢«ïîâáï ®âà¨æ â¥«ì­ë¬¨, â ª
ª ª â®«ìª® ¢ íâ®¬ á«ãç ¥ á®®â¢¥âáâ¢ãîé¨© ä¨«ìâà ¡ã¤¥â ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬ë¬ (á¬. � ¬¥ç ­¨¥ .)
�®áâà®¨¬ â ª®© ¯à®æ¥áá ª ª ª®¬¯®­¥­âã ¢¥ªâ®à­®£® ¬ àª®¢áª®£® ¯à®æ¥áá , ®¯¨áë¢ ¥¬®£® ­¥ª®â®àë¬
«¨­¥©­ë¬ áâ®å áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬.

� áá¬®âà¨¬ «¨­¥©­®¥ áâ®å áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á ¬ âà¨æ ¬¨

d~�(t) = A~�(t)dt+ Bdw(t); (3.3.29)

£¤¥ ~�(t) 2 Rn; w(t) 2 R1;

A =

0
BBBBBBBB@

0 1 0 : : : 0

0 0 1 : : : 0

. . . . . . . . . . . . . . . .

�a0 �a1 : : : : : : �an�1

1
CCCCCCCCA
; B =

0
BBBB@

�1

. .

�n

1
CCCCA :

� ©¤¥¬ á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ¯à®æ¥áá  �(t) = ~�1(t) - ¯¥à¢®© ª®¬¯®­¥­âë ¢¥ªâ®à­®£® ¯à®æ¥áá 

~�(t) ¨ ¯®ª ¦¥¬, çâ® ¯à¨ á®®â¢¥âáâ¢ãé¥¬ ¢ë¡®à¥ ª®íää¨æ¨¥­â®¢ �k íâ®â ¯à®æ¥áá ¨¬¥¥â § ¤ ­­ãî

¤à®¡­®-à æ¨®­ «ì­ãî á¯¥ªâà «ì­ãî ¯«®â­®áâì. �â æ¨®­ à­ ï á®áâ ¢«ïîé ï ¯à®æ¥áá  ~�(t) ¢ á®®â¢¥â-
áâ¢¨¨ á (3.3.27) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

~�(t) =

1Z
�1

eitx'(x)Z(dx);

£¤¥

'(x) =

0
BBBB@

'1(x)

: : :

'n(x)

1
CCCCA

¢¥ªâ®à-äã­ªæ¨ï ç áâ®â­ëå å à ªâ¥à¨áâ¨ª ¤«ï ª ¦¤®© ¨§ ª®¬¯®­¥­â ¢¥ªâ®à­®£® ¯à®æ¥áá  ~�(t): �¨-
áâ¥¬  ãà ¢­¥­¨© ¤«ï ª®¬¯®­¥­â ¢¥ªâ®à-äã­ªæ¨¨ ~�(t) ¨¬¥¥â ¢¨¤

~�1(t)� ~�1(0) =

tZ
0

~�2(s)ds + �1[w(t)� w(0)];

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

~�k(t) � ~�k(0) =

tZ
0

~�k+1(s)ds + �k[w(t)�w(0)];

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

~�n(t) � ~�n(0) =

tZ
0

(�a0~�1(s) � a1~�2(s) � : : :� an�1~�n(s))ds+

�n[w(t)� w(0)]:

(3.3.30)

�®áª®«ìªã ~�k(t) =
1R
�1

eitx'kZ(dx); â® ¯®¤áâ ­®¢ª  íâ®£® ¯à¥¤áâ ¢«¥­¨ï ¢ á¨áâ¥¬ã (3.3.30) ¯®§¢®«ï¥â

¢ëç¨á«¨âì ¨ ç áâ®â­ë¥ å à ªâ¥à¨áâ¨ª¨ 'k(x); ­¥ ¯à¨¡¥£ ï ª ¯à®æ¥¤ãà¥ ¯àï¬®£® ¢ëç¨á«¥­¨ï ¯à¥®¡à -
§®¢ ­¨ï �ãàì¥.



�à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¨§ ä®à¬ã«ë (3.3.24) á«¥¤ã¥â á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ �¨­¥à®¢áª®£®

¯à®æ¥áá 

w(t)� w(0) =

1Z
�1

eitx � 1

ix
Z(dx); (3.3.31)

¯®áª®«ìªã

w(t)� w(0) =

1Z
�1

Ifs : 0 � s � tgdw(s) =
1Z

�1

8<
:

tZ
0

eisxds

9=
;Z(dx):

� «¥¥ ­ ¬ ¯®âà¥¡ãîâáï á¯¥ªâà «ì­ë¥ ¯à¥¤áâ ¢«¥­¨ï ¯à®æ¥áá®¢ â¨¯ 
tR
0

~�k(s)ds: �«ï ¢ëç¨á«¥­¨ï â ª®£®

¯à¥¤áâ ¢«¥­¨ï ¬ë ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© �ã¡¨­¨ ¤«ï áâ®å áâ¨ç¥áª¨å ¨­â¥£à «®¢ ¯® ®àâ®£®­ «ì­®©

áâ®å áâ¨ç¥áª®© ¬¥à¥ (¤®ª § â¥«ìáâ¢® ¯®«­®áâìî  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã �¥¬¬ë 3.3.2). �ëç¨á«¥-
­¨¥ á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï ¤ ¥â

tZ
0

~�k(s)ds =

tZ
0

8<
:

1Z
�1

eisx'k(x)Z(dx)

9=
; ds =

1Z
�1

0
@ tZ

0

eisxds

1
A'k(x)Z(dx) =

1Z
�1

eitx � 1

ix
'k(x)Z(dx):

(3.3.32)

�§¬¥­¥­¨¥ ¯®àï¤ª  ¨­â¥£à¨à®¢ ­¨ï ¢®§¬®¦­®, ¥á«¨

1Z
�1

j'k(x)j2dx <1:

� ­ è¥¬ á«ãç ¥ íâ® ãá«®¢¨¥ ¢ë¯®«­ï¥âáï, ¯®áª®«ìªã '(x) - ¥áâì ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ �(t; 0);
¨­â¥£à¨àã¥¬®© á ª¢ ¤à â®¬. � ª®­¥æ, ¨á¯®«ì§ãï á®®â­®è¥­¨¥

�k(t)� �k(0) =

1Z
�1

[eitx � 1]'k(x)Z(dx); (3.3.33)

¨ ¯®¤áâ ¢«ïï á®®â­®è¥­¨ï (3.3.31)-(3.3.33) ¢ á¨áâ¥¬ã (3.3.30), ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©

1Z
�1

(eitx � 1)'k(x)Z(dx) =

1Z
�1

eitx � 1

ix
['k(x) + �k]Z(dx); k = 1; :::; n� 1;

1Z
�1

(eitx � 1)'n(x)Z(dx) =

1Z
�1

eitx � 1

ix

"
n�1X
k=0

�ak'k+1(x) + �n

#
Z(dx):

� á¨«ã â®£®, çâ® ¬¥à  Z(dx) ¨¬¥¥â à ¢­®¬¥à­ãî á¯¥ªâà «ì­ãî ¯«®â­®áâì ¨§ ¤ ­­®£® á®®â­®è¥­¨ï

á«¥¤ã¥â à ¢¥­áâ¢® ¯®¤¨­â¥£à «ì­ëå äã­ªæ¨¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 Rn: (�â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬ ¤®áâ -
â®ç­® ¢ëç¨á«¨âì áà¥¤­¥¥ §­ ç¥­¨¥ ª¢ ¤à â  ¬®¤ã«ï à §­®áâ¨ «¥¢®© ¨ ¯à ¢®© ç áâ¥©.) � ª¨¬ ®¡à §®¬

¬ë ¯®«ãç ¥¬ á«¥¤ãîéãî á¨áâ¥¬ã ãà ¢­¥­¨© ¤«ï ç áâ®â­ëå å à ªâ¥à¨áâ¨ª 'k(x); k = 1; :::; n;

z'1(z) = '2(z) + �1;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
z'k(z) = 'k+1(z) + �k;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

z'n(z) = �
n�1P
k=0

ak'k+1(z) + �n;



£¤¥ ¤«ï ã¤®¡áâ¢  ¨á¯®«ì§®¢ ­ë ®¡®§­ ç¥­¨ï ix = z; 'k(x) = 'k(z): �§ ¯¥à¢ëå n� 1 á«¥¤ãîâ á®®â­®è¥-
­¨ï

'k+1(z) = zk'1(z)�
kX
l=1

zk�l�l; k = 1; :::; n� 1;

¯®¤áâ ­®¢ª  ª®â®àëå ¢ n�¥ ãà ¢­¥­¨¥ ¤ ¥â"
zn +

n�1X
k=0

akz
k

#
'1(z) =

n�1X
k=1

ak

kX
l=1

zk�l�l +
n�1X
l=1

zn�l�l + �n =

n�1X
k=1

ak

kX
l=1

zk�l�l +
nX
l=1

zn�l�l =
n�1X
l=0

zl�n�l +
n�2X
l=0

zl
n�1X
k=l+1

�k�lak:

(3.3.34)

�®á«¥¤­¥¥ á®®â­®è¥­¨¥ ¯®«ãç ¥âáï á ¨á¯®«ì§®¢ ­¨¥¬ ¨§¬¥­¥­¨ï ¯®àï¤ª  áã¬¬¨à®¢ ­¨ï,   ¨¬¥­­®,

nX
l=1

zn�l�l =
n�1X
l=0

zl�n�l;
n�1X
k=1

ak

kX
l=1

zk�l�l =
n�2X
l=0

zl
n�1X
k=l+1

�k�lak:

� ¯à ¢®© ç áâ¨ (3.3.34) ¬ë ¯®«ãç¨«¨ ¢ëà ¦¥­¨¥, ª®â®à®¥ ¥áâì ¯®«¨­®¬ áâ¥¯¥­¨ ­¥ ¢ëè¥ n � 1: �à¨-
à ¢­¨¢ ï ª®íää¨æ¨¥­âë íâ®£® ¯®«¨­®¬  ª®íää¨æ¨¥­â ¬ ¯®«¨­®¬  Pn�1(z); ¬ë ¯®«ãç ¥¬ á«¥¤ãîéãî

à¥ªãàà¥­âãî á¨áâ¥¬ã ¤«ï ¢ëç¨á«¥­¨ï ¯ à ¬¥âà®¢ �k;

�1 = bn�1;

�2 = bn�2 � �1an�1;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�k = bn�k �
n�1X
k=l+1

�k�lak; k = 2; :::; n:

(3.3.35)

� ª¨¬ ®¡à §®¬, ¥á«¨ ­¥®¡å®¤¨¬® à¥ «¨§®¢ âì ä®à¬¨àãîé¨© ä¨«ìâà ¤«ï áâ æ¨®­ à­®£® ¯à®æ¥áá  á § -
¤ ­­®© ¤à®¡­®-à æ¨®­ «ì­®© á¯¥ªâà «ì­®© ¯«®â­®áâìî, ¬®¦­® ¨á¯®«ì§®¢ âì ãà ¢­¥­¨¥ (3.3.29) á ¬ -
âà¨æ¥© A ¨ ¢¥ªâ®à®¬ B; ª®¬¯®­¥­âë ª®â®à®£® ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨ (3.3.35).

� à ¨ ¬ ¥ à 3.3.4 � áá¬®âà¨¬ § ¤ çã à¥ «¨§ æ¨¨ ä®à¬¨àãîé¥£® ä¨«ìâà  ¤«ï ¯à®æ¥áá , ¨¬¥îé¥£®
á¯¥ªâà «ì­ãî ¯«®â­®áâì

'(x) =
1 + x2

(1 � x2)2 + 4x2
:

�à¨¢®¤¨¬ á¯¥ªâà «ì­ãî ¯«®â­®áâì ª ¤à®¡­®-à æ¨®­ «ì­®¬ã ¢¨¤ã á ãç¥â®¬ ®¡®§­ ç¥­¨ï ix = z: �¬¥¥¬

1 + x2

(1� x2)2 + 4x2
=

���� ix + 1

1� x2 + 2ix

����
2

=

���� z + 1

z2 + 2z + 1

����
2

¨ ª®íää¨æ¨¥­âë á®®â¢¥âáâ¢ãîé¨å ¯®«¨­®¬®¢

P1(z) = 1+ z; Q2(z) = z2 + 2z + 1;

à ¢­ë

b0 = 1; b1 = 1; a0 = 1; a1 = 2:

�¡  ª®à­ï ¯®«¨­®¬  Q2(z) à ¢­ë �1; ¯®íâ®¬ã ä¨«ìâà ï¢«ï¥âáï ä¨§¨ç¥ª¨ à¥ «¨§ã¥¬ë¬. �á¯®«ì§ãï
á®®â­®è¥­¨ï (3.3.35) ¯®«ãç ¥¬,

�1 = b1 = 1; �2 = b0 � a1�1 = 1� 1� 2 = �1:



� ª¨¬ ®¡à §®¬ ¬ âà¨æë A ¨ B à ¢­ë

A =

0
@ 0 1

�1 �2

1
A ;

0
@ 1

�1

1
A ;

  á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  ãà ¢­¥­¨© ¤«ï ä®à¬¨àãîé¥£® ä¨«ìâà 

d~�1(t) = ~�2(t)dt+ dw(t);

d~�2(t) = �~�1(t)dt� 2~�2(t) � dw(t):

� ¯à ¢¨«ì­®áâ¨ ¯®¤¡®à  ä®à¬¨àãîé¥£® ä¨«ìâà  ­¥âàã¤­® ã¡¥¤¨âìáï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®©. �à ¢-
­¥­¨¥, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â á¯¥ªâà «ì­ ï ¯«®â­®áâì

'(x) =

0
@ '1(x)

'2(x)

1
A ;

¥áâì

ix'(x) = A'(x) +B;

á¢®¤¨âìáï ª á¨áâ¥¬¥
ix'1(x) = '2(x) + 1;

ix'2(x) = �'1(x)� 2'2(x)� 1;

à §à¥è ï ª®â®àãî ®â­®á¨â¥«ì­® '1(x); ¯®«ãç ¥¬

'1(x) =
1 + ix

1 + 2ix� x2
:

3.3.4 �®¤¥«¨à®¢ ­¨¥ «¨­¥©­ëå áâ®å áâ¨ç¥áª¨å ãà ¢­¥­¨© á ¯®¬®éìî á¨áâ¥¬

à §­®áâ­ëå ãà ¢­¥­¨©

�à¨ ¯®áâà®¥­¨¨ ¬®¤¥«¥© ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬, ®¯¨áë¢ ¥¬ëå áâ®å áâ¨ç¥áª¨¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢-
­¥­¨ï¬¨, ¬®¦­® ¨á¯®«ì§®¢ âì à §­®áâ­ë¥ áâ®å áâ¨ç¥áª¨¥ ãà ¢­¥­¨ï. � ª ¨ ¯à¨ ¬®¤¥«¨à®¢ ­¨¨ ¤¥â¥à-
¬¨­¨à®¢ ­­ëå á¨áâ¥¬ ­¥®¡å®¤¨¬® ¤®¡¨¢ âìáï ®¯à¥¤¥«¥­­®© áâ¥¯¥­¨ ¯®å®¦¥áâ¨ ¬®¤¥«¨àã¥¬®£® ¨ ¬®¤¥«ì-
­®£® ¯à®æ¥áá®¢. �«ï áâ®å áâ¨ç¥áª®© á¨áâ¥¬ë áâ¥¯¥­ì ¯®å®¦¥áâ¨ ®¯à¥¤¥«ï¥âáï áâ¥¯¥­ìî á®¢¯ ¤¥­¨ï à á-
¯à¥¤¥«¥­¨¨©. �ª §ë¢ ¥âáï, çâ® ¤«ï á¨áâ¥¬ë, ®¯¨áë¢ ¥¬®© «¨­¥©­ë¬ áâ®å áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ ¬®¦­®
¯®¤®¡à âì á¨áâ¥¬ã à §­®áâ­ëå ãà ¢­¥­¨©, ¨¬¥îéãî â®¦¥ á ¬®¥ à á¯à¥¤¥«¥­¨¥.

�ãáâì ¢¥ªâ®à­ë© á«ãç ©­ë© ¯à®æ¥áá X(t) 2 Rn; t 2 [0; T ] ®¯¨áë¢ ¥âáï «¨­¥©­ë¬ áâ®å áâ¨ç¥áª¨¬
ãà ¢­¥­¨¥¬

dX(t) = A(t)X(t)dt +B(t)dw(t);

£¤¥ A(t); B(t) - ¤¥â¥à¬¨­¨à®¢ ­­ë¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨ à §¬¥à  n�n ¨ n�m; á®®â¢¥âáâ¢¥­­®,   w(t) 2 Rm

- �¨­¥à®¢áª¨© ¯à®æ¥áá. �à¥¤¯®«®¦¨¬, çâ® ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 0 § ¤ ­® ­ ç «ì­®¥ ãá«®¢¨¥ X(0) c ¬ â¥-
¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ m0 ¨ ¬ âà¨æ¥© ª®¢ à¨ æ¨© 
0: � ä¨ªá¨àã¥¬ ­¥ª®â®àãî á®¢®ªã¯­®áâì ¬®¬¥­â®¢
¢à¥¬¥­¨ t0 = 0 < t1 < ::: < tN = T; ¨ ¯®áâà®¨¬ á¨áâ¥¬ã à §­®áâ­ëå ãà ¢­¥­¨© ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨
Xk = X(tk): �§ ä®à¬ã«ë (3.3.12) á«¥¤ã¥â

X(tk) = �(tk; tk�1)X(tk�1) +

tkZ
tk�1

�(tk; s)B(s)dw(s):

�à¨¬¥¬ ®¡®§­ ç¥­¨ï

~A(k) = �(tk; tk�1); ~B(k) =

0
B@

tkZ
tk�1

�(tk; s)B(s)B�(s)��(tk; s)ds

1
CA

1=2



¨ ¢¢¥¤¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥ªâ®à®¢ "k 2 Rm á ­¥§ ¢¨á¨¬ë¬¨ ª®¬¯®­¥­â ¬¨
¨ M"k = 0; cov("k"

�
k) = Im:

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ~Xk, ®¯à¥¤¥«ï¥¬ãî á¨áâ¥¬®© à §­®áâ­ëå ãà ¢­¥­¨©

~Xk = ~A(k) ~Xk�1 + ~B(k)"k; (3.3.36)

~X0 = X(0): �®£¤  ¤«ï «î¡ëå l; k � 0 ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

M ~Xk = MXk = MX(tk); cov( ~Xk
~X�
l ) = cov(X(tk)X

�(tl)); (3.3.37)

  ¥á«¨ á«ãç ©­ë¥ ¢¥ªâ®àë X0; "k; - £ ãáá®¢áª¨¥, â® á®¢¬¥áâ­ë¥ à á¯à¥¤¥«¥­¨ï ¢¥ªâ®à®¢ ~Xk; k = 0; 1; :::
¨ X(tk); k = 0; 1; ::: á®¢¯ ¤ îâ.

�®ª ¦¥¬, çâ® á®®â­®è¥­¨ï (3.3.37) ¢ë¯®«­ïîâáï. �§ ä®à¬ã«ë (3.3.12) á«¥¤ã¥â, çâ®

MX(tk) = �(tk; 0)MX(0);

cov(X(tk); X
�(tl)) =

tk^tlZ
0

�(tk ^ tl; s)B(s)B�(s)�(tk ^ tl; s)ds:

�«ï à¥è¥­¨ï ãà ¢­¥­¨ï (3.3.36) á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

~X(k) =
kY
l=1

~A(l)X(0) +
kX
l=1

kY
j=l+1

~A(j) ~B(l)"(l);

£¤¥ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¯®« £ ¥¬

kY
j=k

~A(j) = In;

®âªã¤  ¢ á¨«ã á¢®©áâ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ f"(k)g ¨ ¬ âà¨ç­®© äã­ªæ¨¨ �(t; s) ¨¬¥¥¬

M ~X(k) =
kQ
l=1

~A(l)MX(0) =

kQ
l=1

�(tl; tl�1)MX(0) = �(tk; 0)MX(0) = MX(tk):

�«ï ª®¢ à¨ æ¨¨ ¢¥ªâ®à®¢ ~X(k) á ãç¥â®¬ ­¥§ ¢¨á¨¬®áâ¨ á«ãç ©­ëå ¢¥ªâ®à®¢ "(l) ¨¬¥¥¬ á®®â­®è¥­¨¥

cov( ~Xk; ~Xl) =
k^lX
m

0
@ k^lY
j=m+1

~A(j)

1
A ~B(m) ~B�(m)

0
@ k^lY
j=m+1

~A(j)

1
A
�

:

� «¥¥ á ¨á¯®«ì§®¢ ­¨¥¬ à ¢¥­áâ¢

k^lY
j=m+1

~A(m) = �(tk ^ tl; tm);

~B(m) ~B�(m) =

tmZ
tm�1

�(tm; s)B(s)B�(s)�(tm ; s)ds



¯®«ãç ¥¬

cov( ~Xk; ~Xl) =

k^lX
m=1

�(tk ^ tl; tm)
0
@ tmZ
tm�1

�(tm; s)B(s)B�(s)��(tm; s)ds

1
A��(tk ^ tl; tm) =

k^lX
m=1

tmZ
tm�1

�(tk ^ tl; s)B(s)B�(s)��(tk ^ tl; s)ds =

tk^tlZ
0

�(tk ^ tl; s)B(s)B�(s)��(tk ^ tl; s)ds = cov(X(tk); X
�(tl)):

�   ¬ ¥ ç   ­ ¨ ¥ � £ ãáá®¢áª®¬ á«ãç ¥ ¨§ á®¢¯ ¤¥­¨ï ¤¢ãå ¯¥à¢ëå ¬®¬¥­â­ëå å à ªâ¥à¨áâ¨ª á«¥¤ã¥â

¨ á®¢¯ ¤¥­¨¥ «î¡ëå ª®­¥ç­®¬¥à­ëå à á¯à¥¤¥«¥­¨© ¢¥ªâ®à®¢ fX(tk); k = 0; 1; 2; :::g ¨ f ~X(k); k = 0; 1; 2; :::g:

�á«¨ ¬ âà¨ç­ë¥ äã­ªæ¨¨ A(t) ¨ B(t) ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨,   ¬®¬¥­âë ¢à¥¬¥­¨ tk = k�; k = 0; 1; 2; :::;
â® ¬ âà¨æë ~A(k); ~B(k) - ¯®áâ®ï­­ë ¨ ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

~A(k) = �(�; 0) = expfA�g = In + A�+
A2�2

2
+ ::::

~B(k) ~B�(k) =

�Z
0

�(�� s; 0)BB���(�� s; 0)ds =

BB��+ [ABB� + BB�A�] �
2

2 + ::::

� íâ®¬ á«ãç ¥ ¬ë ¯à¨å®¤¨¬ ª âà ¤¨æ¨®­­®¬ã ¬¥â®¤ã ¬®¤¥«¨à®¢ ­¨ï «¨­¥©­®£® áâ®å áâ¨ç¥áª®£® ¤¨ä-
ä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¯à¨ ¯®¬®é¨ à §­®áâ­®£® ãà ¢­¥­¨ï ¢¨¤ 

~X(k) = (In +A�) ~X(k � 1) + ~B(�)"(k):

�ë¡®à ¬ âà¨æë ~B ®¯à¥¤¥«ï¥âáï âà¥¡ã¥¬®© â®ç­®áâìî ¬¥â®¤  ¬®¤¥«¨à®¢ ­¨ï, ¥á«¨ ~B = B
p
�; â® â®ç-

­®áâì á®¢¯ ¤¥­¨ï ¬®¬¥­â­ëå å à ªâ¥à¨áâ¨ª ¥áâì o(�): �á«¨ ­¥®¡å®¤¨¬  ¡®«¥¥ ¢ëá®ª ï â®ç­®áâì, â®
­¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ¡®«¥¥ â®ç­ë¥ à §«®¦¥­¨ï ¤«ï ¬ âà¨æ ~A(�); ~B(�):

3.3.5 �æ¥­¨¢ ­¨¥ á«ãç ©­ëå ¯à®æ¥áá®¢. �¨«ìâà � «¬ ­ -�ìîá¨

� à §¤¥«¥ ?? ¯à¨¢¥¤¥­® à¥è¥­¨¥ § ¤ ç¨ ®æ¥­¨¢ ­¨ï á«ãç ©­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ®¯¨áë¢ ¥¬ëå «¨-
­¥©­ë¬¨ à §­®áâ­ë¬¨ ãà ¢­¥­¨ï¬¨. � £ ãáá®¢áª®¬ á«ãç ¥ íâ  § ¤ ç  ¨¬¥¥â ï¢­®¥ à¥è¥­¨¥ ¢ ä®à¬¥
¤¨áªà¥â­®£® ä¨«ìâà  � «¬ ­ . �ª §ë¢ ¥âáï, çâ® íâ®â à¥§ã«ìâ â ¬®¦­® à á¯à®áâà ­¨âì ¨ ­  á«ãç ©
­¥¯à¥àë¢­ëå á«ãç ©­ëå ¯à®æ¥áá®¢, ®¯¨áë¢ ¥¬ëå «¨­¥©­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ �â®.

� ¤ ç  ä¨«ìâà æ¨¨.

� áá¬®âà¨¬ ¯ àã á«ãç ©­ëå ¯à®æ¥áá®¢ fx(t) 2 Rn; y(t) 2 Rm; t 2 [0; T ]g; ®¯¨áë¢ ¥¬ëå á¨áâ¥¬®© «¨­¥©-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå áâ®å áâ¨ç¥áª¨å ãà ¢­¥­¨©

dx(t) = A(t)x(t)dt +B(t)dw1(t);

dy(t) = a(t)x(t)dt+ b(t)dw2(t);
(3.3.38)



á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ x(0) 2 Rn; y(0) = 0: � ãà ¢­¥­¨ïå (3.3.38) w1; w2 - �¨­¥à®¢áª¨¥ ¯à®æ¥ááë,
à §¬¥à­®áâ¨ k1; k2 - á®®â¢¥âáâ¢¥­­®, x(0) - £ ãáá®¢áª¨© á«ãç ©­ë© ¢¥ªâ®à á ¯ à ¬¥âà ¬¨

Mx(0) = m0; cov(x(0); x�(0)) = 
0;

á«ãç ©­ë¥ ¯à®æ¥ááë w1; w2 ¨ á«ãç ©­ë© ¢¥ªâ®à x(0) ­¥§ ¢¨á¨¬ë. � § ¤ ç¥ ä¨«ìâà æ¨¨ (®æ¥­¨¢ ­¨ï) ¬ë
¯®« £ ¥¬, çâ® ¯à®æ¥áá x(t) ­¥ ­ ¡«î¤ ¥¬,   ­ ¡«î¤ âì ¬®¦­® «¨èì ¯à®æ¥áá y(t); ª®â®àë© ­¥á¥â ­¥¯®«­ãî
¨­ä®à¬ æ¨î ® ¯à®æ¥áá¥ x: � ¤ ç  ä¨«ìâà æ¨¨ á®áâ®¨â ¢ ®¯à¥¤¥«¥­¨¨ ®¯â¨¬ «ì­®© ®æ¥­ª¨ ¯à®æ¥áá  x(t)
¯® ­ ¡«î¤¥­¨ï¬ §­ ç¥­¨© ¯à®æ¥áá  y(s) á ­ ç «ì­®£® ¬®¬¥­â  ¢à¥¬¥­¨ s = 0 ¤® â¥ªãé¥£® ¬®¬¥­â 
¢à¥¬¥­¨ s = t: � ¨«ãçè¥© ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ®æ¥­ª®© ï¢«ï¥âáï ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥,   ¨¬¥­­®:

m(t) =Mfx(t)jFy
t g;

£¤¥

Fy
t = �fy(s) : 0 � s � tg;

¥áâì ��  «£¥¡à , ¯®à®¦¤¥­­ ï §­ ç¥­¨ï¬¨ ¯à®æ¥áá  y(s) ¤® â¥ªãé¥£® ¬®¬¥­â  ¢à¥¬¥­¨. � ¬¥ç â¥«ì­ë©
à¥§ã«ìâ â � «¬ ­  ¨ �ìîá¨ á®áâ®¨â ¢ ¢ë¢®¤¥ ãà ¢­¥­¨©, ®¯¨áë¢ îé¨å í¢®«îæ¨î ãá«®¢­®£® ¬ â¥¬ â¨-
ç¥áª®£® ®¦¨¤ ­¨ï m(t):

� ¥ ® à ¥ ¬   3.3.7 [� «¬ ­ - �ìîá¨] �ãáâì ¢ ãà ¢­¥­¨ïå (3.3.38) ¬ âà¨ç­ë¥ äã­ªæ¨¨ A(t); B(t); a(t); b(t)
ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

TZ
0

kA(t)kdt <1;

TZ
0

(kB(t)B�(t)k+ kb(t)b�(t)k) dt <1;

TZ
0

a2ij(t)dt <1; i = 1; :::;m; j = 1; :::; n;

¬ âà¨ç­ë¥ äã­ªæ¨¨ b(t)b�(t); t 2 [0; T ] - à ¢­®¬¥à­® ­¥¢ëà®¦¤¥­ë, â® ¥áâì áãé¥áâ¢ã¥â ª®­áâ ­â 

c > 0 â ª ï, çâ® ¤«ï «î¡®£® t 2 [0; T ] ¨ ¢¥ªâ®à  u 2 Rm ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

u�b(t)b�(t)u � ckuk2: (3.3.39)

�®£¤  ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ m(t) = Mfx(t)jFy
t g - ¥áâì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë

áâ®å áâ¨çá¥ª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dm(t) = A(t)m(t)dt + 
(t)a�(t) (b(t)b�(t))�1 [dy(t) � a(t)m(t)dt]

_
(t) = A(t)
(t) + 
(t)A�(t) + B(t)B�(t) � 
(t)a�(t) (b(t)b�(t))�1 a(t)
(t);
(3.3.40)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

m(0) = m0; 
(0) = 
0:

�¥â¥à¬¨­¨à®¢ ­­ ï ¬ âà¨ç­ ï äã­ªæ¨ï 
(t) ¢ ãà ¢­¥­¨ïå (3.3.40) à ¢­ 


(t) = covfx(t)�m(t); (x(t)�m(t))�g = Mf(x(t)�m(t))(x(t) �m(t))�g; (3.3.41)

  ¯à®æ¥áá

�(t) =

tZ
0

(b(s)b�(s))�1=2 [dy(s) � a(s)m(s)ds]

¥áâì �¨­¥à®¢áª¨© ¯® ®â­®è¥­¨î ª ¯®â®ªã � -  «£¥¡à Fy
t ; t 2 [0; T ]:



�   ¬ ¥ ç   ­ ¨ ¥ �à®æ¥áá �(t) ­ §ë¢ ¥âáï ®¡­®¢«ïîé¨¬ ¤«ï ¯à®æ¥áá  ­ ¡«î¤¥­¨© y(t): �®§¬®¦­®áâì

¯à¥¤áâ ¢«¥­¨ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¢ ä®à¬¥ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¯® ®¡­®¢«ï-
îé¥¬ã ¯à®æ¥ááã ¥áâì ¢¥áì¬  £«ã¡®ª¨© ä ªâ â¥®à¨¨ ¬ àâ¨­£ «®¢. �¡­®¢«ïîé¨© ¯à®æ¥áá ¢®§­¨ª ¥â ¢

§ ¤ ç å ¯à¥¤áª § ­¨ï áâ æ¨®­ à­ëå ¯à®æ¥áá®¢ ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ¨ ¢ § ¤ ç¥ ¤¨áªà¥â­®© ä¨«ìâà -
æ¨¨. �£® ¢ ¦­®áâì ®¯à¥¤¥«ï¥âáï â¥¬, çâ® ®­, ï¢«ïïáì áâ ­¤ àâ­ë¬ ¯à®æ¥áá®¬ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï

¯®à®¦¤ ¥â â® ¦¥ á ¬®¥ ¯à®áâà ­áâ¢®, çâ® ¨ ¯à®æ¥áá ­ ¡«î¤¥­¨© y(t): � § ¤ ç å ®æ¥­¨¢ ­¨ï ¯®á«¥¤®¢ -
â¥«ì­®áâ¥© ®¡­®¢«ïîé ï ¯®á«¥¤®¢ â¥«ì­®áâì ¥áâì ¯®á«¥¤®¢ â¥«ì­®áâì ¡¥«®£® èã¬ , ª®â®à ï â ª¦¥

¯®à®¦¤ ¥â â® ¦¥ á ¬®¥ ¯à®áâà ­áâ¢®, çâ® ¨ ­ ¡«î¤ ¥¬ë© ¯à®æ¥áá.

