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ITPEJINCJIOBUE PEJAKTOPA

B 1973 romy ma dakymbreTe mNpuKIaaHON MaTeMaTuKu MOCKOBCKOTO
roCyJapCTBEHHOT'O aBHAIMOHHOTO MHCTUTYTA (TEXHHYECKOrO YHUBEPCUTE-
ta) akagemmukoM B.C. Ilyradessivm 6buta cosmana kadepa TeOpuu BEpOsT-
HOCTEH ¥ MaTEMAaTHIECKO! CTATHCTUKH. 3a IPOIIeIIiee BpeMst Ha Kadeape
oz, HaygHO-MeToudeckuM pykosoacTsom B.C. Ilyradesa 6buin co3nanst
¥ MPOYUTAHBI OPUTMHAJBHBIE yIeOHBIE KYpPChI MO TAKUM JUCIUILIITHAM,
Kak «Teopwusi BeposiTHOCTEl W MaTeMarwdeckas CTaTucTukay, «Ciydaii-
HBlEe mporecchly, «Maremarndeckuit anmaau3» u ap. Ha cyn uwmrarens
BBIHOCUTCS cepusi yIeOHBIX MOCOOUil 0 TpeM Ha3BaHHBIM JIUCIUILINHAM,
KOTOPBIE OTPAKAIOT HAKOILIEHHBIN ONBIT MPENOJABAHNS STUX JIUCIUAILIAH
CTyZeHTaM TexHW9IecKoro yHuBepcureta MAU, cnenmaausmpyrommmMcs
B 00JIACTH PUKJIAJHON MATEeMATHKH, PA/IHONIEKTPOHUKH, MAIIXHOCTPOE-
HUS U cucTeM ynpapjerus. QOTINIuTeNbHON 9epToil JaHHBIX MocoOuil B~
JII€TCH MAKCHMAJIbHO JTAKOHUYHOE W3JIOZKEHUE MATEPUAJIa IPHU JOCTATOU-
HO TOJHOM OIIMCAHUU COBPEMEHHOTO COCTOSIHUSI U3y9aeMBbIX MPEIMETOB.
Kpowme Toro, smauuresibay0 9acTh MOCOOMY 3aHUMAIOT MHOTOYUCIICHHBIE
MPUMEPHI U 33/1a9W C PEMIEHUSMHU, ITO TO3BOJISET UCIOIb30BATH ITU IMO-
CO6I/I5{ HE€ TOJIBKO JId 9T€HUA JICKIIMOHHbIX KYyPCOB, HO U JIJIsl IPOBEAECHUA
MPAKTUIECKUX U JTabOpaTOpHBIX 3aHATHN. CTPYKTYypa M3JI02KEHUs Ky PCOB
TaKOBa, 9TO 3TU MOCOOUS MOTYT OJHOBPEMEHHO HIPaTh POJIb yIeOHUKA,
33JaTHUKA U CIPABOYHUKA. 1109TOMYy mOCOOHsS MOryT OBITH ITOJIE3HBI KaK
MPEIToIaBaTE IIM U CTYAeHTaM, TaK W HHXKeHepaM.

Ipog., 0.p.-m.n. A.U. Kubsyn



ITPEINCJIOBUE

Copepkanre JaHHOTO Y4eOHOrO 1MOCODUS OTPAXKaeT MHOTOJETHHUH
OTIBIT TPENOJABAHUS CTYIEHTAM M aCIHUPaHTaM (DaKyJIbTeTa MPUKJIATHON
MaTeMaTUKN MOCKOBCKOFO TOCyJapCTBEHHOI'O aBUAIlUOHHOTO HWHCTUTY-
Ta (TEXHUIECKOTO YHUBEPCUTETA) KypCa TEOPHH CITy9aifHBIX MPOIECCOB,
B CTAHOBJIEHUU KOTOPOTO PEIaioNias pojib IPUHAJIEKUT akagemuky PAH
B.C. IlyrageBy. Ilpm momroroBke ydueOHUKA aBTOPHI OCHOBBIBAJIUCH HA
clenyomux 6a30BBIX TPUHIANAX:

— MaTeMaTHIeCKn KOPPEKTHOe M3JIOXKEHNEe MaTepuaJia 1 000CHOBaHUE
BCEX METOJIOB, UCIOIb3YEMbIX JIJIsl PEIIeHNs] KOHKPETHBIX 33/1a4;

— WUIIOCTPUPOBAHNE OCHOBHBIX TEOPETUIECKUX TOJIOKEHU IPIMepa-
MU PA3JIAYHOI'O YPOBHHA CJI02KHOCTHU;

— Oostee OAPOOHOE PACCMOTPEHUE TEX MOJEJEl CIIyIallHBIX MPOIEC-
COB, KOTOPBIC B HaCTOdIIECe BPEMA ABJIAIOTCA Ha,I/I6OI[ee Ba2KHbIMHU JIJIA
PEIleHns TPUKJIATHBIX 33129,

B kH#re mpuBeIeHO 3HAYUTEIBHOE KOIMIECTBO CTPOTUX OIPEIEIeHU
7 aKKypaTHbIX (POPMYJIMPOBOK TeopeM. Jloka3aresbCcTBa TEOPEM MOXKHO
HafiTH B MHOTOYHCJIEHHBIX YIeOHUKAX MO TEOPHUH CIIYIaiHBIX ITPOIECCOB
[2,4,10,20-22, 25]. Jns mMOHEMAaHUS OCHOBHOI'O MaTepHala JIOCTATOTHO
3HAHUS KyPCOB MAaTEMATHIECKOTO aHAJIN3A, JIMHEHHON airebpel U Teopun
BEPOSITHOCTEl B 0ObeMax, TPUHATHIX [JIs U3Yy9YeHNs] B TEXHUIECKOM yHU-
Bepcurere. i OBTaeHNsT MAaTEPHUAJIOM B MOJHOM 0O0beMe HEeOOXOIUMO
3HAKOMCTBO € OCHOBaMH (DYHKIMOHAJBHOIO aHajn3a (TeOpHsl Mepbl, UH-
rerpas Jlebera, rusb6epTOBO TPOCTPAHCTEO). VcaepubIBaiomue CBeIeHust
[I0 TEOPUU BEPOATHOCTE comepKarcda B yueOHukax [1,19,22,25] u cupa-
BouHnke [9], a mo dbyrkunonanpEOMy ananm3sy — B [8,13,18].

I/ICHOJIB:SOBaHI/Ie BCEX IPUBEJACHHbLIX TEOPETUYCCKUX IIOJIOXKEHU A po-
WLTIOCTPUPOBAHO MHOTOYUCIEHHBIMA TPAMEPAMHE, CHAOXKEHHBIMHA TT0IPO0-
HBIMU pernerusMu. B Hanbosree BayKHBIX TPUMEPAX U3YIAIOTCS MOJEIN U
METOIbl UCCIIEIOBAHNUS CIIyIailHBIX ITPOIECCOB, Ha KOTOPBIX 0Oa3MpyrOTCH
addexTuBHBIE AJITOPUTMBI 00pAbOTKY MHMOPMANHT, IPUHATHAS PEIIeHMUIT,
aHAJIN3a U IPOTHO3UPOBAHUS PEAJIbHBIX IIPONECCOB B (PU3NIECKUX, OMOIIO-
TUYECKUX, CJOXKHBIX TEXHUIECKUX M YKOHOMHIECKHX CHCTEMaX. B KoHIe
KaxkJ10r0 naparpada OpPUBENEHbI 33/a9 JJisd CAMOCTOITEIHHOIO Derle-
Hus. Bee 3amadn cHAOXKeHBI OTBETAMHU, a Hambojee CIOKHBIE — YKA3aHU-
avu K perreanto. OTMETHM TakKe 3a7a9HUKH [3,7]|, KOTOpBIE MOTYT GBITH
WCITOJIB30BAHBI [IJTsI CAMOCTOSTEIBHON MPOPAbOTKH MaTepUaJIa.

Hakomern, mist m3ydenus ObLIM 0TOOPAHBI T€ MATEMATHIECKIE MOIEIN
Ciry4aifHbIX IPOIECCOB, KOTOPhIE NMEIOT 0CO00e 3HAYEHME [IJIsl IOCTAHOBKYU
¥ pelleHnsi TPUKIAIHBIX 33039 B CIAEAYIOMAX 00IacTIX:

— yIpaBileHHe CJIOXKHBIME cucTeMamiu [6,15,16,23];
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— yIpAaBJIeHUE JBUKEHWEM JIETATEIbHBIX anmapaTos [11];

— obpaborka usMmepureabHol nadopMaiun |20, 24];

— mccieoBanne HagexxkHoCTH cucreMm [10];

— HCCleloBaHue Ollepanuii U cucTeMHbIH aHau3 [27];

— naenatndukanyus cucrem [12];

— CHCTeMbl MaccoBoro obciykuanusd [5,27];

— MaTeMaTHYecKasi 9KOHOMEKa U Teopus dbuHaHCcoB [14, 26, 28].

ITosToMy Hapsiy CO CTAHAAPTHBIMHU pa3feiaMu Kypca (TayCCOBCKHME
MPOIIECCHI, CTAMOHAPHBIE MPOIECChl W WX NnpeobpasoBanus, memu Map-
KOBa W JIp.) B KHWT€ NPHCYTCTBYIOT HETPAJMIMOHHBIE PA3JIeIbl, TOCBI-
MEHHBIE CTOXACTUIECKOMY aHAJIN3Y, PA3HOCTHBIM U auddepeHnnaabHbIM
CTOXaCTUIECKUM yPABHEHHUSM, ONTHMAJbHOMY OIEHUBAHUIO, TEOPUHU pPe-
KyppeHTHOi dusbrpanunn Kamvana-Bpiocu, MmeTonam HenHeHON b
TpPaLUU, TEOPUM MapPTUHIAJIOB. Tak, HaUpPUMEP, TEOpUsi MAPTUHIAJIOB
3 dEeKTUBHO HCOOIB3yeTCs B HACTOSAIIEe BPEMs ISl WCCIEIOBAHUS U
ONTHMH3AIUK TPONECCOB HA (DMHAHCOBBIX PHIHKaX [26].

Kuawura cocrout m3 deTbipex riaB. B mepBoil riaBe mpuBeIeHBI OCHOB-
HBIE OTIPEIeJIEHUs U TEOPETUIECKHE TOJIOYKEHNs ODIIEro xapakrepa, HeoD-
XOZUMBIE [IJIsl M3y 9€HUsI OCTAIBHOIO MATEPHUAIIA, & TAK?KE KPATKO OIIACAHbI
BaKHEHIINe TUIBI CIyYailHbIX MIPOIECCOB, MPUMEHSEMBIX [JIs PEIIeHus
MIPUKJIATHBIX 33139,

Bropas riaBa mocssimeHa CIy9IaiiHBIM IPOIECCaM C JUCKPETHBIM Bpe-
MeHeM (CITy9aifHbIM MOCITeIOBATENLHOCTAM). B mociemnme Tompl 3HAde-
HUE 5TOTO KJAcCa CIyJIaflHbIX IMPOIECCOB MOBBICHJIOCH B CBS3H C TEM,
9TO HA CMEHY aHAJIOTOBBIM MeTOJaM 00paboTKu WHMOPMAIUU MPUIILIN
1 poBble METOMIBI, PEATN30BAHHBIE B BUJIE KOMIBIOTEPHBIX AJTOPUTMOB
¥ IPOIPAMM.

B Tperneil rmaBe KHUTH U3ydalOTCd CIIydaifHble IIPOIECCHI C HEIpe-
DPHIBHBIM BpeMeHeM (ciydaitable dbyHKuum). Moean TakuX IPOIECCOB
a/IeKBATHO ONHUCHIBAIOT [IBHXKCHHE MEXAHWIECKUX CHCTEM B CIIyIalHBIX
cpefax, pacIpocTpaHeHWe PaJUOCUTHAJIOB, (DYHKIMOHHPOBAHUE CUCTEM
MAaCCOBOIO OOCIy?KMBAHUS, IPOIECCHl U3MEHEHUs KyPCOB IEHHBIX OyMmar
¥ MHOTOE JIPpYTOE.

Yersepras riaaBa uMeeT COPABOYHBIN XapaKTep U COAEPXKUT CBEICHUs
o GYHKIHOHAIBHOMY AHAJIU3Y W TEOPHUH BEPOSATHOCTEH, HEOOXOIMMBIE
JIJIsL U3yYEeHUs] MaTEPUaJIa, B IOJIHOM O0'beMe.

[Ipu moAroTOBKE PYKONHMCH KHWTHA MBI IMOCTOSHHO IMOJIB30BAJIUCH CO-
BETaMU U IIOMOIINBIO HAUIMX KoJuIer 110 Kadeape «Teopuu BeposirHOCTEl»
MOCKOBCKOTO MOCyIapCTBEHHOTO aBHAIIAOHHOIO HHCTUTYTa, (TeXHUIECKOTO
yuuBepcurera) A.B. Bopucosa, A.B. Bocosa, E.H. Ilnaronosa u B.U. Cu-
HATBIHA, KOTOPBIM MBI BEIPA2KAEM UCKPEHHIOIO IIPU3HATEIBHOCTb. ABTODBI
BBIpakatoT ocobyto biaarogapaocts K.B. Cemenuxuny 3a paboTy mo Hayd-
HOMY PE€JaKTUPOBAHUIO PYKOIHUCH W IIOJIOTOBKY OPHTHHAJI-MAKeTa.



CIIICOK OCHOBHBIX
COKPAIIITEHUI 1 OBO3HAYEHUN

CB — cuyuaiinas BeJMYuHa WA CILy-
YalHBbII BEKTOP;

CII — citygaiiHas moc/ie J0BaTEeIbHOCTD;

C® — cayuaitnas pyHKuUs;

CCII — cranmonapnas CII;

CCP® — crammonapras CP;

IIM — nens Mapkosa;

AP — aBroperpeccus;

CC — ckouib3siliee CpejiHee;

APCC — aBToperpeccusi—CKOIb3sIIIee
cpejmee;

R! — MHOKECTBO BEIECTBEHHBIX YHCEIT;

R™ — n-MepHOe (BeleCTBEHHOE) eBKJIH-
JIOBO [IPOCTPAHCTBO;

7 — MHOXKECTBO UEJIbIX YHUCE;

C — MHO2KECTBO KOMILJIEKCHBIX HHCEI;

Z — KOMILIEKCHOE YHUCIIO, COTPSIKEHHOE
K z € C

Re z — BewecrBennas 4acTb KOMILIEK-
croro gucna z € C;

A" — TpaHCIOHUpOBaHHAas MATPUIA;

A™! — o6parnas marpuua;

I — ejuHUYHAs MATPULA;

B(R™) — o-anrebpa GopesieBCKUX TOJ-
MHOXKECTB IpocTpancrsa R™;

B([a, b]) — o-anrebpa bopeneBckux noa-
MHOXKECTB MPOMEXKYTKa [a, b];

I5(xr) — wmugukarop (MHAMKATODHAS
dynkus) MHOXKecTBa B;

exp{z} = e® — sKcnoHeHTa;

f(zo—) = lim f(z) — upenen ciesa

ztzg

dyukuun f(z) B TOUKE T0;
arg gél)r(l f(xz) — rouka munumyma dyu-

kunu f(z) Ha MHOXKecTBe X
u(B) — mepa p MHOXKeCTBa B;

L(N) — nuneiinas 060109Ka MHOXKeE-
crBa N}
det[A] — onpegmenmrens maTpunnr A;

tr[A] — cnen marpunp A;

3 (%) — IpoeKIus J1eMeHTa T Ha O~
mpoctpancTtBo M

o(z) — «o-manoe», T.e. GyHKIHS OT T,
takas, 910 o(x)/x — 0 mpu z — 0;

d(z) — nenbra-dynknus Inpaka;

Ls[a,b] — runpbepToBO mpOCTPAHCTBO
KOMIIJIEKCHBIX (DYHKIMI, HHTErPU-
pPYeMbIX C KBajpaToM no mepe Jle-
Gera Ha oTpeske [a, b];

) — IIPOCTPAHCTBO 3JIEMEHTAPHBIX CO-
GbITHil (MCXOI0B) w;

F — o-anrebpa cirydailHbIX COOBITHIL
(mommuOXKeECTB Q)]

P{A} — Bepoarnocrs (BeposTHOCTHAS
Mepa) cobbitusa Aj;

{Q, F,P} — ocuoBHOE BEpOATHOCTHOE

IPOCTPAHCTBO;

@ — HeBO3MOXKHOE cobbiTHe (1ycToe
MHOXKECTBO);

Fe(z) — dyukuus pacnpegerenus
BepositHOcTelr CB &;

pe(r) — mIOTHOCTL pacmpeseTeHus

pepoaraocreii CB &;
m, = M{{} — maTemaTmIecKoe OXKH-
nauve (cpeguee) CB ¢&;
D¢ = D{¢(} — aucuepcua CB &;
cov{¢{,n} — xoBapuamma CB & u n;

o

¢ — nenarpupoBannas CB &;

E()\) — 9KCIOHEHIMAJIBHOE pacIpe/e-
JIEHHE C apaMeTpOM A\;

N (m; D) — rayccoBckoe (HopMaJsbHOE)
pacupejiejieHie CO CPEJHHM 1M |
jpucrepcueii (KoBapualuoHHON Ma-
tpuueit) D;

&(z) — unrerpan BepositHocTel (dyH-
kuma Jlamaca);

‘H — ruiibbepToBO IPOCTPAHCTBO (LEeH-
rpupoBannbix) CB ¢ koHedHbIM
BTOPBIM MOMEHTOM;

€]l = M{[¢]*}"/* — nopma CB € B H;
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(&¢,m) — ckanapuoe npoussenenune CB
EnnBH;

¢ L n— oprorounasbabie CB £ un B H;

H(€) — runbbeproBO HPOCTPAHCTBO,
MOPOXKIEeHHOe CIyYalHOI Mmociaeno-
BarenbuocToio & = {&, };

F& = o{€} — o-anrebpa, HoposEH-
nas CB &;

FE = o{€(s), s <t} — o-anrebpa, 1o-
POXKJIeHHAs CJIy IaifHBIM TPOIECCOM
&(s) mo momenra t;

M{n| G} — ycuaoBroe maremarude-
ckoe oxunanne CB 1 orrOCHTENH-
HO o-aJirebpbl G

M{n | &} =M{n| .7-'5} — YCJIOBHOE
maremarndeckoe oxumanue CB 7
orHocurensao CB &;

P{A | B} — ycioBHasi BepOSITHOCTbH
cay4qaiHoro coberrua A orHOCH-
TEJLHO CIydaiiHoro cobbiTus B;

{én, n € Z} — CII, 3anaunasa na Z;

{£(t),t € T} — C®, sanannas Ha
mpomexytke T C R';

Fe(z1, ..., @n; t1, ..., tn) — n-MepHas
dyHKuusa pacupenesieHus Ciry4daii-
Horo mponecca &£(t);

pg(:cl, ceeyTnj b1, ..., tn) — n-MepHAsH
MJIOTHOCTh ~ PACHpEeeeHuss  CIIy-
gaitnoro nponecca £(t);

We(A1, vy Anste, o .o, tn) — N-MepHAR

XapaKTEePUCTHIECKAS dynknua
cayuaiinoro npouecca &(t);

m,(t) — MaTeMaTHYeCKoe OXKWMIaHHe
caryuaiinoro npouecca &(t);

D¢(t) — mucnepcust ciry4aiiHoro mpo-
uecea &(1):

R¢(t,s) — xoBapuanmonnas QyHKIHs
ciry4aiinoro nponecca &(t);
R¢(17) — koBapumanuonHasi dyHKUus
cranuonapuoro npouecca §(t);
F¢(\) — cnekrpasbHast GbyHKIUs CTa-
nuonapHoro npomuecca &(t);

fe(A\) — cuekrpasibHas MIOTHOCTD CTA-
nuonapHoro npomecca &(t);

®(\) — wacTroTHas XapaKTEPHCTHUKA
JINHETHOTO CTAIMOHAPHOTO TMPeos-
pa3oBaHus;

Z¢(A) — oproronasnbHasi CTOXacTH-
YecKasg Mepa, COOTBETCTBYIOIIAs
cranuonapuomy upoueccy &(t);

~

(), &, — ONTHMANbHbIE B CpeIHeM
KBaJpaTuyeckoM (C.K.-OlTUMAaJlb-
HbIE) OLEHKW;

(), — KBaiparuyecKas XapaKTrepu-
CTHKa MapTHHTaJa &

P(s,z,t,B) — mnepexomHas BepOAT-
HOCTH MapKOBCKOTO TIPOIIECCA;

p(s,z,t,y) — mepexomHas MJIOTHOCTH
MapKOBCKOI'O 11POLECCa;

P(z,t, B) — mepexomHas BEpPOATHOCTD
O/IHOPOJIHOI'0  MapKOBCKOI'O  IIPO-
ecca;

p(z,t,y) — nepexomHas MWIOTHOCTH OJ-
HOPOJIHOTO MapKOBCKOTO MPOIECCa;

pij(s, t) — BeposTHOCTH nepexoma [IM
U3 1-I'0 COCTOSHUS B MOMEHT S B j-€
COCTOSIHEE B MOMEHT t;

P;; — BEPOATHOCTD IIEPEX0JIA OJIHOPOJL-

woit IIM wu3 i-ro cocrosHus B j-€

COCTOSHEE 3a OJUH IIAar;

P = {pij} — nepexojHad MaTpPULA
omguopomuoit 11M;
mi(t) — BEpOATHOCTDH %-TO COCTOSAHUS

IIM B momenr t;

w(t) — BuHepoBCKuMit mporecc (Ipomece
GPOYHOBCKOTO JIBUZKEHUS );

A&(s,t) =&(t) — £(s) — npmpamenue
ciydaiinoro nponecca £(t) Ha mpo-
mexyrTke (s,t];

C.K.

&n — £ — CpeIHeKBaJIPATUIEeCKas

CXOJUMOCTD (C.K.-CXOJUMOCTh);

¢ = Lim. &, — cpeaHeKkBaIpaTHIECKAN
n— oo

mpeges (c.K.-Tpesen);
&(t) — cpepnexkBagpaTnuecKas npoOU3-
BogHAsA (C.K.-TIPOU3BOJHAS);
(P-n.1.) — nouru Hasepuoe (¢ BepoaT-

HOCTBIO 1);

& 22 £ cxommMoCTD (P-.n.);

& = lim &, (P-m.H.) — npezes ¢ Bepo-
n— oo

ATHOCTBIO 1.



FTABA 1

OCHOBHBIE IIOHATNA TEOPUN
CJIVYAMHBIX ITPOIIECCOB

B nammoit ryiaBe paccMaTpuBalOTCd OCHOBHBIE XapPAKTEPUCTUKHU CILY-
JafiHBIX TOCJIEeI0BATEIBHOCTEN W CIIyJalHBIX (DYHKIHM: KOHETHOMEPHbBIE
3aKOHbBI PACIIPE/IEJICHNs] 1 MOMEHTHBIE XapaKTePUCTUKU. Bo BTOpoMm mapa-
rpade IIaBbl TPUBOAUTCS KPATKOe ONMUCaHWe Hambojiee BasKHBIX KJIACCOB
CIydaifHBIX IIPOIECCOB W OOCY2KTAIOTCS MX XaPaKTEPHBIE OCODEHHOCTH.
Marepuas gaHHOI TJIaBBI ABJIsieTCS 6a30BBIM [Jisi OOJIee IeTAIBLHOTO U3Y-
YeHUsl CIydalHbIX ITPOLECCOB B NOCJIEAYIOMMUX IJIaBaX.

§ 1. Cayuaitable IpoIECChI
M UX BEPOSITHOCTHBIE XAPAaKTEPUCTUKN

1.1. Onpenesienue cirydaitHoro mporecca. Coygaitabiii mporecc
SABJISETCS MATEMATHIECKON MOJIEIIBIO [IJTsl ONMCAHUS CIIY 9ailHbIX BJICHUIA,
pa3BUBAIOIUXCS BO BpeMeHH. llpm 3TOM mpeamosiaraercsi, 94TO COCTOS-
HEe Iporiecca B TeKymmmil MoMeHT BpeMennu t € R' ecTb BexTopHas HiH
CKaJIIpHasi ciaydaiiHas BeanduHa (t,w). IIpocTpaHCTBO 2IeMeHTAPHBIX
cobbrTrit (mcxomoB) §) MpeImONIATaeTCA W3MEPHMBIM, T.€. Ha HEM OIpe-
JOenteHa o-ajrebpa ero moamuoxkectB JF. Kpome Toro, mpemmosaraercs,
9TO Ha m3MepuMoM npocrpanctse {Q, F} 3anana BeposTHOCTHAS Mepa P,
T. e. 1y Joboro MHOXKecTBa, A € F onpepnenena ero Bepograocts P{A}.
Tem cambIM, 33JaHO BEpOsITHOCTHOE mpocTpancTBo {2, F, P}, n nonsarne
CILy9aifHOTO TPOIECCa OMPEIEIIeTCs CIeAYIOMUM 00pa3oM.

Onpenmenenme 1.1. Cayuatinod npoyecc ectsb cemeiictso (meficTen-
TeJIbHBIX WM KOMIUIEKCHBIX) citydaiiabix Beanund {E(t,w), t € T}, oupe-
nenensbix Ha {Q, F, P}, roe mHOXKecTBO mapamerpos T’ C R,

Samevanune. OOBIYHO, KOTIA 9TO HE IPUBOIUT K HESICHOCTHU, 3aBUCH-
MocTb £(t,w) OT w He yKasblBaeTCs M CIy9aiHbIi mporecc 06o3HaIaeTCst
npocto &(t).

Onpenmenenune 1.2. Ilycrs tg € T — purcupoBanubiii Moment. Ciry-
vaiinag Bemmamna & (w) = E(tg, w) HA3BIBAETCA CceueHueM CITyIAUHOTO
mporecca B Touke tg € 7.
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Hasnee mpl OynemM paccMaTpWBAThH JABA THMA CIyYailHBIX IPONECCOB.

Onpenenenune 1.3. Eciu nepemennas t mpoberaeT JUCKpETHOE MHO-
’KECTBO 3HadeHwi, Hanpumep, t € Z ={...,—2,-1,0,1,2, ...}, To cuy-
vaitublii nponecc £(t) HA3BIBACTCA NPOUECCOM € OUCKDEMHBIM BPEMEHEM
Wi cayuatinot nocaedosamenvrocmovro, a ecim t € R wim t € [a,b], rae
b < 00, TO ciydaitHBI TPOIECC HA3BIBAECTCH NPOUECCOM C HETPEPBIEHBIM
epemerem W cay4atinot dynryued.

Onpenenenue 1.4. Ilpomecc HA3bIBaETCS OJelicmEUMEAbHIM I
BEULECNBENHBIM, €CITIH CIyJaliHble BennunHbl {(t, w) SBISIOTCA TeHCTBA-
TeNbHBIMU i Jioboro t € T 1 KoMnAeKcHbLM, €CIIN CITy YaiiHbIe BEJIUIu-
HBI £(t,w) SBIASIOTCS KOMIUIEKCHBIME JiIs1 Jitoboro ¢ € T.

Onpenenenune 1.5. Ilpu dukcupoBannom wy € {2 HeciygaiiHas
dyurmus €,,(t) = £(t,wo), t € T, HasbBaeTcsas mpaekmopued,, COOTBET-
CTBYIOMIEN d1eMeHTapHOMY UCXOy wo € 2. TpaekTopun HA3BIBAIOTCS TaK-
KE PEGAUAGUUAMY TUITH 6bl00POUHBIMU PYHKUUAMU CITYIAHHOTO MPOIECCa.

Sameganne. CiaydaiiHbIit MPOIECC MOXKHO TPAKTOBATH KAK COBOKYII-
HOCTH cedeHuii (cM. onpegesenne 1.2) Winm Kak COBOKYIHOCTD (<«IIy9OK» )
TpaekTopuii (cM. onpenenenne 1.5). B pasnudHbIX 3a1a9aX UCIONB3YOTC
00a 3TU ONUCAHULA.

Onpenenenne 1.6. Cuayuaitnas dyukus & (t) HasbIBaeTCS pe2yaap-
HOT, €CIIi ee TPAGKTOPUHU B KaXKJOo# Todke t € T HEempEepBHIBHBI CIIPABA U
VMEIOT KOHEYHBIE PeJIeJIbl CIIEBa.

PaccmorpuM HEKOTOPBIE HPUMEpPHI, MOSICHSIIOIINE BBEICHHDLIE BBIIIE
OTIpeIeIeHNS .

IIpumep 1.1. Iycrs caywadinsiii nponece &(t) onpemenen ciemayro-
UM 06pa3oM:

£(t)=tX, telo,1],

rae X ~ RI[0,1] — cayuaiinas BeJuduHa, PABHOMEPHO DACIPEIETICHHA HA
orpeske [0,1]. Onmcarh MHOXKECTBO CeUeHHUH W TPaeKTODPHUi CirydaifHOro
npornecca &(t).

Pemenue. Cayuaitaeiii mporecc & (t) ABJISAETCS CIydJaiiHol (OyHK-
nwmeit. IIpu dbukcuposannom ¢ € [0, 1] ceuenne & (w) = toX (w) aBuaerca
CITy9aiiHO BeJIMIUHOM, HMeoIeil pABHOMEPHOE PacIpe/leIeHre Ha, OTPE3-
Ke [0, to].

Tpaekrtopun uponecca &(t), T.e. Heciaydaiiuble byHkmumn &, (t) =
= X (wp) t, ABIAIOTCS NPAMBIMA JMHUAMHA, BhIxoasmummu u3 Toukn (0, 0)
€O CIydafiHBIM TAHPEHCOM YIUIa HaKJIOHA, paBHbBIM X (wg). Cayuaiimas
dbyukumsa £(t) perynsipHa, TAK KaK BCE €€ TPAEKTOPUM HENMPEPHIBHEL. M

IMpumep 1.2. Ilyers t € [0,00), a cayvaitnas dyakuus £(t) 3amana
CIIeYI0IUM 00pa3oM:

&t)=U, mpm te€[n,n+1), n=0,1,2, ...,

rae {U,, n=0,1,2, ...} — mocieJoBaTeIbHOCTh KOHEIHBIX CIIyYaifHbIX
Besmana. OnmcaTh TpaekTopun cirydaitroro nponecca &(t). dpagerca mm
3TOT MPOIECC PEryJISTPHBIM?
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Pemenwme. Tpaekropum mpomecca £(t), t > 0 — KyCOYHO TOCTOSTH-
Hble (DYHKIMH, HCOBITHIBAIOIME Pa3pblBbl B Toukax t =n =0,1,2, ...
ITo onpenenennto stn (HyHKINM HENPEPHIBHBI CIPaBa M UMEKOT NIPeJe-
JIbL CJIEBA, DABHBIE ltiTmﬁw(t) = U,_1(w) s Besroro w € Q. ITockonbKy

n

P{|U,-1| < 00} =1 1m0 ycaoBuio, TO 3TOT CIyYaifHBINH IPOLECC SIBJISETCS
peryasgpHbpiM. B

1.2. KoHeuHoMepHbIe paclpejie/ieHusl CJIydaiiHOro Ipoliecca.

Onpenmenenme 1.7. Ilycrs {£(¢), t € T} — meiicTBuTeNbHBIH CiTy-
yaffHBI IIpoIlecC M 3aJaH0 HEKOTOpOe IPOM3BOJBHOE MHOMXKECTBO MO-
MeHTOB Bpemenu {ti, ...,t,} C T. CooTBercTByIomuil HAGOD CITyIalHBIX
Bennand {(t1), ..., &(t,) uMeer n-MepHYO DYHKIUIO PACIpeeIeHns

Fe(zq, ..o ans tr, ooy tn) = P{E(t) < @1, .0, E(tn) < zn ), (1.1)

KOTOpasl B JaJibHelimeM OyeT Ha3blBaThCA N-mepHoti Gynkyuet pacnpe-
deserus cayuaiinozo npovecca &.

Cosokymnrocts dyrknuii (1.1) mus pasmmaseix n = 1,2, ... u Bcex
BO3MOXKHBIX MOMEHTOB BpeMeHU t; € 1" HA3bIBACTCH CeMeTUCMBOM KOHE -
HOMEPHBLT pacnpedensenuti caysatinozo npoyecca &.

Onpenenenue 1.8. Ecnm dbyskmua F¢ momyckaeT mpeacTaBieHne

Fe(zy, .o mps by, oo ytn) =

1 Tn
= J J-pé(ul,...,un;tl,...,tn)dul...dun,
—0o0 — 00
rie pg(:pl, ey Xy ty, ..., ty) — HekoTOpas w3Mmepnmmas no JlebGery

HeOTpuIaTeIbHas PYHKIN, TaKasd, 9TO

oo oo

J J'pg(ul,...,un;tl,...,tn)dul...dunzl,

— 00 — 00

TO TOBOPAT, 9TO (PYHKIUS PACIPEeeHUsi UMeeT IOTHOCTh. DyHKius
pg(xl, ey Tp; b1,y .., ty) Ha3BIBAETCH N-MePHOT NAOMHOCTIBIO pacnpede-
serus npovecca &.

Cuaenyronue npuMeps JEMOHCTPUPYIOT HAXOXK/IEHUE KOHEYHOMEPHBIX
dyHKIM pacupeieaeHns.

IIpumep 1.3. Ilycre ciaywaiinblit nporecc 3a/aH COOTHOLIEHUEM

f(t) = (P(t)Uv te [0> 1];

rne U — Hekoropas ciydaiinas BeaumumHa ¢ (DyHKImEdl pacipezese-
nust Fy(z), a ¢(t) > 0. HaifTu ceMelicTBO KOHEYHOMEPHBIX PACIIPeIeJIeHIi
nportecca . Vmeer mm ero n-mepHas (QpYHKIUS pacIpeeseHus ILJIOT-
HOCTB?!
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Pemenue. B coorBercrBuu ¢ onpenenenumem 1.7

F{(mla cey Tpj tr, ~-~atn) = P{f(tl) < 71, 7£(tn) < xn} =

_P{cp(ti)ngi,i_l,...,n}_P{Ug ] i—l,...,n}—

=P{U< min 2 }=F;( min & > 1.2
{ i=1,...,n ap(ti)} U<i=1,...,n o(ti) (1.2)

Eciu dyskuusa pacnpenenenus Fyy(z) uMeer miorHocts py(z), TO
CYIIECTBYET M ILUIOTHOCTH OJHOMEDPHOIO PACHpPEe/IeHus CIy9aifHoro npo-
necca £(t), mockonbky o n = 1 u3 (1.2)

T T 1 z
Fg(m; t) :FU<W> :7J mpU<<p(t)> dZ,

CIIETIOBATENBHO, pe(T; t) = LpU <L>
PP o(t) 20

Opmako mpu n > 2 n-MepHas (QYHKIUS PacCOpeejieHAs He WMeeT
wrorHoctu. JleficTBuTenbHO, B cmiry omnpegenenus mporecca &(t) mus
JtO0BIX t1, ... ,t, IMEET MECTO COOTHOIIIEHUE

E(t)/p(tr) = ... = &(tn)/p(tn),

nosromy mepa Fy, . 4 (dzq, ...,dx,) B npocrpancrse R™, coorsercrsy-
fomas dyHKnun pactipeaesnenns (1.2), cocpeoTodena Ha TPAMO

S = {:U cR": :Ul/<p(t1) =...= xn/‘p(tn)}’

nMeroIreil Hyesylo nteberosy Mepy. CiieoBarensno, mepa Fy, 4 (-) cun-
TyJIIpHA TI0 OTHOIIEHUIO K Mepe Jlebera, u moITOMy n-mMepHas MIOTHOCTD
HE CyIIeCcTByeT, eciu nn > 2. W

IIpumep 1.4. IIycte X u Y — nHe3aBucuMble CiiydailHble BEJUIUHBI
¢ dbysruuamu pacupegpesnenus Fx(z) u Fy(y). Iycrs {£(¢), t > 0} —
cay9aiHbIii nponece, onpeenaeHusiii coornomenunem £(t) = Xt + Y. Onnm-
caTh TPAeKTOPUHU JAHHOTO TPOIECCa, HANTH CeMefiCTBO KOHETHOMEDPHBIX
dbyHKIU pacupeseaseHns.

Pemenue. Bribopounbie pyHKIUK 3TOTO MpoOIEcca MPEICTABISIOT
co0boit IpsIMbIe JIMHAU CO CIIy 9aiiHBIM HAKJIOHOM U CJIy YAl HBIM HAYAIHHBIM
yesoBueM npu t = 0. OgHOMepHas GYHKIUS pacupeesieHns CIIy9aifHoro



§ 1] CJIVUAUHBIE NIPOLECCH U UX BEPOATHOCTHBIE XAPAKTEPUCTUKU 15

npornecca £(t) mpu ¢ > 0 mmeer Bu

Fe(z;t) = P{Xt+Y <z} = J P{Xt+Y <2 |Y =y}dFy(y) =

= TP{XHysx}dFy(y) = TP{X < w;y}dFy(y):

_ T FX<$ - y) dFy (y).

Ecnu xe t = 0, 0 Fe(x; t) = Fy(z). Jns n-MepHoit GyHKIUHE pacipe/e-
JIEHUl, aHAJOIMYHO 1puMepy 1.3, nosydaem

Fe(z1, .. xp; te, oo ty) = J Fx<min<$1t:y, ...,a:"tiy)> dFy (y)

— 00

upu ty >0,...,t, >0. m

IIpumep 1.5. Ilyctb X, Y — He3aBucCuUMBbIE CIydailHble BEJIUYU-
Hbl, uMelolue rayccosckoe pacupejesenue N(0;1/2). Coyuaiinbiit npo-
necc ompenenen coormomenunem () = (X +Y)/t, ¢ > 0. Boraucnurs
P{|¢(t)| < 3/t} mas npoussosnbHOrO t > 0.

Pemenue. ITo onpenenennto Fg(x; t) ecrb dynKuums pacupeeiaenns
cayvaitaoit Beauuunbl £(t). B cummy toro uro X, Y — rayccoBckue u
neszasucumble, £(t) = (X +Y)/t raxxke umeer rayCcoBckoe pacupesesie-
HUE, TPAIEM

_ M{X}+M{Y} _D{X}+D{Y} 1

Mg(0) = MEEEMOD o ppeqy - DOGEDOG L
Tem cambim &(t) ~ N(0;1/t%), nosromy Fe(z; t) = D(xt), rue
_ 1 T —u?/
D(z) = T J e " /2 du,

Dyukuusa P(z) HA3BIBACTCS UHMEZPAAOM SEPOAMHOCTMEl WA PyHK-
yueti Jlanaaca. ITak,

P{|E(t)] < 3/t} = Fe(3/t: t) — Fe(—3/t; t) = &(3) — B(—3) ~ 0,997. m

Bce paccMoTpeHHBIE TTPOIECCHI OTHOCATCS K CIyIafHBIM (DYHKIHSIM.
[IpuBemem npumepbl HAXOXK/IEHUS 3AKOHOB DPACIIPEIEJICHUs CIIyIalHBIX
TIOCJIETOBATEIBHOCTE.
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IIpumep 1.6. Ilycrs caywaitmas nociemosarenbHOCT {&(n), n =
= 1,2, ...} TakoBa, 9TO ee ceYeHUs HE3ABUCUMbBI B COBOKYITHOCTH U UMEIOT
ommuaakoByo dyrknmio pacnpeaenenns F(xz). Halitu cemeiicTBo koHETHO-
MEPHBIX pacIpeesieHnll TOCIeI0BaTeIbHOCTH &.

Pemenmue. Ilo onpenesienuio 1.7 ¢ y4eTroM HE3aBUCUMOCTH CJIydaii-
HBIX BesimunH £(n) umeem

F{(mla sy Ty N, -~-ank) :P{f(nl) < 21, ,f(nk) < xk} =

k k
= [[P{{(ni) <o} =[] Fla).
i=1 =1
SaMmeruM, 49TO BCe KOHEYHOMEPHBIE paclpejieleHus B JAHHOM CIydae
BBIPAKAIOTCS I€PE3 OIHOMEpPHOEe pacnpezesnerne F(z). m
IMpumep 1.7. IIycrs ciyuaitnas nociepoBarenbrocTb {£(n), n =
=0,1,2, ...} onpeneneHa peKyppPeHTHBIM COOTHOIIEHNEM

f(n):ag(n—l)—i—an, n:1727'--7 6(0):07

rae {€,} — HOCIEeOBATEIBHOCTD HE3ABUCUMBIX B COBOKYIIHOCTH TayCCOB-
CKUX CITy9aftHbIX Besuumh ¢ mapamerpamu M{e, } = 0, D{e,} = 0 > 0.
Haiitu omsoMepHYI0 (DYyHKINIO paCIpeeeHnss CIydaiiHoil mocsemoBa-
TebHOCTH &.

Pemenwme. U3 onpenenenms ciywaiinoit sesmannsl £(n) HAXOAAM

f(N) =& o™t +...tep1ate, = nganfk.
k=1

B cmiy rayccoBocTH M HE3aBHCHMOCTH CIIy9aiiHBIX BeJamanH {ey} cydaii-
nag sesmuna §(n) — rayccopekas c mapamerpamu mg(n) =0 u

n 02@ ecan az 7é 1
Dg(n) = D{g(n)} = Z D{é'k} a2(n—k) _ 2 _ 1 ,
k=t Uz“’: ecJin az =1.

[Tosromy omaoMepHast byHKIUsT PACIPEIeICHUsST UMEET BU/T

Fe(w; n) = P{¢(n) < 2} =

:ﬁ T e=u /2De(m) gy — @ x/\/Dg(n) .
V 3

Sameganune. CiaydaiiHas MOCIEIOBATENIFHOCTD, ONUCAHHAS B IPHU-
Mepe 1.6, Ha3bIBaeTcsa duckpemmvim beavim wymom. B mambHelimem 3ta
MOzeNnb OyJeT 9acTO HCIOIB30BATHCHA I HOCTPOEHHS 0O0Jiee CIOXKHBIX
CIyJalHBIX TOoCTeoBaTebHOCTEl. B mpuMepe 1.7 mociiemoBaTeTbHOCTH
{en} aBnAETCA duCcKkpemmbIM 2ayccoscKkuM BEABLM UWYMOM.
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1.3. Teopema KosmmoropoBa. CeMeiiCTBO KOHETHOMEPHBIX PaCIIpe-
JIeJIeHnil SIBJIsieTcsl OCHOBHOW XapaKTEPUCTHKOH CIydailHOro IpoIecca,
MIOJTHOCTBIO OIpe/iesisAroret ero crofictsa. Mbr 6yem roBOpuTh, 9TO CIIy-
YalHBIA TPOIECcC 3aJlaH, €CIM 3aJaH0 CeMEeHCTBO ero KOHEYHOMEPHBIX
pacupeaenenuit (1.1).

Dyuknuu pacupeenenus mponecca & (t) obIaaloT CeLy omuMu CBOi-
CTBaMU.

1) 0 < Fe(x1, ...y @n; b1, - .., tn) < 1 (ycioBue HOpMEPOBKH).

2) @yuxuun Fe(zq, ..., Zy; t1, ..., t,) HEIPEPHIBHLL CIPaBa IO Iepe-
MEHHBIM T;.

3) Ecim xoTst 6BI 0JJHA U3 TIEPEMEHHBIX L; — —00, TO

Fe(zy, ... zp; t1, ..oy tn) = 0,
€cJIi BCe TIepeMeHHBIe T; — +00, TO
Fe(zq, ... zp; te, ooy ty) = 1.

4) Oynrmun  Fe(zq, ..., %5 t1, ..., t,) MOHOTOHHBI B CIEIyIOMEM
CMBICITE:
Al Aan(xl, ey Ty tl, 7tn> 2 0,

rme A; — omepaTrop KOHETHOU pa3HOCTHU IO MIEPEMEHHOU &;

AP = F(w1, .., @im1, %+ hi, migr, - @05 b, oo t,) —

7F("'E17 "'7‘7;1;—17‘/'Ei7$i+17 "'7xn; t17 "'7tn)7
ah; >0,...,h, > 0 OIPOU3BOJHHHI.
5) dna moboit nepecranoskn {ky, ..., k,} nagekcos {1, ...,n}

Fé(l‘l, ey T 1, ...,tn) :Fé(l‘kl, e Tk Ty ...,tkn).
6) s mobeix 1 <k <nwuzy,...,v €R
Fe(z1, .o yop; te, oo te) = Fe(zq, ooy @, 400, oo, 4005 t1, oy tp).

Onpenemenne 1.9. CpoiicTtBa 5 u 6 HA3BIBAIOTCS YCAOBUAMU CO2AG-
COBAHHOCTNY CeMETICMBa KOHEYHOMEPHHLT pacnpedeserud.

IIpumep 1.8. JlokaszaThb cHpaBeJIUBOCTH CBOMCTB 1-6 g mpous-
BOJIBHOI'O CeMeHCTBa KOHEYHOMEPHBIX paclpele/ieHuil.

Pemenue. Bce cpoiictBa 1-6 HEmOCpeICTBEHHO BBITEKAIOT U3 CO-
OTBETCTBYIOIINX CBOACTB BepodgTHOCTH. JleficTBUTEIbHO, CBOiCTBO 1 ecTh
yCJioBHE HOPMUPOBKHU Juisi BeposarTHOcTH. CBoiicTBa 2 M 3 HEMEJIEHHO
CIeAyIOT W3 CBOiCTBa HempepbiBHOCTH BepogTHocTH. CBolicTBOo 4 ecTh
yCIIOBHE HEOTPHUIATEIHHOCTH BEPOATHOCTH, TOCKOIbKY

Aq Aan(iL'l, ey Ty 1, 7tn> :P{H{ZL'Z < E(tz) < xl—i—hz}} > 0.
=1

2 B.M. Munnep u A.P.IlankosB
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Hakomer, cBoiictBa 5 u 6 sABJISIOTCS CBOHCTBAME COBMECTHOH (DyHKIIHH
pacupejenenus crydainbix Beauwaut {E(t1), ..., &(tn)}. omnoe mokasza-
TEJIbCTBO TIPEJITATACTCS BBIOIHATH CAMOCTOSTEIBHO (CM. 3agady 1). W

IIpeanosioxkum, qro it Jjroboro m > 1 u Joboro Habopa MOMEH-
TOB BpeMenu {ty, ..., tn} C T 3amansl Gysriuun F (1, ..., Tn; t1, . tn),
Z1, ..., %, €RL, yaoBJieTBOpsoniue yciaoBusm 1-6. dBaserca gum 3To
cemeiicTBO GYHKIUN ceMelCTBOM KOHETHOMEPHBIX PAaCHpeIesIeHnil HEKO-
Toporo cirydaitnoro npouecca? HrobObl 1M0JI0KUTEILHO OTBETUTH HA, ITOT
BOIIPOC, HEOOXOAMMO MOCTPOUTH MPOCTPAHCTBO HJIEMEHTAPHBIX UCXOIOB 2,
3aJaTh HEKOTOPYI o-ajrebpy F ero moAMHOXKECTB U BeposaTHOCTH P
W, HAKOHEI|, MOCTPOUTH cemeiicTBo dynkmmit £(t,w), OMpeaeTeHHBIX HA
T x Q Tak, 9T00BI CEMEHCTBO KOHETHOMEPHBIX PACIIPEIEIEHUil TPOIecca
&(t,w) coBmano ¢ cemeiictBom dynkmmit F. OkaspiBaercs, 9T0 JaHHASL
MpOIeypa OCYIIEeCTBAMA BCETa. DTOT OCHOBOIOIATAIOIINNA DPE3yIbTaT
TEOpUU CJlydalHbIX [IPOLECCOB U3BECTEH Kak Teopema KosmMoroposa.

Teopema 1.1 (Kommoropos). ITyems 3adaro nexomopoe cemeticmeo
KOHeYHOMEPHOIT PYHKUUL pacnpedeserus

F={F(x1,...,xn;t1, ... tn), 5, ERY, t, €T, i=1,...,n, n> 1},

ydosaemesoparouu yeaosuam 1-6. Tozda cyuecmsyiom eepoammocmroe
npocmpancmeo {2, F, P} u caywatinwt npouece {£(t), t € T}, maxue,
wmo cemeticmeo xonewnomeprwz pacnpedeaenuti Fe cayuatinozo npoyecca
&(t) cosenadaem ¢ F.

Sameganue. Teopema Kommoroposa BmecTe ¢ ycTaHOBIEHHBIME BbI-
e CBOcTBaMU CeMeiCTBa KOHEYHOMEDHBIX paclpele/leHUuil 1oKa3blBa-
er, 9To yciaoBusg 1-6 SBISIOTCS HEOOXOAUMBIMA U JOCTATOIHBIMU [IJIsT
CyLleCTBOBAHUA CJIy4ailHOI'O Ipolecca ¢ 3aJaHHbIMU KOHEYHOMEPHBIMU
pacnpefeneauamu Fe.

Takum o6pasoM, Beerjga Haiifierca CIy9ailHBII Mponecc ¢ 3aJaHHbIM
ceMeiicTBOM KOHeYHOMEpHbIX pacipeesenuii. OkasbiBaercs, 4To B 0611emM
caydae Takoil mpomecc He OygeT eJMHCTBEHHBIM. JIpyrumm ciosamu, ce-
MelCTBO KOHEYHOMEPHBIX PaclpeieieHuil 3aaeT MeJblil KJIacce CIrydaii-
HBIX [IPONECCOB, KOTOPbIE B HEKOTOPOM CMBICIIE SIBJAAIOTCA IKEUGAAEHTTL-
HoLmu. PaccMoTpuM Gostee TOIpoGHO PA3INTHBIE TOAXOABI K OITPeIeIEHIIO
9TOr0 MOHATHS.

IMycrs {X(t), teT} u {Y(t), t € T} — mBa cuyqaiinpix mpounec-
ca, OIpeJieJIeHHBIE Ha OJHOM W TOM K€ BEPOATHOCTHOM IPOCTPAHCTBE
{Q, F,P} n nupuaMMAaiOmpueE 3HAYEHNS B OHOM M TOM 7K€ U3MEPUMOM IIPO-
crpanctse, Hampumep {R!, B(R!)}, rme B(R!) — o-anrebpa 60pesnesckux
nopmuoxkects R .

Onpenenenwne 1.10. Ipoueccot {X(t), t € T} u {Y(¢), t € T} nHa-
3BIBAIOTCA CMOTACTIUYECKY IKEUBAACHTIHLMU 6 WUPOKOM CMBLCAE, ECITH
i mobbix {ty, ..., tn} CT,{By, ..., B} CB[R),n=1,2, ... Bumosn-
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HAETCA paBE€HCTBO

P{X(t,) € By, ...,X(ta) € B} = P{Y(t;) € By, ..., Y (ts) € Bn}.
(1.3)

SaMedaHHe. YCIOBHE 3KBHBAJEHTHOCTH B IIMPOKOM CMBICJIE O3HA-
YaeT, 4TO ceMeiicTBa KOHEYHOMEDHBIX pacipeesenuii npouecco X u Y
COBIIAIAIOT.

Onpenenenue 1.11. Eciau gnsa moboro t € T

P{X()=Y(t)} =1, (1.4)

TO IPOECCH HA3BIBAIOTCA CMOTACTNUMECKY, IKEUCAAEHTHBLMY FITH IIPOCTO
IKEUBANEHTNHBLMU.

BBeeHHDIC MOHATHSA SKBHBAJEHTHOCTH CBA3aHBI MEXKIy COOOI, Tak
KaK CIPaBeJIuBO Cllefylolee yTBepXKIeHHe.

Teopema 1.2. Ixsusarenmmvie NPoOUEccs, 6ce20a IKEUBANEHTTIHDL
6 WUPOKOM CMDBICAE.

Onpenmenenme 1.12. Ecim nponece X (t) ABgeTCA SKBUBAJICHTHBIM
npoueccy Y (t), To X (t) HassiBaercs sepcued miu modudurayued, nporec-
ca Y (¢).

OKBUBAJEHTHOCTD IPOLECCOB B OOIIEM CIydae He 03HAYaeT HX TOXK/Ie-
CTBEHHOCTH. CJIQ;LyIOH.LHI'?I OpUMEDP IMOKA3bIBAET, YTO JIBa IKBUBAJICHTHbBIX
IIPOIIECCa MOTYT HMETh COBEPIIEHHO Pa3IMIHbIE TPACKTOPHH.

IIpumep 1.9.Iycrs Q = [0, 1], F — o-anre6pa 60pesieBCKIX MOIMHO-
xkectB orpeska [0,1], P — mepa Jlebera u T' = [0, 1]. Ha BeposaTHOCTHOM
npocrpanctee {Q, F, P} onpenennm ciydvaitabie nponeccst {X (t), t € T}
u {Y(t), t € T} cnenyromum o6pasom:

0, t#w,
X(t,w) =0, Y(t,w) = Loy npu (t,w) € T x Q.
7 =w

[TokazaTh, 9TO MPONECCHI ABJNAIOTC SKBUBAJEHTHBIMHE, OJTHAKO UX TPACK-
ropun ornnyatorcs (P-m.h.).
Pemenne. [dna mexkoroporo dpukcuposBannoro t € T'

{w: X(t,w) ZY(t,w)} = {w: w =1t} = {t}.
[TockombKy Mepa Jlebera 0HOTOYEIHOTO MHOXKECTBA PaBHA HYJIO, TO
P{X(t)=Y({#)} =1 nanamoboro teT,

T.e. mponecchl X (t) u Y (¢) skBuBaseHTHBL. TeM He MeHee y TPOIECCOB
X(t) mw Y(¢) mer Hu omHOl maphl coBmanamomux Tpaekropuii. JelicTeu-
TeJIbHO, JJId BCdKoro w € @ B Touke t* = w mo ycuosuio X (t*,w) #
# Y (t*,w), nosromy

Plw: X(t,w) =Y (t,w) YVt €T} =0. m

2*
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Cremyromee OnpeneeHne OnuChBaeT Hanbosee CHIbHBIA TUII YKBUBA-
JIEHTHOCTH.

Onpenenenne 1.13. Ilpoueccot {X(t), t € T} u {Y(¢t), t € T} nHa-
3BIBAIOTCH HEOMAUNUMBLMU, €CITL

P{X(t)=Y(t)VteT} =1 (1.5)
Venopue (1.5) 9acTo 3aMECHIBAIOT TAKXKe B CIIEAYIOMEM BUJE:

P{fgg |X(¢) —Y(t)] >0} =0.

IIpm HEKOTOPHIX yCIOBUAX, OfHAKO, onpeaesennd 1.11 u 1.13 skBuBa-
JIEHTHBL. DTO cnpasemanBo, Hanpumep, ecm X (t) n Y (t) — ciywaiiasre
[OCJIEIOBATEIBHOCTH (T. €. MHOXKeCTBO 1’ CU4eTHO).

IIpumep 1.10. Joka3aTh, ITO 9KBUBAJEHTHBIE CIyIalHBIE TOCTEI0-
BATEJIbHOCTH HEOTJIMYUMbI.

Pemenme. Ilycrs X(t), Y(t) — sKBUBaJEHTHBIE TPOLECCHI C AUC-
KpeTHBIM BpeMmerneM t € T' = Z, torma

P{X(t) # Y (t) xora 661 goa oguoro t € T} =

= P{U{X() £ YO} ] < T PIX() £ Y (0} =0,

teT teT

9TO BJIEYET BbIIOJAHEHHE ycaoBug (1.5). W

Takum 06pa3oM, CTOXACTUIECKU ISKBHUBAJEHTHBIE CIydaiiHbIE MOCIIe-
JOBaTEJbHOCTH HEOTINIUMBI. JIjIst cirydaiiHbIX (DYHKINN, K COXKAJEHUIO,
5TO yTBepXKJeHue B OOIIEeM CJIydae HEeCIpaBeiuBO 6€3 HEKOTOPBIX I0-
MOJTHUTEJIbHBIX OTpaHudeHnii. TeM He MeHee CIPaBEIJINBO CIIEIYIOIIEe
OPAKTUYICCKU Ba2KHOE€ YTBEPXKJI€HUE.

Teopema 1.3. Ecau dse cmoxacmuuecku sKeusaaermHvle CAYYal-
nole Pynkyuu seastomes pezyaaproimu (cm. onpedeaenue 1.6), mo onu
HEOMAUNUMDL.

Sameganune. I3 npuBeeHHBIX BbBIMIE PACCYKIAECHUU CJIEIyeT, ITO
3aJlaHie COBOKYIHOCTH KOHEYHOMEDHBIX PACIpeesIeHUil B 00IIeM CIIydae
HE 1103BOJIsieT 3apaHee 00eclieYuTh BbBIIOJHEHUE HEKOTOPbIX TpeboBaHMi
OTHOCHTEJIBHO TIOBEJeHUs TPACKTOPHi CilydaiiHbix dhyHKumil (Hanpumep,
HENPEPbIBHOCTh, MOHOTOHHOCTD, nuddepeHnupyemMocts u T. 1.). OxHako
eciiu ciayJaiinas (DyHKIUs PeryJsapHa Wil 3a/[aHa KOHCTPYKTUBHO HEKOTO-
PBIM COOTHOIIIEHWEM, TO MBI MOXKEM OIPEIENIATH BEPOSTHOCTH JOCTATOTHO
CJIOXKHBIX COOBITUH, CBSAI3AHHBIX C MOBEJCHUEM €€ TPACKTOPUIi.

IIpumep 1.11. Ilpeamomoxkmm, 4TO cirydaiinas pyHKIUS 3aaHa CO-
orHomennem &(t) = X2 +2tY +t%, t >0, e X, Y — HezaBuCHMBbIe
cilyuaiiHble BeJUYUHBI, UMeolue rayccosckoe pacipesesenne N (0;1).
HaiiTi BepogTHOCTH CIEAYIONIX COOBITHIA:
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1) A; = {£(t) monOTOHHO HE yOBIBaET};

2) Ay = {£(t) meorpunarenbual;

3) A3 = {£(t) =0 xora 6b1 must ommoro t € D}, rme D C[0,00) —
HEKOTOPOe KOHEYHOE MJIM CYETHOE MOJAMHOXKECTBO;

4) Ay = {£(t) = 0 xorst 661 mgist omorO t € [0,00)}.

Pemenme. 1) ITockonbky Tpaekropun &(t) auddepennupyembr 1o t,
TO yciaoBue uX MOHOTOHHOCTH ecTh &'(t) =2Y +2t >0, t > 0. Jna Bol-
MOJTHEHUST ITOTO YCIOBUsSI HEOOXOJAMMO W JOCTATOYHO, 9ToObI Y ObLIa
Heorpunareabuoii. Takum obpazom, P{A;} = P{Y >0} =1/2.

2) YcnoBue HEOTPHIATEIBHOCTH TPACKTOPH &(t) BBINOIHSAETCS, eCIIH
mu6o Y > 0, mbo Y < 0, mo |Y| < |X|. Takum 06pazom, B CHIIy HE3aBH-
cumocT X, Y M CHMMETPHH HX 3aKOHOB PaCIpeeJieHAs IOy daeM

P{A;} =P{Y >0} +P{Y <0, |Y| < |X|} =1/2+1/4 = 3/4.

3) P{A;) = P{ U {€) = o}} < 3 P{&(t) = 0}. [lna moGoro dux-
CAPOBAHHOTO t cnpaf}ggmlmo e

{€(t) =0} = {X*+2tY +t* =0} = {(X,Y) € B},

rie MuEOKecTBo B = {(z,y) € R?: 22 4 2ty + t? = 0} npescrasiger coboit
napabosly U II09TOMY HMeeT HyJeByio Mepy Jlebera B R%. Tenepb, y4uThi-
Bad, YTO COBMECTHOE pacIipejielleHne CIydaifHbIX Beaudud X, Y mMeer
IWIOTHOCTE p(T, Yy ), MOTydaeM

P{&(t) = 0} = P{(X.Y) € B} = [ p(x,y) dady = 0.

Hanee, mockonbky MHOX)ecTBO D He Gosee uem cuerno, P{A3} = 0.
4) Cobprrme A4 cocromt B ToM, aTo dynkmua £(t) nmeer Ha [0, 00) o
KpaiiHeil Mepe OIMH KOPEHb, 9TO BBLIOIHAETCS, ECIIH OJHOBpeMenHo ¥ < 0

u [Y] > |X|. Hosromy P{As} =P{Y <0, [Y|>|X|} = 1/4. =
Y] > |X] y P{As} = P{ Y= X[} =1/

1.4. MoMeHTHbIEe XapaKTE€PUCTUKH CJIydalHOro Ipoliecca.
MoMeHTHBIEe XapaKTePUCTHKH CIIy9aiiHOTo IPOIecca 33Jal0T ero MpocTeii-
HIFe CBOMCTBa M BBIYHCJAIOTCA C MOMOIIBI0 KOHEYHOMEPHBIX PaCIpee-
JIEHWH pas3IMdIHbIX HopsaaKoB. Ilycrh &(t) — cKaJasgpHbIHA (BelecTBeHHbIH)
Ipomecc.

Onpenenenne 1.14. Hecnywaitnaa dynxmua m(t), t € T', onpese-
JigeMas COOTHONICHTEM

me(t) = M{E(t)} = | wdFy(as b),

— 00
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HA3BIBACTCA MAMEMAMUYECKUM 0dtcudanuem npouecca &(t) mm ero cped-
HUM 3Haveruem. Ecmm mg(t) = 0 mpu Bcex t € T, To TpoOIECC HABBIBAECTCSI
UEHMPUPOCAHHDLM.

Oupenenenue 1.15. Heciyuaiinas dynkuus De¢(t), t € T', onpee-
JiseMas COOTHOIIEHIEM

De(t) = D{&(t)} = M{(£(t) — me(1))*} =

= M{E(t)°} —m(t) = |« dFe(a; t) - mi(2),

— 00

HasbiBaeTca ducnepcuet, (unm ducnepcuonnott Pynryuetd) npouecca &(t).

Bameuanue. Ilpu xaxngom t €T MareMaTHUecKoe OXKHUJAHUE U
mucnepcust mg(t), Dg(t) npounecca §(t) cyrs Maremarnieckoe oxujanne
U JECIIepCHs ero cedenns B Touke t € T.

Onpegenenne 1.16. Hecaywaiitnag ¢dynkuus Re(t,7), t,7 €T,
olpeiesisieMasi COOTHOIIEHUEM

Re(t,7) = cov{{(t), ()} =
= M{(£(t) = me(t))(€(7) —me(7))} = M{E()E(T)} — me(t)m(T) =

= J J z132 dFg (21,25 8, 7) — m(t)me(7),

HA3BIBACTCA Ko6apuayuonhot gynxyuet npovecca E(t).

Bameuanus. 1) Ilpu mobbix t,7 € T' dynkuus Re(t,T) ducieHHo
paBHa KOBapHAIlMU CeueHui ciayaitHoro npomnecca & (w) u & (w) B TouKax
t,7 €T u XapaKTepu3yeT CTeIleHb JIMHEIIHO! 3aBUCHMOCTH MEXKIy cede-
musmu. s seraucnenns: Re(t, 7) HeoGXoqUMO 3HATH JBYMEPHOE PacIpe-
nesenue Fe(x1,2; t,7) npouecca §(t). 3amernm rakze, 4o

Dg(t) = Rg(t,t), tefT.

U3 mepaBencTsa Komu—ByHAKOBCKOTO clieflyer, 9To JJId CyIecTBOBa-
must me(t), De(t) u Re(t,7) upn seex ¢,7 € T' J0CTATOIHO BbIIOIHEHNS
YCIIOBHS

M{|¢(t)]*} <o VEeT. (1.6)
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2) Eciu pacupenenenusi Fe(x; t) u Fe(xq,2o; ¢,7) IMeIOT IIOTHOCTH
pacupezeseHus pé(m; t) u pé(zl,mg; t,7), TO

me(t) = [apeles )de,  De(t) = | @ peles t) e —m (1),

Re(t,7) = J J legpg(xl,l'g; t,7)dridry — mg(t)mg(T).

Oupepgenenne 1.17. Cuyuaiinsiit npouecc {{(t), t € T}, ynosnerso-
psttommit yemosmio (1.6), HA3BIBAETCT NPOUECCOM € KOHEUHBLMU MOMEHA-
MU 6MOPO20 NOPAOKA WA 2UALOEPMOSHIM CAYHATIHDLM NPOUECCOM.

Onpemenenme 1.18. Ilycre &(t) = X(t) + 1Y (t) — KoMmIeKCHBII
nporece, rae X (t), Y(t), t € T — HeKoTOpBIE IeHCTBATEIbHbIE CIIyYaiiHbIe
nporeccel, a i2 = —1. Ecin

M{[¢()]%} = M{g(t)@} =M{X*(t)+Y*(t)} <00 VteT,

To mpomecc £(t) HABBIBACTCA KOMMAEKCHOLM 2UALOEPTMOBYM TPOUECCOM.
DyHKIAA

Re(t,7) = M{(£(t) - me®)EM) —me(n) }, tTET,

rae {-} O3HAYAET KOMILIEKCHOE CONPSI?KEHWUE, HA3BIBACTCH KOBAPUALUOH-
not Pymryued xomnaexcnozo cayuatinozo npouecca &(t).

IMpumep 1.12. IMycrs £(t) = Xo(t), t € T, tme X — nmelicrBurenbras
caydaiiHas BeJIMYHHA CO CPeNHEM m, u gucmepcueir D, a o(t) —
mecayvaitnas dynknusa va 1. Halitu mg(t), De¢(t) u Re(t, 7).

Pemenne. B coorBercrBuu c onpenenernamu 1.14-1.16 mmeem

me(t) = M{Xo(t)} = M{X} ¢(t) = myp(t),
Re(t,7) = cov{Xp(t), Xo(1)} = cov{X, X} p(t)p(T) = D yo(t)p(1),
De(t) = Re(t,t) = D x*(t). m
Cuenytomuit npuMep sBJISETC 0600MEHneM TIPEABIILY IEro.
Opumep 1.13. Iycrs £(t) = > Xip4(t), t € T, rne X; — neiicTeu-
i=1

TeJIbHBIE HEKOPPEJIMPOBAHHBIE CJIyYaiiHble BeJIMINHBI C H3BECTHLIMU Mapa-
Merpamu {m y , Dy }, a {@;(t)} — 3amannbie Ha T 1eTepMEHIPOBAHHBIE
byuknun. Haiitn m(t), D(t) u R(¢,7).
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Pemenune. B coorBercrBuum c onpenenerusavu 1.14-1.16 umeem

me(t) = M{>" X)) = S M{X: alt) = S il0)

Re(t.7) = cov{3- Xugu(0), 3= Xy} =

= zj: zj: cov{X;, X;} @i (t)p;(7).

Tak kak Xi, ..., X;, — HEKOPPEJIUPOBAHHbIE CIyYaiiHbIE BEJIMIUHBI, T. €.
cov{X;, X;} =0 opu i # j, T0

Re(t.7) = 3 Dxwidhoi(r),  Delt) = Re(tt) = - D (o). m

IIpumep 1.14. Haiitn HEoOxommmoe W JOCTATOYHOE YCJIOBHE, HPU
KoTopoM cyuectByeT npouecc {£(t), t € T'} ¢ xapaKTepucTuKaMu

M{E(t)} = me(t),  cov{{(t),&(T)} = Re(t, 7), (1.7)

rie mE(t), Re¢(t,7) — 3ajannble BelecTBeHHbIe (DYHKIMM.

Pemenne. Haiinem cragana Heobxommmoe yciosue. Ilycrs £(t) —
nporecc ¢ xapakrtepuctukamu (1.7). Torma mma mo6bix HAGOPOB
{t1, ..., tn} CT u {21, ..., 2,} C C cupaBesianBo cOOTHOIIEHNE

n

D{-lt)zi} = 30 3 cov{€(t), £(t)} 1% >0,

i=1 i=1j=1

. e. dyukius Re(t,T) yaoBieTBopser yCIOBUIO HEOMPUYAMessHotl onpe-
deaenrocmus:

Z ZRg(tiutj)ZiEj > 0 \V/{tl, ,tn} CT, V{Zl, ,Zn} cC.
i=1j=1

(1.8)

Jokazkem Teneps, ato ycmosue (1.8) aBigeTcs B TO 2Ke BpeMs U 10CTa-
TOYHBIM JIJIA CYMIeCTBOBAHMS CIYIaifHOrO IPOIECcca ¢ MOMEHTHBIME XapaK-
repuctukamu (1.7). HeiictBurensuo, yenosue (1.8) o3ravaer, 9ro Marpuma
K = {Re(ti,t5)}i,j=1, .. n SABIFETCS HEOTPHUIATENLHO-OLIPE/IEIEHHOM, IO-
sroMmy cymecrsyer dbyukuus Fg(zq, ..., Tn; t1, ..., tn) n-MepHOro rayc-
cockoro pacnpezerenua N (m; K),raem = {mg(t;) }iz1, .n (oM. 1. 14.6).
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Kak merpymHo mpoBepuTh, IIOCTPOEHHAS CHCTEMa KOHEYHOMEDHBIX Dac-
mpejiesieHuit  yaoBaeTBopsier yciaoBusM 1-6 u3 m. 1.3. Ilostomy B cuiay
Teopembl Kosnmoroposa cymecrsyer ciayuaitasiii nponece {£(t), t € T},
AMEIOIINN YKa3aHHOEe CEMENCTBO rayCCOBCKUX DPACIpEIeSIeHui 1, B 9acT-
nocru, obanaomuit xapakrepucrukamu (1.7). =

3amedanue. [Iporece, pacemorpennblii B mpumepe 1.14, HazbiBaeTcst
2ayccosckum caysatinoim npoyeccom. CBOWCTBa TaKUX MPOIECCOB Hojiee
JIETAJIbHO PACCMATPUBAIOTCS B CJeAyIomeM mnaparpade.

Onpegmenenune 1.19. IlycTh 3amaHbl JBa KOMILUIEKCHBIX IMPOIECCa
&(t), n(t), t € T. JerepmunupoBaHHas OyHKIAS

RE’?(taT) = COV{ﬁ(t)ﬂ?(T)} =

= M{(E(®) ~ me@®) ()~ m, (TN}, trET,

Ha3BIBAETCA 63aUMHOT KO8APUAUUOHHOT GYHKUUET CAYHATHT NPOYECCOs
Eun.

Bameganme. Pyurnus Re,(t,7) cymecrsyer, ecnm £(t) m n(t) —
ruIb0EePTOBBI ITPOIECCHI.

Onpemenenme 1.20. ITycts £(¢t) = {&1(1), ..., &n(t)}* € R™ — Bek-
TOpHBIN ciaydaitapiii npomecc. lerepMuHMpOBaHHAsT N-MEpHAas BEKTOD-
dbyuxmuza mg(t) € R, t € T, onpesensemas COOTHOLICHHEM

me(t) = {M{& (D)} -, M{&n(t)}}7,

Ha3bIBAETCA MAMEMAMUYECKUM  O0AHCUIAHUEM 6EKIMOPHO20 cny%afmoeo

npouecca &(t).
JerepMuHupoBanHasg MaTpuaHast DOyHKIASL

Re(t,7) = cov{£(t), £(r)} = M{(€(t) — m(0)) (&) —mg(r))" } =

- M{g(t)m} —mg(tymi(r), treT,

Ha3bIBAETCI KOBAPUAUUOHHOT PyHKyuel 6eKMOPHo20 cAYwalinozo npouyec-

ca &(t).
Bamewanne. [na cymecrsosanus m(t) u Re(t,7) upu seex t,7 € T
JIOCTATOYHO BBHINOJHEHHS YCIOBUS

M{|E@))? =M{G@))P +...+ [€()]*} <o VteT. (1.9)

IIpumep 1.15. Iycrs £(t) = G(A)U, t € T, tne U € R™ — Hekoro-
porif crywaitaenit Bektop ¢ napamerpamu M{U} = my, cov{U,U} = Ry,
a G(t) — nerepMmHWpOBaHHAS MAaTpudHAs (DYHKIUS Da3sMepa mn X m.
Haittu m(t), Re(t, 7).
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Pemenue. B coorBercrBuu c onpenenenmem 1.20

m(t) = M{{(t)} = G(t) my,
Re(t,7) = cov{G(t)U, G(r)U} = G(t) cov{U,U} G*(r) = G(t) Ry G*(r),

a KoBapuanuonnas Marpuna De(t) cedenus £(t), t € T, uMmeer BUJ

De(t) = Re(t,t) = G(t)Ry G*(t). m

Onpenmenenne 1.21. Ilycres {&(t), t € T} — neficTBUTENbHBII
caydaifHbpli npomecc. JleTepMHHMDOBAHHAs BEINECTBEHHAd (DYHKIUS
mg(tl, ooy ti), t1, oo, ty € T, onpesiesisieMasi COOTHOIIEHTEM

me(te, .o te) = M{E(t1) ... &(te)} =

= Jxl...ftdeg(:Ul, R S A ...,tk),
RE

HA3bIBAECTCH CMEWAHHBIM MOMERMOM nopadka k cayvatinozo mpouec-
ca &(t).

Onpemenenme 1.22. Ilycres {&(t), t € T} — meficTBuTenbHBIH
ciaydaitaeiii  mporecc. /lerepMuHUpOBaHHAs KOMILIEKCHasi (DYHKIAS
Ue(z1, ..., 2k; t1, - .., tg) BEIIECTBEHHBIX IEPEMEHHBIX 21, . . . , Zk, OIPeIe-
JiieMast JiJisl IIPOU3BOJIBHOrO HAbopa t1, ...,t, € 1 cooTHOMEHUEM

k

Uelz1, ooy ity ooy ty) = M{exp(i 3 ij(tj))} -

i=1

k
= Jexp(i szwj) dFe(zq, ... ok t1, ..o, ),
RE Jj=1

Ha3BIBAETCA xapaxmepucmuveckol pyrwkyuet k-meprozo pacnpedeserus
npouecca &(t).

Sameganune. I3 kypca Teopun BepOSTHOCTENl M3BECTHO, YTO XapaK-
TepucTHYeCcKasi PYHKIU k-0 TOPSIKA TO3BOJISET BOCCTAHOBUTE COOTBET-
CTBYIOILYIO k-MepHYI0 DYHKIHIO PACHPEIEIICHHS, [IOITOMY ITH XapPaKTe-
PUCTUKHU TIPU OMUCAHUY BEPOATHOCTHON CTPYKTYPHI CIIYyIaitHOTO TTPOIEecca
SIBJISIIOTCS B3anMo3aMensieMbiMu (CM. 1. 14.6).