�®ª § â¥«ìáâ¢ã ®á­®¢­®© â¥®à¥¬ë ¯à¥¤è¥áâ¢ã¥â àï¤ ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨©. �­ ç «¥ ¬ë ¯®ª -
¦¥¬, çâ® ¢ £ ãáá®¢áª®¬ á«ãç ¥ ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ï¢«ï¥âáï «¨­¥©­ë¬ äã­ªæ¨®­ «®¬
®â ­ ¡«î¤ ¥¬®£® ¯à®æ¥áá  ¨ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ä®à¬¥ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¯® ¯à®æ¥ááã
­ ¡«î¤¥­¨©.

� ¥ ¬ ¬   3.3.4 � ãá«®¢¨ïå â¥®à¥¬ë ¤«ï ª ¦¤®£® t 2 [0; T ] áãé¥áâ¢ã¥â ¬ âà¨ç­ ï äã­ªæ¨ï G(t; s); s 2
[0; t]; à §¬¥à  n�m â ª ï, çâ®

tZ
0

G(t; s)G�(t; s)ds <1;

tZ
0

G(t; s)b(s)b�(s)G�(t; s)ds <1;

tZ
0

tZ
0

G(t; u)a(u)M(x(u)x�(v))a�(v)G�(t; v)dudv <1;

¨ ¯à®æ¥áá ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

Mfx(t)jFy
t g = Mx(t) +

tZ
0

G(t; s)dy(s): (3.3.42)

� ® ª   §   â ¥ « ì á â ¢ ® �ãáâì 0 = t
(n)
0 < t

(n)
1 < ::: < t

(n)
2n = t - ¤¢®¨ç­®-à æ¨®­ «ì­®¥ à §¡¨¥­¨¥

®âà¥§ª  [0; t]; tnk = k
2n t: �¡®§­ ç¨¬

Fy
t;n = � fy(tn0 ); :::; y(tn2n)g = � fy(tn0 ); y(tn1 ) � y(tn0 ); :::; y(t

n
2n) � y(t2n�1)g ;

� -  «£¥¡àã, ¯®à®¦¤¥­­ãî §­ ç¥­¨ï¬¨ ­ ¡«î¤ ¥¬®£® ¯à®æ¥áá  ¢ â®çª å ¤¢®¨ç­®-à æ¨®­ «ì­®£® à §¡¨¥-
­¨ï. �à®æ¥áá ­ ¡«î¤¥­¨© ­¥¯à¥àë¢¥­, ¯®íâ®¬ã Fy

t;n " Fy
t ¨ ¯® �¥®à¥¬¥ 5.3.2

Mfx(t)jFy
t;ng !Mfx(t)jFy

t g; (P� ¯.­.): (3.3.43)

�¥¬¥©áâ¢® ª®¬¯®­¥­â á«ãç ©­ëå ¢¥ªâ®à®¢ (Mfxi(t)jFy
t;ng)2 à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬®, ¯®áª®«ìªã ¤«ï

«î¡®£® k � 1 ¢ á¨«ã ­¥à ¢¥­áâ¢  �¥­á¥­  ¨ £ ãáá®¢®áâ¨ ¢¥ªâ®à  x(t)

M(Mfxi(t)jFy
t;ng)2k �M(Mf(xi(t))2kjFy

t;ng) �M(xi(t))2k <1;

®âªã¤  à ¢­®¬¥à­ ï ¨­â¥£à¨àã¥¬®áâì á«¥¤ã¥â ¯® ªà¨â¥à¨î � ««¥-�ãáá¥­ . � ª¨¬ ®¡à §®¬ ¯®á«¥¤®¢ -
â¥«ì­®áâì á«ãç ©­ëå ¢¥ªâ®à®¢ ¢ á®®â­®è¥­¨¨ (3.3.43) áå®¤¨âáï ¨ ¢ áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬, çâ® ®§­ ç ¥â
¢ë¯®«­¥­¨¥ á®®â­®è¥­¨ï

lim
n!1

�
Mfx(t)jFy

t;ng �Mfx(t)jFy
t g
� �
Mfx(t)jFy

t;ng �Mfx(t)jFy
t g
��

= 0: (3.3.44)

�¥¬¥©áâ¢® á«ãç ©­ëå ¢¥ªâ®à®¢ fx(t); y(t(n)k+1) � y(t
(n)
k ); k = 0; 1; :::; 2ng ¨¬¥¥â á®¢¬¥áâ­®¥ £ ãáá®¢áª®¥ à á-

¯à¥¤¥«¥­¨¥, ¯®íâ®¬ã ¯® �¥®à¥¬¥ ® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨ (5.4.4),(5.4.5) ¤«ï ª ¦¤®£® n = 1; 2; ::

M(x(t)jFy
t;n) = Mx(t) +

2n�1X
k=0

Gn(t; t
(n)
k )

�
y(t(n)k+1 � y(t(n)k

�
(3.3.45)



á ­¥ª®â®à®© ­¥á«ãç ©­®© äã­ªæ¨¥© Gn(t; t
(n)
k ); k = 0; :::; 2n� 1: �¯à¥¤¥«¨¬ äã­ªæ¨î

Gn(t; s) = Gn(t; t
(n)
k ); ¯à¨ t

(n)
k � s < t

(n)
k+1;

â®£¤  á®®â­®è¥­¨¥ (3.3.45) ¬®¦­® § ¯¨á âì ¢ ä®à¬¥ áâ®å áâ¨ç¥áª®£® ¨­â¥£à « 

M(x(t)jFy
t;n) = Mx(t) +

tZ
0

Gn(t; s)dy(s): (3.3.46)

�®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© Gn(t; s) áå®¤¨âáï ª äã­ªæ¨¨ G(t; s) ¢ ¯à¥¤áâ ¢«¥­¨¨ (3.3.42).
�«ï íâ®£® ¢ëç¨á«¨¬

M
�
Mfx(t)jFy

t;ng �Mfx(t)jFy
t;mg

� �
Mfx(t)jFy

t;ng �Mfx(t)jFy;m
t g�� =

M

0
@ tZ

0

[Gn(t; s)� Gm(t; s)]dy(s)

1
A
0
@ tZ

0

[Gn(t; s)� Gm(t; s)]dy(s)

1
A
�

=

M

0
@ tZ

0

[Gn(t; s)� Gm(t; s)]a(s)x(s)ds

1
A
0
@ tZ

0

[Gn(t; s)� Gm(t; s)]a(s)x(s)ds

1
A
�

+

M

0
@ tZ

0

[Gn(t; s)� Gm(t; s)]b(s)dw
2(s)

1
A
0
@ tZ

0

[Gn(t; s)� Gm(t; s)]b(s)dw
2(s)

1
A
�

=

tZ
0

tZ
0

[Gn(t; u)� Gm(t; u)]a(u)M(x(u)x�(v))a�(u)[Gn(t; u)�Gm(t; u)]
�dudv+

tZ
0

[Gn(t; s) �Gm(t; s)]b(s)b
�(s)[Gn(t; s)� Gm(t; s)]

�ds:

(3.3.47)

�®áª®«ìªã «¥¢ ï ç áâì (3.3.47) áâà¥¬¨âáï ª ­ã«î ¯à¨ n;m!1; â® ª ­ã«î áâà¥¬ïâáï ¨ ­¥®âà¨æ â¥«ì­®
®¯à¥¤¥«¥­­ë¥ ¨­â¥£à «ë ¢ ¯à ¢®© ç áâ¨

lim
n;m!1

tZ
0

tZ
0

[Gn(t; u)�Gm(t; u)]a(u)M(x(u)x�(v))a�(u)[Gn(t; u)� Gm(t; u)]
�dudv = 0;

lim
n;m!1

tZ
0

[Gn(t; s)� Gm(t; s)]b(s)b
�(s)[Gn(t; s) �Gm(t; s)]�ds = 0:

�§ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¨ à ¢­®¬¥à­®© ­¥¢ëà®¦¤¥­­®áâ¨ ¬ âà¨æ (b(t)b�(t)) (á¬. ­¥à ¢¥­áâ¢® (3.3.39))
á«¥¤ã¥â á®®â­®è¥­¨¥

lim
n;m!1

tZ
0

[Gn(t; s)� Gm(t; s)][Gn(t; s) �Gm(t; s)]
�ds = 0;

ª®â®à®¥ ®§­ ç ¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâìäã­ªæ¨© Gn(t; s)äã­¤ ¬¥­â «ì­  ¢ L2([0; T ]); ¨ á«¥¤®¢ â¥«ì­®,
áãé¥áâ¢ã¥â

l:i:m:
n

Gn(t; s) = G(t; s) 2 L2([0; T ]):



�®áª®«ìªã M(x(u)x�(v)) à ¢­®¬¥à­® ®£à ­¨ç¥­® ¯à¨ (u; v) 2 [0; T ]� [0; T ]; â®

M

0
@ tZ

0

[Gn(t; s)� G(t; s)]a(s)x(s)ds

1
A
0
@ tZ

0

[Gn(t; s) �G(t; s)]a(s)x(s)ds

1
A
�

! 0;

 ­ «®£¨ç­®

M

0
@ tZ

0

[Gn(t; s)� G(t; s)]b(s)dw2(s)

1
A
0
@ tZ

0

[Gn(t; s) �G(t; s)]b(s)dw2(s)

1
A
�

! 0;

á«¥¤®¢ â¥«ì­®,

lim
n

tZ
0

Gn(t; s)dy(s) =

tZ
0

G(t; s)dy(s);

çâ® ¢¬¥áâ¥ á (3.3.43) ¨ (3.3.46) § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

� ¥ ¬ ¬   3.3.5 � ãá«®¢¨ïå â¥®à¥¬ë ¯à®æ¥áá �(t)

�(t) =

tZ
0

(b(s)b�(s))�1=2 [dy(s) � a(s)m(s)ds] ; (3.3.48)

£¤¥ m(t) = Mfx(t)jFy
t g; ¥áâì �¨­¥à®¢áª¨© ¯® ®â­®è¥­¨î ª ¯®â®ªã � -  «£¥¡à Fy

t ; t 2 [0; T ]:

� ® ª   §   â ¥ « ì á â ¢ ® �®ª ¦¥¬, çâ® �(t) ¥áâì ­¥¯à¥àë¢­ë© ª¢ ¤à â¨ç­® - ¨­â¥£à¨àã¥¬ë© ¬ à-
â¨­£ « ®â­®á¨â¥«ì­® ¯®â®ª  � -  «£¥¡à Fy

t : �à®æ¥áá x(t) ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ ¨ ¨­â¥£à¨àã¥¬ë¬ ¢
áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥, íâ® á«¥¤ã¥â ¨§ ¢®§¬®¦­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï x(t) ¯® �¥®à¥¬¥ 3.3.6 ¨ ¢ëâ¥-
ª îé¥© ¨§ ­¥¥ ­¥¯à¥àë¢­®áâ¨ ¨ ®£à ­¨ç¥­­®áâ¨ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ª®¢ à¨ æ¨®­­®© äã­ªæ¨¨
x(t): �«¥¤®¢ â¥«ì­®, ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¤«ï x(t) áãé¥áâ¢ã¥â ¨ ¨­â¥£à¨àã¥¬® ¢ áà¥¤­¥¬
ª¢ ¤à â¨ç¥áª®¬. �®«¥¥ â®£® ¯® â¥®à¥¬¥ �ã¡¨­¨

tZ
0

a(s)m(s)ds =

tZ
0

a(s)M(x(s)jFy
s )ds = M

8<
:

tZ
0

a(s)x(s)ds jFy
s

9=
; ;

¨ á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¢ á¨«ã ¨­â¥£à¨àã¥¬®áâ¨ ¯à®æ¥áá  x(t): � ª¨¬ ®¡à §®¬ ¨§ ¯à¥¤áâ ¢«¥­¨ï
(3.3.48) á«¥¤ã¥â ­¥¯à¥àë¢­®áâì ¯à®æ¥áá  �(t):

�®ª ¦¥¬, çâ® �(t) - ¬ àâ¨­£ « ®â­®á¨â¥«ì­® Fy
t : �ëç¨á«¨¬

M f�(t) � �(u)jFy
ug = M

2
4 tZ
u

(b(s)b�(s))�1=2(dy(s) � a(s)m(s)ds) jFy
u

3
5 =

M

2
4 tZ
u

(b(s)b�(s))�1=2(a(s)(x(s) �m(s))ds jFy
u

3
5+M

2
4 tZ
u

(b(s)b�(s))�1=2b(s)dw2(s) jFy
u

3
5 :

�à¨¬¥­ïï â¥®à¥¬ã �ã¡¨­¨ ¨ ¨á¯®«ì§ãï á¢®©áâ¢  ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï á ãç¥â®¬ ¢ª«î-



ç¥­¨ï Fy
u � Fy

u ; ¯®«ãç ¥¬ ¤«ï ¯¥à¢®£® ¨­â¥£à « 

M

2
4 tZ
u

(b(s)b�(s))�1=2(a(s)(x(s) �m(s))ds jFy
u

3
5 =

tZ
u

(b(s)b�(s))�1=2a(s)M [x(s) �m(s)jFy
u ]ds =

tZ
u

(b(s)b�(s))�1=2a(s)M [M(x(s) �m(s)jFy
s )jFy

u ]ds = 0:

�â®à®© ¨­â¥£à « à ¢¥­ ­ã«î ¢ á¨«ã á¢®©áâ¢ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¯® �¨­¥à®¢áª®¬ã ¯à®æ¥ááã.
� «¥¥ ¢ëç¨á«¨¬ ¯à®¨§¢¥¤¥­¨¥ �(t)��(t): �® ä®à¬ã«¥ �â®

�(t)��(t) =

tZ
0

�(t)d��(t) +

tZ
0

d�(t)��(t) +

tZ
0

(b(s)b�(s))�1=2(b(s)b�(s))(b(s)b�(s))�1=2ds =

tZ
0

�(t)d��(t) +

tZ
0

d�(t)��(t) +

tZ
0

Imds

�®ª ¦¥¬, çâ® ¯¥à¢ë¥ ¤¢  ç«¥­  ¢ ¤ ­­®¬ á®®â­®è¥­¨¨ ï¢«ïîâáï ¬ àâ¨­£ « ¬¨ ®â­®á¨â¥«ì­® Fy
t : �¥©-

áâ¢¨â¥«ì­®, ¨á¯®«ì§ãï â¥®à¥¬ã �ã¡¨­¨ ¨ á¢®©áâ¢  ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï, ¯®«ãç ¥¬

M

2
4 tZ
0

�(s)d��(s) jFy
u

3
5 =M

2
4 tZ
0

�(s)(x(s) �m(s))�a�(s)(b(s)b�(s))�1=2ds jFy
u

3
5+

M

2
4 tZ
0

�(s)(b(s)b�(s))�1=2d(w2(s))� jFy
u

3
5 =

tZ
0

M [�(s)M(x(s) �m(s)�jFy
s )jFy

u] a
�(s)(b(s)b�(s))�1=2ds = 0:

�­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï ¬ àâ¨­£ «ì­®¥ á¢®©áâ¢® ¨ ¤«ï ¢â®à®£® á« £ ¥¬®£®. � ª¨¬ ®¡à §®¬

M [�(t)��(t)� �(u)��(u) jFy
u ] = Imjt� uj;

¨ ¯® �¥®à¥¬¥ �¥¢¨ 4.1.20 ¯à®æ¥áá �(t) - ¥áâì áâ ­¤ àâ­®¥ �à®ã­®¢áª®¥ ¤¢¨¦¥­¨¥ ®â­®á¨â¥«ì­® Fy
t :

�«¥¤ãîé¨© à¥§ã«ìâ â ¯®ª §ë¢ ¥â, çâ® ®¡­®¢«ïîé¨© ¯à®æ¥áá ¤¥©áâ¢¨â¥«ì­® ¯®à®¦¤ ¥â â® ¦¥ á ¬®¥ ¯à®-
áâà ­áâ¢®, çâ® ¨ ¯à®æ¥áá ­ ¡«î¤¥­¨© y(t):

� ¥ ¬ ¬   3.3.6 � ãá«®¢¨ïå â¥®à¥¬ë ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

Fy
t = F�

t : (3.3.49)

� ® ª   §   â ¥ « ì á â ¢ ® �ª«îç¥­¨¥ F�
t � Fy

t ®ç¥¢¨¤­®, ¯®íâ®¬ã ­¥®¡å®¤¨¬® ãáâ ­®¢¨âì ®¡à â­®¥
¢ª«îç¥­¨¥. �«ï ¤®ª § â¥«ìáâ¢  íâ®£® ¬ë ¯®ª ¦¥¬, çâ® §­ ç¥­¨¥ ¯à®æ¥áá  y(t) ¤«ï «î¡®£® t 2 [0; T ]



¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¯® ®¡­®¢«ïîé¥¬ã ¯à®æ¥ááã �(t) ®â ­¥ª®â®à®© ­¥-
á«ãç ©­®© äã­ªæ¨¨. �à¨ ­¥ª®â®à®© ¯à®¨§¢®«ì­®© ­¥á«ãç ©­®© ¢¥ªâ®à-äã­ªæ¨¨ F (t) à áá¬®âà¨¬

tR
0

F �(u)d�(u) =
tR
0

F �(u)(b(u)b�(u))�1=2[dy(u)� a(u)m(u)du]:

�® �¥¬¬¥ 3.3.4

m(u) =

uZ
0

G(u; s)dy(s);

¤«ï ã¯à®é¥­¨ï ¢ëª« ¤®ª ¬ë ¯®« £ ¥¬, çâ® Mx(t) = 0: �®£¤  ¨á¯®«ì§ãï â¥®à¥¬ã �ã¡¨­¨ ¤«ï áâ®å áâ¨-
ç¥áª¨å ¨­â¥£à «®¢ 3.3.2 ¯®«ãç ¥¬

tZ
0

F �(u)d�(u) =

tZ
0

F �(u)(b(u)b�(u))�1=2[dy(u) � a(u)

uZ
0

G(u; s)dy(s)du] =

tZ
0

2
4F �(u)(b(u)b�(u))�1=2 �

tZ
u

F �(b(s)b�(s))�1=2a(s)G(s; u)ds

3
5 dy(u):

�à¥¤¯®«®¦¨¬, çâ® ¬®¦­® ¢ë¡à âì äã­ªæ¨î F â ª¨¬ ®¡à §®¬, çâ®¡ë ¢ë¯®«­ï«®áì à ¢¥­áâ¢®

F �(u)(b(u)b�(u))�1=2 �
tZ

u

F �(b(s)b�(s))�1=2a(s)G(s; u)ds = ek = (0; :::; 0; 1;0; :::0); (3.3.50)

á ¥¤¨­¨æ¥© ­  k - ®¬ ¬¥áâ¥. �®£¤ 

tZ
0

F �(u)d�(u) =

tZ
0

ekdy(u) = yk(t);

¨ á«¥¤®¢ â¥«ì­®, á«ãç ©­ ï ¢¥«¨ç¨­  yk(t) - F�
t - ¨§¬¥à¨¬ .

� ¢¥­áâ¢® (3.3.50) ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ¢¥ªâ®à-äã­ªæ¨¨ F

F (u) = (b(u)b�(u))1=2k +

tZ
u

(b(u)b�(u))1=2G(s; u)a(s)(b(s)b�(s))�1=2F (s)ds;

£¤¥ (b(u)b�(u))1=2k - k - ë© áâ®«¡¥æ ¬ âà¨æë. �â® ãà ¢­¥­¨¥ ®â­®á¨âáï ª ª« ááã ¨­â¥£à «ì­ëå ãà ¢­¥­¨©
�®«â¥àà  (¢â®à®£® à®¤ ) ®â­®á¨â¥«ì­® f ¢¨¤ 

f(u) = '(u) +

uZ
0

K(u; s)f(s)ds;

ª®â®àë¥ ¨¬¥îâ ¥¤¨­áâ¢¥­­®¥ ¨­â¥£à¨àã¥¬®¥ á ª¢ ¤à â®¬ à¥è¥­¨¥ ­  [0; T ], ¥á«¨

' 2 L2([0; T ]);

TZ
0

TZ
0

K(u; s)K�(t; s)dsdu <1:

� ãá«®¢¨ïå â¥®¥à¬ë ¢ á¨«ã ­¥¢ëà®¦¤¥­­®áâ¨ ¬ âà¨ç­®© äã­ªæ¨¨ b(t)b�(t); ¨­â¥£¨àã¥¬®áâ¨ á ª¢ ¤à â®¬
G(t; s) ¨ ­¥¯à¥àë¢­®áâ¨ a(t) ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¢ë¯®«­¥­ë ¨ á ¬® ¨áå®¤-
­®¥ ãà ¢­¥­¨¥ á ¯®¬®éìî § ¬¥­ë ¯¥à¥¬¥­­®© v = t � u ¯à¨¢®¤¨âáï ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã. �¥¬ á ¬ë¬
¤®ª § ­  ¢®§¬®¦­®áâì ¢ë¡®à  á®®â¢¥áâ¢ãîé¥© äã­ªæ¨¨ F;   ¢¬¥áâ¥ á íâ¨¬ ¨ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.



�¥à¥©¤¥¬ â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã ®á­®¢­®© â¥®à¥¬ë.

� ® ª   §   â ¥ « ì á â ¢ ® � á¨«ã �¥¬¬ 3.3.4 ¨ 3.3.6 ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¯à¥¤áâ ¢¨¬®
¢ ¢¨¤¥ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ¯® ®¡­®¢«ïîé¥¬ã ¯à®æ¥ááã

Mfx(t)jFy
t g = Mx(t) +

tZ
0

F (t; s)d�(t):

� ª¨¬ ®¡à §®¬ ­¥®¡å®¤¨¬® ­ ©â¨ ¢ëà ¦¥­¨¥ ¤«ï äã­ªæ¨¨ F (t; s):� «¥¥ ¤«ï ã¯à®é¥­¨ï ¢ëª« ¤®ª ¬ë
¯®« £ ¥¬Mx(t) = 0; íâ® ¯à¥¤¯®«®¦¥­¨¥, ®¤­ ª®, ­¥ ®£à ­¨ç¨¢ ¥â ®¡é­®áâ¨, ¯®áª®«ìªãMx(t) = �(t; 0)m0

(§¤¥áì ¨ ¤ «¥¥ �(t; s) - ¬ âà¨æ  äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï «¨­¥©­®© á¨áâ¥¬ë _X(t) = A(t)X(t) á¬.�¥¬¬ã
3.3.1) ¨ ¢ á¨«ã «¨­¥©­®áâ¨ ¤«ï ¯®«ãç¥­¨ï à¥§ã«ìâ â  ¢ ®¡é¥¬ á«ãç ¥ ¤®áâ â®ç­® ¤®¡ ¢¨âì íâ® ¢ëà ¦¥­¨¥
ª ¯®«ãç¥­­®¬ã ¯à¨ m0 = 0:

�á«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã á®®â­®è¥­¨î, ¨¬¥îé¥¬ã á¬ëá« ãá«®-
¢¨ï ®àâ®£®­ «ì­®áâ¨

Mf(x(t) �m(t))'�(t)g = 0;

£¤¥ '(t) =
tR
0

f(t; s)d�(t) á ¯à®¨§¢®«ì­®© äã­ªæ¨¥© f(t; s): �á«®¢¨¥ ®àâ®£®­ «ì­®áâ¨ ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥

Mx(t)

2
4 tZ
0

f(t; s)d�(s)

3
5
�

=

tZ
0

F (t; s)f�(t; s)ds: (3.3.51)

�ëç¨á«¨¬ «¥¢ãî ç áâì (3.3.51) ¨á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ®¡­®¢«ïîé¥£® ¯à®æ¥áá .

Mx(t)

2
4 tZ
0

f(t; s)d�(s)

3
5
�

= Mx(t)

2
4 tZ
0

f(t; s)(b(s)b�(s))�1=2b(s)dw2(s)

3
5
�

+

Mx(t)

2
4 tZ
0

f(t; s)(b(s)b�(s))�1=2a(s)(x(s) �m(s))ds

3
5
�

=

tZ
0

M[x(t)(x(s) �m(s))� ]a�(s)(b(s)b�(s))�1=2f�(t; s)ds:

� «¥¥

M[x(t)(x(s) �m(s))� ] = M[M(x(t)jFs)(x(s) �m(s))� ] = M[�(t; s)x(s)(x(s) �m(s))�] =

�(t; s)M[(x(s) �m(s)(x(s) �m(s))�] + �(t; s)M[m(s)(x(s) �m(s))� ] = �(t; s)cov(x(s) �m(s));

¯®áª®«ìªã,
M[m(s)(x(s) �m(s))� ] = M[m(s)M(x(s) �m(s)jF y

s )
�]:

�¡®§­ ç¨¬ cov(x(s) � m(s)) = 
(s) ¨ ¯®¤áâ ¢¨¬ ¯®«ãç¥­­ë¥ ¢ëà ¦¥­¨ï ¢ (3.3.51), íâ® ¯à¨¢®¤¨â ­ á ª
á«¥¤ãîé¥¬ã á®®â­®è¥­¨î

tZ
0

F (t; s)f�(t; s)ds =

tZ
0

�(t; s)
(s)a�(s)(b(s)b�(s))�1=2f�(t; s)ds;

¢ë¯®«­ïîé¥¬ãáï ¯à¨ «î¡®© äã­ªæ¨¨ f(t; s): � á¨«ã ¯à®¨§¢®«ì­®áâ¨ f ®âáî¤  á«¥¤ã¥â, çâ®

F (t; s) = �(t; s)
(s)a�(s)(b(s)b�(s))�1=2;



¨ á®®â­®è¥­¨¥ ¤«ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨¬¥¥â ¢¨¤

m(t) = Mx(t) +

tZ
0

F (t; s)s�(s) = �(t; 0)m0 +

tZ
0

�(t; s)
(s)a�(s)(b(s)b�(s))�1=2d�(s):

�® T¥®à¥¬¥ 3.3.6 ¯à®æ¥áá m(t) ¥áâì à¥è¥­¨¥ «¨­¥©­®£® áâ®å áâ¨ç¥áª®£® ãà ¢­¥­¨ï (3.3.40) á ¯à®æ¥áá®¬
�à®ã­®¢áª®£® ¤¢¨¦¥­¨ï �(t):�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì ¢ë¢¥áâ¨ ãà ¢­¥­¨¥ ¤«ï ¬ âà¨ç­®©
äã­ªæ¨¨ 
(t): �à¨¬¥­ïï ä®à¬ã«ã �â® ª ¯à®æ¥ááã Z(t) = (x(t)�m(t))(x(t)�m(t))� á ãç¥â®¬ áâ®å áâ¨ç¥-
áª®£® ãà ¢­¥­¨ï, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â à §­®áâì x(t) �m(t);   ¨¬¥­­®:

d(x(t)�m(t)) = [A(t)� 
(t)a�(t)(b(t)b�(t))�1](x(t)�m(t))dt +B(t)dw1(t)+


(t)a�(t)(b(t)b�(t))�1dw2(t);

¯®«ãç ¥¬

Z(t) = Z(0)+

tZ
0

[A(s) � 
(s)a�(s)(b(s)b�(s))�1]Z(s)ds +

tZ
0

Z(s)[A(s) � 
(s)a�(s)(b(s)b�(s))�1]�ds+

tZ
0

B(s)B�(s)ds +

tZ
0


(s)a�(s)(b(s)b�(s))�1a(s)
(s)ds+

tZ
0

(x(s) �m(s))[B(s)dw1(s) + 
(s)a�(s)(b(s)b�(s)b(s)dw2(s)]�+

tZ
0

[B(s)dw1(s) + 
(s)a�(s)(b(s)b�(s)b(s)dw2(s)](x(s) �m(s))�:

�à®¨§¢®¤ï ãáà¥¤­¥­¨¥ á ãç¥â®¬ á®®â­®è¥­¨©MZ(t) = 
(t);MZ(0) = 
0 ¨ à ¢¥­áâ¢  ­ã«î ¬ â®¦¨¤ ­¨©
®â áâ®å áâ¨ç¥áª¨å ¨­â¥£à «®¢ ¯®«ãç ¥¬


(t) = 
0 +

tZ
0

[A(s)
(s) + 
(s)A�(s) +B(s)B�(s) � 
(s)a�(s)(b(s)b�(s))�1a(s)
(s)]ds; (3.3.52)

®âªã¤  á«¥¤ã¥â, çâ® ¬ âà¨ç­ ï äã­ªæ¨ï 
(t) ¤¥©áâ¢¨â¥«ì­® ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (3.3.40).
� ª¨¬ ®¡à §®¬ ¯®ª § ­®, çâ® ¯ à  (m(t); 
(t)) ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë áâ®å áâ¨-

ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (3.3.40). �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì ã¡¥¤¨âìáï ¢
¥¤¨­áâ¢¥­­®áâ¨ íâ®£® à¥è¥­¨ï.

�à ¢­¥­¨¥, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â ¬ âà¨ç­ ï äã­ªæ¨ï 
(t) ­ §ë¢ ¥âáï ¬ âà¨ç­ë¬ ãà ¢­¥­¨¥¬

�¨ªª â¨ ¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­®¥ à¥è¥­¨¥. �¥©áâ¢¨â¥«ì­®, ª ª á«¥¤ã¥â ¨§
(3.3.52) «î¡®¥ ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã


(t) � �(t; 0)
0�
�(t; 0) +

tZ
0

�(t; s)B(s)B�(s)��(t; s)ds; (3.3.53)

¨ á«¥¤®¢ â¥«ì­®, à ¢­®¬¥à­® ®£à ­¨ç¥­®. � á¨«ã íâ®£® ¯à ¢ ï ç áâì á¨áâ¥¬ë áâ®å áâ¨ç¥áª¨å ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© 3.3.40) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ , ¨ ¯® �¥®à¥¬¥ 3.3.1 íâ  á¨áâ¥¬  ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.



� áá¬®âà¨¬ ­¥ª®â®àë¥ ¯à¨¬¥àë ¨á¯®«ì§®¢ ­¨ï ¯®«ãç ­­®£® à¥§ã«ìâ â .