IIpumep 1.16. B ycnoBuax mpumepa 1.12 HaliTH XapaKTepUCTHIe-
ckyio dyHKImo nporecca £(t), eciu JOMONHATEIBHO H3BECTHO, IT0 X —
TayCCOBCKasd CIyJaliHas BEJITIMHA.
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Pemenue. Ilycrs n = Zk: z;&(t;), rorma B cuiry £(tj) = X(t;) nomy-
qaeM n = X zk: zjp(t;), no;:cl)My 7 — TayccoBCKas CIydailHas BeJMYdHA
CO CpeJIHUM I;:;HCHepCI/IEI‘/’I:

k k 2
mn:mxjgzjgo(tj), D, =Dx (jX_:lzjgo(tj)) . (1.10)

Orciona morydaeM BbIPAKEHHE I XaPAKTEPUCTUIECKOW (DyHKIIAN:

; . 1
We(z1, ooyzk te, oo ty) = M{e} = exp{zmn— §Dn}a

rae my, D, onpenenenst B (1.10) u yureHo, 4To Jyist rayCCOBCKOM Cirydaii-
Hoit Besmuunbl ) npu Jobom A € R! cnpaseyuso (oM. 1. 14.6)

M{e”‘"} = exp{i)\mn — )\;Dn}- ]

SamedgaHnue. Boimre 6611 BBeZIeH B paccMOTpeHUe OEJIBIi MyM ¢ JIuc-
KPETHBIM BpEMeHEM, T.€. II0CJIeJOBAaTeJbHOCTh IeHTPUPOBAHHBLIX HE3a-
BUCHMBIX H, CJI€JOBATEIbHO, HEKOPPEJINPOBAHHBIX CIyYalHBIX BEJIUYMH.
s ciiydast HEIpepHIBHOI'O BPEMEHH 10 AHAJOTWUA BBOIUATCS MOHSITHE
6en020 wyma Kak mporecca &(t) ¢ MOMEHTHBIME XapaKTePUCTUKAMU

mg(t) =0, Re(t,s) = o?5(t — s),

rne 6(7) — penbra~-dynknus dupaxka (cm. m.13.5). OdeBnmHo, UTO
Re(t,s) =0, ecnu t # s, T.e. CeIeHH STOrO IPOIECCA, JaKe IPH OIEHD
6am3KuX t u s, HekoppesupoBaHbl. OHako £(t) He sBIsercs THIBGEp-
TOBBIM CJIydafiHbIM mporeccoM, tak Kak De(t) = Re(t,t) = oo upu Bcex
t € T. Takum obpaszom, 6eJIbIil IIIyM C HETPEPHIBHBIM BpeMeHEM (DU3UIECKH
HepeaJ3yeM, OJHAKO OH sBJISETCd YJODHOM MaTeMaTWdecKOl MOIEIbIO
JIIsT ONACAHUS JIMHAMUYECKUX CHUCTeM, (DYHKIMOHUPYIONUX B IPUCYT-
CTBUHW TIOCTOSHHO AEHCTBYIOMUX CiydaiiHbix Bo3mymenwmit (cm. ror. IIT).

1.5. 3aga4ym aJjisi CaMOCTOATEJILHOTO peIleHUsd.

1. Jokazarp cBoiicTBa 1-6 koHeYHOMEpPHBIX pacupeaenenuii (1.1).

2. Jlokazarb cBoiicTBa 1-6 jJis cemeiicrBa KOHEYHOMEPHBIX PaCIIpe/iesieHui,
HalIeHHbIX B mpuMepax 1.3, 1.4.

3. B ycoBuax npumepa 1.4 mocrpouTs my4ok Tpaekropwuii mponecca £(t),
e X 'Y pacmpeneiieHbl paBHOMepHO Ha orpeskax [—1,0] u [0,1] coorBet-
CTBEHHO.



28 OCHOBHBIE [TIOHSITUA TEOPUU CJIVUAUHBIX [TPOLIECCOB [FJI I

4. Jlokasarp, uro ana cymecrsopanua mg(t), De(t), Re(t,7) npu seex
t,7 € T pocrarouno, 4robbl BbioaHsIocH yeaosue M{[E(t)[*} < oo Vi € T.

Ykazaunue. Bocnonb3oBaTbesa HepaBeHCTBOM Komm—ByHAKOBCKOrO.

5. [lokasars, uro D¢ (t) = Re(t,t).

6. ITycrs B npumepe 1.4 X u Y uMeloT mIOTHOCTH pacHpeleseHus p(z)
u py(y). Haittu aBymepHyio mioTHOCTH pachpesenennst nponecca &(t). Tloka-
3aTh, YTO pACHpe/esIeHus MOopsaaKa k > 3 IIOTHOCTH HE UMEIOT.

Y ka3anune. BocmosnbzoBarhes hopMyIioit npeobpa3oBaHus JIOTHOCTH IPH
HEBBIPOXK/IEHHOM Mpeobpa3oBaHuM CiaydailHbix BeauduH. [lokazarb, 94TO Mepa
coBmectHOrO pacupeznenerus {&(t1),&(t2), ..., &(tk)}, k = 3, cocpenorouena Ha
HEKOTOPOM JIMHEHHOM IIOJIIPOCTPAHCTBE PA3MEPHOCTH 2.

Orser. p.(z1,T2; t1,t2) = ! Pyl T — T2 p r2 7 IS
t e ’ » to — 11 X to —t1 Y to —t1

MOMEHTOB tgy > t1.

7. Ilycrb B mpumepe 1.13 ciy4aiinble BeJuIuHbl X; ABJIAIOTCH HE3aBUCHMbBI-
Mu u rayccoBekumu ¢ pacupenenernem N (0; 1). Haiita Fe(z; ¢).

Ykazauune. OupenesnT MaTeMaTHIECKOE OXKUJAHUE U TUCIEPCHIO TIPO-
necca £(t).

8. Tlycrs £(t) = Xt* 4+ Yt, t > 0 — caywaiinsnit mporece, rae X, Y — nesa-
BUCHMBI€E CJTy4aiiHble BeJIMYUHbI ¢ rayccoBckuM pacupeeiaenuem A (0; 1). Haiitu
BEPOSITHOCTH TOTO, YTO TPAEKTOPUSI MOHOTOHHO He yObIBaerT.

Orser. P{{(t) —neyboBatomas ynkuna} = P{X > 0,Y >0} = 1/4.

9. B ycinoBusx npegpiiayiieil 3aja4u HailiTu BEPOATHOCTD CJIy4aifHOro coObl-
ia A = {rtn>1(r)1$(t) < 0}.

OrBer. P{A}=P{X >0,Y <0} +P{X <0,Y >0} =1/2.

10. Cuywaitasrii nponecc 3aman cootHomenunem &(t) = X + at, ¢ > 0, rme
X — «iyuaiiHasi BeJIMYMHA C HEIPEPbIBHON (pyHKIUueR pacupejeseHus,
a a > 1 — gerepMmHmMpoBanHag nocrosguHad. [lycts D C [0,00) — HEKOTOpOE
KOHEYHOE MJIM CYETHOE MOAMHOXKeCTBO. HaiiTn BepogTHOCTH COOBITHIA:

1) P{{(t) = 0 xorst Gb1 mast ogHoro t € DY

2) P{{(t) = 0 xora 661 gz opmoro t € [0,1]}.

Orser. 1) 0; 2) P{—a < X <0}.

11. Haittn xoBapnanmonnyio dynkuumio nponecca &(t) = X cos(t +Y), rme
X, Y mesaucnmbl, X nmeer pacnpeznenenne N (0;1), a Y nmeer paBHOMepHOe
pacrpenesienne Ha [—m, ).

Orser. Re(t,7) = cos(t — 7).

12. Haiitnn MaTeMaTHYecKOe OXKHUIaHNe W KOBaPUAINOHHYIO (DYHKINIO KOM-
ILUTeKCHOro CTydafinoro mponecca £(t) = Ue'V?, rne U, V — mesaBuCHMEBIE CITy-
vaiinbie Besmunubl, M{U} =0, D{U} = D, a caydaiinas Besuuuna V pac-

«
npefiesieHa 1o 3akoHy KoInm ¢ MIOTHOCTBIO BEPOSTHOCTH Py, () = ————,
m(a? + 22)
rae a > 0.
oo
cos Bz
Ykazaunue. Bocrosb3oBarbcs TabJIUYHBIM HHTErPAJIOM ) dx =
« T
= T —alfl -
(64

OTBer. mg(t) =0, Re(t,7) = De—clt=I
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§ 2. OcHOBHBIE KJIacChl CJIyYailHbIX IIPOIECCOB

2.1. TayccoBcKue cily4daiiHble IPOIECCHI.

Onpenmenenme 2.1. JelicrBureannsiii caydaitasiii npomece {£(t),
t € T'} Ha3BIBAETCH 2aYCCOBCKUM, ECIIU €r0 XaPAKTEPUCTUIeCKasd (PYHKIU
umeer BUJL,

k

\Ifg(zl, R 2 N ,tk) = M{exp(i Z ij(?fj))} =
j=1
K L.
= exp(i Y zmelt) = 3 303 Reltuty)az ), (2.1)
j=1 1=1j=1
riue zy, ...,2r — IPOU3BOJIbLHBIE BEIIECTBEHHBbIE Yucia, ti, ...,tx € T, a

me(t;) = M{E(t)},  Re(ti,t;) = cov{{(t),&(t))}
XapaKTepucTrIecKyio (DYHKIHIO MOKHO MPEICTABATL B BHIE
Ue(z; b, ..o yte) = exp(iz*m5 - %Z*Rgz) , (2.2)

rne z =9z, ..., 2, }", me = {ms(tl), ...,mg(tk)}* u Re = {Re(ti,t5)}

Kaxk y2ke roBopusioch panee, xapakTepucrudecKast hOyHKIHs TOTHOCTHIO
ONIpeIeNIsieT pPacIpejie/ieHne COBOKYIHOCTH CIyYailHbIX BEJIUYWH, U TEM
CaMbIM 33JIaHO U [IOJIHOE CEMEHCTBO KOHEYHOMEPHBIX PaCIIPe/Ie/IeHuUi.

Bameuwanma. 1) U3 kypca Teopum BEpOATHOCTEH W3BECTHO, UTO
rayccoBCKHil ciydaiiHbIl BeKTOp 1) = {1, ...,Mk}" ¢ MarTeMaTHIECKUM
OKUJQHHEM TN, M KOBapHAIMOHHOH Marpuneil I, uMeer IIOTHOCTD pac-
npeiesIeHus pn(x) TOrJa U TOJBKO TOLJa, KOrja Marpuia R, — HeBbIpo-
xkaennas, T.e. det[R,] > 0. B srom ciyuae

1 1 .
p,(z) = R EE exp{fi(x —m, )R, Yo — mn)} .

Takum obpasoM, ecii MaTpuna Re = {Re(t;,t;)}i j=1, ..k IONOKUTEIHHO
OmpenesieHa, TO COBMECTHoe pacupenenenue cedenmit {&(t1), ...,&(tk)}
AMeeT MJIOTHOCTh BEPOATHOCTH

1 1 .
pg(xa tlu v 7tk) = (27r)’“/2(det[R5])1/2 exp{fi(x o mg) R§ l(x o mg)}v
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rae me = {mg(t1)7 RN mg(tk>}*7 Re = {Rﬁ(ti7tj)}7 T = {1'1, oo 7$k}*'
CBa3b MexKJy XapaKTepucTHuecKoil (pyHKImeil U ILJIOTHOCTHIO paciipeje-
JIEHUA k-ro nopdaKa UMeeT BUJJ

pﬁ(ma ty, ... >tk) = (271')71C J eiiw*quﬁ(‘z; ty, ... 7tk) dz.

RE
Ecnu xe det[R¢] =0, To sTo osmadaer, aro cedenus {&(t1), ...,&{(tx)}
JMHEHHO 3aBHCHMBI, a HX COBMeCTHoe pacmpeneienue Fg(z;tq, ..., tg)

IJIOTHOCTH HE MMEET.
2) Herpyamo mpoOBEpHTH, YTO CeMEHCTBO KOHETHOMEDHBIX TayCCOB-
CKFX paclpeJiesieHnil, COOTBETCTBYIONIEE CEMENCTBY XapaKTePUCTUIECKIX
dbyukunmit (2.2), ynosnersopsier ycaoemsm 1-6 Teopembr Kommoroposa
(em. 1.1.3). Takum ob6pasom, npousBosbHbI HabOp {£(t1), ...,&(tk)}
cedeHuil rayCCOBCKOI'O C/1y4alHOIO IPOLECCA ABJIACTCH CJIyJalHbIM BEK-
TOPOM C TayCCOBCKUM paclipefiesieaneM. [lo9epKaeM TaK»Ke, 9TO BCE ITH
DACIPEJIENIEHUsT C02AaC08aHbL (B CMBICIE onpeaenenns 1.9).

3) U3 ompesesieHnsT TayCCOBCKOTO ITPOIECCa CIELYET, 9TO CeMEHCTBO
€r0 KOHEYHOMEPHBIX PACHPEIEICHHUN ITOJHOCTHIO ONPEIENIeTCs JABYMs
MOMEHTHBIMHA XapaKTePUCTHKAMW: MATEMATHIECKAM OXKHMJIAHUEM U KOBa-
puanuonuoOil byHKIHEH.

IIpumep 2.1. IIycrs Xy, ..., X,, — COBOKYIHOCTD CJIyIaiHBIX BEJIH-
9WH, COBMECTHOE pacIlpeiejieHne KOTOPhIX — rayccoBckoe. [lokazars, aTo
CJIy4JaiHbIl IIpo1ecc

£(t) = 3 X, £ ,(b),
=1

rzae f,(t) — HeKoropble JeTepMUHEPOBAHHbIE (DYHKIIUH, SIBJISETCS IayCCOB-
cknM. Haiitn maremarmdeckoe oXXKugaHWEe W KOBapPUAIMOHHYIO (DYHKIHIO

npornecca &(t).

Pemenwne. Jlna HeKoTOpOro Habopa MOMEHTOB BpeMeHH {t1, ..., Tk}
HafiieM xapakTepucTnIecKyo OyHKINIO COBMECTHOTO PACTIPE/IEIEHNsT Ce-
qgennit {(t1), ...,&(tk)}. o onpenenenuto
\Ilﬁ(zla sy Rk tlv "'7tk) =

n

:M{exp(iéf(tj)zj>} :M{exp(i Zlel(tj)Zj>} =

j=11=1

~
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rae a, = Z f1(tj)z;. IlockonbKy COBMECTHOE pacLpeeseHue CILy ailHbIX
BEJINYUH {Xl, ..., X} ABIsieTCS TAyCCOBCKAM, TO

\Ifg(zl, ey 2k B, ...,tk) =

- exp(ilzn:M{Xl}al 13 eov{X, XY aan ).

llml

,Z[anee, IOJCTAaBJIAA BbIPpaKE€HUA IJIA al, HaXOJUM

ZM{X ba;= ZM{§ )}z

j=1

n n k k
D> coviX Xptaam =) > cov{{(t:),&(t))} ziz,
I=1m=1 i=1j=1

rae

M{¢(t)} = ZM{Xl}f t) =me(t),

cov{{(t),(s)} = Z Z cov{X,, Xm} f1(t) fm(s) = Re(t, s).

=1m=1

Takmm o6paszoM, nponecc &(t) ABIAETCA TayCCOBCKUM, MOCKOIBKY €ro
xapakrepucruieckas QyHKimsa ygosiersopsier onpegesennio 2.1. Ko-
HEYHOMEDHOE PaclpeJielieAne k-ro Mmopsijika B TOYKax {t1, ...,lr} mMeeT
I0THOCTD, ecin Marpuna Re = {cov{{(t;),&(t;)} }4,j=1, ...,k HOIOMKMTEIL-
HO oIlpejiesieHa. M

ITpusesem npuMep rayCCOBCKOTO NPOLECCA, HE MMEIOUIErO MJIOTHOCTH
pacupegenenus k-ro nopgaka (k > 2).

IIpumep 2.2. HaiiTu mIOTHOCTH OJHOMEPHOTO paCIpele/IeHUs Tayc-
COBCKOTO CJIy9aiiHOro IIporecca

Et)=X+t, t>0,

rne X — cayuaiinas BesumumHa ¢ rayccosckuM pactpesestenuem N(0; o2),
o > 0. Ilokazars, 9To £ He UMeET TIIOTHOCTU pacupeesienns k-ro mopsiIKa
upu k > 2.

Pemenmne. Cuyuaiinas BenmunHa &(t) UMeeT raycCoBCKOe pacipe/ie-
nerme N (t;0?). [lostomy B cuiy o > 0 pacrpe/eseHne IepBoro MOPSAIKa
caydaiiHoro mporecca &(t) uMeeT MIOTHOCTD

pe(ws t) = \/21—7” exp {—%} :
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OpnHako y2xKe pacupejeseHne nopsaaka k = 2 He uMeeT IJIOTHOCTH, TaK KaK
MaTpHIa KOBapHUaIuit

a? o?
Re = {eovie(t). € igmra = (2 0 )

BbIpOKIeHa. OTCYTCTBHE ILUIOTHOCTH OYEBHHO, MOCKOJIBLKY CIIydaliHbIe
Benmanubl £(t1), £(t2) cBs3anbl coorHomenneM &(to) = &(t1) + t2 — t1 1,
CIeIOBATENbHO, WX COBMECTHOE pacIpefenenne B R? cocpeqoTodeHo Ha
MmHOX)ecTBe {(21,T2): T2 = 1 + t2 — t1}, UMeroIeM HyJIeByo Mepy Jlebe-
ra. s cayqas k > 2 aHagormaHOe pacCyKAeHNE TTOKA3bIBAET OTCY TCTBUE
IJIOTHOCTHU paclpefiesicHns. M

Cueayromuii npuMep JeMOHCTPUPYET IayCCOBCKUil IPOIECC, Y KOTOPO-
r'o Bce KOHEYHOMEPHBIE PACIPEIETeHAsT UMEIOT INIOTHOCTD.

IIpumep 2.3. Ilokazars, 4T0 CymiecTByeT rayCcCOBCKUil CiyvaitHbIit
nponecc {£(t), t > 0} ¢ xapakTepucTuKaMu

M{£(t)} =0, cov{{(t),{(s)} = min (¢, s),

IpUYeM BCe ero KOHEYHOMEPHBIE PACIIPEIeICHAs UMEIOT IIIOTHOCTD.

Pemenune. Ecun dbynkuus Re(t,s) = min(t,s) ssuasercs neorpu-
[ATETHHO-OMPEIETIEHHO, TO CyIeCTBOBaHUEe TayCcCOBCKOro mpornecca &(t)
c mg(t) = 0 n xosapuanmonnoii dynkumeit Re¢(t,s) cuegyer us npume-
pa 1.14 u ero pemenust. Eciu ke Re (¢, $) — IHOI0XKUTEIbHO-OIPeIe/IeHHA,
TO KOHEYHOMEpHBIe pacupenesnenusi nponecca &(t) (B npeanosorkeHnn
rayCcCOBOCTH ) IMEIOT IIOTHOCTH PACIPEICIICHNSI.

Dyuxnus Re(t, s) = min(t, s) 6ygeT HOT0KATETLHO-OIPEIEJICHHOI, ec-

JU i JTIOOBIX Pa3iUIHBIX MOMEHTOB BpeMeHm 0 <t < to < ... < tg
KoBapuanuoHHas Marpuna Re Bekropa £ = {{(t1),&(t2), ..., &(tk)}*, mme-
OmIas B

t1 t1 tq

t1 to to

Re= . :

t1 to tr
ABIAETCS  TIOJIOKUTENBHO-ONpeeJeHHol. IlociieHee  o3HAYaeT, d9TO
2*R¢z > 0 1714 BCAKOTO HEHYJIEBOTro BeKTopa z = {z1, ..., 2, }* € RE. Jlna

J0Ka3aTeJIbCTBa 3TOro (PakKTa PACCMOTPUM (PYHKITHIO
k
f(s) = Z ZiI[O,ti](S)v
i=1

rae Ijo,¢,)(s) — mamuraTopHas dynkmua orpeska [0,t;]. B cmmy Toro uto
Bee t; > 0 pasnu4Hbl, a z; He PaBHBI HYJIO OMHOBpeMeHHOo, hbyHKmusd f(s)
HE PaBHA HYJIIO TOXKJIECTBEHHO. [oaTomy

t

j|f(s)\2ds >0 upn t 3>t

0
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Torna
[ £ ds = 303 22 [ Lo, (5) o1, (5) ds =
0 i=1j=1 0

k&
=3 zizjmin(t;, t;) = 2" Rez > 0,

i=1j=1

YTO W O3Ha4daeT MOJOKHUTEIbHYIO OIIPEJeJCHHOCTh KOBapUAIMOHHOM
Marpunsl Re. Takum o6pa3oM, COBMeCTHOE pacIpejesieHHe CedeHHil
&(t), ..., &(tk) rayccoBekoro mpomecca £(t) mMeeT IWIOTHOCTH. M

Onpenenenne 2.2. TayccoBekuit ciyvaiinstii npounecc {£(¢), t > 0}
C HENPEPBIBHBIM BPEMEHEM, MOMEHTHBIMU XaPaKTEPUCTUKAMIE

M{{(t)} =0, cov{{(t),{(s)} = min(t, s), t,s>0,

n BexXOngAmHit u3 Hyasd, T.e. £(0) = 0, HasbBaeTCa cmandapmHbLM BUHE-
POBCKUM NPoyeccom (AIA NPOUECCOM BPOYHOBCKOZ0 J8UNCEHUA).

DTOT mporiecc 06/1a1aeT MHOTMHA 3aMEUIATEIbHBIMI CBOMCTBaMA U Oy-
JeT TMOAPOOHO M3ydaThCsd B TJIaBE, TOCBAIIEHHON CIIyIaitHbIM (DYHKIASM.
31ech MblI IPUBEIEM TOIBKO HEKOTODBIE €r0 CBOWCTBA, KOTOPBIE MOXKHO
BBIBECTHU HEIOCPEICTBEHHO U3 OmpejeseHns 2.2.

IIpumep 2.4. Ilokasars, 9TO NPUPAIIEHUsT TPOIECCA OPOYHOBCKOIO
JBUKEHUS Ha HEEPECEKAIOIINXCS IPOMEXKYTKAX BPEMEHN HE3aBUCUMBI, a
TaK2Ke HANUTHU PACIIPE/IEJIEHUE IPOU3BOJBHOIO IPUPALIEHUS .

Pemenue. Ilpexze Bcero 3amernm, 910 COBOKYITHOCTH IPUPAITEHUIT
mporecca 6POYHOBCKOTO JIBUKEHUST

§(t1) —&(to), &(t2) —&(t1), -, &(tk) — &(te-1),

rme 0=ty <ty <...<tp m &(to) =0, nMeer rayccoBckoe pacmpeseie-
HUe B CWIy rayccoBocru ciydaitnoro sekropa {&(t1),&(t2), ..., & ()} .
[TosToMy mJIst OKAa3aTeabCTBA HE3aBUCUMOCTH TPUPAINEHHH TOCTATOTHO
YCTAHOBUTb MX HEKOPPEJIMPOBAHHOCTH. VTak, JJid MOMEHTOB BDPEMEHH
t; < t; BepHO COOTHOIIECHHE

cov{§(t;) — &(ti—1),&(t5) —&(tj—1)} =

= min(ti, tj) - min(ti, tjfl) - mil’l(tifl, t]') + min(ti,l, tjfl) =0,
YTO O3HAYAET HEKOPPEJMPOBAHHOCTH mpupamennii nponecca &(t) ma npo-
MeXyTKax [ti_1,t;] ¥ [tj_1,t;].

Kak yxxe ormewasnoch, npupamenne &(t) —&(s) mmeer rayccoBckoe
pacmupeenenne. [losromy

§(t) = &(s) ~ N(0; ]t — s]), (2.3)

3 B.M. Munnep u A.P.IlankosB
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rak kak M{{(t) —&(s)} =0 m D{&(t) —&(s)} =t + s — 2min(t, s) =
=t—s/. m

IIpumep 2.5. Halith mI0oTHOCTH KOHEYHOMEPHOT'O PACIPEIEIECHUS
mporecca 6POYHOBCKOTO IBUKEHUS.

Pemenne. Paccmorpum npuparnienus nporecca 6poyHOBCKOTO JIBU-
JKEHUS:

m = &(t1) —&(to), m2=&(t2) —&(t1), ...y me=E&(th) — &E(tr—1),

rme 0 =ty < t; <...<tg. [lockomeky £(tg) = 0, TO

E(tr) =m, &) =m+mn2, .oy Elte)=m+...+ 0.
Iycrs p,(-) — nnornocTs pacnpezenenus BeKTopa 1= {n1, ..., Mk}",
a p, () — mroTHOCTH pactpesenenns npupamenns 7;. Torga mrorHOCTS
pacnpenenenus Bekropa & = {£(t1), ..., &(tk)}* paBra
pg(xlv ceey Ty tl) - '7tk) :pn(xlv‘rQ —T1y -, Tk — xk—l) -

:p"']l(wl)p"lz(l‘2 - .’L'l) e pnk(l‘k - wk71)7

rje 1IepBOe PABEHCTBO CJEAyeT U3 TOI0, 4TO sIKOOMaH pPeo0pa30BAHMS
7 — £ paBeH MO0 MOAYJIIO 1, & BTOpOE MOJIyI€HO C y9eTOM HE3aBHCAMOCTHU

CIIy9alHBIX BEJINYUH 7)1, ..., M. Torga us (2.3) ciuenyer
k 1 _ (wi—wi_1)?
Pe(rs ki b, o t) = [[ e e Tt (24)

=1 £/ 27T|ti — ti71|

rneto=0maxg=0. m

B npmiioXKeHusAX BecbMa, 9acTO MPUXOJATCI UMETh JIEJO C N-MEPHbLMU
2ayccosckumu npoueccamu, rae n > 1. Ilo amajoruu ¢ BBEJEHHBIM pa-
Hee ompemenenueM 2.1 mbl Moxkem HasBarh npomecc {{(t) € R*, t € T'}
rayCCOBCKHM, €CJIN TIPH JHOOBIX t1, ...t € T, k > 1 (n X k)-MepHBIi city-
waitaerit BekTop n = {£*(t1), ..., &*(tx)}* mmeer rayccosckoe (n X k)-mep-
HOoe pachpejieJieHre. Bce CBoOHCTBa TaKOro HPOIECCa MOJHOCTHIO OMpe-
JEIIOTCA N-MepHOU (pyHKIHEHl MaTeMaTHIeCKOTO OXKUIAHU 1M g(t) u
(n X n)-MepHO# (T.e. MaTpUIHOI) KoBapHaImOHHOH dyHKImel Re(t, s),
KOTOPasi BBIYUCJSETCS CJIELYIOMIM 00pa3oM:

Re(t,5) = M{ (¢(t) = mg(t))(€(s) = m(s))"} =
= M{£()E" ()}~ me(thm ().
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2.2. Cuy4yaiiHble MPOIECChl C KOHEYHBIMU MOMEHTAMU BTOPOTrO
nopsiika. MHorre MpUKIaIHble 3aa9i B 00JacTd (DU3UKKA U TEXHUKU
JO0IIYCKaIOT peneHne, OCHOBaHHOE Ha MCIOJb30BaHUU JIMIH NEPBLIX JIBYX
MOMEHTHBIX XapPaKTEPUCTUK CIYyJIaifHOrO MpOIecca — MaTeMaTHIeCKOro
OXKWAHWS W KOBapWAMMOHHON (GyHKImm. DTO Tem bojee ymo0HO, MMO-
CKOJIBKY 3TH MOMEHTHBIE XapaKTEPUCTUKUH MOYKHO JOCTATOYHO MTPOCTO
BOCCTAHOBUTD, 00pabaThiBas CTATUCTUYECKUE JaHHBIE. B JaHHOM ITyHKTE
M3JIAraloTCsi OCHOBHBIE CBOWCTBA MPOIECCOB C KOHEYHBIMU MOMEHTAMU
BTOPOTO HOPsiJIKa (MMIbOEPTOBBIX IPOIECCOB), KOTOPBIE OYIyT MOCTOSTHHO
HCHOJIB30BATHCS B IOCJIEYIOIIEM.

B coorBercTBuE ¢ omnpeesenneM 1.18 MBI paccMaTpPHBAaEM KOMILIEKC-
HbI€ IIPpOLECChI, IPpEJICTaBUMbIEC B BU/IE

€(t) = X(t) +iY(t), teT,

rae X (t),Y(t) — meficTBuTesbHBIE ClydaliHbIE MPOLECCHl ¢ KOHEYHBIMU
MOMEHTaM# BTOPOTO MOPSIAKA. B majpHERIEM Juisi NPOCTOTHI MPETIONa-
raercs, ayro M{&(t)} = 0 goa Beex t € T'.

Onpenenenne 2.3. Kopapuanuonnas dbyHKus npomecca &(t) nme-
er By

Re(t,5) = cov{£(t), £(5)} = M{£(WER) }

rJie Z 03HA9aeT KOMILIEKCHYIO BEJMYUHY, CONPAKEHHYIO K Z.

K kiraccy rusib6epTOBBIX IIPOIECCOB OTHOCATCS PACCMOTPEHHBIE B IIpe-
JIbIIYLIEM IIyHKTE I'ayCCOBCKME IIPOLECChl M, B YaCTHOCTH, HPOIECC
6poyHOBCKOro aBuzKeHusA. Cllelyromuil MPOIece TaKKe ABJIAETCH THIb-
6epTOBbBIM.

Hpumep 2.6. Iycrs cayuaitmas dynkmus £(t) = Ue'@tte) t € R,
rne U — nefictBurenbHas ciydaiinas seaudusa ¢ M{U} =0, D{U} =
= D < oo, a ciyuaiinasi BeJMuYMHa @ He 3aBucuT or U u paclipejelieHa
npom3BoIbHEIM 06pazoM Ha [0, 27|. IlokasaTh, 4To ciryvaiinas QyHKIAS
&(t) siBasieTcss TMIBGEPTOBBIM MPOIECCOM, U ONPENEJUTh €€ MOMEHTHBIE
XapaKTEePUCTUKH.

Pemenne. B cury He3aBHECHMOCTH CIydYailHBIX BeJuduH U U

me(t) = M{£(t)} = M{Uei(“’tﬂ’)} - M{U} M{ei(mﬂ’)} —0,

D(t) = M{[¢(t)]*} = M{U?} = D < oo.

Taxum o6paszom, &(t) — aeficrBurensro TnIbGepToB ponecc. Onpemennm
€ro KOBapHaIlMOHHYIO0 (PYHKIIUIO

Re(t,s) = M{g(t)@} - M{Uzei(wwso)efi(wsw)} _ Deit-5) m

3*
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Kosapuanuonnas cbyHKLu/Iﬂ ABJISACTCHA  HEOMPUUGTNEALHO-ONPEDENEH-

Hot, T. €. I MIOOBIX t1, ...,t, € T U IPOU3BOJBHOTO HaOOPa KOMILIEKC-
HBIX gucen {21, ..., 2n}, N > 1, IMEET MECTO HEPABEHCTBO
n n
Z Z ZiEjRg(ti,tj) > 0. (25)
i=1j=1

OTO COOTHOIIEHUE IOy IAETCH CAEAYIOMUM 00pa3oM:

n

0< {Z zi&(t; } Z Z ziZjcov{&(t; i ; iZjRe(ti, t5).

=1 i=1j=1

IIpuBeseM OCHOBHBIE CBONMCTBa KOBapHAIMOHHON (DYHKIHUH, KOTOPBIE
HEMOCPECTBEHHO BBITEKAIOT U3 CBOMCTBA HEOTPUIATEJLHOI OLpeIeseH-
HoctH (2.5).

Teopema 2.1. Kosapuayuonnas Pynryus Re(t,s) euavbepmosa
cayuatinozo npouecca {£(t), t € T} obaadaem caedyrouumu ceoticm-
samu;

1) Re(t,t) = De(t) = 0 0das scex t € T

2) K06aPUALUOHHAA PYHKUUA A6AAEMCA 3pMmumosot, m.e. ydoeae-
MEOPALT, YCAOBUIO

Rg(tl,tg) = Rg(tg,tl) th,tz € T,

3) kosapuayuornan Pynryus ydosaemeopsem nepasencmsey Kowu—
Bynaxosckozo

|R§(t1,t2)\2 < Re(ty,t1)Re(ta,t2) Viti,ty €T

4) Oas ecex ty,ta,t3 € T umeem mecmo HepaceHcmeo

|Re(t1,t3) — Re(t2, t3)[* <
< Rel(ts, t3)[Re(t1,t1) + Re(t2,2) — 2Re Re(t1,12)].  (2.6)
Ecim mampl 1Ba THIBOGEPTOBBIX CIIyYailHBIX MPONECCa, TO MOXKHO
OIpEe/Ie/INTh UX B3aUMHYI0 KOBAPUAIMOHHYIO (YHKIMIO (CM. Ompesese-
Hue 1.19).
Bameuwanme. Ecm £(t) = X (¢) + Y (¢), tme X (t), Y (¢) — nentpun-

POBaHHBIE ,ZLeI.?'ICTBI/ITeJIbHI)Ie IpOoIecChbl C KOHEIYHBIMU JUCHIEPCUAMU, TO

Re(t,s) = M{(X(t) +4Y (£))(X(s) — 1Y (s))} =

= Ryx(t,s) + Ry(t,s) — i[Ryxy(t,5) — Ry x(t,3)].
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Teopema 2.2. Jaa scakxoti neompuyamenvro-onpedesernoti Gyrm-
yuu R(t,s), t,s € T cywecmsyem zuavbepmos cayuaiinod npoyece {£(t),
t € T} ¢ xosapuayuonnoti dynryuet Re(t,s) = R(t,s).

SBameuanue. Iy AelcTBUTENBHON KOBAPUAIIMOHHONW (DYHKIUU pe-
3yJIBTAT TEOpEMBI BhITEKaeT n3 npumepa 1.14. B stom ciryuae mponece £(t)
MOYKHO BBIOpATh JeHCTBATEIHLHBIM U TayCCOBCKUM, MOCKOJIBKY 3aJaHHAS
KOBapHaluoHHas QyHKIHs 00Ia1aeT CBORCTBOM HEOTPUIATEILHON Ompe-
JICJIEHHOCTH.

Kitacc koBapuanuoHHbiX (byHKIWHE 00JIaJaeT CIEIYIONUMA CBORCTBA-
MM 3aMKHYTOCTH OTHOCUTEJIHHO Psijia Olepaluii.

Teopema 2.3. Ilycmv Re,, Re, — wosapuayuormnvie Gynryuy Hewo-
MOPLIT  CAYHATHBLT NPOUECCOB, ONPEICAEHHVL HAG O00HOM U TMOM HCE
mnodicecmee T. Tozda ay Re, + aaRe, npu oy, 0 > 0 maxowce asraemcsa
K08apuayuorHol Pyrkyuet Hexomopozo 2uabbepmosa npoyecca.

Teopema 2.4. Iycmo {R¢,(t,s), n=1,2,...} — nocaedosamenrn-
HOCMb KOBAPUAUUOHHBLL GYHKUUT HEKOMOPBIT 2UAbOEPMOBHIL CAYHATHBIL
NPOUECCO8, ONPEICAEHHBT Ha 00HOM U Mmom dice mmoxcecmee T. Tozda
ecau R, (t,s) = R(t,s) npun — oo das scex t,s € T, mo R(t,s) maroice
ABAAEMNCA KOBAPUAUUOHHOT PyHKYUetd Hexomopozo 2uivbepmosa cay4ail-
HO20 npoyecca.

Sameganune. JloKka3aTesbCTBO 3TUX TEOPEM CTAHOBUTCS OYEBUIHBIM,
€CJIM PUHATH BO BHUMAHUE, YTO IPU CJIOKEHUU KOBAPUAIUOHHBIX (DYHK-
Uil ¢ HEOTPUIIATEJILHBIMI BECAME W TP MPEIEILHOM TepeXoe CBOMCTBO
HEOTPHUIATEJIHHOM ONPEIESIEHHOCTH COXPAHSIETCS.

[ToBenenue TpaeKTOpHil FUILOEPTOBBIX MPOIECCOB OIPEIEIAETCS CBOM-
CTBaMU €ro KOBapUAIMOHHON (DYHKIIUHU JIUITh B HEKOTOPOM YCPETHEHHOM
cumbrcite. [ogpo6HO CBOCTBA TPaeKTOPHii STOTO KITacca Mponeccos (Hempe-
PBIBHOCTB, Tu(depeHInpyeMoCTh I HHTEIPHPYEMOCTD) PACCMATPUBAIOT-
ca B rur. 111

3aMeTnM, 9TO JUHEHHAsT KOMOMHAIMSA I'MIbOEPTOBBIX IPOIECCOB TaK-
JKe ABJISEeTCs MPOIECCOM ITOTO THIIA.

IMpumep 2.7. Iycrs £(t), n(t) — onpenenennble Ha T ruabGepTOBHI
nporecchl. [lokazaThb, 9TO

v(t) = ag(t) + Bn(t),  laf +1B|* < oo,

TAK2Ke ABJIAETCS THILOEPTOBBIM LIPOLECCOM.
Pemenue. B cuiy nepasencrsa |[v(t)> < 2 (|a&(t)]* + |Bn(t)*) na-
XOZAM

M{|y(®)[*} < 2 (lel*M{[E®) 1} + 1BPM{n(®)*})

rae M{|£(t)|?} < oo m M{|n(t)|*} < oo, nockombky &(t), n(t) — rumsbep-
toBbl nponeccl. Caenoparensuo, M{|y(t)|*} < oo, uro u rpeGopanoch
JI0Ka3aTh. W
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2.3. CranmoHapHble CJIy4daiiHble IIpoIecchbl. BayXHbIM Kiaccom
CITy9alHBIX TPOIECCOB SABJIAIOTCI CTAllMOHApPHBIE Tporecchl. CBOUCTBO
CTALMOHAPHOCTH O3HAYAET HE3ABUCUMOCTH HEKOTOPBIX XaPAKTEPUCTUK Ce-
qeHUWil mporecca oT BpeMenn. KoHEUHO, Ui peajJbHBIX IIPOIECCOB 3TO
ycioBue BeCbMa OI'DAHUYUTEJIbBHO, OJHAKO OHO BbINOJHAETCA JOBOJBHO
9aCTo, eCJIH PACCMATPUBATH MPOIIECC Ha JIOCTATOIHO KOPOTKOM HHTEPBAJIE
BPEMEHH, B TeUYeHUE KOTOPOTO BEPOATHOCTHBIE XaPAKTEPUCTUKH TTPOIECCa
U3MEHSAIOTCS MaJIo.

Onpenpenenwne 2.4. Cayvaitusiii npouecc {{(t), t € T'} Ha3bIBaeTCs

CTMAYUOHAPHBIM 6 Y3KOM CMBICAE, €CIU i1 Tioboro Habopa ty, ...t € T
COBMECTHOE paclpefieieHne ciydaiupix seaudut &(t1 +7), ..., {(tg + 7)
OIHO W TO K€ JJId BCeX T, TAKHUX, 9T0 t1 + 7, ..., tp, + 7 €T

Ecnu cymecTByer MaremaTnaeckoe 02KuIaHUE TAKOTO ITPOIIECCa, TO OHO
TOCTOSIHHO ¥ PaBHO

M{(t)} = M{£(0)}

a koBapuanuonnas (ynkius Re(t,s) (Ipu ycaoBun CyniecTBOBaHUS BIO-
POTO MOMEHTA) 3aBHCHT JIUIIb OT Pa3HOCTH (t — §).

Onpemenenme 2.5. Caywaitustii mponecc {£(t), t € T'} naspiBaerca
CTMAYUOHAPHIIM 6 UWUPOKOM CMBLCAE, ECITH JIJIS TIOOLIX t, s € T, TAKHX, 9TO
t—sel

M{&(t)} = const, cov{&(t),£(s)} = C(t — s).

IIpumepoM cTalMOHAPHOIO B HIMPOKOM CMbIC/IE [IPOLECCA ABJISIETCs
PACCMOTPEHHBII BhIIIe [eHTPUPOBAHHBI Ipolecc u3 npuMepa 2.6, KoBa-
puarmonnas pyHKIMs KOTOporo pasna Det(t=s)

IMpumep 2.8. [Iycrs 3aman rayccoBekuii nponece {£(t), t € T} ¢ mo-
CTOSIHHBIM MaTeMaTndeckuM oxumgannemM M{£(t)} =m u KoBapmannos-
uoit pyukmumeit Re(t,s) = C(t — s). Ilokasars, 9410 9TOT IPOLECC ABJISETCH
CTAIIMOHAPHBIM B Y3KOM CMEICIIE.

Pemenne. Xapakrepuctmieckas QpyHKIuA k-MEpHOrO pacrpejeie-
Hus npornecca E(t) mas ty, ..., t; € T umeer BuJ,

k k k
. 1
We(z1, ooy 2k b, onyte) = exp(z > zjm — 3 > > C(t, —tj)zlzj)
Jj=1

1=1j=1

1 He m3MeHsAeTcd npm 3ameHe Bcex t, ma t,+ 7, I =1, ..., k. Crenosa-
TEJNLHO, W CaMu k-MEpHBIE PACIpPENEICHUsT HE M3MEHSIOTCS IPH 3aMEHE
BCexX t; Ha t; 4 T, IpIYeM 5TO BepHO IpHU BceX k > 1 u m06BIX T, TAKHX,
grot, +7€T. m

IIpumep 2.9. Iycrs {w(t), t > 0} — mponecc 6POYHOBCKOTO JBH-
xenug u 7 > 0. Ilokasare, aro nponecc Z(t) = w(t+7)— w(t), t >0,
SIBJIAETCS CTAIMOHAPHBIM, U HAUTH €ro KOBApUAIMOHHYIO0 (DYHKITHIO.
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Pemenwe. OnpenesmM MOMEHTHBIE XADAKTEPUCTUKH miporniecca Z ().

IMockomery M{w(t)} = M{w(t+7)} =0, To M{Z(t)} =0 =

Rz (t,s) = cov{Z(t), Z(s)} = M{(w(t +7) — w(t))(w(s +7) —w(s))} =
=min(¢+ 7,5+ 7) —min (¢,8 + 7) — min (¢ + 7, 8) + min (¢,5) =

T—|t—s| mpm |t—s|<T,
Lo npn |t —s| > T

Takum obpasom, Rz(t,s) = C(t — s), 9T0 U JOKA3BIBAET CTAIMOHAD-
HoCTb mporecca Z(t). m

HemnocpencrBenrno m3 CBOWCTB KOBapWAInMOHHONW (YHKIUU THIHOEP-
ToBa mpomecca (cM. Teopemy 2.1) BBITEKAOT CJeLyOIIUe CBOHCTBA
KOBAPUAIMOHHOM (DYyHKIMYU CTAIMOHAPHOIO B IIUPOKOM CMBbICJIE [IPOLIECCA.

Teopema 2.5. ITyems C(t) — xosapuayuornas GynKyUA HEKOMOPO-
20 CMAYUOHAPHOZ0 68 WUPOKOM CMbICAE Npoyecca, 3adannozo na T’y mozda
ona obaadaem caedyrowumu ceoticmsamu:

1) C(0) > 0;

2) C(t) = C(—t) 0na scext € T,

3) |C(t)| < C(0) daa ecext € T

4) |C(t1) — C(t2)|> < 2C(0)[C(0) — Re C(t1 — t2)] dan 6cex t1,t2 € T.

CgoiicTBa CTAIMOHAPHBIX CIIYYalHBIX TOCIE0BATEILHOCTER U CITy Jaii-
HBIX (PyHKIHH moapobno paccmarpubatorcs B i1 II w III. Tam ke OymyT
BBEJIEHBI CIIEKTPAJIHLHBIE XapaKTEePUCTUKU CTAIMOHAPHBIX MPOIECCOB, KO-
TOpBIE SABJIAIOTCH YJTOOHON aJIbTEePHATHBON PACCMOTPEHHBIM MOMEHTHBIM
XapaKTePUCTUKAM U IUPOKO UCTIOJIb3YIOTCS JIJIs PEIIeHUs PA3HOOOPa3HBIX
NPUKJIATHBIX 3319,

2.4. MapkoBcKue Ipouecchl. MapkoBcKue CirydaifHble TpOIecchl
00JTaIal0T BasKHBIM CBOMCTBOM HE3aBUCHMOCTH Oy.IyINEro IOBEJEHHUS OT
BCET0 HPOILIOro. DTO CBOWCTBO HA3BIBAECTCA OmMCymcmeuem mnocaedeti-
cmeus. IHadge roBopsl, €ClIM pacCMaTPUBaTh TEKYIIEe COCTOSTHIE TIPOIIECCa,
&(t) B momenT Bpemernn t € T Kak <«HACTOsIEE», COBOKYITHOCTH BCEX
BO3MOXKHBIX cocTogauil {£(s), s < t} KaK «mpolwioe», a COBOKYIHOCTH
BO3MOXKHBIX cocrosuuil {€(u), u > t} kax «Gyaymee», TO 41t MAPKOBCKO-
ro mporecca Mpu (PUKCHPOBAHHOM <«HACTOSAIEM» «OyyInee» HE 3aBHCUT
oT «mporLIoro». ITpu srom cemeiicTBO pacupeeseHuii npouecca Jjist u > t
3aBHCHT JIWIIL OT COCTOSTHUS MPOIEcca B MOMEHT BPEMEHH .

Onpenmenenwme 2.6. Bemecrsennsiii ciaywaiimeii mpomece {£(t),
t € T} Ha3BIBAETCS MAPKOBCKUM NPOYEccom WA npoyeccom Maprosa, ec-
mn gna mobeix ¢, € Tty < ... <ty <tg, ! =1,...,k, Ipou3BOILHOTO
nesoro k > 1 u mo6oro HopeseBCcKoro MHOXKeCTBa B € B(Rl) BBIIIOJTHEHO
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PaBEHCTBO
P{{(te) € B|&(t1), -, &(tk-1)} =

= P{¢(ty) € B | £(teet)}  (Pommw). (2.7)

CgoiicTBo (2.7) Ha3BIBAETCH MAPKOBCKUM C8OTCTNBOM.

Bameganue. B coornomennn (2.7) yCia0oBHBIE BEPOATHOCTU OLPELE-
JISFOTCS. OTHOCHTENIBHO 0-aJirebphl, MOPOXKIEHHON CIIyJafiHBIMU BeJIHdH-
namm {&(t1), ..., &(tk—1)} (B seBoit wacTn) m o-anreGpbI, NOPOXKIEHHOH
ToabKO £(tk—1) (B mpasoit wacru). CoorHomenue (2.7) MOXKHO 3amHCaTh
TaKKe B BUJIE

P{¢(ty) € B | &(t) = 21, .., &(tg—1) = 1} =

=P{¢(tx) € B[ §(tk-1) = w1},

e r; € Rt — IPOU3BOJIbHOE JIOIIYCTUMOE 3HAYEeHUE CIIyIaiiHON BeJIMYNHBI
€t),1=1,... k.

Takum 06pa3oM, BEpOITHOCTHOE PACIIPE/IEIEHIE COCTOSHUS MIPOIECCa
B MOMEHT BpeMeHU lj 3aBUCUT JIMIIb OT TOI'O, B KAKOM COCTOAHUU HAXO-
JTAJICS TPOTeCcC B DIMKANUIITEM TPOIILJIOM, T. €. IPHU t = ti_1, HO HE 3aBUCHUT
OT €ero COCTOSIHWI, MPEIIIeCTBYIOININX MOMEHTY BpemeHu tr 1. MoxkHO
I0Ka3aThb (CM. 3a7a9y 10)7 9TO JIJIsT MapKOBCKOI'O IIPOIECCA MPH JIFOOBIX
B1,BoeBR) ms<u<t

P{&(s) € B, £(t) € Ba | £(u)} =
=P{&(s) € By | £(u)} P{E(t) € Bo | £(w)}  (P-mm.). (2.8)

Onpenenenune 2.7. Ilepexodnan 6epoamHocms MAPKOBCKO20 NPO-
yecca oIpelesaeTca Kak

P(s,z,t,B) = P{&(t) € B | £(s) = =}

npu t > s, v € R, B € B(R!) u ya0BIeTBOPAET COOTHOMEHMIO

P(s,2.t,B) = | P(s,z,u.dy) Pu,y.t, B),
RL

KOTOPOE BBITIOTHAETCS IS BeexX S, u,t € T: s < u < t 1 Ha3bIBAETCA Ypas-
nenuem Koamozoposa—Uenmena.

Onpegmenenune 2.8. MapKOBCKHUIl IIporecc Ha3bIBACTCA 00HOPOOD-
HbLM, €CIIn

P{&(t) € B| £(s) = a} = P(0,z,t — 5, B).

Hanee g kparkocru 6yaem nucars P(0,z, 7, B) = P(z, 7, B).
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s OHOPOJHOrO MapKOBCKOI'O Iporecca ypasHeHue Komamoroposa—
Yenmena ymnpomaercs:

P(e.s+1,B) = | P(z.5,dy) Py.1, B),
R

roe s,t,s+teT.

s onpeiesieRnst KOHETHOMEPHBIX PacIpe/lesIeHnil MapKOBCKOT'O TIPO-
mecca A0CTaTOYHO 3HATh €ro IEePeXOAHYIO0 BEPOATHOCTh M OJHOMEPHOE
pacupefieJieHe B HEKOTODBII Ha4YaJIbHBI MOMEHT BPEMEHH, ITOCKOJIBbKY
C MCIIOTb30BaHUEM (DOPMYJIbI TTOJHON BEPOSITHOCTU W MAPKOBCKOTO CBOM-
CTBa JIErKO IIOJIy9aeTCd COOTHOIICHUE

P{¢(t1) € By, ..., &(tk) € By} =

= Jr(dxo) J P(0, o, t1,dx1) ... J P(te1, Tho1, tr, dzg), (2.9)

R By By,

e 0 =ty <ty <...<tg, Bi,...,Br € B[R, a m(B) = P{£(0) € B}.

Eciu nepexosnast BEpOATHOCTh M HAYAJBHOE PACIPEIEICHUE BEPOAT-
Hocreil nporecca £(t) UMEOT MIIOTHOCTH, T.€. CymecTBYoT p(s,z,t,y),
pe(x; 0), Takue, aro s Beex B € B(R!)

P(s,2,t, B) = [p(s,x,t.y)dy,  w(B) = | p(ao; 0) dro,
B B

TO u Ji00oe pacupeseserne k-ro mopsiiKa TaKKe UMeeT ILIOTHOCTh!

k
Pe(Trs -y T s - te) = J [Ip(tio1, i1, ti, 2:) pe(zo; 0) dao.
poi=1
(2.10)

Dynkmus p(s,z,t,y) HASBIBAETCA NEPerodHoli NAOTMHOCTLIO PACTIPETIETIE-
HIS MapKOBCKOTO TIporiecca i Ipw Beex s,t € T u z,y € R! yaosaersopser
COOTHONIEHUSIM:

1) p(s,z,t,y) > 0 (ycioBue HEOTPHUIATEIHHOCTH);

2) J p(s,z,t,y)dy = 1 (ycmoBue HOPMUPOBK®).

R1

[IpusememM HEKOTOPBIE IPEMEPHI MAPKOBCKHUX IIPOIECCOB.

IIprumep 2.10. PaccMoTpuM mociiefoBaTeIbHOCTh GPOCAHMI CHMMET-
puunoit urpansuoit kocru. Ilycrs ciyuaitnas Besumunmna X, ecTb 4uCiIo
OYKOB, BBINIABIIeE Ha TPaHW NpU n-M Opocammu, n = 1,2, ... Bsemem
[OCJIEIOBATEIBHOCTD CJIyYaliHbIX BEJUYUH 110 IPABUILY

é(n) = max(Xy, ..., Xn).
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ITokazaTk, 9TO MOCIETOBATEIBHOCTD &(N) — MAPKOBCKASA, U OIPEJEJATH
JIJI Hee MTEePEXOIHYI0 BEPOATHOCTb.

Pemenme. Ilycrs mpm mekoropom n > 1, £(n) =i, roe ¢ — memoe
qucsto ot 1 mo 6. Ilpu mocmenyromux O6pocanusx 3HadeHne { HE MOXKET
YMEHBIIUTBCH, HIOdTOMY it j =1, ...,6

0 upu  j < i,
P{f(n+l):j|f(n):i}: i/6 opu  j =1,
1/6 npm j > 1.

B cumiy mezaBucmMocTH pe3ysbraToB OpOCaHWil yCIIOBHAsT BEPOSTHOCTH
[epexo/ia 3aBUCAT JHIIB OT £(n) = ¢ ¥ He 3aBHCHUT OT MOCIIEI0BATEILHOCTH
npeapaymux 3uadennit {. tak, B JaHHOM Cilydae IIOC/IEI0BATEIHHOCTD
SIBJISIETCST MaPKOBCKO#, a MepexojiHasl BEPOSITHOCTH (3a OIVH IIar) Omu-
ceiBaercs Marpuieil P, smementst Koropoil pasusl Pj; = P{{(n + 1) =
:_]|£(TL):Z}, ,j=1,...,6. m

Sameganne. CiaydaiiHas mocjae0BaTEIbHOCTD, OMTUCAHHAS B IIPUME-
pe 2.10, oTHOCHUTCH K Kjaaccy duckpemunr uyeneti Mapkosa ¢ KoHewHbLM
mHoorcecmeom cocmosnuli. Bosee 1moapobHO ITOT KIIACC IIOCIIEI0BATE -
HocTel nsydaercsd B a1 1.

IIponecc, o koropom noitjer pedsb B CIEAYIOMEM IIPUMEPE, OTHOCUTCS
K KJIACCY MApPKOBCKHX CIyJIaWHBIX (DYHKITAH.

IIpumep 2.11. [TokazaTb, 9TO mporecc HPOYHOBCKOTO JIBUXKEHUS —
MAapKOBCKUH, U HAUTU €ro IepexoJHyI0 BePOATHOCTD.

Pemenne. B mpumepe 2.5 MBI HAIIIW TJIOTHOCTH KOHETHOMEDPHOTO
pacupesesieHus I[Iponecca OpPOyHOBCKOTO jaBUKeHHsA. Jljis BbIYucieHus
IJIOTHOCTU YCJIOBHOI'O DAaCIpejiesieHns Bocnosb3yeMcs opmydoit (2.4)
C y4erom Toro, 4ro t; < ... < {tp_; < g

Pe (wp; tr | §(t1) = 21, -+, §(th1) = 1) =

Pe(@1y s @iy 1y o k)

B pg(mly <oy Th—135 t17 "'7tk71)

(2n(t;i — ti1)) M Pexp{ (i — wi_1)?/2(ti — ti—1)}

k

eSS
|
=

(27‘1’(15,‘ — tifl))_1/2eXp{—(CEi - Zi71)2/2(ti — tifl)}

.
Il

1 Tk —Tp-1)”
= mexp{—ﬁ} = P¢ (ks th [ E(tk—1) = T—1).

Takum o6pazoM, TIpoIecc GPOYHOBCKOTO JBUKEHUS — MapPKOBCKUIA, a ero
mepexojiHas BepoaTHOCTL P(s,,t,-) npu dbukcupopanubix r € Rl s <t
npesicTaBisgeT coboil TayccoBekoe pacupenenenwne N (z;t — s). W
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B ciexyromem nmpumepe MBI MOJy9IUM YCIOBHE TOI'O, 9TO IayCCOBCKUI
MIPOTIECC SABJISIETCS MAPKOBCKUM.

IIpumep 2.12. PaccmarpuBaercss IEHTPUPOBAHHBIN rayCCOBCKU
nporecc {(t) ¢ gucnepcmeit De(t) > 0. ITokasars, aTo {(t) ABIsIETCS Map-
KOBCKHMM TOLJ/Ia U TOJBKO TOIJ/IA, KOIJ[a €r0 KOBapHALMOHHAS (DYyHKIHS
R (t,s) ymoBnerBopsier upu t; < to < t3 PABEHCTBY

_ Re(ta,ta)Re(ta, t3)

Re(tn,ts) = e e S, (2.11)

Pemenue. Ilokaxkem HeobxomumocTh. C HCHONIB30BAHEEM MapKOB-
ckoro croiicTia (2.8) mpm ¢ < t2 < t3 HAXOIUM

Re(t1,t3) = M{E(t1)&(t3)} = M{M{{(t1)E(t3)} | €(t2)} =
= M{M{{(t1) | £(t2)} M{E(t3) | £(t2)}} .

IIpu 3TOM B CHILy TEOPEMBI 0 HOPMaIbHOM Koppesanuu (cM. 1. 14.6) umeem

M{E(ty) | €(tz)} = Hellinta)

Re(ta, t2) &(t2) mpu j = 1,3. CrepoBarenbHo,

Re(t1,ts) = M{ e et 5(@)} -

_ Re(ta,ta)Re(ta, ts) _ Re(ta,t2)Re(ta, t3)
_ 1t Rg(t%;) M{§2(t2)} _ fe Rg(t%;) .

Tem cambim Tpebyemoe paseHcTBO (2.11) mokasamo.

Tenephb ycTaHOBEM 0OOGpaTHOe yTBepzKieHHe. J[oKarkeM, 9TO IayCCOB-
ckmit ponece ¢(t), KoBapranuonHasi (PyHKIUSA KOTOPOTO YOBIETBOPSIET
cooTHOIEHNO (2.11), SIBIsSETCS MAPKOBCKHM.

B cmty onpenenenns 2.6 MmapkoBcKoe cBoifcTBO mponecca £(t) o3HagaeT
COBIIQJICHHE YCJIOBHBIX PACIPEIeICHHIA:

Fﬁ(xna tn | g(tl) =T1, .- 7£(tn—1) :xn—l) = F{(xn7 tn | E(tn—l) :xn—l)

npu BcexX t1 < ... < tp—1 < t,. I[lodTOMy B cuay rayccoBocTHm mporecca
&(t) mocTaTOYHO yCTAHOBUTH PABEHCTBA CIIEMYIONAX YCIOBHBIX XapaKTe-
PHUCTHK:

M{E(tn) [ £(t1), - -, €(tn—1)} = M{&(tn) | E(tn-1)}, (2.12)
D{¢(tn) | £(t1), -+, E(tn—1)} = D{&(tn) | £(tn-1)} - (2.13)

JokazkeMm cHadasa paBeHcTBO (2.12). IIpn n = 2 oo TpuBHAaIbHO. [Ipn
IPOU3BOIBHOM 7 > 3 mpeamonokuM, 9To (2.12) BBINOSHEHO i JIIOG0TO
qrcaa MOMEHTOB BpeMeHH, He Oosbimero n — 1.
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O6ozmaamm v = &(tn—1) — M{&(tn_1) | £(t1), - .-, &(tn—2)}, TOrHA
M{g(tn> ‘ f(t1)7 cee 7£(tn72>7 f(tn71>} = M{g(tn> | f(tl)a RN g(tn72)7 ’U} .
Herpynuo mposeputh, uro cov{v,&(t;)} =0, i =1, ...,n — 2, mosToMy

c yaerom M{{(t)} = 0 u rayccoBocTu ciydaiinoro npomuecca £(t) (cM. cBo#-
crBo 6 m3 m. 14.6) momygaem

M{E(tn) [ €(t1), - &(tn—1)} = M{E(tn) [ £(t1), - -, &(tn—2)} +
+ M{E(tn) [ v} = M{&(tn) | E(tn—2)} + M{(En) | v},

TJile BTOPOe PaBEHCTBO IMOJYYEHO B CHJIY HPEANOJIOKeHnsS UHAyKunu. Jla-
Jiee, B CUJLy T€OPEMbl O HOPMaJIbHOM KOPPEJISUU HAXOAUM

M{E(tn) | €(tn_2)} = Leltmtn=2) ey M{g(ta) |0} = o,

RE (t"—27 t"—2)
rae v = cov{{(t,), v} D{v} . Ilo npeamoNOKeHNI0 MHAYKIMH HMeeM

Rﬁ (t"—17 t"—2)

v = ‘S(tn—1> - M{g(tn—l) | g(tn—Q)} = f(tn—l) - R&(tn727tn72)

g (tn—2) )
CJIEJI0BATEJIHHO,

Rf (tnflz tn*Z)Ré (tnv tnfz)
RE(t"—2vtn—2) ’

cov{{(tn),v} = Re(tn;tn-1) =

Rg (tnfly tnfz)

D{U} = RE(tn—latn—l) - Rg(tn—2,tn—2)’

v = Re(tn—2,tn—2)Re(tn,tn—1) — Re(tn—1,tn—2)Re(tn, tn—2)
Rf(tn727tn72)R§(tnflytnfl) - Rg(tnflytnf2) '
Hepr,}IHO OPOBEPUTH, YTO U3 yCIIOBUA (211) ciaenayeTr COOTHOIIIEHHe

R{(tnytn—2) _ Rﬁ(tn—lytn—Q)
Re(tn—2,tn—2) Re(tn—2,tn—2)

:0’

IIO3TOMY

M{E(tn) | €(t2), -, Eltn1)} = mslmin=a) g )4

N RE (tnfzv tn*Z)

+y <£(tnl) — Beltua tna) f(tH)) = 7 E(tn 1)

R§ (tn—27 tn—z)
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IMosmy4uennoe paBeHCTBO HeMeIEHHO Baeder (2.12).
Teneppb JoKa3aTenbcTBo (2.13) HOMyYaeTcs NPUMEHEHHEM TEOPEMBI
0 HOPMAJIBHOI KOPPEJSIUY N yCTAHOBJIEHHOTO paseHcTBa (2.12):

D{&(tn) | €(t1), - -, €(tn-1)} =
= D{&(tn) = M{&(tn) [ £(t1), -+, E(En-1)}} =
= D{¢(tn) — M{&(tn) | £(tn—1)}} = D{&(tn) | €(tn-1)} -

TeMm caMBbIM JZOCTATOIHOCTH ycoBud (2.11) mommocThio nokasana. M

[Ipumep 2.13. [TokazaTh, 94TO TpOIECC OPOYHOBCKOTO ABUXKEHUS SIB-
JISeTCsl MAPKOBCKUM, UCIIOJIb3ys pe3yjbraT npumMepa 2.12.

Pemenue. Tak kak, mo ompejesieHni0, OPOYHOBCKOE IBUYKEHWE —
IeHTPHPOBAHHBII TayCCOBCKHil Ipomecc ¢ mgmcrmepcueit De (t) >0 mpm
t > 0, ToO HAM JJOCTATOYHO HPOBEPUTH BBHIMOJIHEHNE COOTHOImeHus (2.11)
st Re(t,s) = min(t,s) u 0 <ty <t < t3:
min(is, fz) minlfa, ) _ ita _ min (t1,t3) = Re(t1,t3). =

min(tz, t2) t2

Eciu ciyyaiinbiit mapkoBckuii npouecc & (t) nojBepraercs PyHKIUO-
HaJbHOMY TpeobpasoBanuio 1)(t) = f(&(t)) ¢ mekoropoit dyunkumeii f(-),
To mporiecc 7)(t) MOXKeT oKa3aThcsi HeMapKoBckuM. Cieiyromuii mpumep
MOKA3BIBAET, 9TO CBOUCTBO MAPKOBOCTH COXPAHSETCS JJIsi B3AMMHO OJIHO-
3HAYHBIX Mpeobpa3oBaHMii.

Mpumep 2.14. Iycrs £(t) — mapkosekwmit mporece, a f: RY — RY —
HEKOTOPasl B3aMMHO OJHO3HaYHas GopeseBckas dpyHKnus. [lokazaTh, 9TO
n(t) = f(£(t)) — mapkoBckmit mpomecc.

Pemenune. Ilposepum Bbimosnenue yciobus (2.8)
B TOM, 4TO JIjIsi TIPOM3BOJILHBIX MHOMKeCTB By, By € B(R!

P{n(s) € Bi, n(t) € Bz | n(u)} =

=P{n(s) € By | n(u)} P{n(t) € Bz [ n(v)} (P-mm.). (2.14)

B cuny B3amMHO# ommosHawHOCTH f(+) 0-anreGpbl, MOPOKIECHHBIE CIIy-
vajiaeivm Bemmaunaavu & (u) m n(u) = f(£(u)) (cm. onpenmemenme 14.6),
coBmagaoT. CiieoBaTesbHO, (2.14) pABHOCHIIBHO CIIELYIOMIEMY DABEHCTBY

P{&(s) € fH(Bu), £(t) € fH(B2) | §(u)} = P{&(s) € f(B1) | €(u)} x

x P{E(t) € f7H(B2) [ €(w)}  (P-nm), (2.15)

re yureno {n(s) € Bi} = {{(s) € f1(B1)}, {n(t) € B2} = {{(¥) €
€ fYB2)}, fYB;) € B(RY), i = 1,2. Teneps u3 ycmosust (2.8) map-
koBocTH mporecca &(t) HemocpencTBeHHO BBITeKaeT cooTHomenue (2.15),
9TO U TPeGOBAIOCH 10KA3aTh. M

, T.e. ybeaumcs
Jus<u<t
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Sagaga 11 moka3pIBaeT, YTO IpU OTCYTCTBUAU B3ANMHOMN OJHO3HAIHOCTH
orobpazxenns f(-) MapKOBCKOe CBOHCTBO HE COXPaHSAETCHd JaXKe B OYECHb
IIPOCTHIX CJIy4asiX.

2.5. luddy3unoHHble nponecchbl. BaXXHBIM MTOIKJIACCOM Map-
KOBCKHUX IIPOIECCOB SIBJISIOTCS IPOIECCHl C HENPEPLIBHBIM BpPEMEHEM
¥ HENpPEepPLIBHBIM MHOXKECTBOM COCTOsTHHI. TaKwe MPOIECCH sIBJISAIOTCS
€CTECTBEHHON MOEJIBIO JijIs OIIMCAHUS] YBOJIIOLUU JIMHAMUIECKUX CUCTEM,
MTOIBEP2KEHHBIX CIIyIaitHbIM Bo3zeiicTBusiM. Hanbosee n3ygeHHBIMEU B Ha-
CTOSIIIIEE BPEMsl SIBIIAIOTCS NPOUECCH, OuPHY3UOoHH020 MUNAG WU IPOCTO
dugpysuomnnwvie npoyeccot.

Onpenenenune 2.9. Caygaitabiii n-MEPHBIH OJHOPOIHBIH MaPKOB-
ckuit npouecc £(t) HasbiBaerca npoyeccom uddyauonnozo muna, ecin
ero mepexoHasi BEPoATHOCTH P(2,t, B) yJ0BIETBODSIET CIIELYIOIAM YCIIO-
BUSM:

.1
ltlfon n J P(z,t,dy) =0, (2.16)
ly—z|>6
lim 1 J (y — @) P(x, ¢, dy) = a(z) (2.17)
£10 tl < IRg) )
y—z|<

1%1% J (y—a)(y— ) Pz, t,dy) = S(x)  (2.18)
ly—x|<é

Jtst Jiobeix § > 0, © € R™.

Bameuanmue. Ileppoe yciosue obecneunsaer (P-m.H.) HempepbIB-
HOCTH TpaekTopmii mporecca. Oyukmusa a(r) XapaKTepu3yeT CpPEeIHIO0
CKOPOCTBH CMeIIeHnsI 33 MaJioe BpeMsi u3 cocrostaus &(0) = x n Ha3bIBaeTCs
sexmopom croca mam dpetigpa. Pyrkuus X(x) XapakTepusyeT OTKIOHEHHE
MIPOIIECCa OT €ro YCPEIHEHHOTO JIBUKEHS, OMPEIEISIEMOr0 BEKTOPOM CHO-
ca, 1 Ha3bIBaeTcss mampuyel dupgpysuu.

Eciu nyis mapkosckoro npouecca {£(t), t > 0} 3amana ero nepexognas
BEPOSITHOCTh M COOTBETCTBYyIomue npenens B (2.16)—(2.18) onpenenenst,
TO TEM CaMbIM OIIPEJEJIEHbl ero MaTpudHble Koaddunuenrs! cHoca a(z)
n mubdysun X(z). OgHako HEHTPAIBHBIN pe3yabraT Teopun nuddy3u-
OHHBIX IPOIIECCOB COCTOUT B TOM, 9TO, 33aJ[aB JIOCTATOYHO PErYJISpPHbBIE
dbyurmun a(z) u X(z), MOXKHO OJHO3HATHO ONPENEIUTh ¥ NEPEXOIHYIO
BEpOATHOCTH mporecca. Takum ob6pa3oM, JIOKAJIbHOE ONUCAHWE CBONCTB
TPAEKTOPUHU Ha sA3biKe K03(hurmeHToB cHOca n Auddy3un MO3BOIISTET
OIIpPeJeSINTh U OOIIIe CBOMCTBA IpoIecca Ha Bcelt BpemeHHo# ocu. Meros
MOCTPOEHUsl TEePeXOAHoi BepogTHOCTH npesioxked A.H. KonmMoroposbim.
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Ob6mas Teopus audPy3nOHHBIX MIPOIECCOB BECHMA CJIOXKHA, IOITOMY MBI
M3JI0KUM TOT METO[I, He BJAaBasCh B TEXHUIECKUE JIETAIIN.

Paccmorpum ckanspubiit ciiygait £(t) € R, Tpemmonoxum, uto te-
pexoiHas BepOATHOCTb WMeeT IJIOTHOCTH, T.e. Jjis Beakoro B € B(RY)

BBINOJIHSIETCS
P(e,t,B) = | ple,t,y) dy.
B
A.H. KomMoropos IokKasaj, 9TO IIPH HEKOTODPBIX OTPAaHMYEHHAX Ha
p(z,t,y), a(z) u X(x) mrorHoCTh p(2,t, y) YAOBIETBODPSIET NPAMOMY YPA6-
HEHUIO
9p(z,t,y) o(p(@,t,9)ay) , 1 9 (p(x,t,9)(y) (2.19)

at dy T By?

VYpasrenue (2.19) TakKe H3BeCTHO Kak ypasnenue Koamozoposa—
Doxxepa—ITrarka. Ipu mobom ¢ € R u t > 0 ypasrenue pemmaercs mpu
CJIEIYIOIIEM BBIDOPE HAYAIBLHOTO YCIOBUS:

limp(z,t,y) = 0(y — ).
Ecmu pe(y; t) — mirornocTs pacupenenenus cesenns §(t), To
pe(y; t) = | plas s)pla,t — s,y) de.
R1
Torpa u3 (2.19) momydaeM ypaBHeHHe

Ope(yit)  A(pe(y; H)a(y)) L1 0 (pe(y; )E(v))

ot a Oy 2 Oy ’

KOTOPOE PENIaerTcs ¢ HAYaJbHBIM YCJIOBHEM pg(y; 0) = py(¥), rue po(y) —
wiorHocTh pacupegestenus £(0).

IIpumep 2.15. ITokazars, 9TO TPOIECC OPOYHOBCKOTO JIBUXKEHUS SIB-
nsterca g PY3HOHHBIM MapKOBCKUM ITPOIECCOM.

Pemenme. [eficrurensno, mycrs {£(t), t > 0} — mpomecc 6po-
YHOBCKOro asukenmsi. Kak ciemyer w3 mpuMmepa 2.11, ero mepexomnast
BEPOATHOCTH PaBHA

(y—=)?
Ljef 2t dy.
2nt

P(z,t,B) =

Hast BeBOma coorHomennit (2.16)—(2.18) Bocmosmb3yeMcsi W3BECTHBIME
onenkaMu juig GyHKImH P(T) CTAHAAPTHOTO TAyCCOBCKOTO PACTIPEIETCHAST

N(0;1):

z2 1
eT2 <1-P(r)<=-——e 2.
€T

-5
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C yderoM BBIpaKeHUSs I TAyCCOBCKOM IIEPEXOMHOU IJIOTHOCTH HMEEM

L[ Pty = 20 0l < 2

—— — 0 mpu tlO
Ve p 10,

ly—z|>6

HOCKONILKY /u e~ — 0 upu u — 00, 4T0 JloKa3biBaeT coorHolienue (2.16).
Janee, HCIIONB3ysl 3aMeHy lepeMeHHo z = (y — x) /v/t, Bbrucasem

1 —22/2
(y — ) P(x,t,dy) = j ze "2y =
V2rt
ly-z/<s <oV

C e )
l21<8/ Ve

5/VE
=0 Vt>D0.
,5/\/{

Takum 06pazoM, qokazaHo coorHomenue (2.17), e a(z) = 0. W nakonern,
MCIIOJIL3Yst Ty JKe 3aMeHy nepemennoil z = (y — x) /+/t, nonyuaem

(y —x)? P(z,t,dy) = J 224z 1 opu t |0,
PR " <o/ Vi

ol

nockoibKy muoxecrso {z: |z| < 8/v/t} TR Tem cambim joxasano pa-
BeHcTBO (2.18), e X(z) = 1.
IlmoTHOCTD p(y; t) pacmpenenenns mporecca GPOYHOBCKOTO JBHIKe-

HU¢ yAO0BJETBOpseT ypaBHeHu0 KoiMoroposa, KOTopoe B JaHHOM CIIydae
nMeeT BUJ,

Ope(y; t)
ot

Ppe(y; t)
oy?

- % =0,  pe(y; 0) =6(y).
VkazanHoe ypaBHEHUE HU3BECTHO B TEOPUU yPABHEHUI MAaTeMaTHIECKON
dusukn Kak ypasrernue duppysuu. CobcTBEHHO, STO U OOBICHIET HA3Ba~
HUE OLUCAHHOI'O KJIACCA IIPOLECCOB. M

B . III 6yner paccmorpen kiace auddy3mMOHHBIX IMIPOIECCOB, KO-
TOpBIE ONMUCHIBAIOTCS C IMOMOINBIO CTOXACTUIECKUX AuMQEpPEHITNATBHBIX
YPaBHEHUN.

2.6. 3amaum JJId CAaMOCTOSITEJILHOTO peIleHus .

1. Ilycry &(t) — rayccosckuil mpouecc ¢ mapamerpamu m§(t)7 Re(t,s).
BEeIBeCTH COOTHOINEHNE JJIs TUIOTHOCTH JBYMEPHOTO pacipefiesieHus. [IpusecTn
YCJIOBHE CyHIECTBOBAHHUSA IIJIOTHOCTH JIBYyMEPHOT'O PaCHpPEeIe/eHUs.
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OrBer.
pe(x1,z2; t1,t2) = ! exp{— ; X
T o [Re(tn t) Re(ta, t2) — B2(t1,12) 2(1 = pg (1, t2))
(o1 = meltn))? (1 = me(t2)) (w2 = m(t2)) (m_m§<t2»2>}
( Rg(thtl) 2P5(t1,t2) Rg(tl,tl)Rg(t27t2) Rﬁ(tQ,t2) )

rie
Re(t1, t2)
RE (tl R tl)Rg (tz, t2)

pe(ti,tz) =

ectb Koapdunuent koppessinuu. [lnoTHOCTS cymmecTByer, ecan |pg(t1,t2)] < 1
upu t; # to.

2. s cayqaitnoro upouecca £(t) = X cos(wt +Y), rue X, Y — nezaBucu-
MBI, CllyJaiiHas BemanHa X WMEET pacHpejlelIeHue ¢ MJIOTHOCTBIO

0, z <0,
px(z) = wefzz/z, x>0,

a'Y mmeer paBHOMEPHOE pacIpelesIeHne Ha [—, 7|, J0Ka3aTh, aro mpouecc &(t)
SIBJIIETCS TayCCOBCKMM W HAUTH €ro KoBapuanuonHylo dynknuio. Kaknvn eme
cBoiicrBamu obsranaer &(t)7

Ykazaune. YOeIUThCs, 9TO COBMECTHOE PACTIPEIEIICHHE CIIyIaflHbIX BEJU-
aud A = X cosY, B = XsinY — craggapraoe rayccosckoe. Jlajee mcnosib30-
BaTh pe3yJabTaT npuMepa 2.1.

OtrBer. Re(t,s) = cos(w(t — s)), mponecc £(t) aABAAETCA CTANMOHAPHBIM
B Y3KOM CMBICJIE.

3. IIycrs {£(¢), t > 0} — npouecc GpoyHOBCKOrO ApuKenusi. [lokazars, 4To
npomecc

X(#)=t&@t™), t>0, X(0)=0

TaK2Ke sIBJISIETCsl [IPOLECCOM GPOYHOBCKOIO JBHKEHUSI.

Ykaszanune. IIpoBepuTh rayCccOBOCTh U BBIYUCIUTH KOBAPUALMOHHYIO
dyHKIHIO.

4. ITycrs {£(t), t > 0} — upouecc 6poynosckoro apuxenus. [lokazars, 4ro
npu JiroboM ¢ > 0 mporecc

1
X(t) = —=¢&(ct
(8) = Zz &)
TaK2Ke sIBJISIETCsl [IPOLECCOM GPOYHOBCKOIO JBHKEHUSI.

Ykaszanne. IIpoBepuTh rayCccOBOCTh M BBIYUCIUTH KOBAPUALMOHHYIO
dyHKIHIO.

5. Ilycro {£(¢), t > 0} — upouecc 6poynosckoro apuzxenus. [Iponece Z(t) =
= £(t) — t&(1) HasbIBaeTCs OPOYHOBCKUM MOCTROM U yIOBJIETBOPSIET COOTHO-
wenuo Z(0) = Z(1) = 0. Haiitu ero cpesnee 3HaveHHE U KOBAPUALMOHHYIO
byHKIHIIO.