� à ¨ ¬ ¥ à 3.3.5 [� ¤ ç  ®æ¥­¨¢ ­¨ï ¯ à ¬¥âà ]. �ãáâì âà¥¡ã¥âáï ®æ¥­¨âì £ ãáá®¢áªãî á«ãç ©­ãî
¢¥«¨ç¨­ã � � N (�; �20) ¯® ­ ¡«î¤¥­¨ï¬ á«ãç ©­®£® ¯à®æ¥áá  y(t); ã¤®¢«¥â¢®àïîé¥£® áâ®å áâ¨ç¥áª®¬ã
ãà ¢­¥­¨î

dy(t) = �dt + �1dw(t); y(0) = 0:

�á«¨ ¯®«®¦¨âì ¯¥à¥¬¥­­ãî x(t) = �; â® ¯ à  ¯¥à¥¬¥­­ëå fx(t); y(t)g ã¤®¢«¥â¢®àï¥â «¨­¥©­®© á¨áâ¥¬¥
áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dx(t) = 0;

dy(t) = x(t)dt+ �1dw(t)
(3.3.54)

¨ ­ ¨«ãçè ï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ®æ¥­ª  � ¥áâì Mf�jFtg = Mfx(t)jFtg = m(t): �à¨¬¥­ïï
�¥®à¥¬ã 3.3.7, ¨ ä®à¬ã«ë (3.3.40) á ¯ à ¬¥âà ¬¨

A(t) = 0; B(t) = 0; a(t) = 1; b(t) = �1

¯®«ãç ¥¬, çâ® fm(t); 
(t)g; £¤¥ 
(t) =M(� �m(t))2 ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ áâ®å áâ¨ç¥áª¨å ãà ¢­¥­¨©

dm(t) =

(t)
�2

[dy(t)�m(t)dt];

_
(t) = �

2(t)
�2

;

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ m(0) = m0; 
(0) = �20: �à ¢­¥­¨¥ ¤«ï ¯¥à¥¬¥­­®© 
(t) ¨¬¥¥â ï¢­®¥ à¥è¥­¨¥,
ª®â®à®¥ ­¥âàã¤­® ­ ©â¨, ¥á«¨ à áá¬®âà¥âì ¯¥à¥¬¥­­ãî g(t) = 
�1(t); ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î

_g(t) = ��21 ;

®âªã¤ 

�1(t) = g(t) = ��20 + ��21 t:

�«¥¤®¢ â¥«ì­®,


(t) =
�20�

2
1

t�20 + �21
:

�®¦­® ¢ë¢¥áâ¨ ¨ ï¢­®¥ ¢ëà ¦¥­¨¥ ¤«ï m(t); ª®â®à®¥ ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã áâ®å áâ¨ç¥áª®¬ã ãà ¢-
­¥­¨î

dm(t) =
�20

t�20 + �21
[dy(t) �m(t)dt];

à¥è¥­¨¥ ª®â®à®£® ¨¬¥¥â ¢¨¤

m(t) = �(t; 0)m0 +

tZ
0

�(t; s)
�20

s�20 + �21
dy(s);

£¤¥

�(t; s) = exp

8<
:�

tZ
s

�20
u�20 + �21

du

9=
; :

� ¬¥â¨¬, çâ®
d

ds
�(t; s)

�20�
2
1

s�20 + �21
=

d

ds
�(t; s)
(s) = 0;

¯®íâ®¬ã

�(t; s)
�20

s�20 + �21
= �(t; t)

�20
t�20 + �21

=
�20

t�20 + �21
:



�®¤áâ ¢«ïï íâ® á®®â­®è¥­¨¥ ¢ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï m(t); ¯®«ãç ¥¬

�(t; 0)m0 =
�(t; 0)
(0)

�20
m0 =


(t)m0

�20
;

tZ
0

�(t; s)
�20

s�20 + �21
dy(s) =

tZ
0


(t)

�21
dy(s) =


(t)

�21
y(t);

¨ ®ª®­ç â¥«ì­®,

m(t) = 
(t)

�
m0

�20
+
y(t)

�21

�
=

m0�
2
1 + y(t)�20

t�20 + �21
:

� à ¨ ¬ ¥ à 3.3.6 [� ¡«î¤¥­¨¥ ¯à®æ¥áá  �à­èâ¥©­ -�«¥­¡¥ª ] �ãáâì áª «ïà­ë¥ ¯à®æ¥ááë fx(t); y(t)g
ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢­¥­¨©

dx(t) = ��x(t)dt+ dw1(t); x(0) � N (m0; 
0);

dy(t) = x(t)dt+ �dw2(t); y(0) = 0:

�à ¢­¥­¨¥ ä¨«ìâà  � «¬ ­ -�ìîá¨ ¤«ï ¯à®æ¥áá  m(t) = M(x(t)jFy
t ) ¨¬¥¥â ¢¨¤

dm(t) = ��m(t)dt+

(t)

�2
[dy(t)�m(t)dt]; m(0) = m0;

  ãà ¢­¥­¨¥ ¤«ï ª®¢ à¨ æ¨¨ 
(t) = M(x(t) �m(t))2 ¥áâì áª «ïà­®¥ ãà ¢­¥­¨¥ �¨ª ââ¨

_
(t) = �2�
(t) + 1� 
2(t)

�2
; 
(0) = 
0:

�â® ãà ¢­¥­¨¥ ¨¬¥¥â ï¢­®¥ à¥è¥­¨¥


(t) = �
1 +
(�
1 � �
2)(
0 � �
1)

(
0 � �
2) expf2�tg � (
0 � �
1)
;

£¤¥

� =

r
�2 +

1

�2
; �
1 = �2(� � �); �
2 = ��2(� + �):

�â¬¥â¨¬, çâ® 
(t)! �
1 ¯à¨ t!1: �á«¨ 
0 = �
1; â® _
(t) = 0 ¨ 
(t) = �
1:

� ¤ ç  íªáâà ¯®«ïæ¨¨.

� áá¬®âà¨¬ ­¥ª®â®àë¥ ®¡®¡é¥­¨ï § ¤ ç¨ ä¨«ìâà æ¨¨. �¤­®© ¨§ â ª¨å § ¤ ç ï¢«ï¥âáï § ¤ ç  ¯à®£­®-
§¨à®¢ ­¨ï ¨«¨ íªáâà ¯®«ïæ¨¨. �ãáâì ¯à®æ¥ááë fx(t); y(t)g; ®¯¨áë¢ îâáï «¨­¥©­®© á¨áâ¥¬®© áâ®å áâ¨-
ç¥áª¨å ãà ¢­¥­¨© (3.3.38). �à¥¤¯®«®¦¨¬, çâ® ­ ¡«î¤¥­¨î ¤®áâã¯­ë §­ ç¥­¨ï ¯à®æ¥áá  y(t) «¨èì ¤®
­¥ª®â®à®£® ¬®¬¥­â  ¢à¥¬¥­¨ s < t ¨ âà¥¡ã¥âáï ®æ¥­¨âì x(t) ®¯â¨¬ «ì­ë¬ ¢ áà¥¤­¥-ª¢ ¤à â¨ç¥áª®¬ á¬ë-
á«¥ ®¡à §®¬. � ª ï ®æ¥­ª  ¥áâìm(t; s) = Mfx(t)jFy

s g ¨ ­ §ë¢ ¥âáï ®æ¥­ª®© ¯à®£­®§  ¨«¨ íªáâà ¯®«ïæ¨¨.
�®ª ¦¥¬, ª ª ®æ¥­ª  ¯à®£­®§  ¢ëà ¦ ¥âáï ç¥à¥§ ®æ¥­ªã ä¨«ìâà  � «¬ ­ -�ìîá¨.

� á¨«ã ãà ¢­¥­¨ï (3.3.38) ¯à®æ¥áá x(t) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

x(t) = �(t; s)x(s) +

tZ
s

�(t; u)B(u)dw1(u); (3.3.55)

£¤¥ ¬ âà¨ç­ ï äã­ªæ¨ï �(t; s) ¥áâì ¬ âà¨æ  äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï «¨­¥©­®© á¨áâ¥¬ë _x(t) = A(t)x(t):
�®áª®«ìªã ¯à®æ¥ááë w1; w2 ­¥§ ¢¨á¨¬ë, â® §­ ç¥­¨ï ¯à¨à é¥­¨© �¨­¥à®¢áª®£® ¯à®æ¥áá  w1(u) ¯à¨ u � s
­¥ § ¢¨áïâ ®â §­ ç¥­¨© ¯à®æ¥áá  y(u) ¯à¨ u < s: �®íâ®¬ã

M

8<
:

tZ
s

�(t; u)B(u)dw1(u) jFy
s

9=
; = 0;



¨ á«¥¤®¢ â¥«ì­®,
m(t; s) = Mf�(t; s)x(s)jFy

s g = �(t; s)Mfx(s)jFy
s g = �(t; s)m(s):

�á¯®«ì§®¢ ­¨¥ ¯à¥¤áâ ¢«¥­¨ï (3.3.55) ¯®§¢®«ï¥â ¯®«ãç¨âì ¢ëà ¦¥­¨¥ ¨ ¤«ï ª®¢ à¨ æ¨¨ ®æ¥­ª¨ ¯à®£­®§ 


(t; s) =Mf(x(t) �m(t; s))(x(t) �m(t; s))�g =

�(t; s)
(s)��(t; s) +

tZ
s

�(t; u)B(u)B�(u)�(t; u)du:
(3.3.56)

�¨«ìâà æ¨ï ¯® ¤¨áªà¥â­ë¬ ­ ¡«î¤¥­¨ï¬

�à¨ ¯®áâà®¥­¨¨ á¨áâ¥¬ ­ ¡«î¤¥­¨ï à¥ «ì­ë¬¨ ®¡ê¥ªâ ¬¨ ­ ¡«î¤ ¥¬ë© ¯à®æ¥áá, ç áâ® ¡ë¢ ¥â ¤¨áªà¥â-
­ë¬, â® ¥áâì ­ ¡«î¤ ¥âáï ­¥ ­¥¯à¥àë¢­ ï âà ¥ªâ®à¨ï y(t);   ¥¥ §­ ç¥­¨ï ¢ ­¥ª®â®àë¥ ¬®¬¥­âë ¢à¥¬¥­¨
0 � t1 < t2 < ::: < tn � T: �à¥¤¯®«®¦¨¬, çâ® ­ ¡«î¤ ¥¬ë¥ §­ ç¥­¨ï á¢ï§ ­ë á ­¥­ ¡«î¤ ¥¬®© ª®¬¯®-
­¥­â®© x(t) á®®â­®è¥­¨ï¬¨

y(ti) = a(ti)x(ti) + b(ti)"(ti);

£¤¥ a(ti); b(ti) - ¨§¢¥áâ­ë¥ ¬ âà¨æë,   á«ãç ©­ë¥ ¢¥ªâ®àë "(ti); i = 1; 2; ::: ®¡à §ãîâ ¯®á«¥¤®¢ â¥«ì­®áâì
£ ãáá®¢áª®£® ¡¥«®£® èã¬ . �¯â¨¬ «ì­ ï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ ®æ¥­ª  ¯à®æ¥áá  x(t) ¯® ­ ¡«î¤¥­¨ï¬
¯®á«¥¤®¢ â¥«ì­®áâ¨ fy(t1); :::; y(ti); ti � tg ¥áâì ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ Mfx(t)jFy

t g; £¤¥
Fy
t = �fy(ti) : ti � tg:

� ¬¥â¨¬, çâ® ¯®â®ª � -  «£¥¡à Fy
t ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨

Fy
t = F i

ti ; ¯à¨ ti � t < ti+1;

Fy
ti+1 = �fFy

i ; y(ti+1)g:
�   ¬ ¥ ç   ­ ¨ ¥ �â¨ á®®â­®è¥­¨ï ®§­ ç îâ, çâ® ¢ ¯à®¬¥¦ãâª å ¬¥¦¤ã ¬®¬¥­â ¬¨ ¢à¥¬¥­¨ ti ­¥ ¯à®¨á-
å®¤¨â ®¡­®¢«¥­¨ï ¨­ä®à¬ æ¨¨ (­¥â ­ ¡«î¤¥­¨©) ¨ � -  «£¥¡à , á®®â¢¥âáâ¢ãîé ï ¯à®æ¥ááã ­ ¡«î¤¥­¨©
®áâ ¥âáï ­¥¨§¬¥­­®©. � ª ¦¤ë© ¨§ ¬®¬¥­â®¢ ¢à¥¬¥­¨ ti ¯à®¨áå®¤¨â ®¡­®¢«¥­¨¥ ¨­ä®à¬ æ¨¨ (¯®ï¢«ï¥âáï
­®¢®¥ §­ ç¥­¨¥ y(ti)), ¨ á®®â¢¥âáâ¢¥­­®, ¨§¬¥­ï¥âáï ¨ � -  «£¥¡à  Fy

t :

�®áª®«ìªã ­  ¨­â¥à¢ « å [ti; ti+1) ­ ¡«î¤¥­¨ï ®âáãâáâ¢ãîâ, ¢ á®®â¢¥âáâ¢¨¨ á à¥§ã«ìâ â ¬¨ ¯à¥¤ã¤ãé¥£®
à §¤¥« , ®¯â¨¬ «ì­ ï ®æ¥­ª  ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨ ¤«ï ®æ¥­ª¨ ®¯â¨¬ «ì­®£® ¯à®£­®§ ,   ¨¬¥­­®:
¯à¨ ti � t < ti+1

m(t) = m(t; ti) = �(t; ti)m(ti);


(t) = 
(t; ti) = �(t; ti)
(ti)�
�(t; ti) +

tZ
ti

�(t; u)B(u)B�(u)��(t; u)du:
(3.3.57)

� ¬®¬¥­âë ¢à¥¬¥­¨ ti ¯à®¨áå®¤¨â áª çª®®¡à §­®¥ ¨§¬¥­¥­¨¥ � -  «£¥¡à Ft; ¨ á®®â¢¥âáâ¢¥­­®, áª çª®-
®¡à §­®¥ ¨§¬¥­¥­¨¥ ®æ¥­ª¨ (m(t); 
(t)):

�ë¢¥¤¥¬ á®®â­®è¥­¨ï ¤«ï ¨§¬¥­¥­¨ï ®æ¥­®ª ¢ ¬®¬¥­âë ¢à¥¬¥­¨ ti á ¨á¯®«ì§®¢ ­¨¥¬ ®¡®¡é¥­­®©
â¥®à¥¬ë ® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨. �¡®§­ ç¨¬

m(ti+1�) = m(ti+1; ti) = Mfx(ti+1)jFy
tig;


(ti+1�) = 
(ti+1; ti) = Mf(x(ti+1)�m(ti+1�)(x(ti+1)�m(ti+1�)�g;

m(ti+1) = Mfx(ti+1)jFy
ti+1g;


(ti+1�) = 
(ti+1; ti) = Mf(x(ti+1)�m(ti+1)(x(ti+1) �m(ti+1)
�g:



�® ®¡®¡é¥­­®© â¥®à¥¬¥ ® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨ ¨¬¥¥¬

m(ti+1) = m(ti+1�)+

covfx(ti+1); y�(ti+1)jFy
tig(covfy(ti+1); y�(ti+1)jFy

tig)�1[y(ti+1)�Mfy(ti+1)jFy
tig]:

� «¥¥ ¢ á¨«ã á¢®©áâ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ "(ti)

Mfy(ti+1)jFy
tig = Mfa(ti+1)x(ti+1) + b(ti+1)"(tt+1)jFy

tig =

a(ti+1)Mfx(ti+1)jFy
tig = a(ti+1)m(ti+1�);

covfx(ti+1); y�(ti+1)jFy
ti
g =

Mf(x(ti+1) �m(ti+1))(y(ti+1)� a(ti)m(ti+1))�jFy
tig = 
(ti+1�)a�(ti+1);

covfy(ti+1); y�(ti+1)jFy
tig = Mf(y(ti+1)� a(ti+1)m(ti+1))(y(ti+1) � a(ti)m(ti+1))�jFy

tig =

a(ti+1)
(ti+1�)a�(ti+1) + b(ti+1)b�(ti+1):

�®¤áâ ¢«ïï ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï ¢ ãà ¢­¥­¨¥ ¤«ï m(ti+1) ¯à¨å®¤¨¬ ª à¥ªãàà¥­â­ë¬ ãà ¢­¥­¨ï¬

m(ti+1) = m(ti+1�)+


(ti+1�)a�(ti+1)[a(ti+1)
(ti+1�)a�(ti+1) + b(ti+1)b
�(ti+1)]�1[y(ti+1) � a(ti+1)m(ti+1�)];


(ti+1) = 
(ti+1�)�


(ti+1�)a�(ti+1)[a(ti+1)
(ti+1�)a�(ti+1) + b(ti+1)b�(ti+1)]�1a(ti+1)
(ti+1�):

(3.3.58)

�®¢®ªã¯­®áâì ãà ¢­¥­¨© (3.3.57), (3.3.58) ®¯à¥¤¥«ï¥â à¥è¥­¨¥ § ¤ ç¨ ä¨«ìâà æ¨¨ ¯® ¤¨áªà¥â­ë¬ ­ ¡«î-
¤¥­¨ï¬.

�   ¬ ¥ ç   ­ ¨ ¥ �â¬¥â¨¬, çâ® ¯® ä®à¬¥ ãà ¢­¥­¨ï (3.3.58) ¯®«­®áâìî á®®â¢¥âáâ¢ãîâ ãà ¢­¥­¨ï¬ ¤¨á-
ªà¥â­®£® ä¨«ìâà  � «¬ ­ .

3.3.6 � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì­®£® à¥è¥­¨ï

3.3.1. �ãáâì á«ãç ©­ë© ¯à®æ¥áá f�(t); t > 0g ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ �¥®à¥¬ë 3.3.1. �®ª § âì, çâ® ¯à¨
M�2(0) <1 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

M�2(t) �
2
4M�2(0) + L(1 + t)

tZ
0

(1 +M�2(s))ds

3
5 :

�®ª § âì, çâ® áãé¥áâ¢ãîâ ª®­áâ ­âë A > 0; � > 0 â ª¨¥, çâ®

M�2(t) � Ae�t
2

; t � 0:

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï ­¥à ¢¥­áâ¢®¬ �à®­®ã« -�¥««¬ ­ .

3.3.2. �ãáâì '(x) - ¤¥©áâ¢¨â¥«ì­ ï äã­ªæ¨ï á ®£à ­¨ç¥­­®© ¢â®à®© ¯à®¨§¢®¤­®©,   w(t) - áâ ­¤ àâ­®¥
�à®ã­®¢áª®¥ ¤¢¨¦¥­¨¥. �®ª § âì, çâ® ¯à®æ¥áá

X(t) = '(w(t)) � 1

2

tZ
0

'
00

(w(s))ds

ï¢«ï¥âáï ¬ àâ¨­£ «®¬.



�   ¬ ¥ ç   ­ ¨ ¥ � ª¨¬ ®¡à §®¬, ¥á«¨ '
00

(x) � 0 ('
00

(x) � 0) â® ¯à®æ¥áá '(w(t)) - áã¡¬ àâ¨­£ «
(áã¯¥à¬ àâ¨­£ «). �à ¢­¨â¥ á �à¨¬¥à®¬ 2.2.7 ¤«ï ¬ àâ¨­£ «®¢ ¢ ¤¨áªà¥â­®¬ ¢à¥¬¥­¨.

3.3.3. �ãáâì wi(t); i = 1; :::; n - ­¥§ ¢¨á¨¬ë¥ ¡à®ã­®¢áª¨¥ ¤¢¨¦¥­¨ï. �¯à¥¤¥«¨¬ ¯à®æ¥áá

X(t)

 
nX
i=1

w2
i (t)

!1=2

:

�®ª § âì, çâ® X(t) ¥áâì à¥è¥­¨¥ ­¥ª®â®à®£® áâ®å áâ¨ç¥áª®£® ¤¨ä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï. �ë¢¥-
áâ¨ íâ® ãà ¢­¥­¨¥. �¢«ï¥âáï «¨ ¯à®æ¥áá X(t) � àª®¢áª¨¬?

� â ¢ ¥ â

dX(t) =
n� 1

2X(t)
dt+ dW (t):

� ª   §   ­ ¨ ¥ �ë¢¥áâ¨ ãà ¢­¥­¨¥ ¤«ï ¯à®æ¥áá  Z(t) =
Pn

i=1w
2
i (t): �á¯®«ì§ãï â¥®à¥¬ã �¥¢¨ ¯®-

ª § âì, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

tZ
0

nX
i=1

2wi(t)dwi = 2

tZ
0

p
Z(s)dW (s);

c ­¥ª®â®àë¬ ¯à®æ¥áá®¬ �à®ã­®¢áª®£® ¤¢¨¦¥­¨ï W (t); t > 0:

3.3.4. �ãáâì á«ãç ©­ë© ¯à®æ¥áá �(t); t � 0 ã¤®¢«¥â¢®àï¥â áâ®å áâ¨ç¥áª®¬æ ãà ¢­¥­¨î

d�(t) = a(t)�(t)dt+ �(t)�(t)dw(t); Pf�(0) > 0g = 1;

á ¤¥â¥à¬¨­¨à®¢ ­­ë¬¨ äã­ªæ¨ï¬¨ a(t); �(t); ã¤®¢«¥â¢®àïîé¨¬¨ ®£à ­¨ç¥­¨ï¬

TZ
0

ja(s)jds <1;

TZ
0

�2(s)ds <1:

�®ª § âì, çâ®

�(t) = �(0) exp

8<
:

tZ
0

[a(s)� 1

2
�2(s)]ds +

tZ
0

�(s)dw(s)

9=
; :

� ª   §   ­ ¨ ¥ � áá¬®âà¥âì ¯¥à¥¬¥­­ãî Y (t) = lnf�(t)g; ¨ ¢®á¯®«ì§®¢ ¢è¨áì ä®à¬ã«®© �â® ¢ë-
¢¥áâ¨ ãà ¢­¥­¨¥, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â ¯¥à¥¬¥­­ ï Y (t):

3.3.5. �ãáâì âà¥¡ã¥âáï ®æ¥­¨âì £ ãáá®¢áª¨© á«ãç ©­ë© ¢¥ªâ®à � 2 Rn � N (�; 
0) ¯® ­ ¡«î¤¥­¨ï¬ á«ã-
ç ©­®£® ¯à®æ¥áá  y(t) 2 Rm; ã¤®¢«¥â¢®àïîé¥£® áâ®å áâ¨ç¥áª®¬ã ãà ¢­¥­¨î

dy(t) = a(t)�dt + b(t)dw(t); y(0) = 0;

£¤¥ ¬ âà¨æë a ¨ b ¨¬¥îâ á®®â¢¥âáâ¢ãîé¨¥ à §¬¥à­®áâ¨ ¨ ¬ âà¨æ  b(t)b�(t) - à ¢­®¬¥à­® ­¥¢ëà®-
¦¤¥­ . �ë¢¥áâ¨ ãà ¢­¥­¨ï ¤«ï ®¯â¨¬ «ì­®© ®æ¥­ª¨ m(t) = Mf�jFtg ¨ ª®¢ à¨ æ¨®­­®© ¬ âà¨æë

(t) = M(� �m(t))(� �m(t))�:

� â ¢ ¥ â
dm(t) = 
(t)a�(t)(b(t)b�(t))�1[dy(t) � a(t)m(t)dt];

_
(t) = �
(t)a�(t)(b(t)b�(t))�1a(t)
(t);
m(0) = m0; 
(0) = 
0:



3.3.6. [�à®¤®«¦¥­¨¥ § ¤ ç¨ 3.3.5.] �®ª § âì, çâ® ¢ ãá«®¢¨ïå ¯à¥¤ë¤ãé¥© § ¤ ç¨ ¯à¨ ¯®«®¦¨â¥«ì­® ®¯à¥-
¤¥«¥­­®© ¬ âà¨æ¥ 
0 > 0


(t) =

�
(
0)�1 +

tR
0

a�(s)(b(s)b�(s))�1a(s)ds
��1

:

� ª   §   ­ ¨ ¥ � áá¬®âà¥âì ¯¥à¥¬¥­­ãî G(t) = 
�1(t) ¨ ã¡¥¤¨âìáï, çâ®

_G(t) = a�(t)(b(t)b�(t))�1a(t):

3.3.7. [�à®¤®«¦¥­¨¥ § ¤ ç¨ 3.3.5.] �®ª § âì, çâ® ¢ ãá«®¢¨ïå ¯à¥¤ë¤ãé¥© § ¤ ç¨ ¯à¨ ¯®«®¦¨â¥«ì­® ®¯à¥-
¤¥«¥­­®© ¬ âà¨æ¥ 
0 > 0

m(t) = 
(t)

�
(
0)

�1m0 +
tR
0

a�(s)(b(s)b�(s))�1dy(s)
��1

:

� ª   §   ­ ¨ ¥ � áá¬®âà¥âì ¯¥à¥¬¥­­ãî G(s) = �1(t; s)
(s); £¤¥ ¬ âà¨ç­ ï äã­ªæ¨ï �1(t; s) ¥áâì
äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ «¨­¥©­®© á¨áâ¥¬ë

d

dt
�1(t; s) = A1(t)�1(t; s); �1(s; s) = In;

A1(t) = �
(t)a�(t)(b(t)b�(t))�1a(t):
�¡¥¤¨âìáï, çâ®

G(s) = �1(t; 0)
0 = const :

3.3.8. �ãáâì ¢ § ¤ ç¥ ®æ¥­ª¨ ®¤­®¬¥à­®£® ¯ à ¬¥âà  � � N (0; 1) ­ ¡«î¤ ¥¬ë© ¯à®æ¥áá y(t) ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î

dy(t) = �dt+ dw(t); y(0) = 0:

1) � ©â¨ ãà ¢­¥­¨¥ ¤«ï ®æ¥­ª¨ m(t) = Mf�jFy
t g:

2) �ë¢¥áâ¨ ãà ¢­¥­¨¥, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â ¬¨­¨¬ «ì­®¥ ¢à¥¬ï ­ ¡«î¤¥­¨ï, ¯à¨ ª®â®à®¬

Pfjm(t)� �j � "g � 1� �:

� â ¢ ¥ â

2�

�
"

(
(t))1=2

�
= 1� �;

£¤¥ �(x) - äã­ªæ¨ï � ¯« á .

� ª   §   ­ ¨ ¥ �®á¯®«ì§®¢ âìáï â¥¬, çâ® à á¯à¥¤¥«¥­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë m(t) � � ï¢«ï-
¥âáï £ ãáá®¢áª¨¬ á ¯ à ¬¥âà ¬¨ (0; 
(t)):

3) �ãáâì y(2) = 1: �¯à¥¤¥«¨âì P

�
j� � 1=3j � 1p

3
jFy

2

�
:

� â ¢ ¥ â 0.67

3.3.9. �ãáâì í¢®«îæ¨ï ¤¢ã¬¥à­®£® ­¥­ ¡«î¤ ¥¬®£® ¯à®æ¥áá  (x1(t); x2(t)) ®¯¨áë¢ ¥âáï á¨áâ¥¬®© ãà ¢­¥-
­¨©

_x1(t) = x2(t); x1(0) = 0;

dx2(t) = ��x2(t)dt+ �1dw
1(t); x2(0) = 0; � > 0:

�à®æ¥áá ­ ¡«î¤¥­¨© ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬

dy(t) = x1(t)dt+ �2dw
2(t); y(0) = 0:

� ©â¨ ¯à¥¤¥«ì­®¥ ãá«®¢­®¥ à á¯à¥¤¥«¥­¨¥ ¯à®æ¥áá  (x1; x2):



� â ¢ ¥ â �à¥¤¥«ì­®¥ à á¯à¥¤¥«¥­¨¥ ï¢«ï¥âáï £ ãáá®¢áª¨¬ á ¯ à ¬¥âà ¬¨0
@ m1

m2

1
A = 0;

0
@ 
11 
12


12 
22

1
A ;

£¤¥


12 =
�+

q
�2 + �21�

2
2

ds2�22
; 
11 =

�
2
12

�22

�1=2

; 
22 = �22
11
12:

� ª   §   ­ ¨ ¥ � áá¬®âà¥âì ãà ¢­¥­¨¥ ¤«ï ¬ âà¨æë ª®¢ à¨ æ¨© ¨ ­ ©â¨ ¯à¥¤¥«ì­®¥ §­ ç¥­¨¥ ¨§
ãá«®¢¨ï _
(t) = 0:

3.3.10. �®ª § âì á®®â­®è¥­¨¥ (3.3.56).





�« ¢  4

�à¨«®¦¥­¨¥ 1. �¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï

¨§ â¥®à¨¨ äã­ªæ¨© ¨

äã­ªæ¨®­ «ì­®£®  ­ «¨§ .

4.1 �¥®à¨ï ¬¥àë ¨ ¨­â¥£à « 

4.1.1 �«£¥¡àë ¨ ��  «£¥¡àë ¬­®¦¥áâ¢

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.1 �ãáâì X - ­¥ª®â®à®¥ ¬­®¦¥áâ¢® í«¥¬¥­â®¢ x 2 X: �¨áâ¥¬  A ¯®¤¬­®¦¥áâ¢
X ­ §ë¢ ¥âáï  «£¥¡à®©, ¥á«¨:

1. X 2 A;
2. A;B 2 A =) A

S
B 2 A; A

T
B 2 A;

3. A 2 A =) �A 2 A:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.2 �¨áâ¥¬  ¯®¤¬­®¦¥áâ¢ ¨§ �¯à¥¤¥«¥­¨ï 4.1.1 ­ §ë¢ ¥âáï ��  «£¥¡à®© ¥á«¨,
ªà®¬¥ â®£®, ¢ë¯®«­¥­® á«¥¤ãîé¥¥ ãá¨«¥­¨¥ á¢®©áâ¢  2):

¥á«¨ An 2 A; n = 1; 2; :::: â®
1[
n=1

An 2 A;
1\
n=1

An 2 A:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.3 �­®¦¥áâ¢® X ¢¬¥áâ¥ á ��  «£¥¡à®© ¥£® ¯®¤¬­®¦¥áâ¢ A ­ §ë¢ ¥âáï ¨§¬¥-
à¨¬ë¬ ¯à®áâà ­áâ¢®¬ ¨ ®¡®§­ ç ¥âáï fX;Ag:
�  ®¤­®¬ ¨ â®¬ ¦¥ ¬­®¦¥áâ¢¥ x ¬®£ãâ ¡ëâì § ¤ ­ë à §«¨ç­ë¥  «£¥¡àë ¥£® ¯®¤¬­®¦¥áâ¢, ¯à¨ íâ®¬,
á®®â¢¥âáâ¢¥­­®, ¢®§­¨ª îâ à §«¨ç­ë¥ ¨§¬¥à¨¬ë¥ ¯à®áâà ­áâ¢ . � ¯à¨¬¥à, á¨áâ¥¬ë ¬­®¦¥áâ¢

A� = f;; Xg; A� = fA : A � Xg
ï¢«ïîâáï ¨  «£¥¡à ¬¨ ¨ ��  «£¥¡à ¬¨. �à¨ íâ®¬ A� - âà¨¢¨ «ì­ ï, á ¬ ï "¡¥¤­ ï" � -  «£¥¡à ,   A� -
á ¬ ï "¡®£ â ï" � -  «£¥¡à , á®áâ®ïé ï ¨§ ¢á¥å ¯®¤¬­®¦¥áâ¢ X:

� ¥ ® à ¥ ¬   4.1.1 �ãáâì D - ­¥ª®â®à ï ¯à®¨§¢®«ì­ ï á¨áâ¥¬  ¬­®¦¥áâ¢ ¨§ X: �®£¤  áãé¥áâ¢ã¥â
­ ¨¬¥­ìè ï � -  «£¥¡à , ®¡®§­ ç ¥¬ ï �(D); á®¤¥à¦ é ï ¢á¥ ¬­®¦¥áâ¢  ¨§ D:
�   ¬ ¥ ç   ­ ¨ ¥ �¨áâ¥¬ã ¬­®¦¥áâ¢ �(D) ­ §ë¢ îâ ­ ¨¬¥­ìè¥© ��  «£¥¡à®©, ¯®à®¦¤¥­­®© á¨áâ¥¬®©
¬­®¦¥áâ¢ D:

179



4.1.2 �¥àë ­  ¨§¬¥à¨¬ëå ¯à®áâà ­áâ¢ å

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.4 �ãáâì A  «£¥¡à  ¯®¤¬­®¦¥áâ¢ X. �ã­ªæ¨ï ¬­®¦¥áâ¢  � = �(A); A 2 A;
¯à¨­¨¬ îé ï §­ ç¥­¨ï ¢ [0;1]; ­ §ë¢ ¥âáï ª®­¥ç­®- ¤¤¨â¨¢­®© ¬¥à®©, § ¤ ­­®© ­  A; ¥á«¨ ¤«ï «î¡ëå
¤¢ãå ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ A ¨ B ¨§ A

�(A +B) = �(A) + �(B):

�®­¥ç­®- ¤¤¨â¨¢­ ï ¬¥à  � á �(X) <1 ­ §ë¢ ¥âáï ª®­¥ç­®©,   ¢ á«ãç ¥ �(X) = 1 - ª®­¥ç­®- ¤¤¨â¨¢­®©
¢¥à®ïâ­®áâ­®© ¬¥à®© ¨«¨ ª®­¥ç­®- ¤¤¨â¨¢­®© ¢¥à®ïâ­®áâìî.

�§ á¢®©áâ¢  ª®­¥ç­®©  ¤¤¨â¨¢­®áâ¨ á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ª®­¥ç­®£® ­ ¡®à  ¯®¯ à­® ­¥¯à¥á¥ª îé¨åáï
¬­®¦¥áâ¢ A1; A2; :::; An ¨§ A â ª¨å, çâ®

n[
k=1

Ak =
nX

k=1

Ak 2 A;

¢ë¯®«­ï¥âáï

�

 
nX

k=1

Ak

!
=

nX
k=1

�(Ak): (4.1.1)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.5 �®­¥ç­®- ¤¤¨â¨¢­ ï ¬¥à  �; § ¤ ­­ ï ­   «£¥¡à¥ A ¯®¤¬­®¦¥áâ¢ ¬­®¦¥-
áâ¢  X ­ §ë¢ ¥âáï áç¥â­®- ¤¤¨â¨¢­®© (� -  ¤¤¨â¨¢­®©) ¨«¨ ¯à®áâ® ¬¥à®©, ¥á«¨ á¢®©áâ¢® (4.1.1) ¬®¦­®
à á¯à®áâà ­¨âì ­  «î¡®© áç¥â­ë© ­ ¡®à ¬­®¦¥áâ¢.

�¢®©áâ¢  áç¥â­®- ¤¤¨â¨¢­ëå ª®­¥ç­ëå ¬¥à ¬®¦­® áã¬¬¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:

1. �á«¨ ; - ¯ãáâ®¥ ¬­®¦¥áâ¢®, â®
�(;) = 0:

2. �á«¨ A;B 2 A; â®
�(A [B) = �(A) + �(B) � �(A \B):

3. �á«¨ A;B 2 A; ¨ B � A; â®
�(A) � �(B):

4. �á«¨ An 2 A; n = 1; 2; :::: - ª®­¥ç­ ï ¨«¨ áç¥â­ ï á®¢®ªã¯­®áâì ¬­®¦¥áâ¢ â ª¨å, çâ® An \Am = ;
¥á«¨ m 6= n ¨

1S
n=1

An =
1P
n=1

An 2 A; â® ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

�

 1X
n=1

An

!
=

1X
n=1

�(An):

� ¥ ® à ¥ ¬   4.1.2 �ãáâì � - ª®­¥ç­®- ¤¤¨â¨¢­ ï äã­ªæ¨ï ¬­®¦¥áâ¢ , § ¤ ­­ ï ­   «£¥¡à¥ A; á
�(X) <1: �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

1. ¬¥à  � � -  ¤¤¨â¨¢­ ,

2. ¬¥à  � ­¥¯à¥àë¢­  ¢ "­ã«¥", â® ¥áâì ¤«ï «î¡ëå ¬­®¦¥áâ¢ A1; A2; ::: 2 A â ª¨å, çâ® An+1 �
An;

1T
n=1

An = ;
lim
n!1�(An) = 0:

�«¥¤ãîé¨© à¥§ã«ìâ â ï¢«ï¥âáï ®¤­¨¬ ¨§ ­ ¨¡®«¥¥ ¢ ¦­ëå à¥§ã«ìâ â®¢ â¥®à¨¨ ¬¥àë.

� ¥ ® à ¥ ¬   4.1.3 �¥®à¥¬  � à â¥®¤®à¨. �ãáâì X - ­¥ª®â®à®¥ ¬­®¦¥áâ¢®, A -  «£¥¡à  ¥£® ¯®¤¬­®-
¦¥áâ¢ ¨ �(A) - ­ ¨¬¥­ìè ï � -  «£¥¡à , á®¤¥à¦ é ï A: �ãáâì �0 - ª®­¥ç­ ï ��  ¤¤¨â¨¢­ ï ¬¥à  ­ 

fX;Ag: �®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¬¥à  � ­  fX;�(A)g; ï¢«ïîé ïáï ¯à®¤®«¦¥­¨¥¬ �0; â® ¥áâì
â ª ï, çâ®

�(A) = �0(A); 8A 2 A:



4.1.3 � ¤ ­¨¥ ¬¥à ­  ¨§¬¥à¨¬ëå ¯à®áâà ­áâ¢ å

�«¥¤ãîé¨¥ ¯à¨¬¥àë ¨§¬¥à¨¬ëå ¯à®áâà ­áâ¢ ï¢«ïîâáï ­ ¨¡®«¥¥ ¢ ¦­ë¬¨ ¢ â¥®à¨¨ ¢¥à®ïâ­®áâ¥© ¨ á«ã-
ç ©­ëå ¯à®æ¥áá®¢.

�§¬¥à¨¬®¥ ¯à®áâà ­áâ¢® á ª®­¥ç­ë¬ ¨«¨ áç¥â­ë¬ ¬­®¦¥áâ¢®¬ í«¥¬¥­â®¢

�ãáâì ¬­®¦¥áâ¢® X = fx1; x2; :::g; £¤¥ fxn; n = 1; 2; ::::g ª®­¥ç­ ï ¨«¨ ¡¥áª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì
í«¥¬¥­â®¢. �¨áâ¥¬  ¯®¤¬­®¦¥áâ¢, á®¤¥à¦ é ï ¢ ª ç¥áâ¢¥ ¯®¤¬­®¦¥áâ¢ ¢á¥ í«¥¬¥­âë An = xn A =
�fx1; :::::g; ï¢«ï¥âáï  «£¥¡à®© ¨ ­ ¨¬¥­ìè¥© � -  «£¥¡à®©, á®¤¥à¦ é¥© ¢á¥ í«¥¬¥­âë fx1; ::::g: �­  â ª¦¥
á®¢¯ ¤ ¥â ¨ á ­ ¨¡®«¥¥ ¡®£ â®© � -  «£¥¡à®© ¢á¥å ¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢ X: �®­¥ç­ ï ¬¥à  ­  ¯à®áâà ­-
áâ¢¥ fX;Ag § ¤ ¥âáï ç¨á« ¬¨ �n = �(fxng) > 0 â ª¨¬¨, çâ®

1X
n=1

�n =
1X
n=1

�(fxng) = �

 1[
n=1

fxng
!

= �(X) <1:

�«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  A 2 A ¬¥à  �(A) à ¢­ 

�(A) =
X

fn:xn2Ag
�n:

� ­­ ï ¬¥à  ï¢«ï¥âáï � -  ¤¤¨â¨¢­®©.

�§¬¥à¨¬®¥ ¯à®áâà ­áâ¢® fR;B(R)g:
�ãáâì X = R = (�1;1) - ¤¥©áâ¢¨â¥«ì­ ï ¯àï¬ ï ¨ < a; b > ®¤­® ¨§ ¬­®¦¥áâ¢ ¢¨¤ 

(a; b]; [a; b); (a; b); [a; b];

£¤¥ �1 � a � b � 1: �¡®§­ ç¨¬ ç¥à¥§ A á¨áâ¥¬ã ¯®¤¬­®¦¥áâ¢ R; á®áâ®ïé¨å ¨§ ª®­¥ç­ëå áã¬¬ ­¥¯¥à¥-
á¥ª îé¨åáï ¬­®¦¥áâ¢ ¢¨¤  < a; b >; â® ¥áâì,

A 2 A; ¥á«¨ A =
nX
i=1

< ai; bi >; n <1:

�á«¨ ¤®¯®«­¨âì á¨áâ¥¬ã A ¯ãáâë¬ ¬­®¦¥áâ¢®¬ ;; â® ®­  ®¡à §ã¥â  «£¥¡àã, ­® ­¥ ï¢«ï¥âáï � -  «£¥¡à®©.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.6 � ¨¬¥­ìè ï �(A) -  «£¥¡à , á®¤¥à¦ é ï á¨áâ¥¬ã A ®¡®§­ ç ¥âáï B(R) ¨
­ §ë¢ ¥âáï ¡®à¥«¥¢áª®©  «£¥¡à®© ¬­®¦¥áâ¢ ¤¥©áâ¢¨â¥«ì­®© ¯àï¬®©,   ¥¥ ¬­®¦¥áâ¢  - ¡®à¥«¥¢áª¨¬¨.

�­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï ¨§¬¥à¨¬®¥ ¯à®áâà ­áâ¢® f[a; b];B([a; b])g; £¤¥ B([a; b]) - ¥áâì � -  «£¥¡à 
¯®¤¬­®¦¥áâ¢ ¢¨¤  A \ [a; b]; £¤¥ A 2 B(R); â® ¥áâì,

B([a; b]) = fA \ [a; b] : A 2 B(R)g:
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.7 �ãáâì § ¤ ­  ­¥ª®â®à ï ¬¥à  � ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ fR;B(R)g ¨«¨

¯à®áâà ­áâ¢¥ f[a; b];B([a; b])g: �¯à¥¤¥«¨¬ ¤«ï ­¥¥ äã­ªæ¨î à á¯à¥¤¥«¥­¨ï

F�(x) = �((�1; x]);

®¡« ¤ îéãî á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1. F�(x) - ­¥ã¡ë¢ îé ï äã­ªæ¨ï (¬®­®â®­­®áâì);

2. F�(�1) = lim
x#�1

F�(x) = 0; F�(1) = lim
x"1

F�(x) = �(R) <1; (ãá«®¢¨¥ ­®à¬¨à®¢ª¨),

3. F�(x) ­¥¯à¥àë¢­  á¯à ¢  ¨ ¨¬¥¥â ¯à¥¤¥«ë á«¥¢  ¢ ª ¦¤®© â®çª¥ x 2 R; â® ¥áâì

lim
y#x

F�(y) = F�(x); lim
y"x

F�(y) = F�(x�);

(­¥¯à¥àë¢­®áâì á¯à ¢ .)



�«ï «î¡®£® ¨§ ¨­â¥à¢ «®¢ < a; b > ¬¥à  �(< a; b >) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨

�((a; b]) = F�(b)� F�(a); �([a; b]) = F�(b)� F�(a�);

�((a; b)) = F�(b�) � F�(a); �([a; b)) = F�(b�) � F�(a);

�(fag) = F�(a) � F�(a�):

�¥à  � § ¤ ­  ­  ¬­®¦¥áâ¢ å A =
nP
i=1

< ai; bi >; n <1  «£¥¡àë A á®®â­®è¥­¨¥¬

�

 
nX
i=1

< ai; bi >

!
=

nX
i=1

�(< ai; bi >):

�¥à  � áç¥â­®- ¤¤¨â¨¢­  ­   «£¥¡à¥ A ¨ ¯® �¥®à¥¬¥ � à â¥®¤®à¨ ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­  ¥¤¨­áâ¢¥­­ë¬
®¡à §®¬ ­  � -  «£¥¡àã ¡®à¥«¥¢áª¨å ¬­®¦¥áâ¢ �(A) = B(R): �¥¬ á ¬ë¬ ¤«ï ª ¦¤®£® ¬­®¦¥áâ¢  A 2 B(R)
¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ®¯à¥¤¥«¥­  ¬¥à  ��(A); á®¢¯ ¤ îé ï á ¬¥à®© � ­   «£¥¡à¥ A:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.8 �áïª ï äã­ªæ¨ï F (x); ®¡« ¤ îé ï á¢®©áâ¢ ¬¨ 1)-3), äã­ªæ¨¨ à á¯à¥¤¥-
«¥­¨ï ­¥ª®â®à®© ¬¥àë �; (á¬. �¯à¥¤¥«¥­¨¥ 4.1.7)   ¨¬¥­­®, (¬®­®â®­­®áâ¨, ­®à¬¨à®¢ª¨ ¨ ­¥¯à¥àë¢­®áâ¨
á¯à ¢ ) ­ §ë¢ ¥âáï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï ­  R:

�¥¦¤ã äã­ªæ¨ï¬¨ à á¯à¥¤¥«¥­¨ï ¨ ª®­¥ç­ë¬¨ ¬¥à ¬¨ ­  fR;B(R)g áãé¥áâ¢ã¥â ¢§ ¨¬­® ®¤­®§­ ç­®¥
á®®â¢¥âáâ¢¨¥, â® ¥áâì, ¢áïª®© ¬¥à¥ � á®®â¢¥âáâ¢ã¥â ­¥ª®â®à ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F�(x); ¨ ­ ®¡®à®â,
¤«ï ¢áïª®© F (x) - äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ­  R áãé¥áâ¢ã¥â ¬¥à  �; ¨¬¥îé ï äã­ªæ¨î à á¯à¥¤¥«¥­¨ï
F�(x); á®¢¯ ¤ îéãî á F (x):

�ã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï

F (x) =

8>>>><
>>>>:

x; x 2 [0; 1];

0; x < 0;

1; x � 1;

á®®â¢¥âáâ¢ã¥â ¬¥à  �¥¡¥£  �, ª®â®à ï ­  ¨­â¥à¢ « å < a; b >� [0; 1] à ¢­ 

�(< a; b >) = b� a:

�¥àã �¥¡¥£  ¬®¦­® ®¯à¥¤¥«¨âì ¨ ­  «î¡®¬ ®£à ­¨ç¥­­®¬ ¯®¤¬­®¦¥áâ¢¥, ¯à¨­ ¤«¥¦ é¥¬ � -  «£¥¡à¥
B(R):

�áïª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ­  R ï¢«ï¥âáï äã­ªæ¨¥© ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ¨ ¤®¯ãáª ¥â ¥¤¨­-
áâ¢¥­­®¥ à §«®¦¥­¨¥ ¢¨¤ 

F (x) =

xZ
�1

f(y)dy +
X
xi�x

�F (xi) + F s(x); (4.1.2)

£¤¥

f(y) � 0;

1Z
�1

f(y)dy <1;

¯«®â­®áâì à á¯à¥¤¥«¥­¨ï, ¯à¨ç¥¬ f(x) = d
dx

F (x); ¯®çâ¨ ¢áî¤ã ¯® ¬¥à¥ �¥¡¥£ ,

�F (xi) > 0;
X
xi<1

�F (xi) <1;



á®¢®ªã¯­®áâì xi - â®ç¥ª à §àë¢  äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, ¬­®¦¥áâ¢® ª®â®àëå ­¥ ¡®«¥¥ ç¥¬ áç¥â­®, ­ -
§ë¢ ¥âáï  â®¬ ¬¨ ¨«¨ ¤¨áªà¥â­®© ª®¬¯®­¥­â®© à á¯à¥¤¥«¥­¨ï,  

F s(x)� ­¥ã¡ë¢ îé ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï â ª ï, çâ®

_F s(x) = 0; ¯®çâ¨ ¢áî¤ã ¯® ¬¥à¥ �¥¡¥£  ­  R;

­ §ë¢ ¥âáï á¨­£ã«ïà­®© ª®¬¯®­¥­â®© à á¯à¥¤¥«¥­¨ï.

�§¬¥à¨¬®¥ ¯à®áâà ­áâ¢® fRn;B(Rn)g
� áá¬®âà¨¬ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ n íª§¥¬¯«ïà®¢ ¯à®áâà ­áâ¢ R, â® ¥áâì Rn = R � ::: � R - ¬­®¦¥áâ¢®
ã¯®àï¤®ç¥­­ëå ­ ¡®à®¢ x = (x1; :::; xn): �¯à¥¤¥«¨¬ ­  íâ®¬ ¯à®áâà ­áâ¢¥ á¨áâ¥¬ã ¯®¤¬­®¦¥áâ¢ (á¬.
¯à¥¤ë¤ãé¨© ¯à¨¬¥à)

An = A� :::�A;
ª®â®à ï, ®¡à §®¢ ­  ¬­®¦¥áâ¢ ¬¨

A = A1 � :::An =
nY

k=1

Ak; Ak 2 A:

�ã¤ãç¨ ¤®¯®«­¥­­®© ¯ãáâë¬ ¬­®¦¥áâ¢®¬ íâ  á¨áâ¥¬  ¬­®¦¥áâ¢, ®¡à §ã¥â  «£¥¡àã.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.9 � ¨¬¥­ìè ï � -  «£¥¡à , á®¤¥à¦ é ï á¨áâ¥¬ã ¬­®¦¥áâ¢ An ®¡®§­ ç ¥âáï
B(Rn) ¨ ­ §ë¢ ¥âáï ¡®à¥«¥¢áª®©  «£¥¡à®© ¬­®¦¥áâ¢ ¢ Rn,   ¥¥ ¬­®¦¥áâ¢  - ¡®à¥«¥¢áª¨¬¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.10 �ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ª®­¥ç­®© ¬¥àë � ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥
fRn;B(Rn)g ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

F�(x1; :::; xn) = �

 
nY

k=1

(�1; xk]

!
:

�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¬¥àë � ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1. 0 � F�(x1; :::; xn) � �(Rn) <1;

2. äã­ªæ¨¨ F�(x1; :::; xn) ­¥¯à¥àë¢­ë á¯à ¢  ¯® ¯¥à¥¬¥­­ë¬ xi;

3. ¥á«¨ å®âï ¡ë ®¤­  ¨§ ¯¥à¥¬¥­­ëå xi !�1; â®

F�(x1; :::; xn)! 0;

¨ ¥á«¨ ¢á¥ ¯¥à¥¬¥­­ë¥ xi !1; â®

F�(x1; :::; xn)! �(Rn);

4. äã­ªæ¨¨ F�(x1; :::; xn) ¬®­®â®­­ë ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ®¯à¥¤¥«¨¬ ®¯¥à â®à �i ¢§ïâ¨ï ª®­¥ç­®©
à §­®áâ¨ ¯® ¯¥à¥¬¥­­®© xi ª ª

�iF = F (x1; :::; xi�1; xi + hi; xi+1; :::; xn) � F (x1; :::; xi�1; xi; xi+1; :::; xn); hi > 0;

â®£¤  ¤«ï «î¡®£® ­ ¡®à  hi � 0;

�1�2:::�nF�(x1; :::; xn) � 0:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.11 �áïª ï äã­ªæ¨ï F = F (x1; :::; xn), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ 1) - 4)
­ §ë¢ ¥âáï n� ¬¥à­®© äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï (¢ ¯à®áâà ­áâ¢¥ Rn):



� ¥ ® à ¥ ¬   4.1.4 �ãáâì F = F (x1; :::; xn) - ­¥ª®â®à ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¢ R
n: �®£¤  ­  fRn;B(Rn)g

áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ª®­¥ç­ ï ¬¥à  � â ª ï, çâ®

F�(x1; :::; xn) = F (x1; :::; xn):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.12 �á«¨ ¬¥à  § ¤ ­  ­  ¯à®¨§¢¥¤¥­¨¨ ¨­â¥à¢ «®¢ A =
Qn

k=1 < ak; bk >2 An

á®®â­®è¥­¨¥¬

�(A) =
nY

k=1

(bk � ak);

â® ¥¥ ¯à®¤®«¦¥­¨¥ ­  ��  «£¥¡àã ¡®à¥«¥¢áª¨å ¬­®¦¥áâ¢ ­ §ë¢ ¥âáï ¬¥à®© �¥¡¥£  ¢ Rn:

�®«ìè®© § ¯ á n� ¬¥à­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï § ¤ ¥âáï á ¯®¬®éìî ¨­â¥£à «  �¨¬ ­  ( ¨«¨ ¢ ¡®«¥¥
®¡é¥¬ á«ãç ¥ ¨­â¥£à «  �¥¡¥£ ) ®â ¯«®â­®áâ¨

F (x1; :::; xn) =

x1Z
�1

:::

xnZ
�1

f(y1; :::; yn)dyn:::dy1;

£¤¥ ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï f ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

f(y1; :::; yn) � 0;

1Z
�1

:::

1Z
�1

f(y1; :::; yn)dyn:::dy1 <1:

�§¬¥à¨¬®¥ ¯à®áâà ­áâ¢® fRT ;B(RT )g
�ãáâì T ­¥ª®â®à®¥ ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢®. � áá¬®âà¨¬ ¯à®áâà ­áâ¢® ®â®¡à ¦¥­¨© x = x(t) : T ! R;
®¯à¥¤¥«¥­­ëå ¤«ï t 2 T . �á«¨ T = f�2;�1; 0; 1; 2;g - ¬­®¦¥áâ¢® æ¥«ëå ç¨á¥« ¨«¨ ­¥ª®â®à®¥ ¥£® áç¥â­®¥
¯®¤¬­®¦¥áâ¢®, â® ¤ ­­®¥ ¯à®áâà ­áâ¢® ¥áâì ¯à®áâà ­áâ¢® ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ¥á«¨ T ¤¥©áâ¢¨â¥«ì­ ï
¯àï¬ ï ¨«¨ ®âà¥§®ª ¤¥©áâ¢¨â¥«ì­®© ¯àï¬®©, â® RT ¥áâì ¯à®áâà ­áâ¢® ¤¥©áâ¢¨â¥«ì­ëå äã­ªæ¨© T ! R:
�  ¬­®¦¥áâ¢¥ RT ®¯à¥¤¥«ï¥âáï A(RT ) -  «£¥¡à  æ¨«¨­¤à¨ç¥áª¨å ¬­®¦¥áâ¢ ¨«¨ ¬­®¦¥áâ¢ ¢¨¤ 

At1;:::;tn(B
n) = fx : (x(t1); :::; x(tn)) 2 Bng;

£¤¥
t1; :::; tn 2 T; Bn 2 B(Rn); n <1:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.13 � ¨¬¥­ìè ï � -  «£¥¡à , á®¤¥à¦ é ï á¨áâ¥¬ã ¬­®¦¥áâ¢ A(RT ) ®¡®§­ ç -
¥âáï B(RT ) ¨ ­ §ë¢ ¥âáï � -  «£¥¡à®© æ¨«¨­¤à¨ç¥áª¨å ¬­®¦¥áâ¢ ¢ RT ,   ¥¥ ¬­®¦¥áâ¢  - æ¨«¨­¤à¨ç¥-
áª¨¬¨.

�¥à  ­  ��  «£¥¡à¥ æ¨«¨­¤à¨ç¥áª¨å ¬­®¦¥áâ¢ § ¤ ¥âáï ¤«ï ¯à®¨§¢®«ì­®£® ª®­¥ç­®£® ­ ¡®à  ¨­¤¥ª-
á®¢ ft1; :::; tng 2 T ­  ¬­®¦¥áâ¢ å ¢¨¤ 

At1;:::;tn(x1; :::; xn) =
n\

k=1

fx : x(tk) � xkg 2 B(RT );

¯®à®¦¤ îé¨å âã ¦¥ á ¬ãî ��  «£¥¡àã æ¨«¨­¤à¨ç¥áª¨å ¬­®¦¥áâ¢ B(RT ):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.14 �ã­ªæ¨¨

F�(x1; :::; xn; t1; :::; tn) = �(At1;:::;tn(x1; :::; xn))

¤«ï ¢á¥¢®§¬®¦­ëå ª®­¥ç­ëå ¬­®¦¥áâ¢ ¨­¤¥ªá®¢ ft1; :::; tng 2 T ­ ¡®à®¢ fx1; :::; xng 2 Rn ¨ n < 1 ®¡à -
§ãîâ á¥¬¥©áâ¢® ª®­¥ç­®-¬¥à­ëå à á¯à¥¤¥«¥­¨© ¬¥àë � ¨ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¥¬ã ­ ¡®àã ãá«®¢¨©:

1. 0 � F�(x1; :::; xn; t1; :::; tn) � �(RT ) <1; (ãá«®¢¨¥ ­®à¬¨à®¢ª¨)



2. äã­ªæ¨¨ F�(x1; :::; xn; t1; :::; tn) ­¥¯à¥àë¢­ë á¯à ¢  ¯® ¯¥à¥¬¥­­ë¬ xi;

3. ¥á«¨ å®âï ¡ë ®¤­  ¨§ ¯¥à¥¬¥­­ëå xi !�1; â®

F�(x1; :::; xn; t1; :::; tn)! 0;

¨ ¥á«¨ ¢á¥ ¯¥à¥¬¥­­ë¥ xi !1;

F�(x1; :::; xn; t1; :::; tn)! �(RT );

4. äã­ªæ¨¨ F�(x1; :::; xn; t1; :::; tn) ¬®­®â®­­ë ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ®¯à¥¤¥«¨¬ ®¯¥à â®à �i ¢§ïâ¨ï
ª®­¥ç­®© à §­®áâ¨ ¯® ¯¥à¥¬¥­­®© xi ª ª

�iF = F (x1; :::; xi�1; xi + hi; xi+1; :::; xn) � F (x1; :::; xi�1; xi; xi+1; :::; xn); hi > 0;

â®£¤  ¤«ï «î¡®£® ­ ¡®à  hi � 0;

�1�2:::�nF�(x1; :::; xn; t1; :::; tn) � 0;

5. ¤«ï «î¡®© ¯¥à¥áâ ­®¢ª¨ fk1; :::; kng ¨­¤¥ªá®¢ f1; :::; ng

F�(x1; :::; xn; t1; :::; tn) = F�(xk1 ; :::; xkn; tk1 ; :::; tkn);

6. ¤«ï «î¡ëå 1 � k < n ¨ x1; :::; xk 2 R

F�(x1; :::; xk; t1; :::; tk) = F�(x1; :::; xk;1; :::;1; t1; :::; tn):

� ¥ ® à ¥ ¬   4.1.5 �¥®à¥¬  �®«¬®£®à®¢ .�¥à  �; § ¤ ­­ ï ­  ¬­®¦¥áâ¢ å At1;:::;tn(x1; :::; xn); ª®­¥ç­®-
¬¥à­ë¥ à á¯à¥¤¥«¥­¨ï ª®â®à®© ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ 1)-6), ¯à®¤®«¦¨¬  ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ­ 

��  «£¥¡àã æ¨«¨­¤à¨ç¥áª¨å ¬­®¦¥áâ¢ B(RT ):

�   ¬ ¥ ç   ­ ¨ ¥ �â  â¥®à¥¬  ï¢«ï¥âáï ®á­®¢®© ¤«ï ¯®áâà®¥­¨ï á«ãç ©­®£® ¯à®æ¥áá  ¯® á¥¬¥©áâ¢ã ¥£®
ª®­¥ç­®-¬¥à­ëå à á¯à¥¤¥«¥­¨©.

�®«­®¥ ¨§¬¥à¨¬®¥ ¯à®áâà ­áâ¢®

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.15 �ãáâì fX;A; �g - ­¥ª®â®à®¥ ¨§¬¥à¨¬®¥ ¯à®áâà ­áâ¢® á ¬¥à®©. �¯à¥¤¥«¨¬
�A� ª ª á®¢®ªã¯­®áâì ¢á¥å ¯®¤¬­®¦¥áâ¢ B � X; ¤«ï ª®â®àëå áãé¥áâ¢ãîâ A1; A2 2 A â ª¨¥, çâ® A1 � B �
A2 ¨ �(A2 nA1) = 0 ¨ ¬¥à  �(B) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

�(B) = �(A1) = �(A2):

�®«ãç¥­­®¥ â ª¨¬ ®¡à §®¬ ¯à®áâà ­áâ¢® fX; �A�; �g ­ §ë¢ ¥âáï ¯®¯®«­¥­¨¥¬ ¯à®áâà ­áâ¢  fX;A; �g
®â­®á¨â¥«ì­® ¬¥àë �:

�á«¨ ¬¥à  � â ª®¢ , çâ® A = �A� â® ®­  ­ §ë¢ ¥âáï ¯®«­®©,   ¯à®áâà ­áâ¢® fX;A; �g - ¯®«­ë¬
¨§¬¥à¨¬ë¬ ¯à®áâà ­áâ¢®¬. �­®¦¥áâ¢  ��  «£¥¡àë A ­ §ë¢ îâáï â ª¦¥ �� ¨§¬¥à¨¬ë¬¨.

4.1.4 �§¬¥à¨¬ë¥ äã­ªæ¨¨

�¯à¥¤¥«¥­¨¥ ¨§¬¥à¨¬®© äã­ªæ¨¨

�ãáâì fX;Ag - ­¥ª®â®à®¥ ¨§¬¥à¨¬®¥ ¯à®áâà ­áâ¢® ¨ fR;B(R)g - ç¨á«®¢ ï ¯àï¬ ï á á¨áâ¥¬®© ¡®à¥«¥¢áª¨å
¬­®¦¥áâ¢.



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.16 �¥©áâ¢¨â¥«ì­ ï äã­ªæ¨ï f(x); ®¯à¥¤¥«¥­­ ï ­  fX;Ag ­ §ë¢ ¥âáï A�
¨§¬¥à¨¬®©, ¥á«¨ ¤«ï «î¡®£® B 2 B(R)

fx : f(x) 2 Bg 2 A; (4.1.3)

¨«¨, çâ® â®¦¥ á ¬®¥, ¥á«¨ ¯à®®¡à § f�1(B) = fx : f(x) 2 Bg ï¢«ï¥âáï ¨§¬¥à¨¬ë¬ ¬­®¦¥áâ¢®¬ ¢ X:
�á«¨ fX;A; �g - ¯®«­®¥ ¨§¬¥à¨¬®¥ ¯à®áâà ­áâ¢®, â® ¥áâì «î¡®¥ ¬­®¦¥áâ¢® A 2 A ï¢«ï¥âáï �� ¨§¬¥-

à¨¬ë¬, â® A� ¨§¬¥à¨¬ ï äã­ªæ¨ï ­ §ë¢ ¥âáï â ª¦¥ �� ¨§¬¥à¨¬®©.

�¨á«®¢ ï äã­ªæ¨ï, § ¤ ­­ ï ­  ¤¥©áâ¢¨â¥«ì­®© ¯àï¬®©, ­ §ë¢ ¥âáï ¡®à¥«¥¢áª®©, ¥á«¨ ¯à®®¡à § ª ¦¤®£®
¡®à¥«¥¢áª®£® ¬­®¦¥áâ¢  ï¢«ï¥âáï ¡®à¥«¥¢áª¨¬ ¬­®¦¥áâ¢®¬.

� ¥ ® à ¥ ¬   4.1.6 �ãáâì ç¨á«®¢ ï äã­ªæ¨ï f(x); § ¤ ­­ ï ­  ¯à®áâà ­áâ¢¥ fX;A; �g; �� ¨§¬¥à¨¬ ,
  g(x) - ¡®à¥«¥¢áª ï. �®£¤ , g(f(x)) �� ¨§¬¥à¨¬ .

� ª ç¥áâ¢¥ ¯à®áâ®£® ªà¨â¥à¨ï ¨§¬¥à¨¬®áâ¨ ç áâ® ¨á¯®«ì§ã¥âáï á«¥¤ãîé¨©.