Orser. my(t) =0, R (t,s)=min(t,s)—ts.

4 B.M.Munuep u A.P.Ilankos
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6. Ilycrs {Z(t), t > 0} — 6poynosckuit mocr (cm. 3azady 5). Oupezpenum
nporecc
t
Yit)=1Q+t)Z| — t>0.
M=a+02(1h). o
IMokazars, uro {Y (t), t > 0} ecTs mpomecc GPOYHOBCKOrO JABUKEHUSI.

7. Kakne u3 mmxe IepevduCJIeHHBIX (byHKI.leI ABJIAIOTCA HEeOTpHUIlaTeJIbHO-
OlIpeJe/IEHHbIMU:

sl < 1,
{ |t —s|>1;
1—\t—s|, |t—s| <1
2) C(t,s) = {
[t —s| > 1;
3) C(t,s) = exp{zw (t—s)}, weRY
4) C(t,s) = exp{|t — s|};
5) C(t7 8) exp{ ‘t - S|}7
rae —oo < t,5 < 00;
) ,s)—min(t,s), t,s > 0;

6) C(t
7) C(t,s) = min (¢,s) —ts, t,s€[0,1].

Ykasanue. B nn. 2, 3, 5-7 dynkuua C(t,s) coorBercrByer KoBapuauu-
OHHOI (DYHKIIMH CJIy9aliHBIX MMPOIECCOB, PACCMOTPEHHBIX paHee (CM. MPAMEDPbI
2.9, 2.6, 3agaay 12 u3 §1, upumep 2.3, a Taxexke 3agaay 5). B n. 1 napywaercsa
HepaBeHCTBO (2.6), a B m. 4 — HepaBencTBO Komm—ByHnsakosckoro.

Orser. IIn. 2, 3, 5-7.

8. lokazaTs TeopeMsl 2.3 u 2.4.
Ykazanune. CMm. 3amedanue nociie (pOpMyIHPOBKI TEOPEM.

9. Jloka3aTh CBOWCTBA KOBaAPUAUOHHOW (DyHKIMY MIPOLECCA, CTAIMOHAPHO-
0 B MIUPOKOM CMBICJIE.
Vkazaunue. Cm. Teopemy 2.1 u 3amMedanue K HEil.

10. [JokasaTb, 4TO Jjis MapPKOBCKOIO IIPOLECCA BBIIOIHAETCS COOTHOIIE-
Hue (2.8).
Ykaszanue. Bocnonb3osarbca coornomenuem (2.7).

11. Ilycrs {{(n), n = 1,2, ...} — MapKOBCKasl I|ellb ¢ TPeMsl BO3MOXKHBIMH
cocrosiuusivu §(n) € {1,2,3} u nepexomubimu Bepositnoctsimu P{{(n + 1) =
=j | &(n) =i} = p;i; > 0. Paccmorpum 1ociie0BaTebHOCTD

(m_{am ecmn €(n) = 1,
K 2, ecn &(n) # L.

[lokazaTb, 9TO MOCIEAOBATEILHOCTD n(n) MOXKeT He 00JIaJaTh MapKOBCKUM
CBOMCTBOM.
Ykazanue. HailTu BoIpakeHusl Jjisi BEPOATHOCTEH COOBITHI

P{n(n+1) =1, n(n—1) =1]n(n) =2},

P{n(n+1)=1[n(n) =2}, P{n(n-1)=1|n(n) =2}

n y6euThCA, 9TO IPH HEKOTOPOM BBIOODE MEPEXOIHBIX BEPOATHOCTEH COOTHO-
wenue (2.8) He BBIIOIHAETCH.
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12. ITycrs {Z(t), t > 0} — Gpoynosckuii mocr (cm. 3agady 5). Ilokasary,
uTo nponecc Z(t) ABAgeTCS MAPKOBCKUM.

Ykaszanue. [Iposepurs yciosue (2.11).

13. (Ilpomomkenue 3amaun 12). ITokasars, uro Z(t) u Z(1 — t) oquHAKOBO
pacIpe/ieJIeHbl.

14. Boisecru coornowenue (2.10) u3 o6weit dopmyunt (2.9).

15. Ilycrs 3aman oxHOpOAHBIH MapkoBckuit nponece {£(¢), t > 0} ¢ mepe-
xonHoit BepoaTHOCTHIO P(,t, B), NMeIOmel mIoTHOCT

—x — at)?
p(wvtvy) = ﬁexp{i%}

[lokasarb, 9TO JAHHBIA IpoLECcC sBJseTCsd A Py3nOHHBIM, U HAUTHU JJIs HETO
k03 dumuenTs! cHoca u auddy3nn.
Orser. a(z) =a, X(z)=1.

Ykazanue. HpI/I BBIYUCJICHU U KOSd)(l)I/IL[I/IeHTa, CHOCa HaxoAuM, 4ITO

1 _(zavD)?

— 2)P(x, t,dy) = — z d
w-o)P@td) = | ——ze 2
ly—z|<6 |z1<8 /vt

Jajiee MCIOIb3yeM 3aMeHy MepeMeHHoN v = z — ay/t u pa3buBaeM WHTErpas Ha
CYMMY ABYX HHTETDaJIOB

6/ Vi) -avi . (6/ Vi) -avi .
a I L677d1)—>cL u I L ve 2 dv—0
V2r omt
—(8/Vt)—avit —(8/VH)—avi

upu t | 0. Koappunuenr guddy3un Boramncisercs aHAJIOrHIHO npumepy 2.15.

4%



NTABA 1I

CJIYVYAMHBIE IIOCJIEJOBATEJILHOCTU

B mamnO# ritaBe Oy 1y T n3y9aThCsl CIIyYallHBIE IPOIECCHI C JUCKPETHBIM
BPEMEHEM, KOTOPbIe OOBITHO HA3bIBAIOT CIyYafHBIME MOCIEI0BATEIHHO-
cramu. B magpreiinem st 0003HA9EHAs CITy 9aifHON TOCIe0BATEIbHOCTH
Oymem mcronb3oBaTh cokparnenune CII.

§ 3. CTaI_II/IOHaprIe Cﬂy‘{aﬁHbIe IIocjie10BaTE€JIbHOCTHN

3.1. OcuoBusbie xapakrepuctukn CCII. Ilycrs H — mpocTpaH-
CTBO KOMILIEKCHBIX CAyYaiHBIX Benmumd & = a + i3, toe a, B € R —
BEIleCTBEHHbBIE CIIyYaiiHble BEJIMIUHbI, TAKUE, 9TO M{a2 + 52} < oo. ns
&, n € H MOXKHO OLPENEIATDH CKAAAPHOE TPOU3BEIEHUE

(&) = M{¢m}, (3.1)

riae 7 = a — i3 — KOMILUIEKCHO-COIIPsi>KEHHAsl BeJIMYKMHA K 1) = & + i3, u
HOPMY

€l = V/(€,€) = vM{IE]?}, (3.2)

rae |€]? = a? + 2. Hpocrpancreo H co ckaasapHbiM ipousseenuem (3.1)
1 HOpMOIi (3.2) Ha3bIBaeTCs 2UAbOEPMOBHIM NPOCTNPAHCTEOM CAYUATHHIT
BEAUNUN € KOHEUHBIM 8MOPbLM Mmomenmom (cm. 1. 14.7).

Onpenenenune 3.1. Kosapuayueti caydailapix Beaudun &, n € H
HA3bIBAETCS

cov{¢,n} = M{ (€ - M{E})Tn — M{n}) } = (&,7) - M{¢} M{n]. (3.3)
U3 coornomennii (3.1), (3.3) caenyer, uro npu M{{} = M{n} =0

cov{¢,n} = (&,n). (3.4)

Paccmorpum mociietoBaTeIbHOCTD £, COCTABIIEHHYO U3 KOMILJIEKCHBIX
ciydaitapix BesmauH &, € H, rme n mpoberaer MHOXKECTBO BCEX IIEJIBIX
qucen Z={...,-2,-1,0,1,2, ... }.
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Onpenmenenme 3.2. [locnemoBarensuocts & = {&,, n € Z} naswiBa-
eTca CmayuoHapHoti 6 WUPOKOM CMBICAE, ECITH JJid JTIOOBIX N, k € Z

M{&n} = M{&}, cov{&nik, &k} = covién, o} (3.5)

B jasibHeiiinemM cralnuoHapHble B HIMPOKOM CMbIC/E OCJIEL0BATE b
HOCTH Gy/IeM Ha3bIBATh KPATKO CMAUUOHAPHBLMU CAYHATHBMU N0CA00-
sameavnocmamu (CCIT). Kpome Toro, He ymassisi OBIIHOCTH, MOIAraeM
M{&} = 0. DTo mpeamONOKEHNE TTOZBOIAET OTOXKJIECTBUTH KOBAPUAIIAIO
CO CKAJIAPHBIM TPOMU3BEIEHUEM W IIPUMEHSATH METOIbl M Pe3yIbTaAThl TEO-
pHHU THIBOEPTOBBIX MTPOCTPAHCTB (cM. 1. 13.6).

Onpenenenne 3.3. OyHKINA

Re¢(n) = cov{én, o}, n€Z (3.6)

HA3BIBAETCA K06apuayuontots gynruyuet cmayuonaphot nocaedocamens-
nocmu & = {&,, n € Z}.
Ecnu R (0) = M{|£O\2} # 0, To pyHKIMIA

pelm) = T, met (3.7)

Ha3bIBaeTcd Koppeasyuonnot gynrxyuetd CCII &.
s (3.5), (3.6) cmenyer, 9ro poa mo0bx 1, m € Z

cov{6.,En} = Re(n —m).

Kosapuanuonnas dyukuus Re(n) obiajaeT cielyolEMu cBoficTBaMu,
KOTODPBIE HEMOCPEJICTBEHHO BBITEKAIOT W3 Ompejeenns 3.3 m o0mmx
cBOHCTB KoBapualmoHHo# dbynkmuu (cM. 1. 2.2).

1) Kosapunanuonnast dynkuusi Re(n) spisiercs neompuyamesvro-

onpedeaennoti, T.e. 1 T060T0 HABOPa KOMILIEKCHBIX YUCET 41, . .., dm
 MOMEHTOB BPEMEHHU N, . ..,Nmnm € Z, m > 1, nMeeT MeCcTo HepaBEeHCTBO
m m
Z Z aiEjRg(ni — TLj) > 0. (38)

i=1j=1
2) Hucnepcusi De CCII € nocrosinna n umeer BuJ,
D¢ = R¢(0) = M{[&[*} > 0.

3) Kosapuanuonnasi dbyHKIUA ABISETCS 9pmumosot, T.e. Re(—n) =

= R¢(n) mnst Bcex n € Z.

4) |Re¢(n)| < Re(0) nns Bcex n € Z.

Bameuganne. Eciu § — BemecrBennas CCII, To Rg(n) — BemecTBen-
Has HEOTPUIATEIbHO-OIpeeieHHas (QyHKIus, B dacrHOCTH, Re¢(n) —
derHad, T.e. Re(—n) = Re(n).
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Kpowme koBapuanmonnoii dpyHKIME, KOTOpasg OTHOCUTCI K KJIACCY MO-
MEHTHBIX Xapakrepuctuk (cM. 1. 1.4), npu onmucanuun CCII ucnonbsyorces
TaKKe CHEKTPAJIbHbIE XaPDAKTEPUCTUKU: CNEKMPAAbHAA PYHKUUAL U CNeK-
MPANLHAS NAOTMHOCTID.

Teopewma 3.1 (Tepruorn). ITyemv Re(n) — xosapuayuonnasn dyrk-
yus nexkomopoti CCIIE = {&,, n € Z}. Tozda natidemea odnosnaywno onpe-
denennas MoHOMOHKO Heybueaouas eewecmeennas dynryus Fe(X),
A € [—m, ], nenpepwieras cnpasa wa [—m, 7|, Fe(—m) =0, makas, wmo

RszJeWWQQL ne’. (3.9)

Oynxnus Fg(\), ompenenennas B TeopeMe 3.1, Ha3bIBaeTCI Cnex-
mpaavoroti pyrryuet CCII €.
Ecnu Fe¢(\) npu KakIoM A € [—, 7] MOXKHO IPeICTABUTH B BHJE

Fe(A) = J fe(v) dv, (3.10)

To dyukiua fe(r) HasbBaerca cnexmpaavrol naommnocmuvio CCIL €.
B cuny monoronnocru Fg(A) Bomomueno fe(v) >0, v € [—m,w|. B srom
caydae u3 (3.9) cuemxyer

R&Q:JJMQMML neZ. (3.11)

Bamerum, 4ro umcia Re(n) paBHb Ko3bOUIUEHTAM Da3IoXKeHUs
dbynkuun fe(A) B psiy @ypbe 1o cucreme dyHKimin {e*", n € Z}, opro-
TOHAJIBHBIX Ha oTpeske [—,m]. O6parHo, ecmu »  [Re¢(n)| < oo, To pax

n€e”Z
Dypoe ¢ kosbdunuenramu Re(n) abCoMOTHO CXOQUTCA K CIEKTPAIBHOM
mytorroctn CCII ¢ mast smoGoro A € [—m, 7):

1 SN
FeN) = = 3 e Re(n). (3.12)
neZ
Hnsa nucnepcun Dy = R¢(0) copaBeqnuBo cillefyioliee BhIparkKeHHe

gepes3 CIIeKTPaJIbHbIE XaPpaKTEPUCTUKU:
n
Q:Jﬁmwzﬂm. (3.13)
“n
Sameuanue. Eciu £ — BemecrBennas CCII, To ciekTpabHas mI0T-

HOCTh f¢(A) Takke ob6iagaer cBoiicTBOM deTHOCTH, Te. fe(A) = fe(—N),
A€ [—m, 7.
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3.2. IIpumepsr CCII. IlpuBemem mpumepbl HEKOTOPBIX, HambOOJEE
qacTto Berpedatormuxcss CCIT.

IIpumep 3.1. Ilyers & =&og(n), rae M{&} =0, D{{H} =1 n
g(n) — HekoTOpasg KOMIUIEKCHAs JeTepMUHMpOBaHHasd (yHKuusa. [Ipu
Kaknx yciaoensx Ha ¢(n) nocremosarensrocThb {€,} crammonapra? Omupe-
JEIATh KOBAPUAINOHHYO (DYHKIINIO TAKOW MOCIEI0BATEIbHOCTH.

Pemenwne. IlocnenoBarensrocts & = {&,, n € Z} umeer

M{gn} =0, COV{f,,H_k, gk} = g(n + k) ( )

CremoBaresibHO, OHa OyJeT CTAIHOHAPHOI B TOM K TOJHLKO TOM CIIydae,
ecn bynkmua g(n + k)g(k) me sasucur ot k. Orciona cnemyer, 9To

g(n+k)g(k) = g(n)g(0) Vn€Z.
Takum obpasom, g(n + 1)/g(n) = ﬁ/ (1) = a = const, mosromy

g(n) = g(0)a”

Hanee, nockoabky D{&,} = D{&}|g(0)?|a|® = const, To |a|* = |a] =1
W CymIecTByeT 9ucio A € [—m,7), Takoe, 9to a = e*. Taxmm obpazowm,
HOCTIEOBATENBHOCTD CITyJaiiHbIX Besmaun &, = &y g(n) aBagerca cramumo-
HapHoii, eciin g(n) = ¢g(0) o™, T. €.

&n = &0 9(0) e nel.

Torga ee koBapuanuoHHasT QYHKIAS

Re(n) = D{&} |g(0)[?e*™ = [g(0)[?e*". m

Caenyromuii mpuMep 0000IIAET MIpe bILY IIHii.

IIpumep 3.2. Ilycrs 3aman HAOOP KOMILIEKCHBIX MEHTPUPOBAHHBIX
ciydafiHbIX BeauduH {21, ..., 2N} C H, YAOBIETBOPAIONUX YCIOBHIO OP-
TOIOHAJILHOCTH, T. €.

2 . .
o7 >0 unpu 1=y,
(Zi,Zj) = COV{Zi,Zj} = { ¢

0 upua i # j.

IIycte A1 < A3 < ... < Ay — HEKOTOpbIE YHCIA U3 MOJYHHTEPBAJIA
[, 7). Cayvaiinag nocienoBarenbaocts & = {&,, n € Z}, Ha3blBaeMas
nowmu nepuoduueckoti, OnpeIeeHa COOTHOIIEHUEM

N
=3z nel (3.14)

[Tokazarp, 9TO 1MOCIEIOBATENHHOCTE & CTAIMOHADHA, W HAWTH €€ CIeK-
TpaJibHble XapaKTEPUCTUKH.



56 CIYYAUHBIE MOCJELOBATEILHOCTU [FJL 11

Pemenne. IlocmemosarenpHOCTD { IEHTPHPOBaHA, T. €. m¢ = 0, a ee
KOBapHaloHHas (DPYHKIMS UMeeT BU/T

N . N '
covi{énim,ém} = (Z 2z eitn(ntm), > zke’)‘km> _

k=1 k=1

M=

N
=2
k=1

T. €. 3aBUCUT TOJIBKO OT n. CjemoBaTelbHO, MTOCIEI0BATEHFHOCTD & CTAIH-
OHapHA.
Bsenem ¢dymukmnmio

— N .
(21, z1) MMM gidim — > ofe ™ = Re(n),
k=1

=1

W= ¥ o (3.15)

KOTOpasl, 04eBUIHO, YIOBJIETBOpIET yciaoBusaM TeopeMbl 3.1. Torna Kosa-
puanuontas byukima Re(n) mpeacraBngercsa B BUAe HHTerpaJa Jlebera—
Crunrbeca:

Re(n) = j e dFe(N).

B cumiay (3.9) sro osmauaer, uro BBemeHHas B (3.15) dbymkuma Fg(\)
asisercs cuekrpanbuoil dyukuueit gua CCII €. Tlo mocrpoenuio Fe(\)
KYCOYHO IIOCTOAHHA HA [—Tr, 77|, IpA9IeM Mg, ..., Ay — TOYKH €€ Pa3pbIBOB,
a Fe(\;) — Fe(Ax—) = 0f — Besmuunbl ckaukos. Takum obpasom, Fg()
He dBJIgeTcda abCOMIOTHO HENpPepBIBHON OTHOCHTENHHO Mephl JleGera, ,
CJIE/IOBATE/ILHO, ClIEKTPalbHasd IIIOTHOCTE f¢(A) He cymecryer. W
IIpumep 3.3. IlycTh € — IOCIIEAOBATEILHOCTD HEKOPPEITUPOBAHHBIX
CIIyIalHBIX BEeMYUH £p, N € Z, .. M{e,} =0, D{e,} =D >0n

D. wpu i=y,
(€i,e5) = cov{ei,g;} = o,
0 upu 1 # j.
JlokazaThb ee CTalliOHAPHOCTh, HAWTH MOMEHTHbIE U CIeKTPaJbHbLIE XapaK-
TEPUCTHUKI.
Pemenwme. Iocmenosarensuocts € = {&,, n € Z} aBageTcsa cTamuo-

HapHOI, TaK KaK UMeeT KOBapUAIMOHHYI0 (DYHKIHIO
D. upu n=0,
cov{enik, ek} = Re(n) =
0 wmpu n#0.

BocnonssoBaBmucsk cooTHOmEHTEM

]r e X =

—T

2r mpum n =0,

0 upu n#0,
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[OJIy9UM CHEKTPAJIbHOE IIPEJCTABIIEHUE JJIs KOBAPUANMOHHOU DyHKIUAN

R.(n): )
Ro(n)= | ¢ £(\) d,

rae fo(A) = D _ cnekrpasbHas niaoraocts CCII e = {g,, n € Z}. Torga
B coorBercTBum ¢ opmydoit (3.10) HAXOAMM CIEKTPANbHYIO (QYHKITHIO

D.
F.(\) = o A+7). m
Bameuanmne. Ilocnenosarenbrocts € = {e,, n € Z}, paccMoTpeH-

HYI0 B mpuMepe 3.3, OOBIYHO HA3BIBAIOT CMAUUOHAPHBIM OUCKDEMHBIM
beavim wymom. Ilpu D, =1 Gesblil 1yM HA3bIBAIOT CMAHOAPTHBIM.
MpbI nokazasum, 9To CleKTpajbHas MWIOTHOCTD fo(\) mociemoBaTesbHOCTH
€ NOCTOSTHHA Ha, OTPE3Ke [—7, 7|, 9TO M MOCIY?KNII0 OCHOBAHWEM ISl TEP-
MuHA «BeJIblii TIyM», UCIOIB3YyEeMOro B Paauodu3nKe, Tae OeJbIM Iy MOM
HA3bIBAETCS CIIYYalHBI CUTHAJ ¢ PABHOMEPHBIM CIIEKTPOM.

IlocnemoBaTenpbHOCTD 6€JIOr0 mIyMa MO3BOJIAET CHOPMUPOBATH Pa3-
JINYHBbIE BUIBI CTAIMOHAPHBIX MOCIEIOBATEIBHOCTEIH.

Onpenmenenme 3.4. IIycts € = {e,, n € Z} — cramnaprHbIii Gebrii
myM, a {ag, k € Z} — mocieoBaTeIbHOCTh KOMIUIEKCHBIX YHCeNI, TaKHX,
qTo

oo

> lax]? < oo (3.16)

k=—0o0
Cayuaitaas mocrenosareabsocts & = {&,, n € Z} Buna
oo
En= D arEn-k (3.17)
k=—o0

HazbiBaerca Auketinoti CCII mam mociesoBaTebHOCTBIO 06YCMopoHHe20
CKONB3AWLE20 CPEIHERO.
Ecmu ay, =0 npu k < 0, T.e.

§n = aren s, (3.18)
k=0

1O £ HA3bIBAETCS IOCIEIOBATEIBHOCTHIO 00HOCMOPOHHEZO CKOADIAULEZO
cpednezo.
Hakomnern, eciu ay =0 upu k <0 u k > p, T.e.

p
€n =D AkEn—k, (3.19)
k=0

TO £ HA3BIBAETCS IIOCIIEI0OBATEILHOCTBIO CKOAB3AWEZO CPEdHE20 NOPAJKG P.
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IIpumep 3.4. Ilokazarh, 9TO MOCIEIOBATEILHOCTH CKOJIL3SIIETO
CPeJIHEro JefiCTBATENBHO YIOBIETBOPSAIOT YCIOBHAM CTAIMOHAPHOCTH.

Pemenwne. JlocTaTo4no paccMOTpeTb CIydail MOCJIEJI0BATEIbHOCTI
JIBYCTOPOHHET'O CKOJIB3AIMIET0 CPEJHET0, TaK KAK OCTAJbHBIE ABJIAIOTCS
ee JacTHBIME ciydasmu. B cmory ycaoemst (3.16) psan (3.17) cxommres
B CPEIHEKBaJpPATHIECKOM CMBICTE (C.K.-CXOJUMOCTh Psifia 0OCYy2KIaeTcst
B §4). OueBnzHO, 94TO

oo oo
§n= > GrEn k= > Qn kEk-

k=—o0 k=—o0

Boraucisiga koBapuanuoHHYIO (QYHKIHIO C YI€TOM CBOHCTBA OPTOTOHAIb-
HOCTH CcedeHuil OesIoro myma €, HaXO/UM

cov{fn+mv£m} = (Z Ant+m—kEk; Z amik€k> -

keZ keZ

= > Gntm kGm-1(Ek,€1) = D Unpm kGm—k = Y Gnyk0k-
k,lEZ kEZ kEZ

|antkl® + |ax/?

. Ta
B) KM

Psig > nir@r CXOAMTCSH, TIOCKOIBKY |y kGk| <
kEZ
obpazom, mokazano, uro & = {£,, n € Z} — cranmoHapHAs NOCIEI0BA-

TEeJILHOCTH ¢ KOBAPUAMOHHON dyHKIHE

R{(’I’L) = Z Ap+k k-
keZ

Cuekrpasbnas miorHocTs f¢(A) CCII € umeer Bug

1 —iAn 1 —iAn -
fg()\) = % e RE(TL) = % e Z an+kak =
nez nez kEZ
1 i -
=5 Z e Z’\(”+k)an+k e—irkg, —

k,n€eZ
1 — — 1 — 2

=LY e, ey = L[S e[
2 2

k,meZ keZ

npudeM fe(\) uETErpUpyeMa Ha [—m, | B cmiay yciosus (3.16). m

3.3. CunekrpasnbHoe npeacrasiienue CCII. CrnekrpasabHoe mpe-
CTaBJIeHNEe KOBaPUAIIMOHHOW (DYHKIUY OIPeeIsieT pacupeIe/leHne «YHep-
rUd» TOCIEJOBATENFHOCTH MO 9gacTotaM A € [—m,w|. B crygae mourn
[NEPUOANIECKO IOCIeA0BATENbHOCTH (CM. npuMep 3.2) Mbl BUJEJIH, YTO
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CyMMe rapMOHHK CO CJIy4YailHBIMH aMIUIATYJAMH COOTBETCTBYET JUCKPET-
HOe IpeJCTaBJIeHHe CHEKTpa B BHJE CTYIeHYaToll (PYyHKIHH CO CKadKa-
MH B TOYKaX, IJIe COCPEJOTOYEH CIIEKTP, T.€. B TOYKAX Pa3pbiBa (PyHK-
mun F¢ (). Takum 06pasoM, HOYTH HEPHOAUIECKYIO IIOCIIEJ0BATEIBHOCTD
MOXKHO IIPEJICTaBUTH KaK CyMMy TrapMOHUK CO C.qua,HHbIMI/I aMH.HI/ITy;LaMI/I,
T. €. TaKasd [OC/IeIOBATEILHOCTD HMEET TUCKPETHBIN «CITydaiiHbIi CIEKTP>.
OxaspiBaercd, aro jobasg CCII gomycKkaeT TaKoe ClIeKTpaabHOe IIPeICTaB-
JICHHE CO «CIIy9alHBIM CHEKTPOM», XOTA B OOIIEM CIIydae CIHEKTp y»Ke He
OyJeT QUCKPETHBIM. DTO HpeCTaBIeHre BeCbMa YIO0OHO B IPUJIOKEHHIIX
U OCHOBAHO HA MOHATHU HMHTErPaJia, II0 OPTOrOHAJILHON CTOXaCTHYECKOMN
Mepe (cM. 1. 14.9).

Teopema 3.2. Ilyemov § = {&,, n € Z} — CCII ¢ xosapuayuonrot
pynryuett Re(n), coomsememsyrowets cnexmpanvrots pynruyuu Fe(X).
Tozda cywecmeyem MmMaxaa OPMOLOHAALHAA CTMOTACTIUMECKAA MEPA
Z¢(A), onpedenernan na bopenescrot, o-aneebpe B([—m,m)) npomesrcym-
xa |[—m, ), wmo umeem mecmo npedcmasaeHrue

& = J e Ze(dN), n€EZ, (3.20)

npuvem Zg(A) umeem cmpyxmypryro Gyrryuo euda

Fy(8) = M{|Ze(8)} = [dFe(N), A eB(-mm).  (321)
A

Bameuganme. Takum obpasoMm, Fe(A) aBiserca dbyHKImel pacmpe-
Jlesiennst CTpyKTypHO# dbyakmun Fz(A) opToronasbHON CTOXACTHIECKOM
Mepbl Zg(A), onpenenenuoit ma B([—m,m)). B uactHOCTH, ecim A
= (a,B] C [—m,m), o Fz(A) = F¢(B) — Fe(a), a eciu k Tomy ke Fe(

HMeeT MIIOTHOCTE fe(A), TO

Rl

Fz(8) = [ fe(¥) dx.
A

Cuekrpasbroe npejcrapienue CCII urpaer BaxKHYIO poJib B 3aa9ax
JIMHEHOIO OIEHWBAHUSA M IIPOTHO3UPOBAHUS CIYyYallHBIX II0C/IEJ0BATEIb-
HOCTEH. DTO CBA3AHO C TEM, ITO PE3YJILTAT JIOO0ro JTHHEHHOTO IIpeobpa3o-
Bauus CCII MOXKHO MIPEJICTABUTH ¢ MOMOIIBIO CTOXACTHYECKOTO HHTErpaJa
o mepe Zg(dA).

Onpenenenue 3.5. Ecnmu ciyqaitnas Benwmauna ( ABASETCS MIpeie-
JIOM B CPETHEKBAJPATHIECKOM CMBICIE HEKOTOPOH MOCIeN0BaTeIbHOCTH
cayvaiiabrx BeswanH {(™}, 00pa30BAHHBIX JIMHEHHBIMA KOMOWHATIASME
cevennii CCII & = {&,,, n € Z}, To Gyuem roBoputh, uro ( € H(§).
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Teopema 3.3. IIycmo cayuatinas seavuwuna ¢ € H(E), 2de ¢ — CCII,
umerowan npedcmasaenue (3.20) u cnexmpasvhyto gynryuro Fe(X). To-
20a cywecmeyem maxas Pynxyus ®(N), X € [—m, 7], wmo ¢ donycraem
npedcmasaerue

¢ = J D(N) Ze(dN), (3.22)
npuvem

]r |®(N)|? dFe(N) < oo. (3.23)

Bameuanne. [Tockombky ycnosme ¢ € H({) osnauaer, aro ( siBus-
erca auneinoit kombunarueir cedennit CCII £ nnmm c.K.-ipegesoM Tako-
BBIX, MbI Jjajiee OyJIeM I'OBOPHUTb, 4TO ( SIBISAETCSH AuHEUHbM NPeodpa-
3osanuem &. B cBeTe »TOr0 yTBEpXKIEHWE TEOPEMBI 3.3 O3HAYAET, UTO
Bcsikoe JmHeitHoe mpeobpaszoBanume CCII € moxkeT OBITH TpeACTABIIEHO
B BUJIE MHTETPAJIA [0 CTOXACTHIECKOH Mepe oT HeKoTopoil dbyukuum P(N),
yaoBieTBopsitomeit ycnosuo (3.23). @ynkmus $(\) xapakTepusyer caMo
JuHelHOe mpeobpa3oBaHWe W HA3BIBAETCS €ro 4acmomuol Tapaxmepu-
emuxot. Yenosue (3.23) o3Hagaer, 9TO

M{I¢P} = | |2 dFe() < oc.

—T

Tenepb MBI MOXKEM BBECTH IIOHATHE JIMHEHHOTO CTAIIOHAPHOTO IIPeot-
pazosanusa CCIIL.

Onpenmenenme 3.6. [Tycre CCII £ = {¢,,, n € Z} nmeer cnekTpab-
Hoe npesncrapienne (3.20). Ecan mocienosarensrocts ¢ = {(,, n € Z},
JIOIYCKAET IIPEJICTABJICHUE

Cn = J eMB(N) Ze(dN), n€Z, (3.24)

¢ mHekoropoit dyukuueit ®(A), ymosmerBopsiomeil ycaosuo (3.23), To
roBopsT, 4ro nociejosaresbHocts ¢ nouaydena us CCII ¢ ¢ nomoupro
CMAYUOHAPHO20 AUHETH020 NPEObPA30B8AHUA.

ITpumep 3.5. [Tokasark, aro nociegoBarenbHocTh ( = {(,, n € Z},
oupezenentas B (3.24), aBigercd CTalMOHAPHOM.

Pemenue. Bpruucnum koBapmaruio cedenuit (p, u (,, m,n € Z
MOJIB3YSICh CBOWCTBAMHU HHTErpajia MO OPTOTMOHAJIBHON CTOXaCTHIECKON
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mepe (cm. m. 14.9):
coV{Gms G} = (GmsGa) = ( [ €™ @(N) Ze(dn), [ Mm@ (h) Ze(a)) =

= j eMmD(N) eMnB(N) dFe(N) = j eMm=m)|(\)[2 dFe () = Re(m—n),

—T

s
gro BMecTe ¢ paBerctBom M{(,} = M{ J eAnd(N) Zg(d)\)} =0 no-
-7
Ka3blBaeT CTallmoHapHOCTh (. VTak, MOC/IeI0BATEILHOCTD, MOMyYeHHAS
B pe3yJibTare CTaruoHapHoro JmHeitHoro mnpeodbpasosanms CCII, Tak-
Ke sdBigeTcd cranuoHapHoi. Ilpm sTom ycmosue (3.23) o3Hadaer, 4TO
M{|(n]?} < o0, T.e. ciyuaiinas mocienoBaTenbHOCTh ¢ JefiCTBUTENBHO
CyniecTByer. W

MomMmeHTHBIE ¥ CHEKTPabHbIE XAPAKTEPUCTUKU HOCJIEI0BATEILHO-
creit ( U & cBA3aHBI HEKOTOPBHIMU AHAJIATUIECKAMU COOTHOIIEHUSIMU, O IeM
TOBOPHUT CJIEYIOIIee yTBEPKICHUE.

Teopema 3.4. Ilocaedosamesvrnocmv (, noayuwennas uz CCII &
¢ nomowbIo AuHetinozo npeobpasosanua (3.24), asasemces cmayuonap-
roti ¢ opmozonaavrol cmoracmuseckolt mepoti Z¢(dN), cnexmpanvrot
pyrryuet Fe(X) u xosapuayuonnot dynryuet Re(n), xomopuie ydosse-
MBOPAIOM COOMHOULEHUAM

Ze(d)) = @(N) Ze(dN),
A g
Fe) = [ [BPdFe(N),  Re(n) = [ @A) dFe(A).

Ecau & umeem cnexmpasvuyio naomuocmo fe(A), mo ( maxowce umeem
cnexkmpasvyto naommnocms fe(X), npuvem

Fe() = 1@V fe ().

Coorromrenne (3.24) onuceiBaer auHEHHOE TPeoOpa3oOBaHUE MOCIEIO-
BATEJIPHOCTH B CIIEKTPaJbHOI objacTu. OJHAKO KaK MOKA3BIBAET CIIEIY-
OIU TPUMep, STOMY IIPEJCTABIECHUIO MOYXKET COOTBETCTBOBATH M HPE/I-
cTaBJIeHWE BO BPEMEHHO obJiacTu.

IIpumep 3.6. Ilycrp cranmmomapHOMY JIMHEHHOMY MpeobpPa30BAHUIO
¢ 9acTOTHOH XapakTepucTukoit ®()), yamoBierBopsiomeii ycIoBuo

]r |®(N\)]2d) < o0, (3.25)
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NO/IBEPraeTcsl CTAHJAPTHBIN MUCKpeTHBIH Genbiit mym ¢ = {e,, n € Z}.
[Tokazark, uro nomydennas CCII £ = {&,, n € Z} nonyckaer upejacraBie-
nHue B GOpME JIBYCTOPOHHEIO CKOJIB3sMmEro cpeanero. Haiitn cnexrpasb-
HYyIO IJTOTHOCTD fg ().

Pemenue. Ycnosue (3.25) pasnocunbuo ycaosuio (3.23), noCKOIbKY

EF.(\) = AzLﬂ_ﬂ (cM. mpumep 3.3). B cuay (3.25) dyukuusa ®(A) ponyckaer

pasnoxkenune B payg @ypbe HA OTpeske [—, 7):

2= 3 e h(m),
rie . _
h(m) = % [ emo(n) dx.
Ecin Z.(d\) — croxactudeckast Mepa B CIEKTPaJbHOM IPEJCTaBICHAH

Gesroro mywma £, To coorHomenue (3.24) g £ 3anMCHIBAETCS KAK

bn = T eMB(N) Zo(dN) = i h(m) T eMNn=m) 7 (d)) =

m=—0o0

= io: h(m) en—m,

m=—0oo

YTO COOTBETCTBYeT NPEJCTABICHUI0O B (POPME CKOIL3AIEro CpejHe-
ro (3.17). Torma B cmiay Teopembl 3.4 CHEKTPAIbHAS MJIOTHOCTH MOCJIE-
JoBaTesibHOCTH & UMeeT BH/I

_ 1 2
fe = Lo
Tak Kak f.(A\) = 1/27 — cmeKTpaibHasg IJIOTHOCTH CTAHIAPTHOTO 6eoro

myMa €. B

3.4. 3amauu aJid CaMOCTOSITEJIBHOTO PelIeHUs .
1. [Tokazats, 9aTo eciu ay, Pr — AeHCTBATENbHBIE HEKOPPEINPOBAHHBIE CJIY-
oo

saiinble Besmunasl, M{ox} = M{Bc} = 0, D{ax} = D{s} = 0, >_ or < o0,

k=1
TO IIOCJIEA0BATEJIBHOCTD

&n = Z (ak cos Agn + Brsin Agn) n € Z,
k=1

apngerca cranuonapuoit. Haiitn koBapmanuonnyo dyraknuio Re(n).
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VYkaszaunue. Ilokasarb, yro CB &, monyckaer npexacrasienme &, =

oo ] o

= Z ZkeZAkna rme )‘—k = 7>\k7 2k = Ma Z_k = Zk IIpu k 2 17 zZo = 07
k=—o00 2

npudeM {zi, k € Z} — HEeKOppeJMpPOBAHHBIE.

(oo}
Orser. Re(n) = > O COS Ak 7.
k=1
2. IIycre CB 6 umeer pasnomepnoe pacupenenenme na [—m, 7], a CB n
pacnpeziesiena o 3akony A (0;1) u me sasucur or f. Ilokasarsk, uro mocse-
JIOBaTEJbHOCTD
n, ecim n =0,

&n =

e ecm n #0,

ABJIAETCA CTaHHOHapHOﬁ. Haittu ee KOBapUalluOHHYIO (byHKI_[I/IIO u CneKTpaJb-
HYIO IIJIOTHOCTB.

1 mpmu n =0, 1
OrBer. meg =0, Re(n) = fe(N) = —.
0 mpu n#0, 27
3. [Iyctp ¢ — CCII, nosyuenHass u3 £ C IOMOIIBIO JIMHEHHOrO IIPEOH-
pa30BaHUsI C YaCTOTHON xapakrepuctukoir ®1(A), a n — CCII, nonyuenHas

u3 ( C IIOMOIIBIO JIMHEHHOrO MpPeoOpPa30BaHMs C YACTOTHON XapaKTepUCTHKON
D3 (N). INokasarb, 9TO 7) MOXKeT OBITH HafifjleHa U3 £ C IOMOIIBIO JIMHEHHOTO
npeobpa3oBaHus ¢ 9aCTOTHON xapakTepucTukoin Po(A)P1(N).