� ¥ ® à ¥ ¬   4.1.7 �«ï â®£®, çâ®¡ë ç¨á«®¢ ï äã­ªæ¨ï f(x); § ¤ ­­ ï ­  ¯à®áâà ­áâ¢¥ fX;A; �g;
¡ë«  �� ¨§¬¥à¨¬ , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¯à¨ «î¡®¬ ¤¥©áâ¢¨â¥«ì­®¬ c 2 R ¬­®¦¥áâ¢®

fx 2 X : f(x) � cg ¡ë«® �� ¨§¬¥à¨¬ë¬.

�¢®©áâ¢  ¨§¬¥à¨¬ëå äã­ªæ¨©

� á«ãç ¥, ª®£¤  ¯à®áâà ­áâ¢® fX;A; �g; § ¤ ­®, â® ¢¬¥áâ® �� ¨§¬¥à¨¬®áâ¨ £®¢®àïâ ¯à®áâ® ®¡ ¨§¬¥à¨-
¬®áâ¨. � áá¬®âà¨¬ ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå äã­ªæ¨©. �à®áâë¥  à¨ä¬¥â¨ç¥áª¨¥ ®¯¥à æ¨¨ ¨ ®¯¥à æ¨¨
¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ­¥ ¢ë¢®¤ïâ §  à ¬ª¨ ¬­®¦¥áâ¢  ¨§¬¥à¨¬ëå äã­ªæ¨©.

� ¥ ® à ¥ ¬   4.1.8 �ã¬¬ , à §­®áâì ¨ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ¨§¬¥à¨¬ëå äã­ªæ¨© ¨§¬¥à¨¬ë. � áâ­®¥
¤¢ãå ¨§¬¥à¨¬ëå äã­ªæ¨©, ¯à¨ ãá«®¢¨¨, çâ® §­ ¬¥­ â¥«ì ­¥ ®¡à é ¥âáï ¢ ­ã«ì, â®¦¥ ¨§¬¥à¨¬®.

� ¥ ® à ¥ ¬   4.1.9 �ãáâì § ¤ ­  ¯®á«¥¤®¢ â¥«ì­®áâì ¨§¬¥à¨¬ëå äã­ªæ¨© ffn(x); n = 1; 2; :::g â®£¤ 
sup
n
fn(x); inf

n
fn(x); lim sup

n
fn(x); lim inf

n
fn(x);

¨ lim
n
fn(x) ¥á«¨ ®­ áãé¥áâ¢ã¥â, ï¢«ïîâáï ¨§¬¥à¨¬ë¬¨ äã­ªæ¨ï¬¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.17 �¢¥ ¨§¬¥à¨¬ë¥ äã­ªæ¨¨ f(x) ¨ g(x); § ¤ ­­ë¥ ­  ®¤­®¬ ¨ â®¬ ¦¥ ¨§¬¥-
à¨¬®¬ ¯à®áâà ­áâ¢¥ fX;A; �g; ­ §ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨, ¥á«¨

�fx 2 X : f(x) 6= g(x)g = 0:

�á«¨ ­¥ª®â®à®¥ á¢®©áâ¢® ¢ë¯®«­¥­® ¤«ï ¬­®¦¥áâ¢  â®ç¥ª x 2 A â ª®£®, çâ® �(A) = �(X); â® £®¢®àïâ, çâ®
¤ ­­®¥ á¢®©áâ¢® ¢ë¯®«­¥­® ¯®çâ¨ ¢áî¤ã ­  X: � ¯à¨¬¥à, íª¢¨¢ «¥­â­ë¥ äã­ªæ¨¨ à ¢­ë ¯®çâ¨ ¢áî¤ã
­  X:

�å®¤¨¬®áâì ¯® ¬¥à¥ ¨ ¯®çâ¨ ¢áî¤ã

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.18 �®á«¥¤®¢ â¥«ì­®áâì ffn(x); n = 1; 2; :::g äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  ¨§¬¥-
à¨¬®¬ ¯à®áâà ­áâ¢¥ fX;A; �g; ­ §ë¢ ¥âáï áå®¤ïé¥©áï ¯®çâ¨ ¢áî¤ã ª äã­ªæ¨¨ f(x), ¥á«¨

�fx 2 X : lim
n
fn(x) 6= f(x)g = 0:

�«¥¤ãîé ï â¥®à¥¬  ®¡®¡é ¥â �¥®à¥¬ã 4.1.9

� ¥ ® à ¥ ¬   4.1.10 �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ¨§¬¥à¨¬ëå äã­ªæ¨© ffn(x); n = 1; 2; :::g áå®¤¨âáï ª

f(x) ¯®çâ¨ ¢áî¤ã ­  X; â® f(x) - ¨§¬¥à¨¬ .



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.19 �®á«¥¤®¢ â¥«ì­®áâì ¨§¬¥à¨¬ëå äã­ªæ¨© ffn(x); n = 1; :::g áå®¤¨âáï ¯®

¬¥à¥ ª ¨§¬¥à¨¬®© äã­ªæ¨¨ f(x) ¥á«¨ ¤«ï «î¡®£® " > 0

lim
n
�fx 2 X : jfn(x)� f(x)j > "g = 0:

�®®â­®è¥­¨¥ ¬¥¦¤ã íâ¨¬¨ ¤¢ã¬ï â¨¯ ¬¨ áå®¤¨¬®áâ¨ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬¨ â¥®à¥¬ ¬¨.

� ¥ ® à ¥ ¬   4.1.11 �c«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ffn(x)g áå®¤¨âáï ª f(x) ¯®çâ¨ ¢áî¤ã, â® ®­  áå®¤¨âáï
ª f(x) ¯® ¬¥à¥.

�¡à â­ ï â¥®à¥¬  ¢®®¡é¥ £®¢®àï ­¥ ¢¥à­ , ®¤­ ª®,

� ¥ ® à ¥ ¬   4.1.12 �c«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ffn(x)g áå®¤¨âáï ª f(x) ¯® ¬¥à¥, ¨§ ­¥¥ ¬®¦­® ¨§¢«¥çì

¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ffnk(x)g; ª®â®à ï áå®¤¨âáï ª f(x) ¯®çâ¨ ¢áî¤ã.

4.1.5 �­â¥£à « �¥¡¥£  ¨ ¥£® ®á­®¢­ë¥ á¢®©áâ¢ 

�¯à¥¤¥«¥­¨¥ ¨­â¥£à «  �¥¡¥£ 

�­â¥£à « �¥¡¥£  ®¯à¥¤¥«ï¥âáï ¤«ï ¨§¬¥à¨¬ëå äã­ªæ¨©, § ¤ ­­ëå ­  ­¥ª®â®à®¬ ¯®«­®¬ ¨§¬¥à¨¬®¬
¯à®áâà ­âáâ¢¥ fX;A; �g; ¢­ ç «¥ ­  ¬­®¦¥áâ¢¥ ¯à®áâëå äã­ªæ¨©,   § â¥¬ ¯à®¤®«¦ ¥âáï ­  áãé¥áâ¢¥­­®
¡®«¥¥ è¨à®ª¨© ª« áá äã­ªæ¨©. �à¨¬¥¬ ®¡®§­ ç¥­¨¥ IA(x) ¤«ï ¨­¤¨ª â®à­®© äã­ªæ¨¨ ¬­®¦¥áâ¢  A; â®
¥áâì

IA(x) =

8<
:

1; ¯à¨ x 2 A;

0; ¯à¨ x 2 X nA
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.20 �§¬¥à¨¬ ï äã­ªæ¨ï ­ §ë¢ ¥âáï ¯à®áâ®©, ¥á«¨ ®­  ¯à¨­¨¬ ¥â ­¥ ¡®«¥¥,

ç¥¬ áç¥â­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨©, ¨­ë¬¨ á«®¢ ¬¨, áãé¥áâ¢ã¥â ­¥ ¡®«¥¥, ç¥¬ áç¥â­®¥ ¬­®¦¥áâ¢® à §«¨ç-
­ëå ç¨á¥« ff1; :::; fn; ::::g; â ª¨å çâ®

f(x) =
X
k

fnIAn
(x); (4.1.4)

£¤¥ ¬­®¦¥áâ¢  An â ª®¢ë, çâ®

An = fx 2 X : f(x) = fng 2 A; An \Am = ;; n 6= m;
[
n

An = X:

�á­®¢®© ¤«ï ¯®áâà®¥­¨ï ¨­â¥£à «  �¥¡¥£  ï¢«ï¥âáï á«¥¤ãîé ï

� ¥ ® à ¥ ¬   4.1.13 �«ï ¨§¬¥à¨¬®áâ¨ äã­ªæ¨¨ f(x) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï ¯®-
á«¥¤®¢ â¥«ì­®áâ¨ ¯à®áâëå ¨§¬¥à¨¬ëå äã­ªæ¨©, ª®â®à ï à ¢­®¬¥à­® áå®¤¨âáï ª f(x):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.21 �­â¥£à « �¥¡¥£  ®â ¯à®áâ®© äã­ªæ¨¨ (4.1.4 ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬Z
X

f(x)�(dx) =
X
n

fn�(An); (4.1.5)

¥á«¨ àï¤ á¯à ¢  áå®¤¨âáï  ¡á®«îâ­®. � íâ®¬ á«ãç ¥ ¯à®áâ ï äã­ªæ¨ï ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥¬®© (��
¨­â¥£à¨àã¥¬®©) ¨«¨ áã¬¬¨àã¥¬®© (¯® ¬¥à¥ �).

�­â¥£à « ¯® ¬­®¦¥áâ¢ã A � X;A 2 A ®¯à¥¤¥«ï¥âáï ª ªZ
A

f(x)�(dx) =

Z
X

f(x)IA(x)�(dx) =
X
n

fn�(An \A):



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.22 �ã­ªæ¨ï f(x) ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥¬®©, ¥á«¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ -
â¥«ì­®áâì ¯à®áâëå ¨­â¥£à¨àã¥¬ëå äã­ªæ¨© ffn(x)g áå®¤ïé ïáï à ¢­®¬¥à­® ª f(x): �à¥¤¥«

I = lim
n

Z
X

fn(x)�(dx) (4.1.6)

®¡®§­ ç ¥âáï Z
X

f(x)�(dx)

¨ ­ §ë¢ ¥âáï ¨­â¥£à «®¬ äã­ªæ¨¨ f . �­â¥£à « ¯® ¬­®¦¥áâ¢ã A � X;A 2 A ®¯à¥¤¥«ï¥âáï ª ª ¨­â¥£à «
®â äã­ªæ¨¨ f(x)IA(x):

� ­­®¥ ®¯à¥¤¥«¥­¨¥ ª®àà¥ªâ­®, ¯®áª®«ìªã ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

1. �à¥¤¥« (4.1.6) áãé¥áâ¢ã¥â ¤«ï «î¡®© à ¢­®¬¥à­® áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à®áâëå ¨­â¥-
£à¨àã¥¬ëå äã­ªæ¨©.

2. �â®â ¯à¥¤¥« ¯à¨ § ¤ ­­®© äã­ªæ¨¨ f(x) ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¯®á«¥¤®¢ â¥«ì­®áâ ffn(x)g:

�á­®¢­ë¥ á¢®©áâ¢  ¨­â¥£à «  �¥¡¥£ 

�«¥¤ãîé¨¥ á¢®©áâ¢  ¢ëâ¥ª îâ ­¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï ¨­â¥£à «  �¥¡¥£ .

1.
R
A

1�(dx) =
R
X

IA(x)�(dx) = �(A):

2. �«ï «î¡®© ª®­áâ ­âë k Z
X

kf(x)�(dx) = k

Z
X

f(x)�(dx):

3. �¤¤¨â¨¢­®áâì: Z
X

[f(x) + g(x)]�(dx) =

Z
X

f(x)�(dx) +

Z
X

g(x)�(dx);

¨ ¨§ áãé¥áâ¢®¢ ­¨ï ¨­â¥£à «®¢ ¢ ¯à ¢®© ç áâ¨ á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¨­â¥£à «  ¢ «¥¢®©.

4. �á«¨ f(x); g(x) ¨­â¥£à¨àã¥¬ë, ¨ f(x) � g(x); â®Z
X

f(x)�(dx) �
Z
X

g(x)�(dx):

5. �á«¨ �(A) = 0; â®
R
A

f(x)�(dx) = 0:

6. �á«¨ f(x) = g(x) ¯®çâ¨ ¢áî¤ã, â® Z
X

f(x)�(dx) =

Z
X

g(x)�(dx);

¯à¨ç¥¬ ®¡  ¨­â¥£à «  áãé¥áâ¢ãîâ ¨«¨ ­¥ áãé¥áâ¢ãîâ ®¤­®¢à¥¬¥­­®.

7. �á«¨ '(x) � 0 ¨­â¥£à¨àã¥¬  ¨ ¯®çâ¨ ¢áî¤ã jf(x)j � '(x); â® f(x) - ¨­â£¥à¨àã¥¬ .

8. �­â¥£à «ë

I1 =

Z
X

f(x)�(dx); I2 =

Z
X

jf(x)j�(dx)

áãé¥áâ¢ãîâ ¨ ­¥ áãé¥áâ¢ãîâ ®¤­®¢à¥¬¥­­®.



��  ¤¤¨â¨¢­®áâì ¨  ¡á®«îâ­ ï ­¥¯à¥àë¢­®áâì ¨­â¥£à «  �¥¡¥£ 

� ¥ ® à ¥ ¬   4.1.14 �ãáâì X =
S
n
An; ¨ An \Am = ; ¯à¨ n 6= m: �®£¤ 

Z
X

f(x)�(dx) =
X
n

Z
An

f(x)�(dx);

¯à¨ç¥¬ ¨§ áãé¥áâ¢®¢ ­¨ï ¨­â¥£à «  ¢ «¥¢®© ç áâ¨ ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ¨­â¥£à «®¢ ¨  ¡á®«îâ­ ï

áå®¤¨¬®áâì àï¤  ¢ ¯à ¢®© ç áâ¨.

� ¥ ® à ¥ ¬   4.1.15 �ãáâì X =
S
n
An; ¨ An \Am = ; ¯à¨ n 6= m ¨ àï¤

X
n

Z
An

jf(x)j�(dx)

áå®¤¨âáï.
�®£¤  f(x) ¨­â¥£à¨àã¥¬  ­  X ¨Z

X

f(x)�(dx) =
X
n

Z
An

f(x)�(dx):

� ¥ ® à ¥ ¬   4.1.16 �¥à ¢¥­áâ¢® �¥¡ëè¥¢  �á«¨ '(x) � 0 ­  X ¨ c > 0; â®

�fx 2 X : '(x) � ág � 1

c

Z
X

'(x)�(dx):

� ¥ ® à ¥ ¬   4.1.17 �¡á®«îâ­ ï ­¥¯à¥àë¢­®áâì ¨­â¥£à «  �¥¡¥£ . �ãáâì f(x) - áã¬¬¨àã¥¬ ï äã­ª-
æ¨ï, â®£¤  ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â â ª®¥ � > 0; çâ®������

Z
A

f(x)�(dx)

������ < ";

¤«ï ¢áïª®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  A 2 A â ª®£®, çâ® �(A) < �:

�§ íâ¨å â¥®à¥¬ á«¥¤ã¥â, çâ® ¤«ï «î¡®© ­¥®âà¨æ â¥«ì­®© áã¬¬¨àã¥¬®© äã­ªæ¨¨ f(x) � 0 ¨­â¥£à « �¥¡¥£ 
§ ¤ ¥â ­  fX;Ag áç¥â­®- ¤¤¨â¨¢­ãî äã­ªæ¨î ¬­®¦¥áâ¢

�(A) =

Z
A

f(x)�(dx):

�«¥¤ãîé ï â¥®à¥¬  �®¤®­ -�¨ª®¤¨¬  £®¢®à¨â ® â®¬, çâ® ¯à¥¤áâ ¢«¥­¨¥ ¬¥àë ¨­â¥£à «®¬ �¥¡¥£  ¥áâì
ã­¨¢¥àá «ì­ë© á¯®á®¡ § ¤ ­¨ï  ¡á®«îâ­® ­¥¯à¥àë¢­®© ¬¥àë.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.23 �¥à  �(dx) ­ §ë¢ ¥âáï  ¡á®«îâ­®-­¥¯à¥àë¢­®© ®â­®á¨â¥«ì­® ¬¥àë �(dx)
¥á«¨

8A 2 A : �(A) = 0) �(A) = 0:

�®®â¢¥âáâ¢ãîé¥¥ ®¡®§­ ç¥­¨¥ �(dx)� �(dx):

� ¥ ® à ¥ ¬   4.1.18 �¥®à¥¬  �®¤®­ -�¨ª®¤¨¬ . �ãáâì �(dx)� �(dx): �®£¤  áãé¥áâ¢ã¥â ¨§¬¥à¨¬ ï

�� ¨­â¥£à¨àã¥¬ ï äã­ªæ¨ï �(x) � 0 â ª ï, çâ®

8A 2 A : �(A) =

Z
A

�(x)�(dx):

�ã­ªæ¨ï �(x) ­ §ë¢ ¥âáï ¯à®¨§¢®¤­®© �®¤®­ -�¨ª®¤¨¬  ¬¥àë �(dx) ¯® ¬¥à¥ �(dx) ¨ ç áâ® ®¡®§­ ç ¥âáï

�(x) =
d�

d�
(x):



�à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯®¤ §­ ª®¬ ¨­â¥£à «  �¥¡¥£ 

�«¥¤ãîé¨¥ à¥§ã«ìâ âë ¯®ª §ë¢ îâ ¢ ª ª¨å á«ãç ïå ¬®¦­® ¯¥à¥å®¤¨âì ª ¯à¥¤¥«ã ¯®¤ §­ ª®¬ ¨­â¥£à « .
�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ¤«ï ¨­â¥£à «  �¥¡¥£  íâ¨ ãá«®¢¨ï ï¢«ïîâáï §­ ç¨â¥«ì­® ¡®«¥¥ á« ¡ë¬¨, ¯®
áà ¢­¥­¨î á ãá«®¢¨ï¬¨ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯®¤ §­ ª®¬ ¨­â¥£à «  �¨¬ ­ , £¤¥ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬
ï¢«ï¥âáï à ¢­®¬¥à­ ï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ äã­ªæ¨©.

� ¥ ® à ¥ ¬   4.1.19 �¥®à¥¬  �¥¡¥£  ® ¬ ¦®à¨àã¥¬®© áå®¤¨¬®áâ¨. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ffn(x)g
­  X áå®¤¨âáï ª f(x) ¨ ¯à¨ ¢á¥å n

jfn(x)j � '(x); (4.1.7)

£¤¥ '(x) - ¨­â£¥à¨àã¥¬  ­  X; â® ¯à¥¤¥«ì­ ï äã­ªæ¨ï f(x) ¨­â¥£à¨àã¥¬  ­  X ¨

lim
n

Z
X

fn(x)�(dx) =

Z
X

f(x)�(dx):

�   ¬ ¥ ç   ­ ¨ ¥ � ­­ ï â¥®à¥¬  á¯à ¢¥¤«¨¢  ¨ ¯à¨ ®á« ¡«¥­­ëå ¯à¥¤¯®«®¦¥­¨ïå: ®­  ®áâ ¥âáï ¢¥à­®©
¥á«¨ áå®¤¨¬®áâì ffn(x)g ª f(x) ¨¬¥¥â ¬¥áâ® «¨èì ¯®çâ¨ ¢áî¤ã ­  X ¨ ­¥à ¢¥­áâ¢® (4.1.7) ¯à¨ ª ¦¤®¬ n
â ª¦¥ ¢ë¯®«­¥­® ¯®çâ¨ ¢áî¤ã.

� ¥ ® à ¥ ¬   4.1.20 T¥®à¥¬  �. �¥¢¨ ® ¬®­®â®­­®© áå®¤¨¬®áâ¨. �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©
ffn(x)g ­¥ã¡ë¢ îé ï,â® ¥áâì

f1(x) � f2(x) � ::: � fn(x) � :::;

¯à¨ç¥¬ äã­ªæ¨¨ fn(x) ¨­â¥£à¨àã¥¬ë ¨ ¨å ¨­â¥£à «ë ®£à ­¨ç¥­ë ¢ á®¢®ªã¯­®áâ¨Z
X

fn(x)�(dx) � K:

�®£¤  ¯®çâ¨ ¢áî¤ã áãé¥áâ¢ã¥â ª®­¥ç­ë© ¯à¥¤¥«

f(x) = lim
n
fn(x);

äã­ªæ¨ï f(x) ¨­â¥£à¨àã¥¬  ¨

lim
X

fn(x)�(dx) =

Z
X

f(x)�(dx):

� ¥ ® à ¥ ¬   4.1.21 �¥¬¬  � âã. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ¨§¬¥à¨¬ëå ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨©

ffn(x)g áå®¤¨âáï ¯®çâ¨ ¢áî¤ã ­  X ª f(x) ¨Z
X

fn(x)�(dx) � K;

â® f(x) ¨­â¥£à¨àã¥¬  ¨ Z
X

f(x)�(dx) � K:

�­â¥£à « �¥¡¥£ , ¨­â¥£à « �¨¬ ­  ¨ ¨­â¥£à « �â¨«âì¥á 

�®áª®«ìªã ¢ëç¨á«¥­¨¥ ¨­â¥£à «  �¨¬ ­  ¤«ï ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ªæ¨© ï¢«ï¥âáï å®à®è® ¨§¢¥áâ-
­®© § ¤ ç¥© ª« áá¨çá¥ª®£®  ­ «¨§ , â® ¤«ï ¯à¨«®¦¥­¨© ¢¥áì¬  ¢ ¦­®, ª®£¤  ¢ëç¨á«¥­¨¥ ¨­â¥£à «  �¥-
¡¥£  ¬®¦­® á¢¥áâ¨ ª ¨­â¥£à «ã �¨¬ ­ . �£à ­¨ç¨¬áï á«ãç ¥¬ «¨­¥©­®© ¬¥àë �¥¡¥£  ­  ¤¥©áâ¢¨â¥«ì­®©
¯àï¬®©.



� ¥ ® à ¥ ¬   4.1.22 �á«¨ áãé¥áâ¢ã¥â ¨­â¥£à « �¨¬ ­ 

I = (R)

bZ
a

f(x)dx;

â® f(x) ¨­â¥£à¨àã¥¬  ­  [a; b] ¯® ¬¥à¥ �¥¡¥£  �(dx) = dx ¨Z
[a;b]

f(x)�(dx) = I:

�® ¬­®£¨å ¯à ªâ¨ç¥áª¨ ¢ ¦­ëå á«ãç ïå ¢ëç¨á«¥­¨¥ ¨­â¥£à «  �¥¡¥£  ¯® ­¥ª®â®à®© ¬¥à¥ ­  ¤¥©áâ¢¨-
â¥«ì­® ¯àï¬®© ¬®¦­® á¢¥áâ¨ ª ¢ëç¨á«¥­¨î ¨­â¥£à «  �â¨«âì¥á  ¯® äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï íâ®© ¬¥àë.

� ¥ ® à ¥ ¬   4.1.23 �ãáâì f(x) - � - ¨­â¥£à¨àã¥¬  ­  [a; b]; â®£¤ 

Z
[a;b]

f(x)�(dx) = (S)

bZ
a

f(x)dF�(x);

£¤¥ F�(x) - äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¬¥àë �(dx);   (S) - á¨¬¢®« ¨­â¥£à «  �â¨«âì¥á .

�«ï ¡®«ìè¨­áâ¢  ¯à¨«®¦¥­¨© ¤®áâ â®ç­® á«¥¤ãîé¥£® ¯à¥¤áâ ¢«¥­¨ï ¤«ï ¨­â¥£à «  �â¨«âì¥á . �ãáâì
(á¬. � §¤¥« 4.1.3)

F�(x) =

xZ
�1

d

dy
F�(y)dy +

X
y�x

�F (y);

£¤¥ F
0

(x) - ªãá®ç­®-­¥¯à¥àë¢­  ¨ ¨­â¥£à « ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ �¨¬ ­ ,   áã¬¬¨à®¢ ­¨¥ ®áãé¥áâ¢«ï¥âáï
¯® ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¬ã ¬­®¦¥áâ¢ã â®ç¥ª à §àë¢  äã­ªæ¨¨ F (x); â®£¤  ¥á«¨ äã­ªæ¨ï f(x) - ªãá®ç­®-
­¥¯à¥àë¢­  ¨ �- ¨­â¥£à¨àã¥¬ , â®

(L)

Z
R

f(x)�(dx) = (S)

1Z
�1

f(x)dF�(x) = (R)

1Z
�1

f(x)F
0

(x)dx+
X
y2R

f(y)�F (y):

4.1.6 �àï¬ë¥ ¯®¨§¢¥¤¥­¨ï á¨áâ¥¬ ¬­®¦¥áâ¢ ¨ ¬¥à

�àï¬ë¥ ¯à®¨§¢¥¤¥­¨ï á¨áâ¥¬ ¬­®¦¥áâ¢

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.24 �­®¦¥áâ¢® Z ã¯®àï¤®ç¥­­ëå ¯ à (x1; x2); £¤¥ x1 2 X1; x2 2 X2 ­ §ë¢ ¥âáï
¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¬­®¦¥áâ¢ X1 ¨ X2 ¨ ®¡®§­ ç ¥âáï X1 �X2:

�­ «®£¨ç­® ¬­®¦¥áâ¢® Z ã¯®àï¤®ç¥­­ëå ª®­¥ç­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© (x1; :::; xn); £¤¥ xk 2 Xk;
­ §ë¢ ¥âáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¬­®¦¥áâ¢ X1; :::; Xn ¨ ®¡®§­ ç ¥âáï

Z = X1 � :::�Xn:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.25 �á«¨ A1; :::;An - ��  «£¥¡àë ¬­®¦¥áâ¢ ­  ¯à®áâà ­áâ¢ å Xk; â®

�fA1 � :::� Ang
®¡®§­ ç ¥â ­ ¨¬¥­ìèãî � -  «£¥¡àã ­  Z, á®¤¥à¦ éãî ¢á¥ ¬­®¦¥áâ¢  ¢¨¤ 

A = A1 � :::� An; Ak 2 Ak:

� ª¨¬ ®¡à §®¬ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ ¨§¬¥à¨¬ëå ¯à®áâà ­áâ¢ fXk;Akg; k = 1; :::; ng ¥áâì ¯à®áâà ­áâ¢®
fX1 � :::�Xn; �fA1 � :::�Angg:

�«ï ��  «£¥¡àë �fA1 � :::� Ang ¨á¯®«ì§ã¥âáï ®¡®§­ ç¥­¨¥
A1 
 :::
 An:



�à®¨§¢¥¤¥­¨ï ¬¥à. �¥®à¥¬  �ã¡¨­¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.1.26 �¥à  � = �1 � :::� �n ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥

fX1 � :::�Xn;A1 
 :::
Ang
®¯à¥¤¥«ï¥âáï ª ª ¯à®¤®«¦¥­¨¥ ¬¥àë, § ¤ ­­®© ­   «£¥¡à¥, ®¡à §®¢ ­­®© ª®­¥ç­ë¬¨ ®¡ê¥¤¨­¥­¨ï¬¨
­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ ¢¨¤ 

A = A1 � :::� An; Ak 2 Ak;

¬¥à  ª®â®àëå ®¯à¥¤¥«¥­  á®®â­®è¥­¨¥¬

�(A) = �1(A1)�2(A2):::�n(An):

� ­­ ï ¬¥à  ®¡®§­ ç ¥âáï
� = �1 
 �2 
 :::
 �n:

�«ï ¯à¨«®¦¥­¨© ­ ¨¡®«¥¥ ¢ ¦­  á«¥¤ãîé ï

� ¥ ® à ¥ ¬   4.1.24 �¥®à¥¬  �ã¡¨­¨. �ãáâì § ¤ ­ë ¯®«­ë¥ ¨§¬¥à¨¬ë¥ ¯à®áâà ­áâ¢  fX1;A1; �1g
¨ fX2;A2; �2g ¨ ­  ¯à®¨§¢¥¤¥­¨¨ ¨§¬¥à¨¬ëå ¯à®áâà ­áâ¢ fX1 � X2;A1 
 A2; �1 
 �2g; ¯®¯®«­¥­­®¬
®â­®á¨â¥«ì­® ¬¥àë � = �1 
 �2; § ¤ ­  ¨§¬¥à¨¬ ï äã­ªæ¨ï f(x1; x2); ¨­â¥£à¨àã¥¬ ï ¯® ¬¥à¥ �: �®£¤ 

Z
X1�X2

f(x1; x2)�(dx1 � dx2) =

Z
X1

0
@Z
X2

f(x1; x2)�2(dx2)

1
A�1(dx1) =

Z
X2

0
@Z
X1

f(x1; x2)�1(dx1)

1
A �2(dx2):

(4.1.8)

�   ¬ ¥ ç   ­ ¨ ¥ �®áª®«ìªã äã­ªæ¨¨ f ¨ jf j ¨­â¥£à¨àã¥¬ë ¨«¨ ­¥ ¨­â¥£à¨àã¥¬ë ®¤­®¢à¥¬¥­­®, â® íâ®â
à¥§ã«ìâ â ­ å®¤¨âáï ¢ á®®â¢¥âáâ¢¨¨ á �¥®à¥¬®© �ã¡¨­¨ ¢ ª« áá¨ç¥áª®¬  ­ «¨§¥, £¤¥ ¤«ï ¢®§¬®¦­®áâ¨
¯¥à¥áâ ­®¢ª¨ ¯à¥¤¥«®¢ ¨­â¥£à¨à®¢ ­¨ï ¢ ªà â­®¬ ¨­â¥£à «¥ �¨¬ ­  ¯® ­¥ª®â®à®¬ã ¬­®¦¥áâ¢ã A 2 R2

¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï ¨­â¥£à «  ®â ¬®¤ã«ï äã­ªæ¨¨Z
A

jf(x1; x2)jdx1dx2 <1:

�   ¬ ¥ ç   ­ ¨ ¥ �§ áãé¥áâ¢®¢ ­¨ï ¯®¢â®à­ëå ¨­â¥£à «®¢ ¢ ¯à ¢®© ç áâ¨ (4.1.8) ­¥ á«¥¤ã¥â ­¨ á ¬®
à ¢¥­áâ¢® (4.1.8), ­¨ �� ¨­â¥£à¨àã¥¬®áâì äã­ªæ¨¨ f: �¤­ ª®, ¥á«¨ áãé¥áâ¢ã¥â å®âï ¡ë ®¤¨­ ¨§ ¯®¢â®à­ëå
¨­â¥£à «®¢

Z
X1

0
@Z
X2

jf(x1; x2)j�2(dx2)
1
A �1(dx1) <1;

Z
X2

0
@Z
X1

jf(x1; x2)j�1(dx1)
1
A �2(dx2) <1;

â® áãé¥áâ¢ã¥â ¨ «î¡®© ¨§ ®áâ «ì­ëå ¨­â¥£à «®¢ ¢ (4.1.8) ¨ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® (4.1.8).

4.2 �¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®

4.2.1 �¯à¥¤¥«¥­¨¥ ¨ ®á­®¢­ë¥ á¢®©áâ¢ 

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.1 �¨­¥©­®¥ ¯à®áâà ­áâ¢® - íâ® ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® X; í«¥¬¥­âë ª®â®à®£®
­ §ë¢ îâáï â ª¦¥ ¢¥ªâ®à ¬¨, ­  ª®â®à®¬ ®¯à¥¤¥«¥­ë ¤¢¥ ®¯¥à æ¨¨: á«®¦¥­¨¥ (+) ¨ ã¬­®¦¥­¨¥ ­ 



áª «ïàë (�). �á«¨ ã¬­®¦¥­¨¥ ®¯à¥¤¥«¥­® ­  ¢¥é¥áâ¢¥­­ë¥ ª®­áâ ­âë ¨§ R; â® ¯à®áâà ­áâ¢® ­ íë¢ ¥âáï
¢¥é¥áâ¢¥­­ë¬ ¨«¨ ¤¥©áâ¢¨â¥«ì­ë¬, ¥á«¨ ã¬­®¦¥­¨¥ ®¯à¥¤¥«¥­® ­  ª®¬¯«¥ªá­ë¥ ª®­áâ ­âë ¨§ ¯®«ï
ª®¬¯«¥ªá­ëå ç¨á¥« C; â® ¯à®áâà ­áâ¢® ­ §ë¢ ¥âáï ª®¬¯«¥ªá­ë¬.