4. Haiiru yacroruyio xapakrepucruky npeoopasosauus CCII Y B nmocsemo-
BaTEJILHOCTD

X(n) = %(Y(n) +Y(n—1)+Y(n-2).

OrBer. D(\) = é (1 +emir 4 6—2»\)'

5. ITycrs &, = cos(nn + 0), tae 6 — ciyuaiiHas BeIMYMHA, PABHOMEDHO
pacnpezenennas Ha [0,27], a 1 He 3aBucuT or 6 M MMeeT HEKOTOPYIO (DYHK-
o pacupegenennst G(z). Iokasars, uro £ = {&,, n € Z} — BemecTBeHHasi
nearpupoBannaga CCII.

6. Ilycts 0 < a < 7. Ilokazars, 4ro

a mpu n =0,
™
Re (n) = sin an

mpu n #0

™

ecTb KoBapuauonHas dyuknus nekoropoit CCII. Haiitu cnekTpaiabHyIo miIoT-
HOCTB 3TOH II0CJIeI0BATEIbHOCTH.

a
1 .
Ykasanune. llokasars, ato Re¢(n) = o J' eiAn d\, OTKyma cJiIeJlyeT, 9To
us
—a

HOCIIEIOBATENLHOCT ¢ KOBapHalmoHHOi (yHnkuueii Re(n) ectsb nuHeiiHOE cTa-
IUOHapHOe Ipeobpa3oBaHue GeI0ro IryMa ¢ JaCTOTHON XapaKTepUCTHKOM

1 mpn [A <a,
0 upu |\ >a.

B(\) = {
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1

Orser. fe(N) = 2
0 opm |\ >a.

7. Haiitn xoBapuanmonnyio ¢ynkuuio Re(n) CCII, uMeromeil cnekTpasib-

mpr A <a,

ny1o mrotHOCTH fe(A) = = _ZW.
™
Ykaszanue. Bocnonb3osarsca dopmymnoii (3.11).
1 nmpu n =20,
OrBer. R = —1)"
rser. Re(n) (=Y upu n #0.
(mn)?

8. Ilycts &, ( — nekoppemmposanusie CCII (. e. cov{&,, (n} = 0 npu Beex
n,m € Z) co cunekrpanbubivu Gyakmmamu Fe(A), F¢ (). [Tokasars, aro X,, =
=&, + (n ectb CCII, u HaiiTu ee cnekrpanbHyio dyukmuo Fix (X).

OrBer. Fx(>\) = Fg()\) —+ FC()‘)

9. Ilycre &, ( — CCII, yaoBiieTBOpsOIIye yPaBHEHUAM
5"7(15"—1:67117 CnfaCn—l :£n+572q,,

e |a| < 1 — HecTydaiinas nocroguuas, a €', €2 — HEKOPPETHPOBAHHbIE TIOCITE-
noBaresbHOCTH 6€s10r0 nryma. Haiitu cnekrpasbayio minornocrs CCIT (.

Vkasaume. O6ozmaunm Z'(d)), Z?(d)\) opTroroHajbHbIE CTOXACTHYECKHUE
Mepbl B CLEKTPaJibHbIX [PeJICTABJIeHUsX HocieoBaTesbocreii €' u e? coor-
BercTBeHHO. Torja OpTOroHajbHasi CTOXACTUYECKasi Mepa, COOTBETCTBYIOIIAsI
[oCJIe10BaTeIbHOCTU (, PABHA

ZNdN) 2P
(1 - ae=iM)2 1 —qe=ir’

Ze(dN) =

OTKyZa C yIeTOM HEKOpPpPEeIHPOBAHHOCTH IIOCTemoBaTeIbHOCTEH ', €2 maxomum
OTBeT.

Orser. fe(N) ! !

27[1 — ae= A4 271 — ae= |2’
10. Vcnonb3ysa CHeKTpaJbHOE MpeJCTaBJIeHUE, MOKa3aTh, 9TO CIydaiiHas
nocsienoBaresabHocTs £ = {€n, n € Z}, yaoBiaersopsaomas COOTHOUIEHUIO

gn + blgn—l +...+ bqfn—q = aoptn + A1€n—1 + ...+ ApEn—p,

TIPH ONPEJIEJIEHHBIX yCIOBUAX Ha MHOTOWIeH Q(z) = 1+b1z+. .. +bgz? apagerca
JuHEHHBIM npeobpasoBanueM Cranaapraoro Gesoro myma € = {en,, n € Z}.
HaiiTk 3Tl ycJIOBUS, ONPEEATh ceKTpaibHyio mioraocth CCII £.
Ykaszanue. [lokazarb, 4ro £ UMEET 1IPE/ICTABJIEHUE B BUJIE OJHOCTOPOHHE-
ro ckosb3samero cpemuero (3.18), re ay — koaddunmenTsr pasntoxenns QyHK-

P
uuu QEZ; B pay Teitnopa B egunuunom kpyre, a P(z) =14+ a1z + ...+ ap2?.
z
OrBer. Ecm kopan muorounena Q(z) JiexkaT BHe €IWHUYHOTO KpPyTa, TO
|2

1 |P(e=)

ff (A) = o Y

2m | Q(e™*)
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§ 4. JInneiinble npeobpa3oBaHUs CJIyYaifHBIX
ImocJieIoBaTeJIbHOCTEe

4.1. JInHeliHble TIpeoOpa30BaHMUS IIOCJIEJOBATEJILHOCTEN 00-
IIero BUJIA.

Onpenmenenme 4.1. CayuaitHas mocie0BaTENBHOCTD {N),, N € Z}
Ha3bIBAETCH AUHEUHbBIM NPeobpas3osanuem CIIyIailHON MOCIIeI0BaTEIbHO-
cru {&, k € Z} ¢ secosoti nocaedosamenvrocmovio {cnk, n,k € Z}, ecom
Ipu KaXXJa0M n € Z

o0

M= Y, Ccnk&k- (4.1)

k=—00
3xmech n namnee cxomumocTh psiga (4.1) mormmaercs 6 cpeduersadpamu-
YEeCKOM CMDBLCAE:

M

M= Lim. > cupbs. (4.2)
Ch=—N

Coorromenne (4.2) MOXKHO 3aIUCATD CIJIEIYIOIAM 06pPa30M:

M
M{‘Un— > cnk§k|2}—>0 npu N, M — oo. (4.3)
k=—N

OueBnHO, 9TO TpeobpazoBanme {7, } CYMIECTBYET, €CII BBHITIOIHEHBI
coornomenusi (4.2) win (4.3), nosromy Ha {c,r} w {&x} mokHBI GHITH
HAJIO’KEHBI HEKOTODBIE YCJIOBUSA, TapAHTUPYIOMHAE, 9To Bhipaykenne (4.1)
AMeeT CMBICI.

Onpenmenenme 4.2. Crayuaiinas mociaenoBaTeabHOCTD { & } Ha3BIBA-

erca euamvbepmosoti, ecin M{|¢x]*} < oo must Beex k € Z.
s runp6epToBLEIX IocIeoBaTeabrocTeidl npa k, | € Z cymecTByioT

me (k) = M{&},
Re(k,1) = cov{gr, &1} = M{ (€ — me (k))& — me (D) }

D¢ (k) = 0f(k) = Re(k, k) = M{|& — me(k)*} .
ITpumep 4.1. JokazaTh, 9To {1, } cymecTByer Torma u TOIHKO TO/A,

KOTJIa CXOAATCS CJeIYIONe INCIOBbIe PAIbL:

oo

Li(n) = i cakme(k) m L(n)= > carCuRe(k,1). (4.4)
k=—o0

k,l=—oc0

5 B.M. Munnep u A.P.IlankosB
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Pemenue. OueBugHo, 9T0 HOCTATOYHO PACCMOTPETH YCIOBHS CXO-
o0

JUMOCTH DA G = Y Cnklg. Tloxazkem, aro npu soinosmennn (4.4) mo-
k=0 K
CJIeIOBATEIHLHOCTD CITYy YAWHBIX BEJTUINH S,If = Z Cnk€ ABIgeTCA PyHIA
k=0
MeHTaJIbHOM B Cpe/iHeKBaipaTuieckoM cMbicie, T.e. M{|SK — SE121 — 0
npu K, L — oco. HeticrBurenbuo, ipu L > K

L L
M{S§—55|2}—M{‘ > anﬁk‘z}— 3 et M{&E ) =

k=K +1 k=K1
L - L -
= Z CnkCnl (mg(k)mg(l) + Rg(k, l)) = Z anc_nlmg(k)ms(l) +
EJ=K+1 k=K +1
2 L
+ Z cnitnt Re (K, 1) ‘ Z ek e (K ‘ + 3 ekt Re(kyl) = I .
k,l=K+1 k=K+1 kJl=K+1

Eciu soinonmeno (4.4), to I, ; — 0 npu K,L — 0o, 410 0O3Ha4aer:
M{|SEK — SL1?} — 0 upu K,L — co. B cuiuy csoiicts c.K.-cxopumocru

(cm. 1. 14.4) mocremoBatenbrocTh {SK} cxomures B cpenmexBagpaTmde-
K o0

CKOM cMbIcie K npejeiy (, = 1 im. D> cnkék = > ek
k=0 k=0
HaobGopor, eciu (,, cyumecrByer, TO

M{[Gn*} = D{Gu} + IM{Gu}* < o0,

HO

L oS}
D{(,} = i o = o
{¢n} Jm k%g CnkCniRe (K, 1) k%::o CnkCniRe (K, 1) < 00,

2 oo 2
IM{C. ) = hm\zcnkmg B =3 cume®)| < oo,
k=0

9TO O3HAYAET CXOAMMOCTD psanoB (4.4). Taknm obpasom, ecan psaapr (4.4)
cxomaresd, To M{|n,|?} < oo m, Gosee TOro, MBI IOIY9HIH COOTHOMIEHA
JUIS MaTeMaTuIecKoro oxkuganusd u aucnepcun CII ny,:

M{n.} = Li(n), D{m} = IL(n),

rae I1(n), Is(n) ounpenenens B (4.4). m



§ 4] JINHEWHBIE IPEOBPABOBAHUSA CJIVUAWUHBIX I[IOCJIELOBATEJIBHOCTEN 67

Ucnonbsys mekoTopyio momomanTenbayto madopmammio o CII {£,},
MOKHO HECKOJIbKO YIPOCTUTH ycioBus (4.4).

IIpumep 4.2. IlycTh u3BeCTHO, 9TO M{|§n|2} < K? gna Bcex n € Z.
JlokazaTh, 9TO B 9TOM Cilydae JJisi CyIIeCTBOBaHUs JUHEHHOIO 1peobpa-
o0

soBamms 1), (4.1) mocrarouno, 4robbr Y |cpk| < 00 murs BCex n € Z.
k=—o0

Pemenne. Tak kak M{|]?} = o (k) + |me(k)|* < K?, k € Z, 0
o¢(k) < K u |me(k)| < K. Ussecrno, uro |Re(k,1)| < o¢(k)og(l), roraa

> lenkcniRe(k, D)l < D" Jenkllcn|oe(k)oe(l) =
k,l=—o0 k,l=—oc0
&) 2 9 e o] 2
= (X lensloe®) <KX fems]) < oo
k=—o00 k=—o0

Taxwum o6pasom, psaz Iz(n) B (4.4) cxogmres aBCOMOTHO U, CIE€AOBATENIBHO,
CXOIUTCs. AHAJIOTHYHO,

o0

Y lenkme(R) S K 37 fenr] < oo,

k=—o0 k=—o0

nosromy cxommrest pan I (n). Urak, cymecrBoBanue 17, Tenephb CIemLyeT
73 pe3yJbTaTOB IpuMepa 4.1. W

PaccMoTprM mpuMepBl BaXKHBIX I IPAKTHYeCKAX MPUJIOXKEHUIl JIH-
HEWHBIX Tpeobpa3oBaHUIA.

IMpumep 4.3. Bemecrsennas CII {&, k > 0} onpenesena coorHo-
mennem & = 60+ e, tae 0 — cayuaiiaeit nmapamerp ¢ M{0} =mg n
D{6} = Dy, {ex} — uenTpEpOBaHHBIl TUCKPETHBLIH GEJBIH IIyM, TAKOH,
gro D{e} = Dy < D, upuuem napamerp # He koppemupyer ¢ {ej}.
CII {&x} momsepraeTcss mpeobpa3oOBAHUIO OCPETHEHUS:

1
n+1

T > &, n=0. (4.5)
k=0

Boraucaurs M{n,}, D{n,} u maiiru lim D{n,}.
n— oo

Pemenme. M{{} =mg u D{&} = Dy + Dy, < Dy + D. Tlosro-
My M{fi} <Dgp+D+mj=K < oco. Tak kak cymma B (4.5) comep-
JKAT KOHEYHOE YHCJIO CJAraeéMbIX, yCIOBHs IpHMepa 4.2 BBIIOJHEHBI. Ta-
KM 00pa3oM, M{ﬂ%} < oo npu KaxjoM n > 0, npudem M{n,} = I;(n)

5*
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u D{n,} = Ix(n), rne

1 Dg+ Dy upnm k=I,
Li(n) = Re(k,1) =
1(n) n—l—l,;]mg s (k1) {De opu k #1;
1 n
I(n) = ——5 > Re(k,0) =
(n+1)2k,z:o
:7112[(n+1)2D9+zn:Dk]:Dg—i——llzzn:Dk.
(n+1) k=0 (n+1)* (=

Samernm, uro B cuity Dy < D umeem

n
DQ<12(n)<D0+ﬁI;D=D9+%—>Da npH M — 0.
Takum o6pazom, D{n,} — Dy upu n — co. m

Jjist Toro 4robbl MPOACHUTH MPUKJIAJHON CMBICI [OJLyYEHHOI'O pe-
3yJbTaTa, PACCMOTPHUM IIPOLEAYPY JHUHEHHOTO ONEHWBAHUS CJIy9IalHOTO
BEKTOPa 1) 110 BeKTOPY HabJiogennit .

Onpepnenenue 4.3. Ouenka 1 = ¢(&) HasbBaerca aunelinol cped-
nexeadpamuueckoli ouenkol mias n 1o £, ecau ¢ — JuHEelHOoe npeob-
pazoBanme. TOYHOCTH OIEHKH XAPAKTEPHU3IYETCHA CPeIHEK8adpamuveckot
noepewnocmvio A = M{|n — 7]?}.

IIpumep 4.4. Jokaszars, 910 7),, onpenenennaa B (4.5), sBasercs
HECMEIEHHON JIMHEeHON OIeHKOU JjIs 6, MOrpPEenrHOCTb KOTOPOil MOYXKHO
CIIeTaTh CKOJIb YTOJHO MAJIOH.

Pemenune. Ilpeobpasyem dopmymy (4.5):

1 n n
= —— 3" & S Z -
ntlis k:O
1 n
Takum obpaszom, 0, =1, —0 = Z €} TPEACTABJIAET COOOM Cirydaii-
n+1 =

HYIO OIMUOKY OIEHKH 1, .

1 n
Torma M{6,} = M{n—H kgosk} =0, tak kKak M{e;} =0, n

An:M{(sz}:D{ +1Z } %—)0 npu  n — 00,

uTO cremyer w3 pesynbrara npumepa 4.3. Urak, M{n, — 0} =0 nua
Besikoro n > 0 (neemewenmoemn), a A, = M{|nn — 9|2} — 0 mpun — oo
(cocmosmeavrocmy). B
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Sameuanue. Ecim B npumepe 4.4 mapamerp 6 saBigerca Hecitydaii-
ubiM (T. €. Dy = 0), To pesynbrat, chopMyIUPOBAHHBIN BbIIIE, IPHHAMAET
cilelyromui Bu:

1
n+1

ng—>m5 opu  n — 0o, (4.6)
k=0

rae me = M{&,} = 6. TIpu srom yrBepxenne (4.6) Ha3bIBAIOT 3GKOHOM
604DWUT YUCEN.

Paccmorprm Bemecrsennyto CIT {,}, smasromytocs nponeccom Ha-
6urofenns, (POPMHEPYEMBIM II0 CIELYIOel cxeMe:

gk = Lp(k) + €k, ke Z, (47)

rue p(k) — mosesHblil HecTAMOHADHBIH CIIydaiiHblil curaad, a {e } — nen-
TpUpoBaHHBIH Genblit mym ¢ mocrosiaaol amenepcneit D{er} = D, > 0.

s onenusanus curnasna p(k) CII {£x} noxsepraercs npeobpasosa-
HUIO, KOTOPOE HA3bIBACTCH PUALTIPOM IKCNOHEHUUBABHORO C2AANHCUBAHUS
U HMeeT BUJ

M =afp—1+ (1 — )&, né€EZ, (4.8)

rae « € [0,1) — napamerp dusbrpa.

B ciuesytoimem npumepe HUCCIELYIOTCH XapaKTEPUCTUKHU TOYHOCTH
dbunbTpa KCIOHEHIUAIBLHOTO critazkuBanus (4.8).

Ipumep 4.5. pennonokum, ato B Mogean (4.7) MOIE3HBIA CUTHAIL
umeer Bug @(k) = 01 + 02k, tae 61, o — ciaydaiinble napaMeTpbl ¢ U3-
BECTHBIMH CPEJTHUME My , My W gucniepcuayu Dy , Dy , mpmaem {61, 62}
He 3aBucaT or {e}. HallTu c.K.-HOrpemHocTs OneHKY 1), curHaaa ¢(k),
onpenensemoil ypapaeaneMm (4.8).

Pemenwme. 1) ITokaxkem, uro (4.8) siBisieTcs JIMHEHHBIM TIpeobpa30-
BarmeM Buja (4.1):

T — & (ann—Q + (1 - a)gn—l) + (]- - a)gn =

=(1-a)étatp1)+a®n, 2=...=(1-a) i ok, .,
k=0

oprYeM NOJIy9YeHHbIH psijl C.K.-CcXoauTced B cuity |af < 1.
2) PaccmorpuM JefiCTBHE TIOMy9E€HHOTO JMHEHHOrO MpeobpasoBaHmst

ua CII {¢,} Buna (4.7):

M lfaz (01 +63(n—k))+ (1 —a) Zaank—n(l)—f—n@)
k=0 k=0

o0

1 = (1—a)(0 +62n) 3 a* — (1 —a)bs io: k.

k=0 k=0
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o0 oo
VdauTbiBasg, 90 Y F=1-a)tu(1l-a) > ko® = a(1—a)7?, mo-
k=0

k=0
«

-1

ayaem 15 = o(n) + p”

HaXOIUM

02. Orcroma B cuity HesaBuCUMOCTH O3 o1 {£,}

B = Ml — (o)} =M { | 2562

2} -I-D{(l - a)kio: aken,k},

a—1
D{ate i} =D. 3 (@) = 12
n— g 17(12'
k=0 k=0

OkonuaTesbHO HOILyYaeM

2
__“ 2 L—ap A0 L A@ —
A, = m(mez + Dy,) + 1+aDa =40+ A = f(a)
Bamerny, a0 AL — pesymnTaT HCKaXKeHHS (DEIBTPOM MTOTE3HOTO
curramna p(n), a AP — ocrarok or myma Habmonenns {sy }. VaTepecHo,

a0 ipu o — 0 AS) — 0, no Torma Ag) — D.,anpuna — 1 Ag) — 0, "o

1
A%) — 00. OgeBHIHO, 9TO MApaMeTp & MOXKET OBITH BHIOPAH ONTUMAJIb-

HBbIM 00pPa30M M3 yCIOBUS 0L = arg rr%in) f(a). =
ac0,1

4.2, JIuneiinble nmpeobpa3oBanus ctaimuoHapubix CII. Ilycrs
n3BectHO, 9T0 {&k, k € Z} — cranmonapnas semecrsennas CII ¢ xapakre-
pucrukamm: M{{,} = me, cov{&, &} = Re(k — 1), D{&} = Re(0) > 0.
ITycte Takske 3ajaHa HEKOTODAsl YUCIOBAs IOCIENOBATENLHOCTH {Cpm ).

Onpegnenenne 4.4. Cry9aiiHag mocie0BaTeILHOCTD {7, } Ha3bIBa-
eTCa CMAYUOHAPHBIM NUHETHLIM NPeobPasosaHuem CIydaidHON IIOCITEI0-
BarenbHocTu {&} ¢ 8ecosoli nocaedosamenvrocmovio {cm }, ecnu

oo

M= Y. Cmbn-m, nEL (4.9)

m=—0o0

Sameuanue. Panee B 1. 3.3 u3yvyanuch JTuHEHHbIE Tpeo0bpa30BaHUsI
B crekTpalbHOil (dacrorHoi) dopme. CoorHomenue (4.9) maer siBHOE
MpeCcTaBjeHne IpeodpPa30BaHusa BO BpeMeHHON obiactu. YacTHBIH Ciry-
9aii TAKOro mMpeobpa30BaHUs PACCMOTPEH B mpumepe 3.6.
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Has cymecrBoBanms npeobpaszosanus (4.9) mMOCTATOIHO, ITOGHI BBI-
MOJTHSLJIOCH YCIIOBHE

> lem| < oo, (4.10)

4TO ClleJlyeT U3 pesyJibrara npumepa 4.2.

ITpumep 4.6. Ilycrs Bomonrerno (4.10). Hdokasars, aro CII {n,},
onpenengemas B (4.9), ABIAETCA CTATMOHAPHOIA.

Pemenne. Iokaxem, aro M{n,} =m, n cov{n,,nm}=R,(n —m)
IPH JTIOOBIX HEJBIX 1M, N

(oo}

M{n,} = M{mgw cmgn,m} -
= m_io:oo em M{&n—m} = mg mim Cm = M.
Hauree,
cov i} = cov] 3 ey, 30 cabmosf =
p=— s=—o0
= i pCs COV{En—p, Em—s} = i cpcs Re(n —m+ s —p) =
Ps=—00 prs=——00

=R,(n —m).
Takmm obpasom, CII {n,} crammomapma mno omnpeznerenmio. 3ame-
oo

tum, aro D{n} = R,(0) = > c¢pcsRe(s — p). ObocuoannocTs BHECE-
p,s=—00
HUSl OIIEPATOpPA MATEMATHIECKOTO OXKUAAHUA M KOBADHAIMH 0] 3HAK

CyMMEpPOBaHus cieayeT u3 npumepos 4.1, 4.2 u yciosug (4.10). ®
Bameuanue. Ecin BecoBag nocieqoBaTeslbHOCTD {C¢m } TakoBa, 41O
¢m =0 npu Bcex m <0, TO cranuoHapHOe JiMHEHOEe peobpa3oBa-
o0

une (4.9), umeromiee Bug Ny, = » | Cmén_m, HA3BIBACTCH Pusurecku pea-
m=0
auzyemvim (Puabmpom), TOCKOIBKY B STOM CIIydae BBIXOJHON CHTHAI 7,
3aBUCHUT JIWINb OT MPOILIBIX 3HAYEHWH BXOMHOTO curHaja & mupu k < n.
IMpumep 4.7. Ilycrs npu HekoropoM || < 1 mOCIE€I0BATENIBHOCTD
{Nn} yIoBIETBODPSIET PEKYPPEHTHOMY yDABHEHWIO:

M = 0Nn_1+&, nEZ, (4.11)
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rne {&,} — BemecrBennas CCII. ITokasars, uro (4.11) asagercsa nuneii-
HBIM CTAIMOHADHBIM (DUIBTPOM, W HAWTH MOMEHTHBIE XapaKTE€PUCTHKH

CII {n,}.

Pemenue. Henocpencrsenno u3 pesynbraros npumepa 4.5 cienyer

o)
M= ok, nez (4.12)
k=0
o] o]
rae ¢ = ak, TOI"Ha Z |Ck:| = Z |a|k = %M < 00, T. €. ycaoBue (410)

k=0 k=0
BBIIIOJTHEHO.

Onwupasick Ha pe3ynbTaThl TpuMepa 4.6, HaX0auM, 9TO BbIPAXKEHUS

_ - kE_ Mg
Ry(n—m)= > aPt*Re(n —m + s —p), (4.14)
p,s=0
D, =R,(0)= 3 aP**R¢(s—p) (4.15)
p,s=0

ONIPEJIENISIIOT MATEMATHIECKOE OXKUIAHNEe, KOBAPUAIMOHHYO (DYHKIHIO U
pucnepcuto CIT {n,}. =

Ocobbiit uHTEpEC IpecTaBigeT ey daii, koraa dunsrpyemas CII {&,}
siBasiercst 6esbiM trymom. IIpm sTom coorromernus (4.14), (4.15) mMoxHO
CYIIECTBEHHO YIPOCTUT.

IIpumep 4.8. B ycimoBusix mpumepa 4.7 paccMOoTpeThb ciiydaii, Koria
{¢n} — cranmomapubIit Gembrit mryM.

Pemenwue. Iloompenemnennio Georo myma Re(s—p) = 0, ecnm p # s,
nosromy n3 (4.15) cremyer

D
1—a2°

D, =3 oD =

p=0
IIycts Tenmepr m < n u | =n — m, Torma
oo oo
Ry(n—m)=R,(1)= 3 o®"D¢=0a'D; Y a* =a!D,.
p—s=l s=0

Anasormano, ecmtu m > n, to R,(l) = R,(=l) = a~'D,,. Obbeannas
oba pemenus, HaxonuM R, (n —m) = a‘”_m|D77. ]
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Onpenmenenme 4.5. Kommnekcnaa bynxmua ®(\) neiicteurenbroii
nepeMeHHOU A\ € [—m, 7|, onpejeiigeMas COOTHOUIEHUEM

oo

D(A) = 3 cpe M, (4.16)

m=—0oo

HasbIBaeTcA wacmommoti Tapaxmepucmukoti JTAHEHHOTO CTAIIOHAPHOTO
npeobpaszosanus (4.9).

Bamevanue. Herpynuo nposeputh, ato ®()\), onpenensemas BbIpa-
kerneM (4.16), COBIasaeT ¢ 9aCTOTHON XapAKTEPUCTUKOM, MCIONb30BAH-
HOM B (3.24) /UIA CIEKTPAJLHOrO NPEJCTABJIECHAS JHHEHHOrO CTAIHOHAD-
HOTO mpeobpazoBanua (cM. Takxke npumep 3.6).

IMpumep 4.9. Hokazars, aro ®(N\), A\ € [—7, 7], cymecrByer, ecin
BhImosHeHO ycioene (4.10).

Pemenune. ITokaxkem, 9yro npu Kaxkgom A € [—m, 7| pan (4.16) cxo-
JUTCsE aDCOJIFOTHO.

oo o0 oo

P =| T eme <Y femlle P = T fem] < o0,

m=—0o0 m=—00 m=—oo

taK KaK |e "% = cos? Am +sin* Am = 1. =

Bauacryo npeobpasoBanue (4.9) 3anaercsa HesBHO (cM. npumep 4.7),
nosromy st BeramcieHust ®(\) ymoGHO BOCHOIB30BATHCS CIeMyIOIIEi
dbopmyoit, BrTeKaomell HemocpeacTBerHo w3 (4.16):

L(ei)\m)
rIe L(ei)‘m) — Ppe3yJbTaT JIMHEHAHOTO CTAIMOHAPHOIO MIPeodpa3sOBaHUA

HECITy9aiiHON NOCIeNOBATEIIBHOCTH Tyy = e“‘m, m € Z.

YacrorHasi xapakTepucTuKa P(\) MO3BOISET BBIYUCIUTD CIIEKTPAJIb-
HyI0 IWIOTHOCTH npeobpasosanmus CII {&,,} (cm. Teopemy 3.4).

IMpumep 4.10. IIycrs cranmonapuas CII {&,, } umeer cuekrpanbayio
mwiorHocth fe(A), A € [-m,w]. Hokasars, uro CII {n,} suuza (4.9) npu
yciosun (4.10) Takke EMeeT CHEeKTPAIbHYIO IIIOTHOCTE fi(A):

FaN) = 12N fe (V). (4.18)

Pemenue. Paccmorpum ciyuaait, korma » | Ry, (n)| < oo. Torma B cu-

n
iy upexcrasienus (3.12) fp(A) = ZL > Rn(n)e_i)‘”, npudeM KoBapua-
s
nez
muonHas Gysknusa R, (n) uMeer Bug (cM. mpumep 4.6)

Ry(n) = > cpesRe(n+s—p).
p,SEL



74 CIYYAUHBIE MOCJELOBATEILHOCTU [FJI. 1I

Torza cuekrpasibHas IWIOTHOCTD fp(A) MOXKeT ObITH IIPE/ICTABICHA B BUJIE

1 —iAn
fn(/\>:% > ) cpes Re(n+s—ple An —
ne”Zp,s€l

= > cpcs NS eTiAP % ZRg(l)e_“‘l =
p,s€EZ IEZ

= 2NN fe(N) = [V fe(N). =

Iponmmoctpupyem npumenenune dopmyast (4.18) mus momenu mpeob-
Pa30BaHUsA, PACCMOTPEHHON B mpuMepe 4.7.

[pumep 4.11. ITycTs aurEitHOE TPEOOPa30OBAHAE 33TAHO PEKYPPEHT-
Hoit dpopmymoit (4.11), tae {&,} — nearpuposannaa CII ¢ koBapmannon-
Hoit pyukuueit Re(n) = D¢ "l 18] < 1. HaiiTs clieKTpabHYIO IIIOTHOCTH
CII {nn}.

Pemenune. Ilo dopmysne (3.12) umeem

fe(A) = % > Re(n)e ™ = %ﬁ 3 e—Anglnl —

n=—oo n=—oo

_De 1-p2 De(1 - %)
=5 [1—Be—*]2  2n(1+ B2 —2BcosA) (4.19)

Haiinem Temepb 9aCTOTHYIO XapaKTEPUCTHUKY IPEeoOpa30BaAHUST
Mn = lp—1+ & (4.20)

Hast sroro paccmorpuMm coorHomtenne (4.17) st ciydast, xkorga L(-)
samaercs ypasaeramem (4.20). Torma

B(N)e?" = a(B(N)er ) 4 eAn, (4.21)
OTKysa, cokpamag Ha e obe wactu (4.21) um perpaxkas aHo P()),
HoTygaeM

(N2 = :

1
Q(/\) T 14+ 0a2—2acos )\

T 1l— e
Teneps, ucnonbsys Gopmyast (4.18) u (4.19), maxomum

_ De(1-p5%)
FaN) = 27(1+ a? — 2acos A) (L + B2 — 2Bcos )’ .
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4.3. JIuHeliHOe NIPOrHO3WMPOBAHUE CTAIMOHAPHBIX IIOCJIE/I0-
BarenbHocrei. Ilycte & ={{,, n €Z} — uenrpupoBannaa CCII
¢ koBapuannonHoi dyukiumeit Re(n) u cnekrpauabhoit dynkuuneir Fe(A).

Onpepnenenue 4.6. IIpocmpancmeom H(E), nopooicdernvim cay-
watinoti nocaedosamenvrocmovio €, Ha3bIBAETCH COBOKYIIHOCTH BCEX CJIy-
YalHbIX BEJIMYUH, SBJISIONUXCS KOHEYHBIMU JIMHEAHBIMA KOMOMHAIIASIMUA
ceuennit CII £ wian c.K.-ipeJelaMu TAKOBBIX.

DnemenTamu TpocTpancTBa H () ABAAOTCA IMHEHHBIE Tpeobpa3oBa-
Hus CIT € (em. m. 3.3).

Host mo6bix v, 1 € H(€) MOXKHO ONPENETNTD CKAAAPHOE NPou3sederue
U HOPMY:

(v,m) = M{w7},
Il = (M{[p[2})"? = ()12,

B srom ciyuae npocrpancrso H(£) — runbbeproBo M ABIISETCS IOALPO-
CTPAHCTBOM IHJILOEPTOBA MPOCTPAHCTBA H CIyJailHBIX BEJUIUH C KOHEd-
HBIM BTOPBIM MOMeHTOM (cM. 1. 14.7). Bynem takzke rosopurs, aro H (&)
nopootcderno CCII &.

[Ipeamonoxkum, yro g0 momenrta m Britouuresbio CCII € gocryn-
Ha Habmonenmo, T.e. £™ = {{m, &m—1, ... } — Habarodaemwti caywatinod
anemenm (Habmonaemas dactb CCII &). Ilo anamormn ¢ H(§) BBemeMm
rus6epToBO mMpoCTpancTBO H(£™), MOPOKIEHHOE TONBKO HABIIONAEMON
gactbio CCII €. OgeBunHo, aro H(E™) C H(E).

Onpenenenue 4.7. Hauayvwum aunetinoim cpedrexsadpamue-
CKUM NPOo2HO30M (C.K.-ONMUMAALHBIM NPOZHO30M) I Emin, 1 = 1,
no HaGmoneHnsM ™ Ha3bIBaeTCs Cayvaiinas Besmannaa ) € H({™), Takas,

qTo
€mtn = 1ll* < [|€msn — I ¥y € H(E™).

Hanee mamrydmuii suHEeRHBIN TPOrHO3 7) OyaeM 00603HAYATD Epyt,-
TodHOCTH TPOTHO3a XapaKTEPU3yeTCsT BEJIMINHON cpedHexsadpamuyieckot
nozpewnocmu (C.K.-noZPeWwHOCU):

0121 = ||£n+m - §n+7n||2 = M{|£n+m - §n+m|2}-

3ameTuM, 9TO B CHILy CTAlMOHAPHOCTH IOC/esoBaresbHocTH € omubka
MPOTHO3a HE 3aBUCHUT OT M, & 3aBUCHUT JIWIIb OT 7, T.€. OT YHCJIA IIaroB
«BIepeny, Ha KoTopoe mporaosupyercsa CCII &.

Onpenenenune 4.8. CCII £ maspBaerca cuneyaaprod, ecim o = 0
npu Beex n > 1. Ecim xe 02 — D¢ = Re¢(0) npu n — oo, To CCII ¢
HA3BIBACTCA pezyaaprol (mmm wucmo cayuatinot).

Sameqganue. CHHIYJISPHOCTD £ 03HAYAET, 9TO OHA AOCOAIOMHO MOYU-
HO MPOZHO3UPYEMCA HA JII000€ KOIUIECTBO v > 1 maros mo cBoemy mpo-
mutomy E™. IlosToMy cHHTYJISpHBIE MOCTEAOBATEIBHOCTH TAKXKE HA3bIBA~
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0T demepmuruposarrvimu. HaobopoT, perysispHOCTb HOCIEeI0BATEIbHO-

> C.K.
cru o3HAYAET, ITO &ty — M{&p4m} =0 mpm n — oo, T.e. nporuos
CTAHOBUTCS MPUBUANHBLM.

Oka3bIBaercsi, 4T0 BCsiKas CTalMOHAPHAs C/lydaiiHasi 110CJIEe0BATE b
HOCTh €JMHCTBEHHBIM 00Pa30M MOXKET OBITh MPE/ICTABICHA B BUIE CYyMMbI
CUHI'YyJIAPDHOR U PeryJiapHOU 110C/Ie0BATEIbHOCTEH.

Teopewma 4.1. ITycmv & — CCII, mozda ona edurncmsennvim 06pa30M
npedcmasasemces 6 sude

&n=¢€ +¢€, nelz, (4.22)

ede & — cumneyaapnas wacmo CCII a & — peeyaapras wacmo CCII,
npuyvem (&,£5) = cov{{l, €5} = 0 npu awbwx n, m, a maxoice

H((E)") SHE™) u H((E)") CHE), neL
m.e. CCIT{&5} u {&)} nodwunenw, CCII {&,}.

IIpencraBnenwe ¢ B Bume (4.22) HaswbiBaeTcsa pasaodicenuem Boavda.

Jsa onucanus crpyKTypbl peryiaspuaoit CCII mam moHamo0uTcst MOHSI-
THe OOHOBJISIOIIErO TPOIECCA.

Onpepmenenue 4.9. lleHTpupoBaHHBIN CTAHJIAPTHBINA JUCKPETHBII
Geantit wym € = {e,}, M{e,} =0, cov{e,, e, } = 0" naswBaerca 06no-
saarouum npovyeccom aas CCII &, ecmu mpu Kaxkaom n € Z

H(E™) =H("), (4.23)

rne e” ={en,en—1, ...}, a0 =0 npu n #m u §7 = 1 (cumBoa Kpone-
Kepa).

Takum 06pazoM, OOHOBJIAIONIHI TPOIECC € €CTh COBOKYMHOCTH OPTO-
POHAJIbHBIX BEJIMYUH, IIOPOXKIAIOIIMX T€ XKE IPOCTPAHCTBA HADJIIOIEHUI
H(e™), n € Z, uaro u cama CCII &.

Teopema 4.2. CCII & asasemcs peeysspHoti mozda U MOALKO
moeda, Kozda natidymes obnosasrouwuti npouece {e,} u xoaphuyuernmon
{ar}, maxue, wmo

0
gn = Z AkEn—k; N E Z7
k=0

o0
ede > |ax|* < oo.

k=0

Kpurepuii perysisgpHOCTH, HCHOIL3YOMMUI CIIEKTPAIbHBIE XapaKTePH-
cruku CCII £, umeer caemyromuii Bu,.

Teopewma 4.3. CCII £ peeyaapra mozda u moavko moezda, k020a
& umeem cnexmpasvryro naomuocmov fe(A), npuvem fe(A) >0 nowmu
6c100y (no mepe Jlebeza) na [—m,m| u

J In fe(A) dA > —oo.
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Sameuanue. Ecim £ mMmeeT KyCOIHO MOCTOAHHYIO CIEKTPAJIbHYIO
dbyuaknmo F¢(A), To ona cunrymnapra. Hampumep, ecnu (cMm. npumep 3.2)

N
€= ae™", ne,
k=1

rie {2, } — HEeKOppeJIWpOBaHHBIE CIAyJIaliHble BEJMIUHBI, & A\ — Pa3nd-
HbIE TOYKH HOJyHHTEpBaJa [—7,7), T0 F¢(\) nmeer sus

Fe(\) = > o, tme op=M{|z|*}. (4.24)
ki AR

Ota bynkuns nmeer N paspblBOB MepBOro poja B Tovukax {Ag} m mocro-
sIHHA Ha KaXKJOM IPOMEXYTKe [k, Ap+1). B 9TOM ciiydae crneKrpaibHas
mwiorHocTh f¢(A) He cymecrsyer, uro o3madaer cunrymnsipaocrs CCIT €.

IIpumep 4.12. Bemecreennas CCII § = {,,} ynoBierBopsier ypas-
HEHUIO aBTOPErPECCUH HEPBOrO IOPSsIKA:

én=0abn_1+€n, nEL,

rae |af <1, e = {e,} — cramgaprabil guckperHsii Genbri mym. Jloka-
3aTh, 9T0o £ — perymnapuasa CCIL.

Pemenne. Ilpu KaxkKaoMm n BBIMOIHEHO PABEHCTBO &, = &, — a&,_1,
nosromy H(e™) CH(E™). C mpyroit cropoHs!, 3 npuMepa 4.7 cieiyer, 4To

o0
§n =) arEn—k, (4.25)
k=0
oo
1
— ok 2 _
e ap = o, npudem Y |ag|” = T—jap < oo. Kpowme Toro, u3 (4.25) cre-

k=0
nyer, aro H (™) C H(e™). Urak, H(e™) = H(E™), T e. € — obHOBIAIOmMI
nporiecc 1 nocienoBarenbHocT £. Teneps B cuity Teopemsr 4.2 CCIT &
SIBJISIETCSL PErYJIAPHO. M
Tenepb MbI MOXKEM ONUCATH OOINUI BUJY C.K.~ONTUMAJBHOTO JIMHEHHOTO
OPOrHO3a IS &yt TO HabIOTEHUSAM H (™).
Teopema 4.4. Ilycmo Ty em) — OMEPAMOP OPTMOZOHANLHOZO NPOEN-

muposarus wa noonpocmparemeo H(E™), mozda cayuaitinas eeaununa

Zern = W'H({m)(fm+n) (426)

ABAAEMCA C.K.-ONMUMALOHBM AUHETHBIM NPOZHOZ0M OAA Epytry, NO HA-
6aroderuam E™ = {€m, Em—1, - - }-

Sameganune. CpoiicrBa omeparopa OPTOrOHAJIHLHOIO MPOEKTHPOBA-
HUsI pacCMOTpeHbI B . 13.8 u 14.7.
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oo
HOpumep 4.13. Iycts &, = Y aren_k, vae {en} — obHOBIAIOMIMIE
k=0
npomecc. I[TokazaThb, 9TO

oo

§m+n - Z AkEm+n—k-

k=n

HaiiTu c.K.-TIOTPeIHOCTD 02 TPOTHO3A &yt -
Pemenue. Bes3 orpannierus oOITHOCTH MOXKHO CIUTATH, ITO M = 0:

o) n—1 0o
b= aren k=3 apen_r+ 3 aren_p = &M + 2.
k=0 k=0 k=n

OueBugHO, YTO Er(Lz) € H(<0), a g,(}) 1 H(%), Tax xax cov{gr(tl),n} =0
nng moboit CB n € H(e°) B cuy Toro, uto € — Gembrit mrym.

Tax kak € — obHOBJIstIOmuit pomnecc, u3 (4.23) crenyer H (%) = H(EY).
Taxum obpasom, &, — &2 L H(EY), Te. ¢ = Ta(e0y(&n) (em. 1m.14.7).

~ 2
Tornma u3 (4.26) &, = 57(1 ), 4TO 1 TPebOBaJIOChH JI0KA3ATD.
Jlia HaXOXKJIeHUs 02 3aMeTHM, UTO

n—1
.~ 2
72 = 16 — Eull? = €01 = M{| S avenci]*}.
k=0
VuureBas, aro €; L €; upu i # j u M{|e;|?} = 1, monysaem
n—1
02 = > lak)?.
k=0

o0

Bamermm, 910 02 — S |ag|* = M{|¢,]?} = Dg npun — oo, 1. e. nporaos
k=0

JIeHCTBUTEILHO CTAHOBUTCS TPUBUAJIbHBIM. W

IIpumep 4.14. B ycioBus npumepa 4.12 naiitu Zn 110 HADJIIOIEHUSTM
60 = {5076—1) te }
o0

k
Pemenme. Tak xak &, = ) aren_g, e ap = a”, a {&,} — obHO-
k=0
BJIAIONIUN IIPOTIECC, TO B cuiy npumepa 4.13 umeem

~ oo oo
§n= > aren_p ="y are_p = a"&p.
k=n k=0

2n

n—1
2 Z 2 _ 1l—«a
HpI/I 93TOM BeJIMYUNHA O'n = 0% = 1_7
k=0

> ABJIAETCA C.K.-IOT'PENIHO-
(%

CTBIO TIPOTHO3a &y, 37IECh TAKKe 02 — =D upun —oo. R

1—a?
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Paccymorpum cmocob moctpoerus nporuao3a ayia cuuarynapuoit CCII ma
npumepe nouru nepuogmdeckoit CCII (c¢m. npumep 3.2).

IMpumep 4.15. Ilocrpours C.K.-ONTUMAJBHBIA IPOrHO3 JJist £ 110 Ha-
bmonenuam £0 B cydae CHETYIApHOI MocaeoBaTe bHOCTH {&,, } U3 TIpH-
mepa 3.2.

Pemenne. Ilo ycrnoButo

gn = Z Zkel)\kn = J ez)\n Z&(d)\)
k=1 g

ITycts ®(A) — mcKOMasi 9aCTOTHasl XapaKTEPUCTHKA, AIOMAs C.K.-ONTH-
MaJIbHBII IIDOI'HO3 Ha OJMH IIIar:

™
& = J eMD(N) Ze(dN).
—T
C.K.-[IOI'PENTHOCTH TOr0 MPOI'HO3a UMEET BUI,

ot =M{la &P} = | |e*1— 20| dF(r z 1 - @A) De,

—T

re Dy, = M{|2x|?}, a Fe(A\) — cuexrpanbnas dynkuus CCII &, (3.15).
B cWIy CHHTYJSPHOCTH MPOTHOZEpPYeMoil TociefoBaTebHOCTH 03 = 0,
nosromy Haiimerca ®()\), Takas, aro

®(N\) =1, k=1,...,N.
Byznem uckars dysrmmo ®(A) B Buge

N .
— Z ale*”",
=1

Torga gt onpenenennst kosddumuentos {o;} HEOOXOANMO pemuTH CH-
cTeMy ypaBHEHHi

N
Sae M =1, k=1,...,N. (4.27)

Herpynuo mposeputh, uro pemenme {q;} cucremsr (4.27) cymecTByer u
eIMHCTBEHHO, eCTIA A\, # A; IpH k # j, 9TO U IPeJIIoNaraeTcs 10 yCIOBHIO.

Tenepb MBI MOXKeM HalTHh OKOHYATEJIbHOE BbIpa2KeHue IJid 512

K s

fl = J Zale Al Zg d)\ Zal j M(l b Zg d)\ Zalfl l-
— =1 —
Bunmo, aTo mpormos crpoutcs no mabmomerusam {&p, € 1, ..., & Ny1} T

SABJIIETCS abCOTIOTHO TOYHBIM, TaK KaK O'% =0 mo IIOCTPOEHHNIO. W



80 CIYYAUHBIE MOCJELOBATEILHOCTU [FJI. 1I

ITycre Teneps {&x} — perynapras CCII co cieKTpasbHOU MIIOTHOCTHIO

BUIA
1

_ 4 —i\y|2
feN) = o-|®(e™ ),
o0
rae ®(z) = Z bz* umeer paguyc CXOOUMOCTH T > 1 U He HMeeT HyJiei
k=0

B obmacru |z| < 1.

Jna mocTpoenns mporHosa &, mo mHabmomeruaM & B sToM ciydae
MOXKHO BOCITOJIb30BATHCS CJIELYIOIIAM aJrOPHTMOM.
1) Onpeznennts GyHKIHO

gn(N) = e“‘”@n(efi)‘)(é(efi)‘))fl, (4.28)

rae @, (z) = Z bkzk.
k=n

2) IIpexncraButhb gp,(A) B Buze psna Oypbe:

gn(A) =co + cre” M fegeT A4 = > cpe A, (4.29)
k=0

3) BoluncanTs OporHos &, B BAJE JUHEHHOTO Npeobpa3oBaHUs:

(oo}

&= kb i, (4.30)

k=0

rae {cg} — xoapdburmenter paga (4.29).

Oka3zbIBaeTcs, 9TO M{En — fn} =0, T.e. oneHka &, ABISETCS HECMe-
LIEHHOH, a aucnepcus ee omubKu (T. €. C.K.-[OIPEIIHOCTh) MOXKET ObITh
BBIYUCJIEHA 110 (DOPMyIIe

R n—1
op = M{[&n — &’} = 3 bl (4.31)
k=0

U3 (4.31) Take clefiyet, 9To 02 MOHOTOHHO BO3DACTAET MPH N — 0O.

HpI/Il\//I\ep 4.16. B ycimoBusax npumepa 4.11 mocTpouTs ONTUMAIBHBIN
nporuos &, g &, no HabmogeHuaM (€ M OmpemeNnTh TOYHOCTH 3TOTO
[IPOI'HO3a.

Pemenwme. C yuerom Beipakenms (4.19) mia cmekTpasnbHON miioT-
HocTH fz(\) momydaem

fe) = Lo )P, @(z) = a(l—fz) " =a > B = 3 bk,
k=0 k=0

2w

re a = \/De(1— B2), by = ap*, k=0,1,2, ...
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Haiinem remeps Boipaxkenune mis P, (2):
oo o0
Pn(z) = > brz® = p"2"a > BF2F =B (z).
k=n k=0

[ostomy @, (2)[@(2)]" = 872", orkyna
gu(X) = €1, (B! = (e = B

Takmm 06pa3oM, B JAHHOM CIydae B pasioxkennn (4.29) mia byrknun
gn(N) mveem cp = ™ # 0 u ¢, = 0 moa moboro k > 1. Urak, u3 (4.30)
Tenepb clIeyeT, 9To

n=p"%, n=12, ... (4.32)
C yueroMm Toro urto by = af*, k=0,1, ..., mo dopmyne (4.31) maxo-
JIUM BbIDaKEHUe JJIsi JUCIIEPCUU OUOKU HPOrHo3a &y, :

2 22 2" S ok _ @’(1— 8" 2n
o =M{[&n =&l =a Z/B :W:Dé(l_ﬂ ). (4.33)
k=0

Bamerum, uro HamboJlee TOYHBIM ABJSIETCS POI'HO3 HA OJMH IIar
(n = 1), ero roanocts pasha 07 = D¢ (1 — (32). Ilpu yBesanuenuu n B cuity
yeiosus |B| < 1 umeem 32" — 0, mosromy 02 — D¢ npu n — co. Tak kax
D¢ = R¢(0) — mucuepcua CII {¢,}, BEaHO, 9TO TOYHOCTH OHTHMAILHOIO

~

mporao3a &, OpU 1 — 0O MaJaeT W MPUOIMAKAETCSI K TOYHOCTH <TPHUBU-
aJbHOrO» mporuosa &, = M{¢{,} = 0, 1y KoToporo, 04eBHIHO,

M{|£n - gn|2} = D{fn} = Dg. |

4.4. 3agaum OJIS CAMOCTOSITEJIbHOIO PEILEHUS .
1. Toka3zars dbopmyiy (4.17).
2. Haiitn cnekrpanbryio mwroraocts CCII {7, }:

MNn = aOgn + algn—l, n e Z,
riae {£n,} — meHTpHpoOBaHHBIH Gesblit myM ¢ gucnepcueit De.

Orser. fr(\) = %(a% + a} + 2apa;1 cos \).
™

3. Ilycre CCII {n,, n € Z} ynoBjaeTBopsieT ypPAaBHEHUIO ABTOPErPECCHH
M = aNn—1+ BNn—2 + &, n € Z. Haiitu m,,, ecoiu M{&,} = me.

OrBer. my =me/(1 —a — ), ecin KODHH aJreb6panvIecKoro ypaBHEHHsI
1— oz — B2* = 0 no mMoayJo Gospure 1.

6 B.M.Munnep u A.P.IlankosB
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1 n+T-1
4.9, = 57 > &ntk, tme T — TOMOXKHUTENBHOE IEJI0e IHUCIO, & {&n} —
k=n—-T
Gesibtit mwym ¢ napamerpamu me u De. Haitru my, u D,,.

Orser. m, =mg, D, = D¢/2T.

1 .
5. Iycts 1y = Np—1 — Znn,z +é&n. Haittu gist {n,, } ssBHOe BBIpaskenue (4.9).
oo
Ykaszanne. Fcoonp30Barh 7, = » . QpEn—k COBMECTHO C IIPEICTABICHAEM
k=0

1
Nn — Mn—1 + 72 =cen,n € Z, nokazarnb, 4ro kodbduuments: {ax } oupenens-

. 1
IOTCS U3 PEKYPPEHTHBIX COOTHOMIEHUH () = Q1 — Zak,g, k>2,a0=a;=1.

X k+1
OrsBer. =
"L

6. B ycroBusix npeapiaynmieil 3ajadu HAWTH CHEKTPAJIbHYIO ILUIOTHOCTH
CII {nn}, ecin {en} — Geusblit mym co crnekrpajnbHOl mioTHOCTBIO fo(A) = 1.

Orner. fn(A) = 1,5625 — 2,5cos A + cosZ A

7. lycrs & = 01 + 02k + e, k = 0,1, ..., rne {ex} — ueHTPHpPOBAaHHDBII
Geubiit mym ¢ aucnepcueir D.. OneHka 7, nosesHoro curtaia @(n) = 61 + 62n
WMEeT BH/T

En—k-

1 n
v = ka
n+1 P

HaiiTn C.K.-IOrpemHOCTh OUEHKHU 7)n, ecau {01,02} He 3aBucar or {ex},
a mapaMeTpsl My u D, W3BeCTHBL.
Orset. Ay = M{|n, — ¢(n)|*} = 0,25n*(mj, + De,) + D:/(n + 1).
8. ITycrs CCII, umeromas crekrpaibHyo dyskmuio Fe()), moxsepraer-
Cd JIMHEHHOMY CTAIMOHAPHOMY NPEOOPA30BAHUIO C YACTOTHON XapaKTEPUCTH-
koit ®(\). Haittu siBHBII Bu cnekTpasnbHOit dyrrimun F(N).
A

Orner. Fy(N) = | [@(u)| dFe(u).

9. CII 7 monydena u3 CTAaHAAPTHOTO GEJIOTO HIyMa € IPEeOOPA30BAHUEM BHIA

M = = (En-1+Ent1), né€Z

N | =

Loxazats cranmmonaproctsb CII {1, } 1 BBIYUCIUTD €€ CIEKTPATIBHYIO IIIOTHOCTD.
Y kazanue. Bocrionb3oBarbcs Teopemoii 3.4.

Orser. f,(\) = 2i cos? \.
s

10. Ilycre me =3, fe(A) =5+ 4cosA. Haijitu c.k.-onrumanbHbiil Ipo-
rao3 &, mo mabmomenusM &0 m mECmepcHio OmmOGKH Tporaosa A, IS BCexX
n>1.

~ el k ~
Ormer. & =340,5>(=0,5)"({-k—3), A1 =87 u & =me =3, A, =

k=0
= D¢ =107, ecsiu n > 2.
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§ 5. Illenu MapkoBa

5.1. BepoaTHocTHbIe xXapakTepucTuku neneii MapkoBa. Ile-
nbio MapkoBa, KoTopas jajee JJjisg KpaTKocTu obosHadaercs [IM, Ha3bI-
BAETCs IOCJIE0BATEILHOCTD BEIIECTBEHHBIX CIIyYafHBIX BeJIMYUH, 00Jia-
JIAIOIAs MAPKOBCKUM CE0TCMEOM.

IIycts E = {ep, €1, -.-,€k, ... } — HEKOTOPOE KOHETHOE WJIU CIETHOE
MHOXKECTBO. PaccMOTpuM TOC/IeI0BATeIbHOCTD CIyYaliHbIX BeJUIuH &,
n=20,1, ..., KOTOpble IPUHUMAIOT 3HAYECHUs U3 MHOKecTBa E ¢ BeposiT-
Hoctamu mg(n) = P{&, = ey}, k = 0,1, ... Takum obpasom, &, — ciy-
JaliHasl BEJIMYINHA, C JAUCKPETHbIM (KOHe‘-IHbIM nJjim quTHbIM) MHO2KECTBOM
suavennii F. Cayvaiinas nociegoBarensaocts & = {£,,n = 0,1, ...} yka-
3aHHOI'O TUIIA HA3BIBAETCH JUCKpemmol yenvio.

Onpegmenenne 5.1. CiygaitHas mocieqoBaTeIbHOCTD £ HA3BIBAETCS
duckpemnot yenvio Maprosa, eciu OHA SBILETCS JIUCKPETHON MENBIO W
obJtajiaeT MApKOBCKUM CBOMCTBOM, T.e. JJIsT KaxXXaoro n > 1 u JiobbIx
JIEMEHTOB X, L1, - .., L, MHOXKECTBA F BBIIOJHEHO

P{gn = Tn ‘ Sn—l = Tn-1, - '760 = Io} = P{gn = Tn | gn—l = xn—l} .
(5.1)

Bameganme. Coornomenne (5.1) Ha A3BIKE YCIOBHBIX BEPOATHOCTENT
(cm. m. 14.5) o3magaer, aTo

P{gn = Tn | ]:n—l} = P{gn =Tn ‘ Sn—l}a

rae F,_1 — o-aarebpa, nopoxaennas CB {&, ..., &1}

U3 onpenenenus (5.1) ciemyer, 9yro auckperHasd nenb MapkoBa siB-
JISIETCS YaCTHBIM CJIy9aeM MAapPKOBCKOI'O IIPOIECCa, ODIlee OLpeesieHue
KOTOPOTO OBLTIO JaHO B 1II. 2.4.

MuoxkectBo E 0OGBIYHO HA3BIBAIOT MH02ICECTIBOM (TMPOCTPAHCTEOM)
cocmosmutt IM. Eciu B momenT n > 0 npousonuio cobsitue {&, = e},
To roBopsAT, uro IIM mHaxoaurcs B cocrosgaunm ey. Eciu »kKe n3BeCTHO, 9TO
ang n > 1 BeinonHeHo &,_1 = e u &, = €, TO TOBOPAT, UTO IeIb Ha N-M
nrare Iepenuia U3 COCTOAHUA € B cocTognme ¢j. Ecnm E umeer xonednoe
9UCII0 COCTOsHMA, TO coorBeTcTByOmas [IM HasbiBaeTca konewHod.

Ompenemxenne 5.2. Yucno p, ;(n) = P{&, = ¢; | {n1 = ek} maspi-
BaeTCH 6ePOAMHOCTMLIO NePexroda N3 COCTOAHNd e, € I B cocTogrme e; €
3a 0odun waz B MOMeHT 1 > 1.

Onpenenenne 5.3. Marpuna P(n), 3JleMEeHTAMI KOTOPOH SIBJISIFOT-
Csl BEPOATHOCTH IIEPEXONA pkvj(n), HAa3bIBAETCH NePerodHot mampuuet

IIM ¢ (3a opus mar B MoMeHT 1 > 1).

6*
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Onpenmenenme 5.4. Bepostaocts mi(n) = P{{, = ex}, ex € E, ma-
3BIBACTCS 6EPOAMMHOCTIDIO COCMOAHUSA €, B MOMEHT BpeMeHH n > 0, a BeK-
top w(n) = {me(n),m(n), ...}* — pacnpedeaenuem eeposmmocmeti co-
cmoanut UM £ B momenT n > 0.

OueBngHo, 9T0 7(N) YAOBIETBOPSIET NPU KAXKIOM N < 00 YCAOBUIO
o0

nopmuposku Y mg(n) = 1. Kommonenrsr BekTopa 7(n) MOKa3BIBAIOT, Ka-
k=0
KHe M3 BO3MOXKHBIX cocrogHuii IIM B MOMEHT BpeMeHH 71 SABJIAIOTCH
Hambojlee BepOATHBIME, a KaKue — HeT. TakuM o6pa3oM, 3HaHHe IOcye-
nmoBaresbHOCTH {7(n)} MO3BONSET COCTABUTE IIPEICTABICHAE O TOBEICHAN
IIM BO BpemeHwH.
Ipumep 5.1. JJokazaTh, 9TO IPH KaxKJIOM 7 > 1 BBEINOJIHEHO PEKyp-
PEHTHOE COOTHOILEHIE

w(n) = P*(n)m(n —1). (5.2)

Pemenue. Cdopmupyem cucremy rumores Hy = {&,-1 = ex}. Oge-
o0

BujHO, uto Hy, H; mecopmectHwl mpu k # j, mpmaem »  Hjp = Q. Ilo

k=0
onpenenennto P{Hp} =P{{,—1 =ep} =mp(n—1), k=0,1, ... Iycrs
A = {&n = em}, TOrmA

P{An} =mn(n), P{An |Hp}=P{{=ep|{-1=ex} = pk,m(")'

Hasa soraucnenus P{A,,} upumenum dopmyiy monHol BepogTHOCTH
(CM. 1. 14.1):

P{A,,} = mn(n ZP{Hk}P{Am\Hk = Z (n = 1)py, (1)
= = (5.3)

Teneps HeTpymHO y6emuTca B ToM, uro dopmyna (5.3), npeacTaBieHHAS
B MaTpPUYHOM BHUje, coBnajaer ¢ (5.2). W

Dopmyaa (5.2) 3amaeT PEKyPPEHTHBIA aJrOPUTM BBIYHCIEHHUST BEPO-
arHocTelt cocroguuit m(n), n > 1. OueBugHO, 9TO MJId Bbruuciaenus 7(n)
HeOOXOAMMO 33/1aTh HAYAJIBHOE pacnpeaesnenne sepositHocteit m(0) u Bee
nepexoxuble marpunet { P(k), k=1, ...,n}.

Ounpegnenennme 5.5. llenb MapkoBa HasbBaeTcss 0dnopodHoti, ecin
mast Beex n > 1 Bemonneno P(n) = P, re. mepexomnas marpuna P(n)
HE 3aBUCHT OT BPEMEHH.

IIpumep 5.2. llokazars, uro s omuopoxHoit IIM pacnpenesenne
m(n), n > 1, nOMHOCTBIO ompenendeTca mepexopHoit marpuneit P u ma-
YaJbHBIM pacupefeieHneM BeposdTHocTeli cocrogauii m(0).
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Pemenwme. Ilycrs n > 1 u 3amano magampaOe pacupezaernenune 7(0).
Torma u3 (5.2) ciuenyer, aro m(1) = P*r(0). Hauee, 7(2) = P*n(1) =
= P*(P*n(0)) = (P*)?7(0). IIpogosizkast 3TOT 1IPOIECC, TOSyYaeM OKOH-
9aTeNbHO

a(n) = (P*)"x(0) ¥n> 1. (5.4)

Bomee TOro, ecjima 0003HAYNTD qgepe3

p](:;)(n) = P{§n+m =€ | gn = Ck} (55)

BEPOSTHOCTD Iepexojia U3 € B e; 3a m > 1 maros, To u3 (5.4) cuemy-
er, uro juisi ommoposuoit [IM marpuia P(™)(n) = {p,(:;)(n)} UMEET BH/L
P(™)(n) = P™, nosromy

m(n+m) = (P*)"xn(n). (5.6)

Takum o6paszom, napa {P,7(0)} HOIHOCTBIO OLUCHIBAET BEPOATHOCT-
HYIO CTPYKTYPy omHopoauoit [IM. =

it onmmcanmsi omuopomuoit IIM  yaobno wcmosnb3oBaTh ee rpadu-
9eCKOoe TPEJICTABJICHNE B BUJE PA3MEYEHHOTO CIMOTACTUYECK020 2pada,
Be€pHinvHaMU KOTOPOTI'O YABJIAIOTCA COCTOAHUA {@k}, CTPpEJIKaMU yKa3aHbl
BO3MOXKHBIE TIEPEXOIBI, & PAIOM C KayKI0¥ CTPEJIKON yKa3aHa BEPOITHOCTD
COOTBETCTBYIOIIETO TEPEXOA 33 OIUH IIar.

IIpumep 5.3. 1M samana croxactmaeckum rpadom (puc. 5.1). Haiitn
BEPOSITHOCTH COCTOSIHUI Ha TPeThbeM IIare MpW yCJIOBUHU, 9TO B HAYA/b-
el MoMeHnT IIM Haxommiaach B COCTOSHHH €7.

Pemenue. CocraBum wmarpury P me-

PEXOJIHBIX BepodTHOCTEH: poo = 0,3; po1 = 0,7;

0,7
p1o = 1; p11 = 0 (mepexop e; — €1 3alperiex 1o
yciosuio). Takum o6pasom, marpuna P* nmeer 0,3 ‘@ @
agteMeHThL goo = 0,3; go1 = 1; 10 = 0,75 g11 =0,

1

a w(0)={0; 1}* — mnauanpHOE pacmpesese-
HEE BepoaTHOCTel cocrognmit. Vcmonbsys (5.2), Puc. 5.1
nociegoBarebHo HaxomquMm w(1) = P*r(0) =
= {1; 0}*, n(2) = P*n(1) = {0,3; 0,7}*, w(3) = P*mx(2) = {0,79; 0,21}*.
OueBHIHO, 9TO TOT K€ pE3yJbTaT OyfeT mNoiaydeH 1o dopmyJe
7(3) = (P*)*r(0). m

DuemenTEl {p;;} MaTpUuBl Hepexoga P yI0BIETBOPSIOT CIIELYIOMIM
JIBYM YCJIOBHSIM:

1)pz]>0 Vl;]:())]-aa

0
7=0

Marpurpi, ymoBierBopsioniue cBoiicrBaM 1, 2, Ha3BIBAIOTCI CMOLG-
CMUYECKUMU.
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VceimoBue 2 o3Hadaer, 9ro Ha KaxkaoMm mare IIM obsasarenpHO 1160
MEPEXOAUT B KAKOE-TO HOBOE COCTOSHWE U3 YHCIA JOMYyCTHMBIX, JHOO
OCTaeTCAd B HIPEXXKHEM COCTOAHUU. HpaKTI/IquKI/Ie curyanuu, aJJeKBaTHO
onmuchiBaeMble TensaMu MapKoBa, BCTPEYAlOTCS BeCbMa YacTO, TaK KakK
MapKOBCKO€ CBOHMCTBO (DAKTHYECKM O3HAYAET CJIEYIOIIEE: eCAl HeKOomo-
puiti mpouecc 0baadaem MaPKOBCKUM CBOTicmBoM, Mo e20 «bydywee» npu
PUKCUPOBAHHOM «HACTMOAULEM> He 3ABUCUM OM <«NPOWLA020» (aJIBTEP-
HaTEBHAS (POPMYIMPOBKA MapKOBCKOTrO cBoiicTra). Ciemyrommii mpumep
MOSICHSIET CMBICJI 9TUX TEPMUHOB U CAMOTO MapKOBCKOTO CBOWCTBA.

IIpumep 5.4. Jokazarh, 9TO aJbTepHATUBHAS (POPMYIUPOBKA Map-
KOBCKOT'O cBoiicTBa cienyer u3 (5.1).

Pemenwme. U3 (5.1) cnemyer, uto Vk > 0u Vg € E

P{&+1 = 2rq1 | ks - -5 &0) = P{&k+1 = Trq1 | &k} (5.7)

HerpyiHo mpoBepuTh, 9TO JJIs IIPOU3BOILHBIX cobbIThil A, B 1 C BBIIOJ-
neno coornomenne P{AB | C} = P{A | BC} P{B | C}. Ucnoas3ys 310
COOTHOIIIEHHE HEOOXOAUMOe IHCIO pa3 Jad n > k + 1, molydaeM ¢ yde-

rom (5.7)

P{n = 2n, -, &hi1 = Thg1 [ &k -5 S0} =

=P{n =20, .. §kr1 = Tq1 | §} (5.8)

JUUISL OPOUBBONBHBIX Tkt1, - - -, Ty € F. Obo3nauum H = {&; = x} — «na-
crosimee» paccmarpusaemoii IIM, B ={{, = x,, ..., k1 = Thp1} —
ee «Oymymee» u II={&_1 =xk_1,...,& = To} — «mpouwioe», rie
{zo, ...,xk_1} — HEKOTOpBIE 3HAa4UeHwUs n3 F, koropeie IIM npnanmana

o Tekymero momenta Bpemenu k. Torma coormomenme (5.8) osmawaer,

gro P{B | HII} = P{B | H}. Orcroza
P{BII |H} = P{B | HII} P{Il | H} = P{B | H} P{II | H},

T.e. cobniTus b u II, paccmarpuBaeMble IpU YCIOBUM BBLIIOJHEHUS COOBI-
tug H, HezaBucumbr. W

Jokazannoe yTBepKaenue o6o6maer dopmymy (2.7).

Paccmorpum Temeps kiaccumdeckwmii mpumep menu MapkoBa, CBs3aH-
HBIA C UrPOH ABYX JIHIL.

IIpumep 5.5. Ilycty memste umcma m >0, M >0 — HaJaabHBIE
KalmuTaJibl COOTBETCTBEHHO IIEPBOr'O U BTOPOI'O UI'POKOB. HpOBOﬂHTCH 110~
CJIeIOBATEILHO WIPHI, B PE3yJIbTATE KaXKIOU U3 KOTOPBIX C BEPOSTHO-
CTHIO P KalOUTaJ MEPBOTO UT'POKA YBEJIUIUBAETCH HAa 1 M C BEPOATHOCTHIO
q = 1 — p ymenpmaerca Ha 1. Pe3ynbpraTst 10001t Urpbl HE 3aBUCAT OT pe-
3yNbTATOB JIOOBIX Apyrux urp. Ilycts &, — KamuTajg TepBOTO WTPOKA
nocye n urp. Illpeanonaraercs, aro B caydae &, = 0mmu &, = L =m+ M
Urpa NpeKpamaercs (CHTyaldsi PasopeHusl OJHOTO M3 UrpokKoB). IToka-
sath, uro {£,} — UM, maiitm mepexommyio marpuiy P m mocTponTh
cTroxacTUIecKuil rpad menu.
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Pemenwe. Ilo ompenenenmio {{,} — muckpermas menb ¢ MHO-
JKECTBOM BO3MOXKHbIX cocrogauit E = {0,1,...,L}. Ilycte g = m,
Ty, .-.,Tp_1 — PeaiusoBaBuIueCs 3HadeHus £ upu k <n—1, r.e. § =
= xk, kK = 0,1,...,n — 1. Bynem cuurath, a0 X} # 0 mmm L. Torma
&n = &n_1 + Un, THE V, — Pe3yabTar n-it urpsl, npuaem P{v, = 1} = p,
P{v, = —1} = ¢, u v, e zaBucur or {&, ...,&—1}. [osromy

P{gn:xn—l"i_]- | gn—l = Tn-1, ~"7£0 :m}:

= P{gn =Tp-1+ 1 ‘ gnfl = xnfl} = P{vn = 1} =P

Amnajiornyno,

P{En =zp_1—1 | fnfl = Tpn—1, ...,60 = m} =
= P{gn =Tp_1—1 | o1 = $n_1} = P{’Un = —]_} =gq.

Hakonen, P{{, =z, | én—1 = Tn_1, ..., & = m} =0, ecitut T, # Tp_1 =
+ 1. Taknum obpasom, {£,} obramaer MAPKOBCKMM CBOWCTBOM W SIBJISIETCST
onuopomuoit IIM B cuny mpemmosoxKenus p = const.

Iepexognas marpuna P = {p;;}, 4,7 =0, ...,L, uMeeT 3/1eMeHTHI
pii =0, Dii+1 = Py Piyi—1 — 4, Pigitl — 0, na > 2,1=12,.. '7L - L
Haxkomnern, pgo = prr, = 1 mo ycinosuto 3amaan. Croxactudeckuit rpad mo-
crpoennoit IIM mn3obpazken Ha puc. 5.2.

[Tosydennast MOIENIb UTPHI ABYX JINI] W3BECTHA B TEOPUHM MapPKOBCKUX
CIIy9alHBIX MPOIECCOB KaK CIIydailHoe OJyKJaHue YaCTUIBI O IEJIBIM
TOYKAM OTPe3Ka C JByMs HorjomammuMn bapbepamu. B

p p p p
1sogofoRizgcRost
q q q q
Puc. 5.2

Paccmorpennas B npumepe 5.5 Momens npuBoguT K [IM ¢ KoHEIHBIM
MHOXKeCTBOM coctosinuii F. Ecian ke BTOpOit Mrpok OeckoHedHO Oorar
(r.e. M =00), 0 E={0,1, ...}, {{&n} — onuopognas IIM co cueTHbIM
MHOXKECTBOM COCTOsIHUIA, & COOTBETCTBYOIIAs MATEMATUIECKAsE MOJIEJIb —
OuyK/JaHue O LEeJbIM TOYKAM OCH ¢ OJHHUM (JIEBBIM) IOTVIONIAIOIIMM
H6apbepoM.

5.2. Dproamdeckue nenu MapkoBa. B mannom myrkTe OymyT
paccMaTpUBATHCS TOJBKO 00Hopodhvie Tiemu MapKoBa ¢ KOHEYHBIM WIIN
CYETHBIM YHCIOM cocTosiHuii. /i Takux 1eneil mpu onpeesieHHbIX YCIIo-
BHSX BBINOTHAETCS Clleytolnee cBoicTso: m(n) — m° mpu n — oo, mpraem
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npejiesibHOe pacipeerienue 0 BepogTHocTel cocroanuil IIM He 3aBucuT

oT HadaJbHOro pacupeneserus 7(0), a ONpemessdeTcs JUIIb ITEPEXOTHON
marpuneir P. B srom ciyuae roopsr, uro IIM obaamaer spzoduveckum
cs8oticmeom, KOTOpoe (PAKTUIECKH O3HAYAET, YTO BEPOATHOCTH COCTOSHIIM
m(n) mo Mepe yBeIMveHnsT N MPAKTUIECKN MEPECTAIOT U3MEHSIThCS, a CH-
cTeMa, OMUChIBaeMasi COOTBETCTBYIOIIEH [ENbIO, MEPEXOIUT B CMAUUOHAD-
Houll pestcum PYHKIIMOHUPOBAHUS.

Jutst BbIsICHEHUS yCIOBHUil Sproguaaoctu omgaopoaaoi IIM Heobxommmo
BBECTH KAACCUPUKAUUIO €€ BOZMONCHBLT COCMOAHUT.

ITycTs p,(cnj) =P{¢, =¢; | & = ex} — BepoATHOCTH LEPEXOa 32 N Lia-
rOB U3 COCTOSHHUS €} B COCTOAHUE €5, a

f](n> = P{fn = ej7§n71 7é €5,y .. 751 7é € | §0 = 6]'}
0003HaYaeT BEPOSTHOCTH MMEPBOrO BO3BPAINEHHUS 3a N [IArOB B COCTOS-
Hue e;.

1) Cocrosinue e, € E Ha3bIBACTCS HECYUELCMBEHHbLM, ECIIH HANIeTCs
(m) (n) _

e; € E, takoe, 4T0 Prj > 0 g HekoToporo m = 1, HO Pik = 0 mms Bcex

n > 1. B nporuBHOM Cilydae COCTOsIHHE €j HA3BIBAETCH CYULECTEEHHBLM.

2) CocrosHus ey, e; € E HasbIBaIOTCS COOOWAIOUUMUCA, €CITH Haii-

ayTcda m, n > 1, Takue, 9TO p,(c";-) >0m p;nk) > 0.

3) Cocrosuue e, € E HasbiBaeTcs 6o3spammvim, eciu Fi, = 1, u ne6os-

oo
spammvtm, ecin Fr, < 1, rne Fr, = > fr(n).

n=1
4) Cocrosiaue e, € E HasbiBaeTcs Hyaesvim, ecian lim ,(c"k): =0.
n—oo ’
5) I[Iycte d, — wHanbombmmii oOmuii genurens uncen {n > 1:

fr(n) > 0}. Cocrosmue e) maswbiBaeTCa nepuoduueckum ¢ nepuodom dy,
ecimu dj, > 1. B mpoTWBHOM cilydae coCcTOSTHEE — anepuodureckoe.

3aMeTuM, 9TO BO3BPAINEHUE B IIEPUOJMIECKOE COCTOSTHHE €) C IIOJIO-
JKATEJBHOIW BEpOATHOCTHIO BO3MOXKHO TOJIBKO 33 UHCIIO INaroB, KPATHOE
dy, > 1, npudem dj, — HaAMOOJIBITIEE IIEJI0E TUCIIO, O0JIAIAONIEe YKA3AHHBIM
CBOMCTBOM.

IMIpumep 5.6. Ilycrb &, — KoOpAuHaTa YacCTULbI, OJIyXKIAOMEN 110
IEJIBIM TOYKAaM Ha BEIECTBEHHON OCH OJHWM U3 CJEIYIONUX JABYX CIIOCO-
6OB: HAXO/sCh B IPOU3BOJILHOM JIOIYCTUMOI TOUYKE Ha OCH, YaCTHULA

a) ¢ BEPOATHOCTBIO P CABUTaeTCd Ha 1 BOPABO, a ¢ BEPOATHOCTBIO ¢
OCTaeTCs Ha MECTE;

6) C BEpPOATHOCTHIO P CABUTAETCS HA 1 BIPABO W C BEPOATHOCTBIO ¢ —
Ha l BieBo, Tme 0 <p<1l,g=1—-pu & =0.

IIposectn kmaccudukanuio cocrosumii IIM {,}.