�¯¥à æ¨¨ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï ®¡« ¤ îâ á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1. x+ y = y + x; (ª®¬¬ãâ â¨¢­®áâì);

2. (x+ y) + z = x+ (y + z); ( áá®æ¨ â¨¢­®áâì)

3. 9� 2 X â ª®©, çâ® � + x = x

4. � � (x+ y) = � � x+ � � y;
5. (�+ �) � x = � � x+ � � y;
6. (��) � x = �(� � x);
7. 0 � x = �; 1 � x = x:

�   ¬ ¥ ç   ­ ¨ ¥ �®£¤  íâ® ­¥ ¡ã¤¥â ¢ë§ë¢ âì ­¥¤®à §ã¬¥­¨© ¬ë ¨á¯®«ì§ã¥¬ ®¤­® ®¡®§­ ç¥­¨¥ ¤«ï
­ã«¥¢®£® í«¥¬¥­â  � 2 X ¨ 0 2 R; ªà®¬¥ â®£® ¡ã¤¥¬ ®¯ãáª âì §­ ª ã¬­®¦¥­¨ï �:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.2 �®¤¯à®áâà ­áâ¢® M «¨­¥©­®£® ¯à®áâà ­áâ¢  X - ¥áâì ¯®¤¬­®¦¥áâ¢®, § -
¬ª­ãâ®¥ ®â­®á¨â¥«ì­® ®¯¥à æ¨© á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï: â® ¥áâì

8�; � 2 R ¨«¨ 2 C; x; y 2M : �x+ �y 2M:

�á«¨ fM�; � 2 Ig ­¥ª®â®àë© ­ ¡®à ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢ X; â® T
�2I

M� â ª¦¥ ¯®¤¯à®áâà ­áâ¢®

¯à®áâà ­áâ¢  X:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.3 �«ï ¯à®¨§¢®«ì­®£® ¬­®¦¥áâ¢  N � X; ¯®¤¯à®áâà ­áâ¢®, ­ âï­ãâ®¥ ­ 
N - ¥áâì ¬­®¦¥áâ¢® ¢á¥å «¨­¥©­ëå ª®¬¡¨­ æ¨© í«¥¬¥­â®¢ N . �â® ¯®¤¯à®áâà ­áâ¢®, ®¡®§­ ç ¥¬®¥ L(N )
¬®¦­® ¥é¥ ®å à ªâ¥à¨§®¢ âì, ª ª ­ ¨¬¥­ìè¥¥ ¯®¤¯à®áâà ­áâ¢® X; á®¤¥à¦ é¥¥ ¬­®¦¥áâ¢® M:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.4 �ª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ­  «¨­¥©­®¬ ¯à®áâà ­áâ¢¥ ­ §ë¢ ¥âáï ¡¨«¨­¥©-
­ ï äã­ªæ¨ï, ®¡®§­ ç ¥¬ ï ¢ ¤ «ì­¥©è¥¬ (x; y); ¯à¨­¨¬ îé ï §­ ç¥­¨ï ¨§ ¯®«ï áª «ïà®¢ R ¨«¨ C, ¨
®¡« ¤ îé ï á«¥¤ãîé¬¨¬¨ á¢®©áâ¢ ¬¨:

1. 8x; y; z 2 X;�; � 2 R ¨«¨ 2 C (� � x+ � � y; z) = �(x; z) + �(y; z);

2. (x; y) = (y; x); á¨¬¢®« (�) - ¥áâì á¨¬¢®« ª®¬¯«¥ªá­®£® á®¯àï¦¥­¨ï;
3. 8x 2 X; (x; x) � 0; (x; x) = 0) x = �:

�¨­¥©­®¥ ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ­ §ë¢ ¥âáï ¥é¥ ¥¢ª«¨¤®¢ë¬ ¯à®áâà ­áâ¢®¬.

�ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ®¯à¥¤¥«ï¥â ­  X ­®à¬ã á®®â­®è¥­¨¥¬

kxk = (x; x)1=2:

�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨© ¢ëâ¥ª îâ á«¥¤ãîè¨¥ á¢®©áâ¢  áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¨ ®¯à¥¤¥«ï¥-
¬®© ¨¬ ­®à¬ë:

1. k� � xk = j�jkxk;
2. j(x; y)j � kxkkyk; (­¥à ¢¥­áâ¢® �®è¨-�ã­ïª®¢áª®£®);

3. kx+ yk � kxk+ kyk; (­¥à ¢¥­áâ¢® âà¥ã£®«ì­¨ª );



4. áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ­¥¯à¥àë¢­®, â® ¥áâì ¥á«¨ xn ! x; yn ! y; â® (xn; yn)! (x; y):

�¥¬ á ¬ë¬ «¨­¥©­®¥ ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ áâ ­®¢¨âáï «¨­¥©­ë¬ ­®à¬¨à®¢ ­­ë¬

¯à®áâà ­áâ¢®¬.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.5 �®á«¥¤®¢ â¥«ì­®áâì í«¥¬¥­â®¢ fxng 2 X ­ §ë¢ ¥âáï äã­¤ ¬¥­â «ì­®©

¨«¨ ¯®á«¥¤®¢ â¥«ì­®áâìî �®è¨ ¥á«¨

lim
n;m!1 kxn � xmk = 0;

â® ¥áâì
8" > 0; 9N (") : 8n;m � N ("); kxn � xmk < ":

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.6 �¨­¥©­®¥ ­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢® ­ §ë¢ ¥âáï ¯®«­ë¬ ¥á«¨ «î¡ ï
äã­¤ ¬¥­â «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì áå®¤¨âáï ¯® ­®à¬¥ ª í«¥¬¥­âã íâ®£® ¯à®áâà ­áâ¢ .

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.7 �¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬ ­ §ë¢ ¥âáï ¯®«­®¥ ¯à®áâà ­áâ¢® á® áª -
«ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨«¨ ¯®«­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®.

�   ¬ ¥ ç   ­ ¨ ¥ �î¡®¥ ­®à¬¨à®¢ ­­®¥ «¨­¥©­®¥ ¯à®áâà ­áâ¢® ¬®¦¥â ¡ëâì ¯®¯®«­¥­® ¤® ¯®«­®£® ¯à®-
áâà ­áâ¢ . � ª¨¬ ®¡à §®¬, «î¡®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® ¬®¦¥â ¡ëâì ¯®¯®«­¥­® ¤® £¨«ì¡¥àâ®¢  ¯à®-
áâà ­áâ¢ .

�   ¬ ¥ ç   ­ ¨ ¥ � ¤ «ì­¥©è¥¬ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ¡ã¤ãâ ®¡®§­ ç âìáï ¡ãª¢ ¬¨ H ¨«¨ H:
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.8 �®¤¯à®áâà ­áâ¢® £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  ­ §ë¢ ¥âáï § ¬ª­ãâë¬, ¥á«¨

®­® á®¤¥à¦¨â ¢á¥ ¯à¥¤¥«ë äã­¤ ¬¥­â «ì­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©. � ª¨¬ ®¡à §®¬, § ¬ª­ãâ®¥ ¯®¤¯à®-
áâà ­áâ¢® £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  á ¬® ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬.

4.2.2 �¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® L2fX;A; �g.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.9 �­®¦¥áâ¢® ¤¥©áâ¢¨â¥«ì­ëå ¨§¬¥à¨¬ëå äã­ªæ¨© ¨­â¥£à¨àã¥¬ëå á ª¢ ¤à -
â®¬ ¯® ¬¥à¥ � ¥áâì ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(f; g) =

Z
X

f(x)g(x)�(dx):

� á¨«ã ­¥à ¢¥­áâ¢ 
jf(x)g(x)j � jf(x)j2 + jg(x)j2;

áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ®¯à¥¤¥«¥­® ¤«ï «î¡®© ¯ àë äã­ªæ¨©, f; g; ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬Z
X

jf(x)j2�(dx) <1;

Z
X

jg(x)j2�(dx) <1:

�®à¬ , ®¯à¥¤¥«ï¥¬ ï áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¥áâì

kfk =
0
@Z
X

jf(x)j2�(dx)
1
A

1=2

;

¯à¨ íâ®¬ ­ã«¥¢®© í«¥¬¥­â - ¥áâì äã­ªæ¨ï à ¢­ ï ­ã«î ¯®çâ¨ ¢áî¤ã. �®¯®«­¥­­®¥ ¯® íâ®© ­®à¬¥ ¥¢-
ª«¨¤®¢® ¯à®áâà ­áâ¢® ¥áâì £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ äã­ªæ¨©, á®¢¯ ¤ îé¨å
¯®çâ¨ ¢áî¤ã, â® ¥áâì ¬ë áç¨â ¥¬, çâ® f = g; ¥á«¨

�fx 2 X : f(x) 6= g(x)g = 0:

�à¨ íâ®¬ ¤«ï ª ¦¤®£® ¨§ ª« á®¢ íª¢¨¢ «¥­â­®áâ¨ ¢ë¡¨à ¥âáï ®¤¨­ ¨§ ¯à¥¤áâ ¢¨â¥«¥©.



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.10 �à®áâà ­áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëåäã­ª-
æ¨© ­ §ë¢ ¥âáï ¤¥©áâ¢¨â¥«ì­ë¬ £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬ L2fX;A; �g:
�«ï ¢¥à®ïâ­®áâ­ëå ¯à¨«®¦¥­¨© ç áâ® ã¤®¡­® à áá¬ âà¨¢ âì ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå ª®¬¯«¥ªá­ëå
äã­ªæ¨©

f(x) = a(x) + ib(x);

á ¨§¬¥à¨¬ë¬¨ äã­ªæ¨ï¬¨ a(x); b(x); áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(f; g) =

Z
X

f(x)g(x)�(dx);

¨ ­®à¬®©

kfk =
0
@Z
X

jf(x)j2�(dx)
1
A

1=2

; (4.2.1)

£¤¥ jf(x)j2 = ja(x)j2+jb(x)j2: �®¯®«­¥­¨¥ íâ®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  ¯® ­®à¬¥ (4.2.1) - ¥áâì £¨«ì¡¥àâ®¢®
¯à®áâà ­áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ ¨§¬¥à¨¬ëå ª®¬¯«¥ªá­ëå äã­ªæ¨© á®¢¯ ¤ îé¨å ¯®çâ¨ ¢áî¤ã.

4.2.3 �àâ®£®­ «ì­®áâì ¨ ¯à®¥ªâ¨à®¢ ­¨¥

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.11 �¢  í«¥¬¥­â  x; y 2 H ­ §ë¢ îâáï ®àâ®£®­ «ì­ë¬¨ (®¡®§­ ç ¥âáï x ? y)
¥á«¨ (x; y) = 0:

�á«¨ Y � H - ¯à®¨§¢®«ì­®¥ ¯®¤¬­®¦¥áâ¢®, â® ®àâ®£®­ «ì­®áâì x ? Y ®§­ ç ¥â, çâ® (x; y) = 0; 8y 2 Y:

�ãáâì L(Y ) ­ ¨¬¥­ìè¥¥ § ¬ª­ãâ®¥ ¯à®áâà ­áâ¢®, á®¤¥à¦ é¥¥ Y: �®£¤  ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ áª «ïà-
­®£® ¯à®¨§¢¥¤¥­¨ï ¨§ x ? Y á«¥¤ã¥â x ? L(Y ):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.12 �á«¨ M - § ¬ª­ãâ®¥ ¯®¤¯à®áâà ­áâ¢®, â® ®¯à¥¤¥«¨¬ ¥£® ®àâ®£®­ «ì­®¥

¤®¯®«­¥­¨¥ M? ª ª
M? = fx 2 H : x ?Mg:

� á¨«ã ­¥¯à¥àë¢­®áâ¨ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï M? - ¥áâì § ¬ª­ãâ®¥ ¯®¤¯à®áâà ­áâ¢®.

� ¥ ® à ¥ ¬   4.2.1 �ãáâì H - £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ¨ M � H - § ¬ª­ãâ®¥ ¯®¤¯à®áâà ­áâ¢®.
�®£¤  «î¡®© í«¥¬¥­â x 2 H ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à §«®¦¥­¨¥ ¢¨¤ :

x = y + z;

£¤¥ y 2M; z ?M: �à®¬¥ â®£®,
kx� yk = min

v2M
kx� vk:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 4.2.13 �«¥¬¥­â y(x) ­ §ë¢ ¥âáï ¯à®¥ªæ¨¥© x ­  M ¨ ®¡®§­ ç ¥âáï �̂M(x):

�à¨ íâ®¬
(�̂M (x); �̂M(x)� x) = 0;

  ãá«®¢¨ï
�̂M (x) 2M; (�̂M (x); �̂M(x)� x) = 0; (4.2.2)

®¯à¥¤¥«ïîâ ¯à®¥ªæ¨î ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬.
�®áª®«ìªã ¤«ï «î¡®£® x 2 H

x = (x� �̂M (x)) + �̂M(x);

â® â¥¬ á ¬ë¬ ®¯à¥¤¥«ï¥âáï à §«®¦¥­¨¥ «î¡®£® í«¥¬¥­â  x 2 H ­  áã¬¬ã ¤¢ãå ®àâ®£®­ «ì­ëå í«¥¬¥­â®¢,
¨ á«¥¤®¢ â¥«ì­®, ¯à®áâà ­áâ¢® H à §«®¦¨¬® ¢ ¯àï¬ãî áã¬¬ã

H = M �M?;



¯à®áâà ­áâ¢  M ¨ ¥£® ®àâ®£®­ «ì­®£® ¤®¯®«­¥­¨ï M?:
�¯¥à â®à �̂M (x); ª®â®àë© áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã í«¥¬¥­âã x 2 H ¥£® ¯à®¥ªæ¨î ­  ¯®¤¯à®-

áâà ­áâ¢® M; ï¢«ï¥âáï «¨­¥©­ë¬ ¨ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ¥áâ¥áâ¢¥­­®¬ã á¢®©áâ¢ã

�̂M(�̂M (x)) = �̂M (x):



�« ¢  5

�à¨«®¦¥­¨¥ 2. �¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï

¨§ â¥®à¨¨ â¥®à¨¨ ¢¥à®ïâ­®áâ¥©.

5.1 �®¡ëâ¨ï ¨ ¢¥à®ïâ­®áâ¨

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.1.1 �®¢®ªã¯­®áâì ®¡ê¥ªâ®¢ f
;F ;Pg; £¤¥
1. 
 - ¬­®¦¥áâ¢® â®ç¥ª ! 2 
; ­ §ë¢ ¥¬ëå í«¥¬¥­â à­ë¬¨ á®¡ëâ¨ï¬¨;

2. F -  «£¥¡à  ¯®¤¬­®¦¥áâ¢ 
; ®¡à §ãîé¨å á¨áâ¥¬ã á®¡ëâ¨©;

3. P - ª®­¥ç­®- ¤¤¨â¨¢­ ï ­¥¯à¥àë¢­ ï ¬¥à  ­   «£¥¡à¥ F , c P(
) = 1; ­ §ë¢ ¥¬ ï ¢¥à®ïâ­®áâìî

(á¬. �¯à¥¤¥«¥­¨¥ 4.1.4)

®¡à §ãîâ ¢¥à®ïâ­®áâ­ãî ¬®¤¥«ì.

� ¤ «ì­¥©è¥¬ ¬ë ¯®« £ ¥¬, çâ® á¨áâ¥¬  á®¡ëâ¨© F - ¥áâì � -  «£¥¡à  (á¬. �¯à¥¤¥«¥­¨¥ 4.1.2, á ¯à®¤®«-
¦¥­­®© ¬¥à®© (¢¥à®ïâ­®áâìî) P ¨ ¯®¯®«­¥­­ ï ¬­®¦¥áâ¢ ¬¨ ­ã«¥¢®© ¬¥àë P (­ã«¥¢®© ¢¥à®ïâ­®áâ¨)(á¬.
�¯à¥¤¥«¥­¨¥ 4.1.15). � ª ï ¢¥à®ïâ­®áâ­ ï ¬®¤¥«ì ­ §ë¢ ¥âáï ¢ ¤ «ì­¥©è¥¬ ¯®«­ë¬ ¢¥à®ïâ­®áâ­ë¬

¯à®áâà ­áâ¢®¬.

5.2 �«ãç ©­ë¥ ¢¥«¨ç¨­ë

5.2.1 �¯à¥¤¥«¥­¨¥ ¨ ®á­®¢­ë¥ á¢®©áâ¢ 

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.1 �«ãç ©­®© ¢¥«¨ç¨­®© ­ §ë¢ ¥âáï ¤¥©áâ¢¨â¥«ì­ ï ¨§¬¥à¨¬ ï äã­ªæ¨ï �(!);
®¯à¥¤¥«¥­­ ï ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ f
;Fg:

� á¨«ã �¥®à¥¬ 4.1.8, 4.1.9 cã¬¬ , à §­®áâì ¨ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå á«ãç ©­ëå ¢¥«¨ç¨­, ç áâ­®¥ ¤¢ãå
á«ãç ©­ëå ¢¥«¨ç¨­, ¯à¨ ãá«®¢¨¨, çâ® §­ ¬¥­ â¥«ì ­¥ ®¡à é ¥âáï ¢ ­ã«ì, â ª¦¥ á«ãç ©­ ï ¢¥«¨ç¨­ .

�®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ f�n(!); n = 1; 2; :::g ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ®

sup
n

�n(!); inf
n
�n(!); lim sup

n
�n(!); lim inf

n
�n(!);

¨ lim
n
�n(!) ¥á«¨ ®­ áãé¥áâ¢ã¥â, ï¢«ïîâáï á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.2 �¢¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë �(!) ¨ �(!); § ¤ ­­ë¥ ­  ®¤­®¬ ¨ â®¬ ¦¥ ¢¥à®ïâ-
­®áâ­®¬ ¯à®áâà ­áâ¢¥ f
;F ;Pg; ­ §ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨, ¥á«¨

Pf! 2 
 : �(!) 6= �(!)g = 0:

�§ �¥®à¥¬ë 4.1.6 á«¥¤ã¥â, çâ® «î¡ ï ¡®à¥«¥¢áª ï äã­ªæ¨ï g(x) ®â á«ãç ©­®© ¢¥«¨ç¨­ë �(!) ï¢«ï¥âáï
á«ãç ©­®© ¢¥«¨ç¨­®©, â® ¥áâì äã­ªæ¨ï g(�(!)) ï¢«ï¥âáï F - ¨§¬¥à¨¬®©.
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5.2.2 � §«¨ç­ë¥ ¢¨¤ë áå®¤¨¬®áâ¨ á«ãç ©­ëå ¢¥«¨ç¨­

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.3 �®á«¥¤®¢ â¥«ì­®áâì f�n(!); n = 1; 2; :::g á«ãç ©­ëå ¢¥«¨ç¨­ ­ §ë¢ ¥âáï
áå®¤ïé¥©áï (P� ¯.­.) ª á«ãç ©­®© ¢¥«¨ç¨­¥ �(!), ¥á«¨

Pf! 2 
 : lim
n
�n(!) 6= �(!)g = 0:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.4 �®á«¥¤®¢ â¥«ì­®áâì f�n(!); n = 1; 2; :::g á«ãç ©­ëå ¢¥«¨ç¨­ ­ §ë¢ ¥âáï
áå®¤ïé¥©áï ¯® ¢¥à®ïâ­®áâ¨ ª á«ãç ©­®© ¢¥«¨ç¨­¥ �(!), ¥á«¨ ¤«ï «î¡®£® " > 0

lim
n
Pf! 2 
 : j�n(!) � �(!)j > "g = 0:

� ¥ ® à ¥ ¬   5.2.1 � «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�n(!); n = 1; 2; :::g á«ãç ©­ëå ¢¥«¨ç¨­, áå®¤ïé¥©áï
¯® ¢¥à®ïâ­®áâ¨ ª á«ãç ©­®© ¢¥«¨ç¨­¥ �(!), áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì �nk ! �; (P� ¯.­.):

�¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ ¯® ¢¥à®ïâ­®áâ¨ ¥áâì äã­¤ ¬¥­â «ì­®áâì ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ f�n(!); n = 1; 2; :::g:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.5 �®á«¥¤®¢ â¥«ì­®áâì f�n(!); n = 1; 2; :::g á«ãç ©­ëå ¢¥«¨ç¨­ ­ §ë¢ ¥âáï
äã­¤ ¬¥­â «ì­®© ¯® ¢¥à®ïâ­®áâ¨ ¥á«¨ ¤«ï «î¡®£® " > 0

lim
n;m

Pf! 2 
 : j�n(!) � �m(!)j > "g = 0:

� ¥ ® à ¥ ¬   5.2.2 �«ï áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥â¥«ì­®áâ¨ �n ¯® ¢¥à®ïâ­®áâ¨ ­¥®¡å®¤¨¬® ¨ ¤®áâ -
â®ç­®, çâ®¡ë ¯®á«¥¤®¢ â¥«ì­®áâì ¡ë«  äã­¤ ¬¥­â «ì­®©.

�­ «®£¨ç­ë© ªà¨â¥à¨© áãé¥áâ¢ã¥â ¨ ¤«ï áå®¤¨¬®áâ¨ (P� ¯.­.):
� ¥ ® à ¥ ¬   5.2.3 �«ï áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �n (P � ¯.­.) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë ¯®á«¥¤®¢ â¥«ì­®áâì ¡ë«  äã­¤ ¬¥­â «ì­®© á ¢¥à®ïâ­®áâìî 1 â® ¥áâì

8" > 0; lim
n!1Pfsup

k�0
j�n+k � �nj > "g = 0:

5.2.3 ��  «£¥¡àë ¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, ¯®à®¦¤ ¥¬ë¥ á«ãç ©­ë¬¨ í«¥-
¬¥­â ¬¨

�«ãç ©­ ï ¢¥«¨ç¨­ 

�ãáâì �(!) - á«ãç ©­ ï ¢¥«¨ç¨­ . � áá¬®âà¨¬ ¬­®¦¥áâ¢  ¨§ F ¢¨¤ 

f! 2 
 : �(!) 2 B; B 2 B(R)g; (5.2.1)

¨­ë¬¨ á«®¢ ¬¨, ¯à®®¡à §ë ¡®à¥«¥¢áª¨å ¬­®¦¥áâ¢, ¯à¨ ®â®¡à ¦¥­¨¨ 
! R; § ¤ ¢ ¥¬®© äã­ªæ¨¥© �(!):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.6 � ¨¬¥­ìèãî ��  «£¥¡àã, á®¤¥à¦ éãî ¢á¥ ¬­®¦¥áâ¢  ¢¨¤  (5.2.1), ¡ã¤¥¬
­ §ë¢ âì ��  «£¥¡à®©, ¯®à®¦¤¥­­®© á«ãç ©­®© ¢¥«¨ç¨­®© �: �â  ��  «£¥¡à  ®¡®§­ ç ¥âáï F�:

� ¥ ® à ¥ ¬   5.2.4 �ãáâì '(x) - ­¥ª®â®à ï ¡®à¥«¥¢áª ï äã­ªæ¨ï, â®£¤  á«ãç ©­ ï ¢¥«¨ç¨­  �(!) =
'(�(!)) - F� ¨§¬¥à¨¬ .

�¡à â­®, ¥á«¨ ­¥ª®â®à ï á«ãç ©­ ï ¢¥«¨ç¨­  �(!) - F� ¨§¬¥à¨¬ , â® áãé¥áâ¢ã¥â ¡®à¥«¥¢áª ï äã­ª-
æ¨ï '(x) â ª ï, çâ® �(!) = '(�(!)):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.7 �ã­ªæ¨ï F�(x) = Pf! 2 
 : �(!) � xg ­ §ë¢ ¥âáï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï

á«ãç ©­®© ¢¥«¨ç¨­ë �:



�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F�(x) ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¬¥àë ­  ¨§¬¥à¨¬®¬ ¯à®-
áâà ­áâ¢¥ fR;B(R)g (á¬. �¯à¥¤¥«¥­¨¥ 4.1.7), ª®â®à®¥ ¯®«­®áâìî ¯à¨¬¥­¨¬® á ãç¥â®¬ á®®â­®è¥­¨ï �(R) =
1: �«ï «î¡®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï F (x) áãé¥áâ¢ã¥â ¯®«­®¥ ¢¥à®ïâ­®áâ®¥ ¯à®áâà ­áâ¢® f
;F ;Pg ¨
á«ãç ©­ ï ¢¥«¨ç¨­  �(!) â ª ï, çâ® Pf�(!) � xg = F (x):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.8 �á«¨ á«ãç ©­ ï ¢¥«¨ç¨­  ¯à¨­¨¬ ¥â ª®­¥ç­®¥ ¨«¨ áç¥â­®¥ ¬­®¦¥áâ¢® §­ -
ç¥­¨© fa1; ::::; an; :::g á ¢¥à®ïâ­®áâï¬¨ fp1; :::; pn; :::g; pn > 0;

P
n
pn = 1; â® á«ãç ©­ ï ¢¥«¨ç¨­  ­ §ë-

¢ ¥âáï ¤¨áªà¥â­®© ¨ ¥¥ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï à ¢­ 

F�(x) =
X
ak�x

pk;

¯à¨ íâ®¬ ¤«ï «î¡®£® ¬­®¦¥áâ¢  B 2 B(R);

Pf�(!) 2 Bg =
X

fn:�n2Bg
pn:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.9 �á«¨ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥-
­¨¥

F�(x) =

xZ
�1

p�(y)dy; £¤¥ p�(y) � 0;

1Z
�1

p�(y)dy = 1;

  ¨­â¥£à « ¯®­¨¬ ¥âáï ª ª ¨­â¥£à « �¨¬ ­  ¨«¨ �¥¡¥£ , â® á«ãç ©­ ï ¢¥«¨ç¨­  ­ §ë¢ ¥âáï ­¥¯à¥àë¢-
­®©. �«ï «î¡®£® ¬­®¦¥áâ¢  B 2 B(R)

Pf�(!) 2 Bg =
Z

fy2Bg

p�(y)dy:

�ã­ªæ¨ï p�(y) ­ §ë¢ ¥âáï ¯«®â­®áâìî à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë �:

� ®¡é¥¬ á«ãç ¥ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F�(x) ¥áâì äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ­¥¯à¥àë¢­ ï á¯à ¢ 
¨ ¤«ï ¢ëç¨á«¥­¨ï ¢¥à®ïâ­®áâ¥© á®¡ëâ¨© f�(!) 2 Bg á«¥¤ã¥â ¢ëç¨á«ïâì ¨¥â¥£à « �¥¡¥£ -�â¨«âì¥á  ¨«¨
�¨¬ ­ -�â¨«âì¥á  ( ¥á«¨ ®­ ®¯à¥¤¥«¥­)

Pf�(!) 2 Bg =
Z

fy2Bg

dF�(y):

�«ãç ©­ë© ¢¥ªâ®à

�ãáâì �(!) = f�1(!); :::; �n(!)g - ã¯®àï¤®ç¥­­ ï á®¢®ªã¯­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ - (á«ãç ©­ë© ¢¥ªâ®à).
� áá¬®âà¨¬ ¬­®¦¥áâ¢  ¨§ F ¢¨¤ 

f! 2 
 : �(!) 2 B; B 2 B(Rn)g; (5.2.2)

¨­ë¬¨ á«®¢ ¬¨, ¯à®®¡à §ë ¡®à¥«¥¢áª¨å ¬­®¦¥áâ¢, ¯à¨ ®â®¡à ¦¥­¨¨
! Rn; § ¤ ¢ ¥¬®¬ ¢¥ªâ®à-äã­ªæ¨¥©
�(!):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.10 � ¨¬¥­ìèãî ��  «£¥¡àã, á®¤¥à¦ éãî ¢á¥ ¬­®¦¥áâ¢  ¢¨¤  (5.2.2), ¡ã¤¥¬
­ §ë¢ âì ��  «£¥¡à®©, ¯®à®¦¤¥­­®© á®¢®ªã¯­®áâìî á«ãç ©­ëå ¢¥«¨ç¨­ �k; k = 1; :::; n: �â  ��  «£¥¡à 
®¡®§­ ç ¥âáï �f�1; :::; �ng:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.11 �ã­ªæ¨ï

F�(x1; :::; xn) = Pf! 2 
 : �1(!) � x1; :::; �n(!) � xng
­ §ë¢ ¥âáï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï á«ãç ©­®£® ¢¥ªâ®à  �:



�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï á«ãç ©­®£® ¢¥ªâ®à  ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¬¥àë ­ 
¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ fRn;B(Rn)g (á¬. �¯à¥¤¥«¥­¨¥ 4.1.10), ª®â®à®¥ ¯®«­®áâìî ¯à¨¬¥­¨¬® á ãç¥â®¬
á®®â­®è¥­¨ï �(Rn) = 1: �«ï «î¡®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï F (x1; :::; xn) áãé¥áâ¢ã¥â ¯®«­®¥ ¢¥à®ïâ­®áâ®¥
¯à®áâà ­áâ¢® f
;F ;Pg ¨ á«ãç ©­ë© ¢¥ªâ®à �(!) â ª®©, çâ®

Pf�1(!) � x1; :::; �n(!) � xng = F (x1; :::; xn):

�«ï «î¡®£® ¡®à¥«¥¢áª®£® ¬­®¦¥áâ¢  ¢ Rn ¢¥à®ïâ­®áâì á®¡ëâ¨ï f�(!) 2 Rng ¢ëç¨á«ï¥âáï ª ª ¨­â¥£à «
�¥¡¥£ 

Pf�(!) 2 Rng =
Z
B

F�(dx1; :::; dxn):

�á«¨ ¬¥à  F� ¨¬¥¥â ¯«®â­®áâì, â® ¥áâì

F�(x1; :::; xn) =

xnZ
�1

:::

x1Z
�1

p�(y1; :::; yn)dy1:::dyn;

â®

Pf�(!) 2 Rng =
Z
B

p�(y1; :::; yn)dy1; :::; dyn:

�­â¥£à « ¯®­¨¬ ¥âáï ª ª ¨­â¥£à « �¥¡¥£  ¨«¨ ª ª ªà â­ë© ¨­â¥£à « �¨¬ ­ , ¥á«¨ ®­ ®¯à¥¤¥«¥­.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.12 �«ãç ©­ë¥ ¢¥«¨ç¨­ë f�1; :::; �ng ­¥§ ¢¨á¨¬ë ¢ á®¢®ªã¯­®áâ¨, ¥á«¨ ¤«ï «î-
¡®£® ­ ¡®à  á®¡ëâ¨© B1; :::; Bn 2 B(R)

Pf�1(!) 2 B1; :::; �n(!) 2 Bng = Pf�1(!) 2 B1g:::Pf�n(!) 2 Bn:

� ¥ ® à ¥ ¬   5.2.5 �«ï â®£®, çâ®¡ë á«ãç ©­ë¥ ¢¥«¨ç¨­ë f�1; :::; �ng ¡ë«¨ ­¥§ ¢¨á¨¬ë ¢ á®¢®ªã¯­®áâ¨

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï ¢á¥å (x1; :::; xn) 2 Rn

F�(x1; :::; xn) = F�1(x1):::F�n(xn):

�«ãç ©­ë© ¯à®æ¥áá

�ãáâì f�(t; !); t 2 T; T 2 Rg - á«ãç ©­ë© ¯à®æ¥áá. � áá¬®âà¨¬ ¬­®¦¥áâ¢  ¨§ F ¢¨¤ 

f! 2 
 : (�(t1; !); :::; �(tn; !) 2 B; B 2 B(Rn); ft1; :::; tng 2 T; n <1g; (5.2.3)

¨­ë¬¨ á«®¢ ¬¨, ¯à®®¡à §ë ¡®à¥«¥¢áª¨å ¬­®¦¥áâ¢, ¯à¨ ®â®¡à ¦¥­¨ïå 
 ! Rn; § ¤ ¢ ¥¬ëå ¢á¥¢®§¬®¦-
­ë¬¨ ¢¥ªâ®à-äã­ªæ¨ï¬¨ f�(t1; !); :::; �(tn; !)g; ft1; :::; tng 2 T; n <1g:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.13 � ¨¬¥­ìèãî ��  «£¥¡àã, á®¤¥à¦ éãî ¢á¥ ¬­®¦¥áâ¢  ¢¨¤  (5.2.3), ¡ã¤¥¬
­ §ë¢ âì ��  «£¥¡à®©, ¯®à®¦¤¥­­®© á«ãç ©­ë¬ ¯à®æ¥áá®¬ f�(t; !); t 2 Tg: �â  ��  «£¥¡à  ­ §ë¢ ¥âáï
â ª¦¥ ��  «£¥¡à®© æ¨«¨­¤à¨ç¥áª¨å ¬­®¦¥áâ¢ ¢ ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ fRT ;B(RT )g:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.2.14 �ã­ªæ¨ï

F�(x1; :::; xn; t1; :::; tn) = Pf! 2 
 : �(t1; !) � x1; :::; �(tn; !) � xng
­ §ë¢ ¥âáï n� ¬¥à­®© äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï á«ãç ©­®£® ¯à®æ¥áá  �:

�ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï á«ãç ©­®£® ¢¥ªâ®à  ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¬¥àë ­ 
¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ fRT ;B(RT )g (á¬. �¯à¥¤¥«¥­¨¥ 4.1.14), ª®â®à®¥ ¯®«­®áâìî ¯à¨¬¥­¨¬® á ãç¥-
â®¬ á®®â­®è¥­¨ï �(RT ) = 1: �® â¥®à¥¬¥ �®«¬®£®à®¢  (á¬. �¥®à¥¬ã 4.1.5) ¤«ï «î¡®© á®¢®ªã¯­®áâ¨
ª®­¥ç­®-¬¥à­ëå äã­ªæ¨© à á¯à¥¤¥«¥­¨ï F (x1; :::; xn; t1; :::; tn) áãé¥áâ¢ã¥â ¯®«­®¥ ¢¥à®ïâ­®áâ®¥ ¯à®áâà ­-
áâ¢® f
;F ;Pg ¨ á«ãç ©­ë© ¯à®æ¥áá �(t; !) â ª®©, çâ®

Pf�(t1; !) � x1; :::; �(tn; !) � xng = F (x1; :::; xn; t1; :::; tn):



5.3 � â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥

5.3.1 �¯à¥¤¥«¥­¨¥ ¨ á¢®©áâ¢ 

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.3.1 � â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ á«ãç ©­®© ¢¥«¨ç¨­ë �(!); ®¯à¥¤¥«¥­­®© ­ 
¯®«­®¬ ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ f
;F ;Pg , ­ §ë¢ ¥âáï

Mf�g =
Z



�(!)P (d!):

� â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ®¯à¥¤¥«¥­®, ¥á«¨ á®®â¢¥âáâ¢ãîé¨© ¨­â¥£à « áãé¥áâ¢ã¥â ¢ á¬ëá«¥ �¥¡¥£ .

�á«¨ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë � ®¯à¥¤¥«¥­®, â® ¥£® §­ ç¥­¨¥ ¬®¦­® ­ ©â¨ ª ª

Mf�g =
1Z

�1
yF�(dy); (5.3.1)

£¤¥ ¨­â¥£à « á¯à ¢  ¯®­¨¬ ¥âáï ª ª ¨­â¥£à « �¥¡¥£  ¯® ¬¥à¥ ­  R: �ãé¥áâ¢®¢ ­¨¥ ¨­â¥£à «  ¢ ¯à -
¢®© ç áâ¨ (5:3:1) ¢ëâ¥ª ¥â ¨§ áãé¥áâ¢®¢ ­¨ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ­ ¡®à®â, ¨§ áãé¥áâ¢®¢ ­¨ï
¨­â¥£à «  á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï.

�á«¨ íâ®â ¨­â¥£à « áãé¥áâ¢ã¥â ª ª ¨­â¥£à « �¨¬ ­ -�â¨«âì¥á  ¨ äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ­¥ ¨¬¥¥â
á¨­£ã«ïà­®© ª®¬¯®­¥­âë, â® ¥£® ¬®¦­® § ¯¨á âì ¢ ¡®«¥¥ ¯à¨¢ëç­®¬ ¢¨¤¥, ¨á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ ¤«ï
äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï (4.1.2)

Mf�g = (R)

1Z
�1

yp�(y)dy +
X
xi

xi�F (xi):

�á­®¢­ë¥ á¢®©áâ¢  ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï  ­ «®£¨ç­ë á¢®©áâ¢ ¬ ¨­â¥£à «  �¥¡¥£  (á¬. � §¤¥«
4.1.5)

1. � â¥¬ â¨ç¥áª¨¥ ®¦¨¤ ­¨ïMf�g ¨Mfj�jg áãé¥áâ¢ãîâ ¨«¨ ­¥ áãé¥áâ¢ãîâ ®¤­®¢à¥¬¥­­®, ¨ jMf�gj �
Mfj�jg:

2. MfIA(!)g =
R



IA(!)P(d!) = Pf! 2 Ag:

3. �á«¨ Mf�g áãé¥áâ¢ã¥â, â® ¤«ï «î¡®© ª®­áâ ­âë k

Mfk�g = kMf�g:

4. �á«¨ Mf�g ¨Mf�g áãé¥áâ¢ãîâ, â®

Mf� + �g = Mf�g+Mf�g:

5. �á«¨ � � �; â®Mf�g �Mf�g:

6. �á«¨ Mf�g áãé¥áâ¢ã¥â, â® ¤«ï ª ¦¤®£® A 2 F áãé¥áâ¢ã¥â Mf�IA(!)g:

7. �ãáâì Mf�g áãé¥áâ¢ã¥â, â®£¤  äã­ªæ¨ï ¬­®¦¥áâ¢

Q(A) =

Z
A

�(!)P (d!) = Mf�IA(!)g

áç¥â­®- ¤¤¨â¨¢­ .



8. �¥à ¢¥­áâ¢® �¥¡ëè¥¢ . �á«¨ � � 0; Mf�g áãé¥áâ¢ã¥â, ¨ c > 0; â®

Pf� � cg � Mf�g
c

;

¥á«¨ áãé¥áâ¢ã¥â Mfj�jpg <1; p > 0; â® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® � àª®¢ 

Pf� � cg � Mfj�jpg
cp

¨ ¥á«¨ áãé¥áâ¢ã¥â Mf�2g <1; â®

Pfj� �Mf�gj � cg � Df�g
c2

;

£¤¥ Df�g = Mf(� �Mf�g)2g - ¤¨á¯¥àá¨ï á«ãç ©­®© ¢¥«¨ç¨­ë �:

�å®¤¨¬®áâì ¢ áà¥¤­¥¬ ¨ áå®¤¨¬®áâì ¯® à á¯à¥¤¥«¥­¨î.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.3.2 �®á«¥¤®¢ â¥«ì­®áâì f�n(!); n = 1; 2; :::g á«ãç ©­ëå ¢¥«¨ç¨­ ­ §ë¢ ¥âáï
áå®¤ïé¥©áï ¢ áà¥¤­¥¬ ¯®àï¤ª  p; 0 < p <1; ª á«ãç ©­®© ¢¥«¨ç¨­¥ �(!), ¥á«¨

lim
n
Mfj�n(!) � �(!)jpg = 0:

�â®â ¢¨¤ áå®¤¨¬®áâ¨ ­ §ë¢ ¥âáï áå®¤¨¬®áâìî ¢ Lp ¯à¨ p = 2 íâ®â ¢¨¤ áå®¤¨¬®áâ¨ ­ §ë¢ ¥âáï â ª¦¥
áå®¤¨¬®áâìî ¢ áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬ ¨ ®¡®§­ ç ¥âáï � = l:i:m:

n
�n:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.3.3 �®á«¥¤®¢ â¥«ì­®áâì f�n(!); n = 1; 2; :::g á«ãç ©­ëå ¢¥«¨ç¨­ ­ §ë¢ ¥âáï
áå®¤ïé¥©áï ¯® à á¯à¥¤¥«¥­¨î ª á«ãç ©­®© ¢¥«¨ç¨­¥ �(!), ¥á«¨ ¤«ï «î¡®© ®£à ­¨ç¥­­®© ­¥¯à¥àë¢­®©
äã­ªæ¨¨ f(x)

lim
n
Mff(�n(!))g = Mff(�(!))g:

�®®â­®è¥­¨¥ ¬¥¦¤ã ¢á¥¬¨ â¨¯ ¬¨ áå®¤¨¬®áâ¨ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¥© â¥®à¥¬®©.

� ¥ ® à ¥ ¬   5.3.1 �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ¨¬¯«¨ª æ¨¨:

1. "�å®¤¨¬®áâì (P� ¯.­.)") "�å®¤¨¬®áâì ¯® ¢¥à®ïâ­®áâ¨;"

2. "�å®¤¨¬®áâì ¢ Lp") "�å®¤¨¬®áâì ¯® ¢¥à®ïâ­®áâ¨;"

3. "�å®¤¨¬®áâì ¯® ¢¥à®ïâ­®áâ¨" ) "�å®¤¨¬®áâì ¯® à á¯à¥¤¥«¥­¨î."

�à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯®¤ §­ ª®¬ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï

�«¥¤ãîé¨¥ à¥§ã«ìâ âë ¢ëâ¥ª îâ ¨§ â¥®à¥¬ ® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¯®¤ §­ ª®¬ ¨­â¥£à «  �¥¡¥£ .

� ¥ ® à ¥ ¬   5.3.2 ® ¬®­®â®­­®© áå®¤¨¬®áâ¨. �ãáâì �; �; �1; ::::: - á«ãç ©­ë¥ ¢¥«¨ç¨­ë.

�á«¨ �n � � ¤«ï ¢á¥å n � 1; Mf�g > �1 ¨ �n " �; â®

Mf�ng "Mf�g:

�á«¨ �n � � ¤«ï ¢á¥å n � 1; Mf�g <1 ¨ �n # �; â®
Mf�ng #Mf�g:



� ¥ ® à ¥ ¬   5.3.3 �¥¬¬  � âã. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì f�n; n � 1g ­¥®âà¨æ â¥«ì­ëå á«ãç ©­ëå

¢¥«¨ç¨­ áå®¤¨âáï ¯®çâ¨ ¢áî¤ã ª á«ãç ©­®© ¢¥«¨ç¨­¥ � ¨

Mf�ng � K;

â® Mf�g áãé¥áâ¢ã¥â ¨

Mf�g � K:

� ¥ ® à ¥ ¬   5.3.4 �¥¡¥£  ® ¬ ¦®à¨àã¥¬®© áå®¤¨¬®áâ¨. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì f�ng áå®¤¨âáï ª �
¯®çâ¨ ¢áî¤ã ¨ ¤«ï ­¥ª®â®à®© á«ãç ©­®© ¢¥«¨ç¨­ë �; Mf�g <1; j�nj � �; â®£¤ 

Mfj�jg <1; Mf�ng !Mf�g;
¨

Mfj�n � �jg ! 0;

¯à¨ n!1:

�¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¤«ï ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯®¤ §­ ª®¬ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï
ä®à¬ã«¨àã¥âáï ¢ â¥à¬¨­ å ¯®­ïâ¨ï à ¢­®¬¥à­®© ¨­â¥£à¨àã¥¬®áâ¨.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.3.4 �®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ �n à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬  ¥á«¨

lim
C"1

sup
n�0

Z
j�nj>C

j�njP(d!) = 0:

�à®áâ®¥ ¤®áâ â®ç­®¥ ãá«®¢¨¥ à ¢­®¬¥à­®© ¨­â¥£à¨àã¥¬®áâ¨ ¢ëà ¦ ¥âáï á«¥¤ãîé¨¬ ªà¨â¥à¨¥¬ � ««¥-
�ãáá¥­ .

� ¥ ® à ¥ ¬   5.3.5 �ãáâì f�1; n � 1g - ¯®á«¥¤®¢ â¥«ì­®áâì ¨­â¥£à¨àã¥¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ ¨

G = G(t) - ­¥®âà¨æ â¥«ì­ ï ¢®§à áâ îé ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ¤«ï t � 0; â ª ï, çâ®

lim
t!1

G(t)

t
=1; sup

n
MfG(j�nj)g <1:

�®£¤  á¥¬¥©áâ¢® á«ãç ©­ëå ¢¥«¨ç¨­ f�n; n � 1g ï¢«ï¥âáï à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬ë¬.

� ¥ ® à ¥ ¬   5.3.6 �ãáâì 0 � �n ! � ¨ Mf�ng < 1: �®£¤  Mf�ng ! Mf�g < 1 â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  á¥¬¥©áâ¢® á«ãç ©­ëå ¢¥«¨ç¨­ f�n; n � 1g à ¢­®¬¥à­® ¨­â¥£à¨àã¥¬®.

5.4 �á«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥

5.4.1 �á«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ®â­®á¨â¥«ì­® � -  «£¥¡à

�®­ïâ¨¥ ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ®â­®á¨â¥«ì­® ­¥ª®â®à®© � -  «£¥¡àë ï¢«ï¥âáï ®¡®¡é¥­¨¥¬
ª« áá¨ç¥áª®£® ¯®­ïâ¨ï, ¢¢®¤¨¬®£® á ¯®¬®éìî ä®à¬ã«ë � ©¥á  ¨ ª®â®à®¥ ¬®¦­® ®¯à¥¤¥«¨âì ª ª

Mf�jBg =
1Z

�1
xdF�(xjB)

á ¨­â¥£à «®¬ ¯® ãá«®¢­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï

F�(xjB) = Pf� � xjBg = Pf(� � x) \Bg
PfBg :

�¥®¡å®¤¨¬®âì ®¡®¡é¥­¨ï íâ®£® ®¯à¥¤¥«¥­¨ï á¢ï§ ­  á â¥¬, çâ® ¤ ­­ ï ä®à¬ã«  â¥àï¥â á¬ëá« ¥á«¨ ¢¥à®-
ïâ­®áâì á®¡ëâ¨ïB à ¢­  ­ã«î, çâ® ç áâ® ¨¬¥¥â ¬¥áâ®, ¥á«¨ á®¡ëâ¨¥B ¯®à®¦¤ ¥âáï á«ãç ©­®© ¢¥«¨ç¨­®©
á ­¥¯à¥àë¢­ë¬ à á¯à¥¤¥«¥­¨¥¬.�®íâ®¬ã ¢ ­¨¦¥ ¢¢®¤¨âáï ®¡é¥¥ ®¯à¥¤¥«¥­¨¥ ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£®
®¦¨¤ ­¨ï ¨ ¯à¨¢®¤ïâáï ®á­®¢­ë¥ á¢®©áâ¢  íâ®© å à ªâ¥à¨áâ¨ª¨ á«ãç ©­®© ¢¥«¨ç¨­ë.



�¯à¥¤¥«¥­¨¥ ¨ áãé¥áâ¢®¢ ­¨¥ ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï

�ãáâì § ¤ ­® ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢® f
;F ;Pg; G - ­¥ª®â®à ï � - ¯®¤ «£¥¡à   «£¥¡àë F , â® ¥áâì
G � F ¨ �(!) - á«ãç ©­ ï ¢¥«¨ç¨­  â ª ï, çâ®Mj�j <1:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.4.1 �á«®¢­ë¬ ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ á«ãç ©­®© ¢¥«¨ç¨­ë � ®â­®á¨-
â¥«ì­® � -  «£¥¡àë G ­ §ë¢ ¥âáï á«ãç ©­ ï ¢¥«¨ç¨­ , ®¡®§­ ç ¥¬ ïMf�jGg ¨ ã¤®¢«¥â¢®àïîé ï á«¥¤ã-
îé¨¬ ãá«®¢¨ï¬:

1. Mf�jGg ï¢«ï¥âáï G - ¨§¬¥à¨¬®©;

2. ¤«ï «î¡®£® ¬­®¦¥áâ¢  A 2 G ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®Z
A

�dP =

Z
A

Mf�jGgdP: (5.4.1)

� ¥ ® à ¥ ¬   5.4.1 �á«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë �; â ª®© çâ®Mfj�jg <
1 áãé¥áâ¢ã¥â ¨ ®¯à¥¤¥«¥­® ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  N ; PfNg = 0:

� ® ª   §   â ¥ « ì á â ¢ ® �¯à¥¤¥«¨¬ ¬¥àã Q ­  ¨§¬¥à¨¬®¬ ¯à®áâà ­áâ¢¥ f
;Gg á®®â­®è¥­¨¥¬

Q(A) =

Z
A

�dP; A 2 G:

�â  ¬¥à  ï¢«ï¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­®© ®â­®á¨â¥«ì­® ¬¥àë P; à áá¬ âà¨¢ ¥¬®© ­  â®¬ ¦¥ ¯à®áâà ­-
áâ¢¥ (á¬. �¥®à¥¬  4.1.17). �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¤«ï ­¥ª®â®à®£® ¬­®¦¥áâ¢  A ¬¥à  P(A) = 0 â® ®âáî¤  ¢
á¨«ã ¨­â¥£à¨àã¥¬®áâ¨ á«ãç ©­®© ¢¥«¨ç¨­ë � á«¥¤ã¥â, çâ® ¨ ¬¥à Q(A) = 0: �® â¥®à¥¬¥ �®¤®­ -�¨ª®¤¨¬ 
(á¬. �¥®à¥¬  4.1.18) íâ® ®§­ ç ¥â, çâ® áãé¥áâ¢ã¥â á«ãç ©­ ï ¢¥«¨ç¨­ , ­ §ë¢ ¥¬ ï ¯à®¨§¢®¤­®© �®¤®­ -

�¨ª®¤¨¬  dQ
dP

(!); ®¯à¥¤¥«¥­­ ï á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ¬¥àë ­ã«ì (¯® ¬¥à¥ P) ¨ ¨§¬¥à¨¬ ï ®â­®á¨-
â¥«ì­® � -  «£¥¡àë G â ª ï, çâ® ¤«ï «î¡®£® á®¡ëâ¨ï A 2 G

Q(A) =

Z
A

dQ

dP
(!)dP:

� ­­®¥ á®®â­®è¥­¨¥ ®§­ ç ¥â, çâ® ¤«ï «î¡®£® á®¡ëâ¨ï A 2 G

Q(A) =

Z
A

�dP =

Z
A

dQ

dP
(!)dP;

¨ á«¥¤®¢ â¥«ì­®,

Mf�jGg = dQ

dP
(!):

C¢®©áâ¢  ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï

�«¥¤ãîé¨¥ á¢®©áâ¢  ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª îâ ¨§ ®¯à¥¤¥«¥­¨ï

1. �á«¨ �(!) = C = const (P� ¯.­.); â®Mf�jGg = C (P� ¯.­.):

2. �á«¨ �(!) � �(!) (P� ¯.­.); â®Mf�jGg �Mf�jGg (P� ¯.­.):

3. jMf�jGgj �Mfj�jjGg (P� ¯.­.):

4. �á«¨ a; b - § ¤ ­­ë¥ ª®­áâ ­âë, �; � - ¨­â¥£à¨àã¥¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, â®

Mfa� + b�jGg = aMf�jGg+ bMf�jGg; (P� ¯.­.):



5. �ãáâì G = f;;
g - âà¨¢¨ «ì­ ï � -  «£¥¡à . �®£¤ ,

Mf�jGg = Mf�g; (P� ¯.­.):

6. �ãáâì á«ãç ©­ ï ¢¥«¨ç¨­  � ¨§¬¥à¨¬  ®â­®á¨â¥«ì­® � -  «£¥¡àë G; â®£¤ Mf�jGg = �; (P� ¯.­.):
7. MfMf�jGgg = Mf�g:
8. �á«¨ G1 � G2; â®

MfMf�jG2gjG1g = Mf�jG1g; (P� ¯.­.):

9. �á«¨ G2 � G1; â®
MfMf�jG2gjG1g = Mf�jG2g; (P� ¯.­.):

10. �á«¨ á«ãç ©­ ï ¢¥«¨ç¨­  � ­¥ § ¢¨á¨â ®â � -  «£¥¡àë G; â® ¥áâì ¤«ï «î¡®£® B 2 G á«ãç ©­ë¥
¢¥«¨ç¨­ë � ¨ IB - ­¥§ ¢¨á¨¬ë, â®

Mf�jGg =Mf�g:
11. �ãáâì � ¨§¬¥à¨¬  ®â­®á¨â¥«ì­® � -  «£¥¡àë G; ¨ Mfj��jg <1; â®£¤ 

Mf��jGg = �Mf�jGg; (P� ¯.­.):

12. �¥à ¢¥­áâ¢® �¥­á¥­ . �ãáâì g(x) - ¢ë¯ãª« ï ¢­¨í äã­ªæ¨ï â ª ï, çâ® Mfjg(x)jg <1; â®£¤ 

g[Mf�jGg] �Mf[g(�)jG]g; (P� ¯.­.):

13. �ãáâì � - G ¯à®¨§¢®«ì­ ï ¨§¬¥à¨¬ ï á«ãç ©­ ï ¢¥«¨ç¨­ . �á«¨ Mf�2g <1;Mf�2g <1; â®

Mf(� � �)2g �Mf(� �Mf�jGg)2g:
� ® ª   §   â ¥ « ì á â ¢ ® [c¢®©áâ¢® (13)]. �ëç¨á«¨¬

Mf(� � �)2g = Mf(� �Mf�jGg+Mf�jGg � �)2g =

Mf(� �Mf�jGg)2g+Mf(Mf�jGg � �)2g+ 2Mf(� �Mf�jGg)(Mf�jGg � �)g:
�®ª ¦¥¬, çâ® ¯®á«¥¤­¥¥ á« £ ¥¬®¥ à ¢­® ­ã«î. �¥©áâ¢¨â¥«ì­®, ¯® á¢®©áâ¢ã (7)

Mf(� �Mf�jGg)(Mf�jGg � �)g = MfMf(� �Mf�jGg)(Mf�jGg � �)jGgg:
� «¥¥, ¯®áª®«ìªã á«ãç ©­ ï ¢¥«¨ç¨­  (Mf�jGg � �) ï¢«ï¥âáï G� ¨§¬¥à¨¬®© ¨

Mf(� �Mf�jGg)jGg = Mf�jGg �MfMf�jGgjGg = Mf�jGg �Mf�jGg = 0;

â® ¯® á¢®©áâ¢ã (10)

MfMf(� �Mf�jGg)(Mf�jGg � �)jGgg = MfMf(� �Mf�jGg)jGg(Mf�jGg � �)g = 0:

�, ­ ª®­¥æ, â ª ª ª Mf(Mf�jGg � �)2)g � 0; ¯®«ãç ¥¬ á®®â­®è¥­¨¥ (13).

�   ¬ ¥ ç   ­ ¨ ¥ C¢®©áâ¢® (13) ï¢«ï¥âáï çà¥§¢ëç ©­® ¢ ¦­ë¬ ¢ § ¤ ç å ®æ¥­¨¢ ­¨ï á«ãç ©­ëå ¢¥«¨-
ç¨­. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¤ ­  ¯ à  á«ãç ©­ëå ¢¥«¨ç¨­, f�; �g; ¯¥à¢ ï ¨§ ª®â®àëå ­¥­ ¡«î¤ ¥¬ ,  
¢â®à ï ­ ¡«î¤ ¥¬ . �à¥¤¯®«®¦¨¬, çâ® ¬ë å®â¨¬ ®æ¥­¨âì á«ãç ©­ãî ¢¥«¨ç¨­ã � ­ ¨«ãçè¨¬ ®¡à §®¬
¯® ­ ¡«î¤¥­¨î á«ãç ©­®© ¢¥«¨ç¨­ë �: �á­®, çâ® ¢áïª ï â ª ï ®æ¥­ª  ¥áâì ­¥ çâ® ¨­®¥ ª ª ª ª ï-â®
¨§¬¥à¨¬ ï äã­ªæ¨ï á«ãç ©­®© ¢¥«¨ç¨­ë �; â® ¥áâì ®æ¥­ª  ¨é¥âáï ¢ ¢¨¤¥ �̂ = '(�): � ª ç¥áâ¢¥ ¬¥àë
¡«¨§®áâ¨ ®æ¥­ª¨ ¨ á ¬®© á«ãç ©­®© ¢¥«¨ç¨­ë � ¬®¦­® ¢ë¡à âì

Mj� � �̂j2 =Mj� � '(�)j2:
�ãáâì G = F�; â®£¤  '(�) - ¥áâì G - ¨§¬¥à¨¬ ï á«ãç ©­ ï ¢¥«¨ç¨­ , ¨ ¢ á¨«ã á¢®©áâ¢  (13)

Mf� � '(�)g2 �M(� �Mf�jGg)2

¤«ï «î¡®© äã­ªæ¨¨ ': �â® ®§­ ç ¥â, çâ® ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ®¡« ¤ ¥â íªáâà¥¬ «ì­ë¬
á¢®©áâ¢®¬ ­ ¨«ãçè¥© ®æ¥­ª¨ ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥.



�   ¬ ¥ ç   ­ ¨ ¥ �á«¨ ®¡ê¥¤¨­¨âì íâ® á¢®©áâ¢® ¢¬¥áâ¥ á® á¢®©áâ¢®¬ (8), â® ¬®¦­® ã¢¨¤¥âì, çâ® ®¯¥à â®à
¢§ïâ¨ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ï¢«ï¥âáï ®¯¥à â®à®¬ ¯à®¥ªâ¨à ¢ ­¨ï á«ãç ©­ëå ¢¥«¨ç¨­
� 2 L2f
;F ;Pg ­  ¬­®¦¥áâ¢® G - ¨§¬¥à¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­, ¨ ¯à¨ íâ®¬ ¢ë¯®«­ï¥âáï ¥áâ¥áâ¢¥­­®¥
ãá«®¢¨¥ ®àâ®£®­ «ì­®áâ¨

(� �Mf�jGg) ?Mf�jGg;
¯®áª®«ìªã

covf(� �Mf�jGg);Mf�jGgg = Mf(� �Mf�jGg)Mf�jGgg = MfMf(� �Mf�jGg)jGgMf�jGgg = 0:

5.4.2 �à¨¬¥àë ¢ëç¨á«¥­¨ï ãá«®¢­ëå ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨©

�¨áªà¥â­ ï á«ãç ©­ ï ¢¥«¨ç¨­ 

�ãáâì � - ¤¨áªà¥â­ ï á«ãç ©­ ï ¢¥«¨ç¨­ , ¯à¨­¨¬ îé ï áç¥â­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨© fyk; k = 1; :::g á
¢¥à®ïâ­®áâï¬¨ Pf� = ykg > 0; ¨

1P
k=1

Pf� = ykg = 1:

�ãáâì � ¨­â¥£à¨àã¥¬ ï á«ãç ©­ ï ¢¥«¨ç¨­ . �«ï «î¡®£® á®¡ëâ¨ï A 2 F

P(Aj� = yk) =
P(A \ f� = ykg)

P(� = yk)
; k � 1:

�«ï y 2 R n fy1; y2; ::::g ãá«®¢­ ï ¢¥à®ïâ­®áâì ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  ¯à®¨§¢®«ì­ë¬ ®¡à §®¬, ­ ¯à¨¬¥à,
¬®¦­® ¯®«®¦¨âì ¥¥ à ¢­®© ­ã«î.

�® ®¯à¥¤¥«¥­¨î ¤«ï «î¡®£® ¬­®¦¥áâ¢  A 2 F� ¤®«¦­® ¢ë¯®«­ïâìáï à ¢¥­áâ¢®Z
A

�dP =

Z
A

Mf�jF�gdP: (5.4.2)

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ A = f� = ykg; â®£¤  à ¢¥­áâ¢® (5.4.2) ¡ã¤¥â ¢ë¯®«­ïâìáï ¥á«¨

Mf�jF�g = Mf�j� = yg =

8>>><
>>>:

1

P(� = y)

Z
f!:�=yg

�dP; y = yk; k � 1;

0; y = R n fy1; y2; :::g:

�®áª®«ìªã «î¡®¥ ¯®¤¬­®¦¥áâ¢®A 2 F� ¯à¥¤áâ ¢¨¬® ª ª áç¥â­®¥ ®¡ê¥¤¨­¥­¨¥ ¬­®¦¥áâ¢ ¢¨¤  f� = ykg; â®
à ¢¥­áâ¢® (5.4.2) ¢ë¯®«­¥­® ¨ ¤«ï «î¡®£® ¬­®¦¥áâ¢  A 2 F� ; ¨ á«¥¤®¢ â¥«ì­® ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥ ®¯à¥¤¥«¥­® ª ª ¨§¬¥à¨¬ ï äã­ªæ¨ï ®â á«ãç ©­®© ¢¥«¨ç¨­ë �:

�«ãç ©­ ï ¢¥«¨ç¨­ , ¨¬¥îé ï ¯«®â­®áâì

�ãáâì ¤ ­  ¯ à  á«ãç ©­ëå ¢¥«¨ç¨­ f�; �g; ¨¬¥îé¨å á®¢¬¥áâ­ãî ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï p� �(x; y) � 0
¨ Mfj�jg <1: �®ª ¦¥¬, çâ® ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ Mf�j�g ¬®¦­® ¢ëç¨á«¨âì ¯® ä®à¬ã«¥

Mf�j�g =

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

1Z
�1

xf� �(x; �)dx

1Z
�1

f� �(x; �)dx

; ¥á«¨

1Z
�1

f� �(x; �)dx > 0;

0; ¥á«¨

1Z
�1

f� �(x; �)dx = 0:



�® ®¯à¥¤¥«¥­¨î ¤®«¦­® ¢ë¯®«­ïâìáï à ¢¥­áâ¢® (5.4.1). � ª ç¥áâ¢¥ ¬­®¦¥áâ¢  A 2 F� ¢®§ì¬¥¬ A = f� �
yg: �à®¬¥ â®£®, ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¥áâì F� - ¨§¬¥à¨¬ ï á«ãç ©­ ï ¢¥«¨ç¨­ , ¨ ¯®íâ®¬ã
¯® �¥®à¥¬¥ 5.2.4 áãé¥áâ¢ã¥â ¡®à¥«¥¢áª ï äã­ªæ¨ï '(y) â ª ï, çâ®

Mf�jF�g = '(�):

�®¤áâ ¢¨¢ íâ® á®®â­®è¥­¨¥ ¢ à ¢¥­áâ¢® (5.4.1), ¯®«ãç¨¬

Z
A

Mf�jF�gdP =

yZ
�1

1Z
�1

'(v)f� �(u; v)dudv;

Z
A

�dP =

yZ
�1

1Z
�1

uf� �(u; v)dudv:

� ¢¥­áâ¢® (5.4.1) ¢ë¯®«­ï¥âáï ¯à¨ ¢á¥å y 2 R; ¯®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë �ã¡¨­¨, ¯®«ãç ¥¬ á«¥¤ãîé¥¥
á®®â­®è¥­¨¥, ª®â®à®¬ã ¤®«¦­  ã¤®¢«¥â¢®àïâì äã­ªæ¨ï '

'(v)

1Z
�1

f� �(u; v)du =

1Z
�1

uf� �(u; v)du: (5.4.3)

�®áª®«ìªã à ¢¥­áâ¢®
1Z

�1
f� �(u; v)du = 0

¢«¥ç¥â §  á®¡®© ¢ á¨«ã ¨­â¥£à¨àã¥¬®áâ¨ � ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

1Z
�1

uf� �(u; v)du = 0

â® äã­ªæ¨ï '(v)

'(v) =

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

1Z
�1

uf� �(u; v)du

1Z
�1

f� �(u; v)du

; ¥á«¨

1Z
�1

f� �(u; v)du > 0;

0; ¥á«¨

1Z
�1

f� �(u; v)du = 0:

«¥©áâ¢¨â¥«ì­® ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (5.4.3), ¨ ®¯à¥¤¥«ï¥â ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥.

� ãáá®¢áª¨¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë ¨ ¢¥ªâ®à 

�ãáâì ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥ á®¢¬¥áâ­®¥ à á¯à¥¤¥«¥­¨¥ á«ãç ©­ëå ¢¥ªâ®à®¢ f�; �g - £ ãáá®¢áª®¥ á ¯ à -
¬¥âà ¬¨

Mf�g = m�; Mf�g = m�;

covf�g = d� �; covf�g = d� � > 0; covf�; �g = d� �:

�®£¤  ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ Mf�j�g =Mf�jF�g ¬®¦­® ¢ëç¨á«¨âì ¯® ä®à¬ã«¥

Mf�j�g = m� + d� �(d� �)
�1(� �m�); (5.4.4)



¯à¨ íâ®¬

covf(� �Mf�j�g)g = d� � � d� �(d� �)
�1d� �: (5.4.5)

� áá¬®âà¨¬ á«ãç ©­ë© ¢¥ªâ®à

� = � �m� + C(� �m�)

¨ ¢ë¡¥à¥¬ ¬ âà¨æã C â ª¨¬ ®¡à §®¬, çâ®¡ë � ? � �m� : �á«®¢¨¥ ®àâ®£®­ «ì­®áâ¨ ¤ ¥â á®®â­®è¥­¨¥

d� � +Cd� � = 0;

®âªã¤  C = �d� �(d� �)�1: �«¥¤®¢ â¥«ì­®, á«ãç ©­ë© ¢¥ªâ®à

� = � �m� � d� �(d� �)
�1(� �m�)

­¥ § ¢¨á¨â ®â � ¨ ¯® á¢®©áâ¢ ¬ ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï

Mf�j�g = Mf�g = 0:

�ëç¨á«ïï Mf�j�g ¯®«ãç ¥¬

0 = Mf�j�g = Mf�j�g �m� � d� �(d� �)
�1(� �m�)

®âªã¤  ¨ á«¥¤ã¥â (5.4.4). �®¤áâ ¢«ïï á®®â­®è¥­¨¥ ¤«ï ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¢ ä®à¬ã«ã
¤«ï ãá«®¢­®© ª®¢ à¨ æ¨¨ á ãç¥â®¬ á®®â­®è¥­¨ï d� � = d�� �; ¯®«ãç ¥¬

covf(� �Mf�j�g)g =

Mf(� �m� + d� �(d� �)�1(� �m�))(� �m� + d� �(d� �)�1(� �m�))�g =

Mf(� �m�)(� �m�)�g+ d� �(d� �)�1Mf(� �m�)(� �m�)�g(d� �)�1d� ��

Mf(� �m�)(� �m�)�(d� �)�1d� �g �Mfd� �(d� �)�1(� �m�)(� �m�)�g =

d� � + d� �(d� �)
�1d� � � d� �(d� �)

�1d� � � d� �(d� �)
�1d� � = d� � � d� �(d� �)

�1d� �:

�   ¬ ¥ ç   ­ ¨ ¥ �®®â­®è¥­¨ï (5.4.4), (5.4.5) ï¢«ïîâáï ¢ëà ¦¥­¨¥¬ ¢ ¦­®© â¥®à¥¬ë ® ­®à¬ «ì­®© ª®à-
à¥«ïæ¨¨, ¤ îé¥© ¯à®áâ®¥ á®®â­®è¥­¨¥ ¤«ï ¢ëç¨á«¥­¨ï ãá«®¢­ëå ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨© £ ãáá®¢áª¨å
á«ãç ©­ëå ¢¥ªâ®à®¢.

5.5 �¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á«ãç ©­ëå ¢¥«¨ç¨­ á ª®­¥ç­ë¬

¢â®àë¬ ¬®¬¥­â®¬

�à¥¤¨ £¨«ì¡¥àâ®¢ëå ¯à®áâà ­áâ¢, ®¡é ï â¥®à¨ï ª®â®àëå ¨§«®¦¥­  ¢ à §¤¥«¥ 4.2 ¨ £¨«ì¡¥àâ®¢ëå ¯à®-
áâà ­áâ¢ ¨§¬¥à¨¬ëåäã­ªæ¨© ¨­â¥£à¨àã¥¬ëå á ª¢ ¤à â®¬ 4.2.2 ¤«ï ¢¥à®ïâ­®áâ­ëå ¯à¨«®¦¥­¨© ­ ¨¡®«¥¥
¢ ¦­ë¬ ï¢«ï¥âáï ¯à®áâà ­áâ¢® L2 = L2(
;F ;P) ¨«¨ ¯à®áâà ­áâ¢® á«ãç ©­ëå ¢¥«¨ç¨­ �(!); ¨­â¥£à¨àã-
¥¬ëå á ª¢ ¤à â®¬ ¯® ¬¥à¥ P(d!) â® ¥áâì â ª¨å, çâ®Z




�2(!)P(d!) = Mf�2g <1:

� ª¦¥ ª ª ¨ ¢ à §¤¥«¥ 4.2.2 ¬ë à áá¬ âà¨¢ ¥¬ ¯à®áâà ­áâ¢® ª« áá®¢ íª¢¨¢ «¥­âëå á«ãç ©­ëå ¢¥«¨ç¨­
á ª®­¥ç­ë¬ ¢â®àë¬ ¬®¬¥­â®¬, (á¬. �¯à¥¤¥«¥­¨¥ 4.2.10) á®¢¯ ¤ îé¨å (P� ¯.­.):

�á«¨ �; � 2 L2; â® ¯®«®¦¨¬

(�; �) = Mf��g:



�á«¨ �; �; � 2 L2; â® ¨¬¥¥¬ á«¥¤ãîé¨¥ á¢®©áâ¢  ®¯¥à æ¨¨ (�; �)

(�� + ��; �) = �(�; �) + �(�; �); 8�; � 2 R;

8� 2 L2; (�; �) � 0; ¨ (�; �) = 0) � = 0; (P� ¯.­.):

�¥¬ á ¬ë¬ (�; �) ï¢«ï¥âáï áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ®â­®á¨â¥«ì­® ­®à¬ë, ®¯à¥¤¥«ï¥¬®© íâ¨¬ ¯à®¨§¢¥-
¤¥«¥­¨¥¬

k�k = (�; �)1=2;

¯à®áâà ­áâ¢® L2 ï¢«ï¥âáï ¯®«­ë¬ £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.5.1 �á«¨ (�; �) = 0; â® á«ãç ©­ë¥ ¢¥«¨ç¨­ë ­ §ë¢îâáï ®àâ®£®­ «ì­ë¬¨ ¨ íâ®
®¡®§­ ç ¥âáï ª ª � ? �:

�®­ïâ¨¥ ®àâ®£®­ «ì­®áâ¨ ¨£à ¥â ¢ ¦­ãî à®«ì ¢ § ¤ ç å ®æ¥­¨¢ ­¨ï á«ãç ©­ëå ¢¥«¨ç¨­.
�ãáâì f�; �1; :::�ng 2 L2: �à¥¤¯®«®¦¨¬, ¬ë å®â¨¬ ®æ¥­¨âì á«ãç ©­ãî ¢¥«¨ç¨­ã � ¯® ­ ¡«î¤¥­¨ï¬

f�1; :::; �ng: � ª á«¥¤ã¥â ¨§ á¢®©áâ¢  (13) ãá«®¢­®£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ­ ¨«ãçè¥© ®æ¥­ª®© ¢
áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ï¢«ï¥âáï Mf�j�f�1; :::; �ngg: �¤­ ª®, ¢ëç¨á«¥­¨¥ ãá«®¢­®£® ¬ â¥¬ â¨ç¥-
áª®£® ®¦¨¤ ­¨ï âà¥¡ã¥â §­ ­¨ï § ª®­  á®¢¬¥áâ­®£® à á¯à¥¤¥«¥­¨ï ¢á¥å á«ãç ©­ëå ¢¥«¨ç¨­ f�; �1; :::; �ng;
çâ® ¤®¢®«ì­® à¥¤ª® ¢ë¯®«­ï¥âáï ¤«ï ¯à ªâ¨ç¥áª¨å § ¤ ç. �á«¨ ¤®áâã¯­ ï ¨­ä®à¬ æ¨ï ®£à ­¨ç¥­  «¨èì
¯¥à¢ë¬¨ ¤¢ã¬ï ¬®¬¥­â ¬¨ á®¢¬¥áâ­®£® à á¯à¥¤¥«¥­¨ï, â® ¬®¦­® ®¯à¥¤¥«¨âì ­ ¨«ãçèãî ¢ áà¥¤­¥ª¢ ¤à -
â¨çeáª®¬ á¬ëá«¥ «¨­¥©­ãî ®æ¥­ªã �:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.5.2 �ã­ªæ¨ï

�̂(�) = l(�1; :::; �n) = a0 +
nX

k=1

ak�k;

¥áâì ­ ¨«ãçè ï ¢ áà¥¤­¥ª¢ ¤à â¨çeáª®¬ á¬ëá«¥ «¨­¥©­ ï ®æ¥­ª  � ¯® ­ ¡«î¤¥­¨ï¬ f�1; :::; �ng ¥á«¨ ¤«ï
«î¡®© ¤àã£®© «¨­¥©­®© ®æ¥­ª¨ �l(�1; :::; �n) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

Mfj� � �̂(�)j2g �Mfj� � �l(�1; :::; �n)j2g:

� ¥ ® à ¥ ¬   5.5.1 �ãáâì ¬ âà¨æ  covf�; �g = Mf(� �Mf�g)(� �Mf�g)�g ¯®«®¦¨â¥«ì­® ®¯à¥¤¥-

«¥­­ ï. �®£¤  ®æ¥­ª  �̂(�) ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

�̂(�) =Mf�g+ covf�; �g(covf�; �g)�1(� �Mf�g); (5.5.1)

¯à¨ íâ®¬

Mf(� � �̂(�))2g = covf�; �g � covf�; �g(covf�; �g)�1covf�; �g; (5.5.2)

£¤¥
covf�; �g = D� = Mf(� �Mf�g)2g; covf�; �g = Mf(� �Mf�g)(� �Mf�g)�g;

covf�; �g =Mf(� �Mf�g)(� �Mf�g)�g > 0:

�   ¬ ¥ ç   ­ ¨ ¥ �®¢¯ ¤¥­¨¥ ä®à¬ã« (5.4.4), (5.4.5) ¢ â¥®à¥¬¥ ® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨ ¨ (5.5.1), (5.5.2)
­¥ á«ãç ©­®. �¥©áâ¢¨â¥«ì­® ¤«ï «î¡®© á®¢®ªã¯­®áâ¨ á«ãç ©­ëå ¢¥«¨ç¨­ ¨§ L2 áãé¥áâ¢ã¥â á¥¬¥©áâ¢®
£ ãáá®¢áª¨å á«ãç ©­ëå ¢¥«¨ç¨­, ¨¬¥îé¨å â¥ ¦¥ ¬®¬¥­âë ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª . �«ï íâ¨å £ ãá-
á®¢áª¨å ¢¥«¨ç¨­ ­ ¨«ãçè ï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ®æ¥­ª  � - ¥áâì ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥, ª®â®à ï ¯® â¥®à¥¬¥ ® ­®à¬ «ì­®© ª®àà¥«ïæ¨¨ ï¢«ï¥âáï «¨­¥©­®© äã­ªæ¨¥© ®â ­ ¡«î¤¥­¨©,
¯®íâ®¬ã ¯ à ¬¥âàë, ®¯à¥¤¥«ïîé¨¥ íâã «¨­¥©­ãî äã­ªæ¨î § ¤ îâ ¨ ­ ¨«ãçèãî «¨­¥©­ãî ®æ¥­ªã ¢ L2:

�   ¬ ¥ ç   ­ ¨ ¥ � ¬¥â¨¬, çâ® ®æ¥­ª  �̂ â ª®¢ , çâ® æ¥­âà¨à®¢ ­­ ï á«ãç ©­ ï ¢¥«¨ç¨­  �̂ �Mf�g ?
� � �̂:



� ¯®¬­¨¬, çâ® ¯à®¥ªæ¨¥© í«¥¬¥­â  x £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  H á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (�; �) ¨
­®à¬®© kxk =< x; x >1=2 ­  ­¥ª®â®à®¥ ¯®¤¯à®áâà ­áâ¢® L � H ­ §ë¢ ¥âáï í«¥¬¥­â �̂L(x) 2 L â ª®©, çâ®

8y 2 L; ky � xk � k�̂L(x)� xk:

�à¨ íâ®¬

(�̂L(x); �̂L(x)� x) = 0:

� § ¤ ç¥ ®¯â¨¬ «ì­®£® «¨­¥©­®£® ®æ¥­¨¢ ­¨ï H = L2(
;F ;P) ¨ ¬®¦­® à áá¬ âà¨¢ âì «¨èì á«ãç ©­ë¥
¢¥«¨ç¨­ë � 2 H â ª¨¥, çâ® Mf�g = 0 (íâ® ¯à¥¤¯®«®¦¥­¨¥ ­¥ ®£à ­¨ç¨¢ ¥â ®¡é­®áâ¨, ­® §­ ç¨â¥«ì­®
ã¯à®é ¥â ¢ëª« ¤ª¨). �®£¤  ¯®¤¯à®áâà ­áâ¢® L = L(�) - ¥áâì ¬¨­¨¬ «ì­®¥ «¨­¥©­®¥ ¯à®áâà ­áâ¢®, á®-
¤¥à¦ é¥¥ ¢á¥ ­ ¡«î¤ ¥¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë �;   ­ ¨«ãçè ï «¨­¥©­ ï ®æ¥­ª  ¥áâì ¯à®¥ªæ¨ï � ­ 
L(�); ª®â®à ï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨

�̂L(�)(�) 2 L(�); (�̂L(�)(�); � � �̂L(�)(�)) = 0: (5.5.3)

�¯¥à â®à �̂L(�)�); ª®â®àë© áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã í«¥¬¥­âã � 2= L2 ¥£® ¯à®¥ªæ¨î ­  ¯®¤¯à®-
áâà ­áâ¢® L(�); ï¢«ï¥âáï «¨­¥©­ë¬ ¨ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ¥áâ¥áâ¢¥­­®¬ã á¢®©áâ¢ã

�̂L(�)(�̂L(�)(�)) = �̂L(�)(�):

5.6 �â®å áâ¨ç¥áª¨¥ ¬¥àë ¨ áâ®å áâ¨ç¥áª¨© ¨­â¥£à «

�®­ïâ¨¥ áâ®å áâ¨ç¥áª®£® ¨­â¥£à «  ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª¨¬ ¢ëà ¦¥­¨¥¬ áã¬¬ë ¡¥áª®­¥ç­®£® (®ç¥­ì
¡®«ìè®£®) ç¨á«  ­¥ª®àà¥«¨à®¢ ­­ëå ¢¥«¨ç¨­. �¥®¡å®¤¨¬®áâì â ª®£® ®¡ê¥ªâ  ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢®§-
­¨ª ¥â ¢ áâ â¨áâ¨ç¥áª®© ä¨§¨ª¥ ¯à¨ ®¯¨á ­¨¨ ¯à®æ¥áá®¢ ¤¨ääã§¨¨, â¥¯«®¢®£®, ¤à®¡®¢®£® ¨«¨ ª¢ ­â®¢®£®
èã¬®¢, ª®â®àë¥ ï¢«ïîâáï áã¬¬®© ®ç¥­ì ¡®«ìè®£® ç¨á«  ­¥§ ¢¨á¨¬ëå ¨¬¯ã«ìá®¢ ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï
á®ã¤ àïîé¨åáï ç áâ¨æ, â®ª  ¨«¨ ­ ¯àï¦¥­¨ï. �¤­ ª®, ¨ ¬ â¥¬ â¨ç¥áª®¥ ¯®­ïâ¨¥ ¯®­ïâ¨¥ áâ®å áâ¨ç¥-
áª®£® ¨­â¥£à «  â ª¦¥ ï¢«ï¥âáï ã¤®¡­ë¬ ¯à¨ ®¯¨á ­¨¨ á¯¥ªâà «ì­ëå á¢®©áâ¢ á«ãç ©­ëå ¯à®æ¥áá®¢.

5.6.1 �â®å áâ¨ç¥áª¨¥ ¬¥àë.

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.6.1 �®­¥ç­®- ¤¤¨â¨¢­ ï áâ®å áâ¨ç¥áª ï ¬¥à  ¥áâì á«ãç ©­ ï äã­ªæ¨ï ¬­®-
¦¥áâ¢ , ª®â®à ï ¢áïª®¬ã ¬­®¦¥áâ¢ã � 2 A0 ¨§  «£¥¡àë ¯®¤¬­®¦¥áâ¢ ­¥ª®â®à®£® ¯à®áâà ­áâ¢  X áâ ¢¨â
¢ á®®â¢¥âáâ¢¨¥ á«ãç ©­ãî ¢¥«¨ç¨­ã Z(!;�) â ªãî, çâ®

1. ¤«ï «î¡®£® � 2 A0; MjZ(�)j2 <1;

2. ¤«ï «î¡ëå ¤¢ãå ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ �1 ¨ �2 ¨§ A0

Z(�1 +�2) = Z(�1) + Z(�2); (P� ¯.­.):

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.6.2 �®­¥ç­®- ¤¤¨â¨¢­ ï áâ®å áâ¨ç¥áª ï ¬¥à  Z(�) ­ §ë¢ ¥âáï í«¥¬¥­â à­®©
áâ®å áâ¨ç¥áª®© ¬¥à®©, ¥á«¨ ¤«ï «î¡ëå ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ �1;�2; ::: ¨§ A0 â ª¨å, çâ® � =
1P
k=1

�k 2 A0; ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

M

�����Z(�)�
nX

k=1

Z(�k)

�����
2

! 0; n!1: (5.6.1)



� ¤ ­­®¬ ®¯à¥¤¥«¥­¨¨ ¯à¥¤¯®« £ ¥âáï, çâ® §­ ç¥­¨ï í«¥¬¥­â à­®© áâ®å áâ¨ç¥áª®© ¬¥àë ¯à¨­ ¤«¥¦ â
£¨«ì¡¥àâ®¢ã ¯à®áâà ­áâ¢ã H2 = L2(
;F ;P); (íâ® ®¡®§­ ç¥­¨¥ ¯à¨­ïâ®, çâ®¡ë ®â«¨ç âì £¨«ì¡¥àâ®¢®
¯à®áâà ­áâ¢® L2f
;F ;Pg ®â £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  L2(X;A;m))   áç¥â­ ï  ¤¤¨â¨¢­®áâì ¢ë¯®«­¥­ 
¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥. � ª¦¥ ª ª ¨ ¤«ï ­¥á«ãç ©­ëå ¬¥à ãá«®¢¨¥ áç¥â­®©  ¤¤¨â¨¢­®áâ¨ (¢
áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥) íª¢¨¢ «¥­â­® ­¥¯à¥àë¢­®áâ¨ ( ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥) ¢ ­ã«¥,
â® ¥áâì

MjZ(�n)j2 ! 0; �n # 0; �n 2 A0:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.6.3 �«¥¬¥­â à­ ï áâ®å áâ¨ç¥áª ï ¬¥à  Z(�); � 2 A0; ­ §ë¢ ¥âáï ®àâ®£®­ «ì-
­®© ¨«¨ ¬¥à®© á ®àâ®£®­ «ì­ë¬¨ §­ ç¥­¨ï¬¨ ¥á«¨ ¤«ï «î¡ëå ¤¢ãå ­¥¯à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ �1 ¨
�2 ¨§ A0

MfZ(�1)Z(�2)g = 0: (5.6.2)

� ¥ ¬ ¬   5.6.1 �àâ®£®­ «ì­®áâì ¬¥àë Z(�); � 2 A0; íª¢¨¢ «¥­â­  â®¬ã, çâ® ¤«ï «î¡ëå �1 ¨ �2

¨§ A0

MfZ(�1)Z(�2)g = MfjZ(�1 \�2j2g: (5.6.3)

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.6.4 �ã­ªæ¨ï ¬­®¦¥áâ¢ m(�) = MjZ(�)j2; ®¯à¥¤¥«¥­­ ï ¤«ï � 2 A0; ­ §ë¢ -
¥âáï áâàãªâãà­®© äã­ªæ¨¥© í«¥¬¥­â à­®© áâ®å áâ¨ç¥áª®© ¬¥àë Z(�):

�ã­ªæ¨ï m(�); ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢ å ¨§  «£¥¡àë A0 ï¢«ï¥âáï, ¢ á¨«ã (5.6.1), ª®­¥ç­®© ¨ ­¥-
¯à¥àë¢­®© ¢ "­ã«¥",   á«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ � à â¥®¤®à¨ ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­  ­  � -  «£¥¡àã
A = �(A0): �«¥¬¥­â à­ ï ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à  â ª¦¥ ¤®¯ãáª ¥â â ª®¥ ¯à®¤®«¦¥­¨¥,
¯à¨ç¥¬ MjZ(�)j2 = m(�); ¤«ï ¬­®¦¥áâ¢ ¨§ A: �à®¤®«¦¥­¨¥ áâ®å áâ¨ç¥áª®© ¬¥àë ¯à¨¢®¤¨â ª ¯®­ïâ¨î
áâ®å áâ¨ç¥áª®£® ¨­â¥£à « .

5.6.2 �â®å áâ¨ç¥áª¨© ¨­â¥£à «

�ãáâì Z(�) - í«¥¬¥­â à­ ï ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à , ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢ å � 2 A0;
á® áâàãªâãà­®© äã­ªæ¨¥© m(�); ¯à®¤®«¦¥­­®© ­  ¬­®¦¥áâ¢  � 2 A:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.6.5 �â®å áâ¨ç¥áª¨© ¨­â¥£à « J (f) ®¯à¥¤¥«ï¥âáï ­  ¬­®¦¥áâ¢¥ ¯à®áâëå äã­ª-
æ¨© ¢¨¤ 

f(�) =
MX
k=1

fkI�k
;

£¤¥ f1; :::; fM - ­¥ª®â®àë¥ ª®¬¯«¥ªá­ë¥ ç¨á« ,

M[
k=1

�k = X; �k \�m = ;; ¯à¨ k 6= m;

á®®â­®è¥­¨¥¬

J (f) =
MX
k=1

fkZ(�k): (5.6.4)

�â®å áâ¨ç¥áª¨© ¨­â¥£à « § ¤ ¥â ®â®¡à ¦¥­¨¥ £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  ª®¬¯«¥ªá­ëå äã­ªæ¨© L2 =
L2(X;A;m); ¨­â¥£à¨àã¥¬ëå á ª¢ ¤à â®¬ ¯® ¬¥à¥m(d�); â® ¥áâì äã­ªæ¨© f(�); ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨îZ

X

jf(�)j2m(d�) <1;

¢ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­® ¨­â¥£à¨àã¥¬ëå ª®¬¯«¥ªá­ëå á«ãç ©­ëå ¢¥«¨ç¨­H2 = L2(
;F ;P):



�ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2(X;A;m) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬

< f; g >=

Z
X

f(�)�g(�)m(d�); (5.6.5)

  ­®à¬  kfk =< f; f >1=2 : �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à¬  ¢ ¯à®áâà ­áâ¢¥ H2 ®¯à¥¤¥«ïîâáï á®®â­®è¥-
­¨¨ï¬¨

(�; �) = covf�; �g; k�k = (�; �)1=2:

� ¥ ¬ ¬   5.6.2 �«ï «î¡ëå ¯à®áâëå äã­ªæ¨© f; g 2 L2(X;A;m); ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

(J (f);J (g)) =< f; g >;

kJ (f)k2 = kfk2 =
R
X

jf(�)j2m(d�);

J (af + bg) = aJ (f) + bJ (g); (P� ¯.­.):

(5.6.6)

�­®¦¥áâ¢® ¯à®áâëå äã­ªæ¨© ¯«®â­® ¢ ¬¥âà¨ª¥ £¨«ì¡¥àâ®¢  ¯à®áâà ­câ¢  L2, â® ¥áâì ¤«ï «î¡®©
äã­ªæ¨¨ f 2 L2 áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¯à®áâëå äã­ªæ¨© fn 2 L2 â ª ï, çâ® kf � fnk ! 0; ¯à¨
n!1: �â  ¯®á«¥¤®¢ â¥«ì­®áâì äã­¤ ¬¥­â «ì­  ¢ L2, ¯®íâ®¬ã ¢ á¨«ã á®®â­®è¥­¨© (5.6.6)

kJ (fn)�J (fm)k = kJ (fn � fmk = kfn � fmk ! 0; n;m!1:

�«¥¤®¢ â¥«ì­®, ¯®á«¥¤®¢ â¥«ì­®áâì fJ (fn)g äã­¤ ¬¥­â «ì­  ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥, ¨ ¢ á¨«ã
¯®«­®âë ¯à®áâà ­áâ¢  H2 áãé¥áâ¢ã¥â á«ãç ©­ ï ¢¥«¨ç¨­  (®¡®§­ ç ¥¬ ï J (f)) â ª ï, çâ® J (f) 2 H2 ¨
kJ (fn)� J (f)k ! 0; n!1:

� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.6.6 �«ãç ©­ ï ¢¥«¨ç¨­  J (f) ­ §ë¢ ¥âáï áâ®å áâ¨ç¥áª¨¬ ¨­â¥£à «®¬ ®â äã­ª-
æ¨¨ f 2 L2 ¯® í«¥¬¥­â à­®© áâ®å áâ¨ç¥áª®© ¬¥à¥ Z ¨ ®¡®§­ ç ¥âáï

J (f) =

Z
X

f(�)Z(d�):

� ª ¢¢¥¤¥­­ë© ¨­â¥£à « ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¯®á«¥¤®¢ â¥«ì­®áâ¨ ffng: �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¨¬¥îâáï
¤¢¥ à §«¨ç­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ffng ¨ ff 0ng; áå®¤ïé¨¥áï ¢ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¬ á¬ëá«¥ ª ®¤­®© ¨
â®© ¦¥ äã­ªæ¨¨ f 2 L2: �à¨ íâ®¬ ®¯à¥¤¥«ïîâáï ¤¢¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë

J (f) = l:i:m:J (fn); J 0

(f) = l:i:m:J (f
0

n):

�®ª ¦¥¬, çâ® ®­¨ à ¢­ë (P� ¯.­.): �¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï ¢ëâ¥ª ¥â

kJ (f) � J 0

(f)k � kJ (f) �J (fn)k+ kJ (fn) �J (f
0

n)k+ kJ
0

(f) �J (f
0

n)k �

kJ (f) � J (fn)k + kfn � f
0

nk+ kJ
0

(f) � J (f
0

n)k ! 0;

®âªã¤ MfjJ (f)�J 0

(f)j2g = 0; ¨ á«¥¤®¢ â¥«ì­®, J (f) = J 0

(f); (P� ¯.­.): �¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥-
«¥­¨ï á«¥¤ã¥â â ª¦¥, çâ® áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬ (5.6.6) ­¥ â®«ìª® ¤«ï
¯à®áâëå äã­ªæ¨©, ­® ¨ ¤«ï ¯à®¨§¢®«ì­ëå äã­ªæ¨© f; g 2 L2:

�à®¤®«¦¥­¨¥ í«¥¬¥­â à­®© áâ®å áâ¨ç¥áª®© ¬¥àë

� ª¨¬ ®¡à §®¬ áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ®¯à¥¤¥«¥­ ­  ¯à®¨§¢®«ì­ëå ¬­®¦¥áâ¢ å ��  «£¥¡àë A: �à¨ç¥¬
­  ¬­®¦¥áâ¢ å � 2 A0 ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® Z(�) = J (I�): �â®å áâ¨ç¥áª¨© ¨­â¥£à « ®¯à¥¤¥«ï¥â
¯à®¤®«¦¥­¨¥ í«¥¬¥­â à­®© ®àâ®£®­ «ì­®© ¬¥àë ¨ ­  ��  «£¥¡àã A:



� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.6.7 �«ï ¯à®¨§¢®«ì­®£® ¬­®¦¥áâ¢  � 2 E ®¯à¥¤¥«¨¬ ¯à®¤®«¦¥­¨¥ í«¥¬¥­â à-
­®© ®àâ®£®­ «ì­®© áâ®å áâ¨ç¥áª®© ¬¥àë Z á®®â­®è¥­¨¥¬

~Z(�) = J (I�):

�§ ª®­áâàãªæ¨¨ ¨­â¥£à «  á«¥¤ã¥â, çâ® áâ®å áâ¨ç¥áª¨© ¨­â¥£à « ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬ (5.6.6),
¯®íâ®¬ã ¥á«¨ �1 \�2 = ;; �1;�2 2 A; â®

~Z(�1 +�2) = ~Z(�1) + ~Z(�2); (P� ¯.­.);

Mf ~Z(�1) ~Z(�2)g = 0;

Mfj ~Z(�)j2g = m(�); � 2 E :
� ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ 5.6.8 �®¢®ªã¯­®áâì ª®¬¯«¥ªá­®§­ ç­ëå á«ãç ©­ëå ¢¥«¨ç¨­ fZ�g; � 2 Rg;

­ §ë¢ ¥âáï á«ãç ©­ë¬ ¯à®æ¥áá®¬ á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨, ¥á«¨:

1. MfjZ�j2g <1; � 2 R;

2. ¤«ï «î¡®£® � 2 R
MfjZ� � Z�n j2g ! 0; ¯à¨ �n # 0; �n 2 R;

3. ¤«ï «î¡ëå �1 < �2 < �3 < �4

Mf(Z�4 � Z�3) (Z�2 � Z�1)g = 0:

�à®æ¥áá á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨ ®¯à¥¤¥«ï¥â í«¥¬¥­â à­ãî áâ®å áâ¨ç¥áªãî ¬¥àã á ®àâ®£®-
­ «ì­ë¬¨ §­ ç¥­¨ï¬¨. �¡à â­®, ¢áïª ï ®àâ®£®­ «ì­ ï áâ®å áâ¨ç¥áª ï ¬¥à  Z(�) á® áâàãªâãà­®© äã­ª-
æ¨¥© m(�) § ¤ ¥â ¯à®æ¥áá á ®àâ®£®­ «ì­ë¬¨ ¯à¨à é¥­¨ï¬¨

Z� = Z((�1; �]):

�¥©áâ¢¨â¥«ì­®,

1.
MfjZ�j2g = m((�1; �]) <1;

2.
MfjZ� � Z�n j2g = m((�; �n]) # 0; ¯à¨ �n # �;

3.
Mf(Z�4 � Z�3) (Z�2 � Z�1 )g = m(;) = 0:

� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â ¢§ ¨¬­®-®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¯à®æ¥áá ¬¨ á ®àâ®£®­ «ì­ë¬¨ ¯à¨-
à é¥­¨ï¬¨ ¨ ®àâ®£®­ «ì­ë¬¨ áâ®å áâ¨ç¥áª¨¬¨ ¬¥à ¬¨.