Pemenwme. a) 3necs E = {0,1, ...}, npudem gus moboro j > 0 BbI-

nommeno fi(1) =q <1u fj(n) =0 npun > 2. Orciona F; = > fj(n) =
n=1

= ¢ < 1, mosTOMy BCE COCTOgHUS — HEBO3BpaTHBIE. TaK Kak Py, =
)
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mngsn > 1, j € E, To Bce cocrosinns — HecymnecTBeHHbIe. O9eBUIHO, ITO

(n)

— N
p],] = q  — BEPOATHOCTHL T PpPa3 MINOoApPAa OCTaTbCA Ha MeCTe, IMO3ITOMY

(n)

p]] — 0, T — OO0 H, CJieJOBATEJIbHO, BCE€ COCTOsAHHUA — HYJIEBBIE. Same-
g

1 2
5; =q>0, ng) = ¢*> > 0, nosromy d; = 1 m BCe COCTOAHMA —
, ,

(n) _ :
anepuoanieckue. Hakowner, p ;6 =0 npu JI06bIx J > k un > 1, modromy
HUKAKUE JIBA COCTOSHUS LENU HE SIBJISIIOTCS COOOINAIOIIMMUCS.

THM, 4TO P

6) lnsi pacCMOTpPEHWsi BTOPOTO CIlydasi BOCIONB3YeMCs CJIE Ly FOIM
YTBEPXKJCHIEM: COCMOAHUE €5 AGAALMCA 6036PAMHBLM MO206 U MOALKO

o0
moeada, xozda P; = Z pg-,r;) = 00, NPUYEM OAA HEBO3BDATNHO20 COCTNOAHUS
. P] n=1
1+ pP
Kaxkmoe cocrosgune e; ABIAeTCA EPHOANIECKAM C HEPHOIOM 2, Tak
KaK BO3BpaIlleHHe B COCTOSHHE €; BO3MOKHO JIUIIE 33 IeTHOE THCJIO IaroB.
OueBHIHO Tak>Ke, 9YTO BCE COCTOSHUS CYIIECTBEHHBI u coobmarorcs. O-
HaKO BCE COCTOSHUS SBJAIOTCH HyJIEeBbIMHU. JleficTBUTEIBHO, /Jisd JII0O0T0

F;

2 2m)!
ej € E numeem no dopmyne Beprysm: p;;n) =CP (pg)™ = Em!))z (pg)™,

2m+1 -
§]m+ ) =o. Ucnonp3ys dopmyny Crupauara m! ~ m™e™™+/2wm, mno-
. oem)  (4pg)™ _
dydaem: p;o ~ == == — (0 0pu m — 00, T.e. BCe COCTOAHUA LENH
’ AV/Tm
oo
2
myneseie. Kpome Toro, ecmm p=q=1/2, 10 Pj= > pg- jm) = 00, T.€.
m=1
Bce cocTodHMA — Bo3BparHble. Ecimum xe p#¢q, To Pj < oo, T.e. Bce

COCTOAHUSA — HEBO3BpAaTHbLIE. M

Sameganue. U3 pesynabrara npumepa 5.6 Tak)Ke MOIydaeM, 9TO
moboe HeBO3BpaTHOE cocTognue ¢; € I apngercda HyseBbIM, TaK KaK U3

oo
CXOLAMOCTH Psifia » | pg-tlj) cilejlyer, 4ro p%)

n=1
Onpenmenenune 5.6. IIM masbiBaeTcss Hepasaosicumotli, ecliu BCe ee
COCTOsTHMSI — CYIIECTBEHHbBIE U coobmaromniuecsi. B mporusaoMm ciryaae I1IM
Ha3BbIBAETCS PA3JIOKUAMOM.

— 0, n — oo.

Onpenenenue 5.7. Hepazmoxumaa [IM maspiBaerca anepuoduue-
cKotl, eclii BCe ee COCTOSTHUS — AllePUOIAIECKHE.

Sameuganne. ma mepasmoxumoit IIM cmpaBeammBo «CBOMCTBO
COJIUTAPHOCTH» :

a) ecm XOTsl OBl OIHO COCTOSTHHME BO3BPATHO, TO M BCE BO3BPATHHI;

6) ecam x0T GBI OJHO COCTOSTHWE HYJIEBOE, TO U BCE HYJIEBHIE;

B) ecim XoTsi GBI OZHO COCTOsIHWE WMeeT mepuon d > 1, To m Bce
OCTaJIbHBIE IEPUOJUIHBI C TIEPUOIAOM d.

Takum obpaszom, mepasioxkumaza [IM Oymer amepmomu<aeckoi, ecin
XOTsI OBl OJJHO U3 €€ COCTOSHUN — aIlepuoIuIecKoe.
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IIpumep 5.7. UccnemoBarsy menu MapkoBa, OOHMCAHHBIE B IIpHMe-
pax 5.3, 5.5 u 5.6 Ha pa3TOKUMOCTH W MTEPAOINTIHOCTD.

Pemenme. 1) IIM, paccmorpennas B mpumepe 5.3, sIBJISIETCS HEPa3-
JIOXKUMOHI U allepUOAMIEeCKON KOHEYHO membio MapkoBa, TakK KakK BCe ee
COCTOsTHWSI — CYIIECTBEHHbBIE, COOOIIAONINECS U AITEPUOIUIECKIE.

2) IIM wu3 npumepa 5.5, onuchlBamolias UIPy ABYX JIUI, DPa3JIOKU-
ma. HeiictBuresabro, cocrosausg eg = 0 u e, = L ABJIAIOTCS CyIIeCTBEH-
HBIMHU, & cocrogHus e, k=1,...,L —1, — mecymecrBerauabimMu. [Ipu
arom cocrosiiusi eg =0 u ep, = L He coolmarTCsi, TakK Kak pé’fz =0,

(n) _

P10 = 0,n > 1. Takum ob6pa3oM, Bce COCTOAHNS JAHHOU IIeIN MOXKHO pa3-
b
ourh Ha Hernepecekaoluecs Kjaaccol Fy, Ey, Fy: E = FEygU Ey U Ey, rae

Ey={e1, ...,er—1} — Kaacc HecymecrBeHHbIX cocrogumii, Ey = {ep},
E; ={er} — kmaccel cymecTBeHHBIX cocrosiamii, npuiem F; u Eo ne
coobmatoresa. Bee cocrosinua us Ey — mepuomumdeckue ¢ IIEPHOIOM 2,

a cocrosiiusi u3 Ky u Fy — anepuojuyeckue.

3) IIM u3 mpumepa 5.6 B ciaydae a) pasioKuMma, TAK KAK HE OJHO
U3 ee COCTOSIHUN He sIBJIsieTCsl CYIIeCTBeHHBIM. B ciydae 6), HaoGopor,
BCE COCTOSHUsI CyIEeCTBEHHbIE U coobmmarormuecs, modromy LIM apasercs
HEPA3JIOXKUMON U UMeeT CYeTHOe YUCIo cocTosHmit. OIHaKO OHa Iepuo-
JUIecKas ¢ mepuogomM d = 2. |

Teopewma 5.1. Ilycmwv odnopodras LM umeem nepexodnyro mampu-
uy P ={p;;} u obradaem caedyrouumu ceoticmeamu:

1) uenv HepasiodcuMa U ANEPUOOUUHA;

2) natidemes cocmosnue e € E, makoe, wmo epems 6036pauieHusn
6 nezo, m. e. duckpemnas cayuatinas eeauuuna 7, = inf{n > 1: &(n) =
= er} ¢ pacnpedeseruem

P{Tk:n‘g(o)zek}:fk(n)v ’I’L:l,2,...,

umeem KorHewHoe cpe0Hee

oo

pr = M{m, | £(0) = er} = > nfi(n) < oo,

n=1

Bunoanernue ycaosutd 1, 2 neobrodumo u docmamouno das mozo,
wmobovl dasa awbwx 1,7 = 0,1, ... cywecmsosasu He 3a8ucAswue om 1
npedenwvt:

pg;-) —p; >0 npu n—oc. (5.9)
Queaa {p;} A6aam0OmCA €OUHCTNEEHHLM PEUEHUEM CUCTREMDL YPABHEHUT

Pi =Y Prbk, J=0,1,..., (5.10)
k=0

S pj=1 (5.11)
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Onpenenenne 5.8. Ilenr MapkoBa, ymoBIeTBOpSIONias IPUBEICH-
HbIM Bbiire yesoBuaMm (5.9)—(5.11), naseiBaercs apeoduyeckol, a pacupe-
nesenne BepositHocTed p = {po,p1, - .. }* — cmayuonaphvm pacnpedene-
nuem LIM.

Hutst IIM ¢ KOHEYHBIM MHOXKECTBOM cocTosinmit E mambosiee CII0KHO
mpoBepsieMoe yciaoBue 2 TeopeMbl 5.1 craHoBuTCa u3nmmauM. JlelicTBu-
TEJILHO, CIPAaBEJJINBO CIEAYIOIIee YTBEPKICHNE.

Teopema 5.2. Jas mozo wmobv, konewnas IIM b6vina speoduveckod,
He0OLOOUMO U AOCMAMOUHO, YMOObL OHA OBLAG HEPAZNOACUMOT U ANEPUO-
duueckot.

5.3. IIpenesibHble BeposiTHOCTH cocTosiHuii mernu Mapkosa.
B mamHOM myHKTE MBI pACCMOTPHM BOIIPOC, CBSI3AHHBIN C CYIIECTBOBAHAEM
npejiebHBIX BeposTHOCTel cocroguuit LIM 70 7(n) — 7%, n — co npu
HEOIPAHUIECHHOM YBEJIUYIEeHUH Unciaa maros n. g sproamaeckoit 11IM
3TOT BOMPOC yKe (PaKTUIECKH PEIeH, O 9eM CBUIAETEIbCTBYET CJIeLY FOITTi
npuMep.

IIpumep 5.8. Hokazarh, uTo mia sprogmdeckoit [IM mpemenbHOE

pacnpegenenue 10 = {m, 71, ... }* CylecTByeT u eJMHCTBEHHO, ABJIACTCH
CTAIMOHAPHLIM W YJIOBJICTBOPICT CHCTEME ypaBHEHMIl
7’ = P*r°, (5.12)
o0
S m=1. (5.13)
k=0

Pewmenue. Ilycrs mi(n) = P{¢{, = ey} upu ycaosuu, uro 3anano
HavajbHoe pacupesenenue w(0), Torga

k() = > piy mi(0).
=0

Tak rax IIM — sprommdeckas, TO g Kaxkmaoro k > 0 BBIIOJHEHO
(n)

P; . — Pk > 0 mpu n — oo, mpudeM py, He 3aBucut ot 7(0). CiaemoBarens-
HO, IIPU 1. — OO

mr(n) = > pemi(0) = pr > mi(0) =px, k=0,1,...
i=0 i=0

Takum obpazom, Tk(n) — T, = pg, TOITOMY BCe CBOHCTBA MPENEIBHOTO
pacnpenesenus 70 = {m, k = 0,1, ...} coBmamaioT co cBolicTBaMu CTa-
[oHapHOTro pacnpeneienns {py, k = 0,1, ... }. Teneps, 3amenss B (5.10),
(5.11) px ma 7 n nepenmceBag (5.10) B Marpmwanoil dopme, momyaaem
(5.12), (5.13). Pacnpenesenue m° eIMHCTBEHHO B CHUJIy €MHCTBEHHOCTH
pemennsa cucteMbl (5.12), (5.13) u cTammoHapHO, TAK KAk 7m° HE 3aBUCHT

or 7(0). m
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PaccMoTprM KOHKpETHBIN IpUMEpP BBIYUCIEHUS CTAMOHAPHBIX BEPO-
ATHOCTER cocTogHUM sproamdeckoit 1TM.

Mpumep 5.9. Haitru 70 gy IIM u3 npumepa 5.3.

Pemenwe. Bemme (cm. mpumep 5.7) nokasamo, aro IIM u3 mpume-
pa 5.3 ABIsSETCA HEpa3JIoKWMOW W amepuoamdeckoit. Kpome Toro, ona
“MeeT KOHEIHOE IHCJIO COCTOSTHUIA, II03TOMY €€ SPrOJUIHOCTD CJAELyeT U3
reopeMbl 5.2. Vcnonb3yst ypasHenus (5.12) u (5.13), a TakKe BbIparkeHHe
ans P*, maxomum

0,37T0+7T1 = T,
07771—0 = T,
o + 1 = 1.

BamMeTnM, 9TO B JaHHOM CiIydae cucTeMa ypasHennmi m° = P*m® maer
HAM JTUIb ofHO ypasaenne (I — P* — BBIPOXKIEHHAS MATPHUIIA, TOCKOIBKY
Marpura P — croxactudeckas). EpuncTBenHOe pemenue s m0 paer

cucTeMa ypaBHEHHUH, BKIIIOYAIONAasd yCI0BUEe HOPMUPOBKHU:

{0,77‘(’0—7‘(’1 = 0,

7T0+7I'1 =

Orcroma mp = 10/17, 71y = 7/17. =

Bamerum, uTo mpakTHieckoe Haxoxienme 70 m3 (5.12), (5.13) Bos-
MOXKHO B 00IIIEM ciIydae JIUITh JJjId KOHeYHbIX meneit Mapkosa.

CooTBeTcTBYIOIHiT aJrOPUTM BBIYUCIEHUs] CTAIMOHAPHOTO PACIIPeIe-
senus 7 J71s KoredHoit sprogmaeckoit [IM mmeer ciemyrormuit Bu;:

1) cocrasuth cucremy ypasuennit 70 = P*70;

2) 3aMEHUTHh B HOJIyYEHHON CHCTeMe OJHO U3 YPABHEHWI Ha yCJIOBUE
Hopmuposkn (5.13), mpm 9TOM mNONMyYeHHAs cuCTeMa ypaBHeHmil Oymer
nMetb Busl Gl = g, re g # 0, a Marpuna G — HeBBIPOXKJCHHASL;

3) pemurs cucremy Gr® = g u onpenesnuts 0.

Haiinenroe m° 6ymeT yI0BIETBOPATL OJHOBPEMEHHO CHCTEMe ypaBHe-
muit (5.12) u yciaosuio nopmuposku (5.13). 3amerum Takxke, 9To T He
OyZeT 3aBHCETh OT TOrO, KaKoe MMEHHO W3 ypaBHeHmil cucremsbl (5.12)
ObIO HAMU 3aMeHeHO Ha, yciaosme (5.13).

Sameganune. g nemeit MapkoBa ¢ KOHEWHbIM MHOIHCECTIEOM CO-
cmosAHUll NOHSITHE HEPA3JIOXKUMOCTU MOXKET ObITh 000DIIEHO: KOHEYHAs!
IIM mazwbiBaeTcsa nepasaootcumod, ecnu E = Eg U Eq, tne Ey —kitacc Hecy-
IECTBEHHBIX cocTostHuil, a F1 — eduncmeennvili Kiacc CyIieCTBEHHBIX
COODITAIONIAXCA COCTOSHUA.

B srom ciryuae cupaBesiuBbI CIeAyIOIMIAE Y TBEPKICHUS:

1) ecsmm xumace cocrosiamit £] — anepmogndecKuii, T CymecTBYeT e/TH-
CTBEHHBI{I BEKTOD MpejiebHbIX BeposTHocTeit 70 = {7} ¢ HeoTpumares-
HBIME KOMIIOHEHTaMH, yhosaersopsiomuit (5.12), (5.13);

2) m, =0, ecitn e, € Ey, umj; > 0, ecnu e € Ej.
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IIpumep 5.10. IIM 3amana croxactmaeckum rpadom (puc. 5.3). Haii-
TH CTaIIOHAPHOE PacHpejleleHIe BepOATHOCTel COCTOSHMIA.

Pemenune. OueBumno, 910 €y — HECYIIECTBEHHOE COCTOSIHUE, &
{e1, €2} 06pasyloOT KIacc CymEeCTBEHHBIX AlepPUOJANIECKIX COOBIAOMIAX-
cst cocrostumit. [losromy cramuonaproe pacupesesenue w0 = {mo, mwy, 72 }*
cymecTByeT, npudeM T = 0. BepodTHOCTH 7] U Ty ONpENENSIOTCHS K3
cucrembl ypapaennit m° = P*10 u yeious m + ma = 1 (cM. npuBeieHHbIi
BBIIIIE AJITOPHTM ):

{ 0,5m +02m = m,

1

m + T2 )

oTkyma w = 2/7, me=5/7. WUrak, w(n)— n°=1{0,2/7,5/7}* upnm
n — 0O JIst JIFODOr0 HAYAJIBLHOI'O PACHPE/EIeHNs] BEPOSTHOCTEH COCTOsI-
muit (0). W

Ecan IIM me obmagaer cBoiicTBOM
SPrOAUIHOCTH, TO BEKTOD IIPEIEJIHbHBIX
BEPOSATHOCTEH 7°, JaXkKe eclii OH Cy-
[IECTBYET, HE $BJISETCS CTAIMOHAPHBIM
paclpeiesieHneM BEPOSITHOCTEN COCTOSI-
muit [IM (manpumep, 7° we yjmosierso-
psger ycioBuio HopMupoBku (5.13) uim
2Ke 3aBUCUT OT HA49aJIbHOI'O PaCIIpe/iesie-
uug 7(0) u 7. 11.). B arom cirydae Gynem
HA3EIBATH T’ BEKTOPOM PUHAALHOLT 6e- Puc. 5.3
poammnocmeti cocrogauit [IM.

Tunuuable caydadn TOAPOOHO H3YYEHBI B CJIEAYIONAX IPUMEPaX.

IIpumep 5.11. Haittu ¢dunanbasie BepogaTHocTH cocrogamit 1M,
omuchIBaoIel OIIyKJaHne JaCTHIL [0 EJBIM TOUYKaM IPSAMOi (cM. mpH-
mep 5.6).

Pemenne. B npumepe 5.6 6b1510 moKa3aHo, 9T0 Bce cocTosgumst [IM —

uysesbie. Cire10BaTENIHHO, pz(-T;-) — 0 mpm n — oo myg Jaobeix 4,7 > 0.
Orcioga
n
nlggopg’j) = nl;n;o mj(n)=m; =0, j=0,1,
Takum obpazom, m° — HyJieBoit BEKTOD 1
mo+m+...+m+...=0.

C}.He,ZLOBa.Te.HI)HO7 71'0 He ABJIdeTCdA CTallMOHAPHBIM paclpeeJIJEeHueM BepO-

araocteit cocroguuit IIM. OdeBuaHOo, 9TO OTCYTCTBHE CTAIMOHAPHOTO
pachpeiejieHnsl BBI3BAHO HapyIIeHUEM ycjioBusi 2 TeopeMbl 5.1, Tak Kak
B JAHHOM CIydae ft; = 00 I moboro e; € E. W

Ecau ycnoBue 1 Teopemsbr 5.1 He BBIOJIHEHO, TO (DUHAJIBHBIE BEPOSTHO-
CTH COCTOsHUIT TOO BOOOIIE HE CYMIECTBYIOT, JTUOO 3aBUCAT OT HATAJIHHOTO
pacmpeiesieHusT BEPOATHOCTEH COCTOSTHUIA.
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IIpumep 5.12. Koneunas menb MapkoBa 3aaHa CTOXaCTHIECCKUAM
rpadom (puc. 5.4). Ilokazare, aro npu awbom 7(0) # {1/2, 1/2}* du-
HAJIbHBIE BEPOATHOCTH HE CyIECTBYIOT.

Pemenune. M wumeer mnepexomnyro Matpuily P ¢ 3/eMeHTaMu
Poo = P11 =0, Pg; = P1o = 1, nos10My Coorromenus (5.2), onucsBaronie
spoutronuio Bekropa w(n) = {mp(n), m (n)}*, upuruMaror ciaepyomuii Bu;:

mo(n) =mn—-1), n=12 ...,

mi(n) = mo(n — 1).

ITycre 7(0) = {p, ¢}*, Torma npm p # q nmeem my(n) = p, ecim n = 2k

u mo(n) =gq, ecmu n =2k +1, k=0,1, ... O4eBugHO, 9TO B ITOM CIIy-
“ae MOCIeI0BATEILHOCTD {7 (n)} mpemena He nveer. AHa-
1 JIOTUYHO, HET Ipejelia U y mociegoBaTesabaoctu {my(n)}.

Ecnn xe p = g = 1/2, To cymecTByeT BeKTOp (DUHAIBHBIX
@ e sepoarnocreit m° = {1/2,1/2}*, Tak Kak B 3TOM CIrydae

mo(n) = m1(n) = 1/2 nns Besikoro n > 0. IomydyeHHBIH pe-

1 3yJIbTAT OOLACHAETCA TE€M, YTO PACCMOTPEHHad nenb Map-

KOBa ABJISIETCA HEPA3IIOKUMOI, HO TIEPHOINIECKON C IEepH-

Puc. 5.4 onoM d = 2, u, ciesoBaTesbHO, yciaosue 1 reopemst 5.1 He
BBLIIIOJHEHO. W

PaccmoTpum Tenepb moBejeHME BEPOATHOCTEH COCTOAHUIT Pa3iioKu-

MbIx IIM. O4eBrIHO, 9YTO CTAIMOHAPHBIX PACIPEIeTICHH 3/1eCh He OyIerT,

OlHAKO (DUHAJIBHBIE BEPOATHOCTU I[PH OIPEAEJICHHBIX YCJIOBUAX OyyT

CyIIEeCTBOBATH.
IIpumep 5.13. IIM, onucwiBatomas ciaydaiinoe Osry>Kanne 9acTUILbI
[0 LEJIBIM HEOTPHIATeNbHBIM ToukaM mpgamoit F = {0,1, ...} ¢ norao-

marmyM cocrostaneM ey = 0, 3agana croxactuaecknm rpadom (puc. 5.5),

rme 0 <p <1, ¢g=1—p. "3BecTHO, 9TO B HAYAJIBHBI/ MOMEHT BPEMEHH

YaCTUIa HaXOAWJIACh B HEKOTOPOM COCTOSIHUU €,, = m > 0. Haiitu dbu-
HAaJIbHBIE BEPOSTHOCTH COCTOSAHUI maHHOU renu Mapkosa.

Pemenue. Herpynno Bu-

p p p gmerb, uro E = FEyUUF;, rme

Ey ={ep} sBasiercs Kiaccom

1 ‘° a‘e‘e -++ CYHIECTBEHHBIX COCTOSHHUH, a

E, ={e1,eq,e3, ...} obpasyer

q q q q  KJlIaCC HECyIIeCTBEHHbIX COCTOsI-

uuii. [losTomy mens pazmoxknma

u ycsoBue 1 Teopemsbl 5.1 HApy-

maercs. CraemoBaTesbHO, IaH-

nas [IM e umeer cranuoHapHOro pacupeselenus. VI3 oupejesenus ueru

ACHO, 9TO pglo) =1lm pgsvj — 0, n — oo mpu s0beIx m > 0, 7 > 1. Takum

obpazoM, mpr mobom j > 1 mmeem 7; = 0. OboznadmM gepes P, BepodT-

HOCTH TOI'O, YTO YACTHIIA, BBIXOJANIAS U3 COCTOSHUS €, = 11}, PAHO WA

Mo34HO TomazeT B cocrosgHue eg = 0. B cuiy toro 9ro cocrosame ey —

Puc. 5.5
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(n)

norJiomaloiee, p,, o — mo = Py, n — oo, 1. e. P, — nckomas dunaibnas
;
BEPOSAITHOCTD COCTOSAHUS €. Ilpn KaxkaoMm m > 1 cupaBemjinBo

P, :me+1 +qPp—1, (514)

4TO CJelyeT U3 MAapPKOBCKOI'O CBOWCTBA Lenu u (POPMyJibl HOJHONW Bepo-
araoctu. Kpome toro, Py =1 no ycmosuto. O6osnauum « = ¢/p, Torma
obmee pemenne ypasrenus (5.14) umeer Bug P, = a +ba™, a ycnoene
Py =1 osmagaer, ato a + b = 1.

IIyctb ¢ > p, T.e. « > 1. Torma b = 0 B cuiry orpannuenns P, < 1. Ho
torma a = 1, t.e. P, = 1. Ilycrs Teneps q < p, T.e. a < 1. Lyt BbIIUC-
snenusi P, BBeileM B mpou3BOIbHOM TOUKe [N > 1m BTOPOU MOTJIONMIAOIIAN
bapbep m o6o3uaanUM P, (IN) BEPOATHOCTH TOTO, ITO GIIy?KJAIOMIAT TOTKA
JIOCTATHET COCTOSIHHSI €( PaHBIe, 9eM COCTOsHUS epn. B ciemyromem

npumepe Gyger mokazano, aro lim P, (N) = a™. Jokaxkem, 9T0 3TOT
N —o00

upegen pasen P,,. IleficrBuresibho, mycrb A — cobbiTHE, COCTOSILEE B TOM,
qro Haiigerca N, TakKoe, UTO YACTHUIA JOCTUTHET €g, BBIXOAS W3 €,
panbme, 9em ey. Torna P, = P{A}. Ecxim Ay = { wacruma nocrurser e

o0
panbire, uem ey}, 0 A= | ) Ay, Ay € Any1. Ouesusmo, aro
N=m+1

P{A} = P{N_gn+1AN} = lim P{Ay} = lim P(N)=a™,

r.e. P, =P{A} = a™.

Hakower, eciiu p = ¢, To 0b6a pemrenuns: coBnaiamor, T.e. P, = 1. Urak,
OKOHYATEJIHHO 1 (DUHAIBHON BEPOATHOCTH Ty uMeeM: mg = 1, eciim p < ¢
nmy = (¢/p)™, ecnu p > q. 3aMeTHM, UTO [PH YCIOBHA P < ¢ PACCMOTPEH-
Hasg MOJEJIb IMEET MIPeIeIbHOEe PACIpeeieHue BePOATHOCTEN COCTOSHUI
0 = {1,0,0, ...}. Eciu ke p > ¢, T0 HaGOp (DUHAIBHBIX BEPOSITHOCTEH
7Y ={a™,0,0, ...} He ABAsgeTca pacupejieeHIeM BEPOATHOCTEI, TaK KakK
yCJIOBUE HOPDMHUPOBKHY HE BBITIOJTHEHO. M

B 3akiiouenune BoraucsinM pUHATBHBIE BEPOSTHOCTH COCTOSIHUI B [IeIU
MapkoBa, OMUCHIBAIOIEH UI'PY ABYX JIAI, KOTOpas PAaCCMOTPEHA B IIpUMe-
pe 5.5.

[Ipumep 5.14. Haiitu dpunambHBIE BEDOSTHOCTH B WIPE ABYX JIAI H,
B 9aCTHOCTHU, BEPOATHOCTH P, pa3openHusi mepBOro Urpoka, €Cian HadaIb-
Hble KaITUTaJIbl UT'POKOB KOHEUHBI M PABHBL M U M, a BEPOATHOCTH ycIiexa
B KaKJIOil WTpe PaBHBI p U ¢ = 1 — p JjId MEPBOTO W BTOPOTO UTPOKOB
COOTBETCTBEHHO.

Pemenune. B mpummepe 5.5 mokaszaHo, 9TO MaTeMaTHIECKO# MO-
JeNIbI0 PACCMATPUBAEMON HUIPHI #ABJISETCA JUCKpeTHAs kKoHedHas [IM
¢ MHOXKecTBOM cocrosiauit B = {0,1, ..., L}, rme L = m + M. Cocrosiuus
{e1, ...,er_1} — HeCymecTBeHHBIE, TOITOMY UX (DUHAIHHBIE BEPOATHO-
cra 7 = 0. Ilycts m9 = P, — duHaATBbHAS BEPOSATHOCTH COCTOSHUS €,
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torga (B cuny xoueanocru IIM) 7, = 1 — P,,. Haiinem P,,, u3 coorrOme-
uug (5.14)

Pm:me+1+qu—17 ].SmSL—]., (515)
¢ ydaeTom KpaeBbix yciaosuit Py = 1, Py, = 0, KOTOpbI€ CIeAyIOT U3 yCIOBUS
OKOHYaHHUsl UTPbl (Pa30pEHre OJHOrO U3 UIPOKOB). U3 obiero coorHOIIE-

aus (5.15) mus a = ¢/p nmeem

P2—P1:a(P1—P0),
P;— Py Otz(P1—P0)7

CkiagpiBasl MOy YeHHbIe BBIPasKeHUs U YIATBIBasA, 9To Py = 1, HaxoamMm
P,=14+(PL—1)Sp,tme S, =(1—-a™)/1—a)upn a#1u S,, =m
npu « = 1. 3Hadgenume P; ompenessieM W3 BTOPOTrO KPaeBOro YCIOBHUS
P, =0: P, =1-1/Sy. Honcrapnag maiinennoe P B Beipaxkenne jis P, ,
OKOHYATEJBbHO HoaydaeM ¢ yderoM L = m + M:

(O{m*aerM)
Pm = T i MY # 1 # )

(1]\—401’"+ ) e b+ 9) (5.16)
Pm:m mpu a=1 (p=q¢=1/2).

U3 (5.16) caenyer, ato npu < 1, T.€. Ipw p > ¢ BBIIOIHEHO COOTHO-
menwe lim P, = o™. Ilocrennuii pe3yabTaT OBLI HCIOIL30BAH B IIPHU-
M —o0

Mmepe 5.13 mngs N =m + M, P, = P,,(N).

Samernm, uro ycioBue M — 0o (aKTHIECKH O3HAYAET, 9TO BTOPOit
WICPOK PACIOJIAraeT HEOTPDAHWYCHHBIM HCXOJHBIM KAaluTajoM. B 3rToMm
ciydae npu p < ¢ umeem P, — 1 mpu M — co, 4T0 O3HAYAET HEU3-
GesKHOE pa3opeHme MepBOr0 WIPOKA Jaxke B 6e300mmHoll mrpe (T.e. mpm
p=q=1/2). Eciu ke p > q, 10 P, = o™ < 1. II03TOMY C BEPOSTHOCTHIO
Qm =1 — a™ > 0 nepBblil UTPOK MOXKET HOOUTHCH HEOIDAHUIEHHOT'O yBe-
JINYEHUsI CBOETO UCXOTHOTO KamuTaua. M

5.4. Bagaum JIsi CAaMOCTOSITEJIbHOTO PEIIeHUs.

1. Jduckpernasa nenb ¢ MHOXKecTBOoM cocrogamit ' = {0,1, ...} onpenerena
coorHomenueM: &nt1 = &n + Un, n > 0, ¢ HavaubHbIM ycaoBueM & = 0, rue
{vn} — mocCIIEIOBATENLHOCTD HE3ABUCUMBIX CJIyIaiflHBIX BEJIMIUH C PACIIPEIEIIE-
nuem Bepuysnu. Jokasars, uro {{,} obuaagaer MapkoBCKUM CBOHCTBOM, HAlTH
€e MePEexXOIHYI0 MATPUILy U MPOBECTH KJIACCUMUKAIMIO COCTOSHUIA.

Ykazaunue. Cm. upumep 5.6.
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2. Ilycrp ciayqaiiubie Besuaunbt {vg, V1, ... } HE3aBUCUMBbI B COBOKYIIHOCTHU U
KaxKJias MpuHUMaeT 3Hadenns +1 m —1 ¢ BeposTHOCTsAMHE 1/2. Paccmorpum age
nocs1eoBaTenbHOCTH: £n = (VUn + Un41)/2 ¥ N = UnUnt1, n =0,1, ... Kakaa

W3 9TUX MOCJIeJOBATEILHOCTEN sIBJIseTcs nenbio MapkoBa?

OrBer. Bropas.

3. Yepes ¢dukcupoBaHHBIE MTPOMEXKYTKH BpPEMEHH IMPOBOIUTCI KOHTPOJH
TEXHUYECKOIO COCTOSIHUsI HIpUOOpPa, KOTOPBIA MOXKET HAXOJIUThCs B OJHOM W3
TpeX COCTOSIHUI: eg — paboTaer, €1 — He pabOTaeT W OXKWIAET PEMOHTA, €2 —
pemonTtupyercd. Ilycrs &, — HOMep cocTosiHusi HpubOpa Npu n-ii IMPOBEpKe.
[Ipenmonaraercs, 4To {En} aBJigseTcs ogHopoaHoit [IM ¢ mepexommoit maTpuneit

08 0,1 py,
P=1]03 p, 06
Py 0,01 0,29

Haiitn nHem3ssecTHble 351eMeHTBHI MATpuupl P u Beramciurh 7(2) mpu ycrnosuw,

YTO B HaYaJIbHBEII MOMEHT BpeMeHH MPHUOOp MCIpPaBeH.
Orser. py, =0,1; p;; =0,1; pyy =0,7; w(2) = {0,74; 0,091; 0,169}".

0,75 05 0,

5
0,5 0,5

, , 0,75
Puc. 5.6

4. llenr MapkoBa 3amana croxacrudeckuM rpadom (puc. 5.6), rae cocros-
HUS €9 M €3 — oTpaxaomue 6apbepbl. Halitu cranmonapaoe pacupenenesue m,
€CJIN OHO CYIIECTBYET.

OrBer. mop =73 = 0,2; 11 =72 = 0,3.

5. Ilycrp xoneunas sproguveckas [IM ¢ E = {0,1, ..., N} umeer npaxapt
N N

cToXacTHIecKylo Marpuiy mepexoma P = {pi}, m.e. > pyy => pij =1 mua
j=0 i=0

Bcex 1,j € E. [lokazarp, 94T0 CTanm@OHAPHOE pacCIpelesieHne CyIIeCTBYET U siB-
JIsleTCcs PABHOMEPHBIM Ha F.

p p p p p
TeogogoRu:g: o
q q q q q

Puc. 5.7

6. IIM umeer MHOXKecTBO momycTuMbix cocrosiauit £ = {0,1, ..., N} u onu-
ceiBaercsa croxacrmaeckuMm rpadom (puc. 5.7), tne 0 <p <1, ¢ =1 — p. Joka-
3aTh, 9TO IEIb SIBJISETCS IPrOJUIECKON, 1 HAlTH CTAIMOHAPHOE PACIIPEIeICHIe
BEPOATHOCTEN COCTOSHMA {7) }.

7 B.M. Munnep u A.P.IlankosB
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akf(1—a)

Orser. Ecmm p # q, To 1) = —————=, k=0,1, ..., N, rme a = p/q; ecnn
1—alV+l
p=¢gromp=m=...=any=1/(N+1).

7. dprogudeckas [IM ¢ AByMSI COCTOSIHMSIMM HMEET CTAI[IOHAPHOE paclpe-
gesieHne mo = p, m1 = ¢ = 1 — p. Haiitu nepexozmmyio maTpuiy.

- -1
Orser. P=( * L-a >,r,ue mga=plg>1 x € (a—,l), a JJis
y l1-y a

a<l z€(0,1) uy=a(l—uz).

8. Ilycte koneunasi LIM HepasiioKuMa W alepuofudHa, a T — ClIydaitHoe
BpeMs 11€PBOI'0 BO3BpallleHud B Ji00oe (pukcupoBaHHoe cocrosHue. /lokasarsb,
4qTo HaligyTcda ¢ > 0 u g < 1, Takue, 4To P{T > n} <cq”.

9. Yacruma, HaXOAsIIAsICA HA MJIOCKOCTH B TOYKE C IEJBIMA KOODAUHATAMUA
(m,n), MoxeT ¢ BepoSITHOCTBIO 1/4 mepeMecTUThCS B JIIOOYIO U3 YETHIPEX TOYEK
¢ xkoopauaaramu (m + 1,n £ 1). Tokasars, 9T0 BCe cocToanus AByMepHOit ITM,
OMUCHIBalOIIEll mporttecc GJIyKIaHMsI, BOSBPATHBI.

§ 6. Pa3HocTHBIE CTOXaCTUYE€CKNE yPaBHEHUS

6.1. Mojesiu aBTOperpeccuu U CKOJIb34IIero cpegnero. Ilycrs
e = {en, n € Z} — mocnenoBaTeIbHOCTD HE3ABUCHMBIX CITYy9IaiiHBIX BEJIH-
4uH ¢ xapakTepuctukamu m,(n) = M{e, } u D.(n) = M{|e,, — m.(n)|?*}.
Hamnee € Ha3bIBAETCA UCKPETHBIM OEABIM ULYMOM.

SBamedanue. B mpumepe 3.3 Mbl paccMaTpPUBAJU CTAIUMOHADHBIH
JUCKPETHBIH 6ebrii rrym. OmpeaeseHHbli BhIIe JUCKPETHDIN Oeblil myMm
OyzeT crapoHapHBIM, ecin mg(n) = m. = const, D.(n) = D, = const.
[Ipu 3170M HEKOPPEJMPOBAHHOCTH CEYEHUIT CJI€/lyeT U3 UX HE3ABUCUMOCTH.
Kpome Toro, B gagHoM maparpade Mbl OyIeM pacCMaTpUBaTh TOJIBKO
Bewmecrsennbie CII.

Onpepnenenue 6.1. Cayvaiinag nmocnegoBareabHocTb {&, } Ha3bIBa-
ercst agmopezpeccuoniot, nocaedosamenvrocmuvio (A P-nocaedosamenvho-
cmwv10) nopadka p > 1, ecin OHA YAOBIETBOPSIET YPABHEHUIO

P
gn + Z bk:gnfk = €n, n e Za (61)

k=1
rae {b1,...,bp} — dmciosble mapamerpsl, a p > 1 — HOPSIOK MozeIH

asroperpeccun (AP-monenn) (6.1).
Aurebpaunyeckoe ypaBHeHue

p
2P + S ba? F =0 (6.2)
k=1

Ha3bIBAETCA Tapakmepucmuueckum ypasreruem AP-monenn (6.1).
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Onpenmenenme 6.2. AP-momesms (6.1) maseiBaerca acumnmomu-
wecku ycmotivueot, ecaW Bce pENIeHnsd {T;} XapaKTepUCTHIECKOTO
YDABHEHHUS yIOBIETBOPSIOT ycnosuio |x;| < 1.

Onpemenenme 6.3. Cryuaiinasg nocie0BaTeTbHOCTE {7, } Ha3bIBa-
eTCst TTOCIIEIOBATENBHOCTRIO cKoAb3awezo cpednezo (CC-nocaedosamens-
HOCMWbI0) TOpAIKa ¢ = 1, ecan

q
Nn = QoEn + > GrEn—k, nEZ, (6.3)
k=1
rae {ao, a1, ..., aq}, ¢ — napamerpsr CC-moznenu (6.3).

Eciu Bce pemenns {z; } xapakrepucraaeckoro ypasHeHusi CC-Momenn

q
apz? + > apz? F =0
k=1

YJOBJIETBOPAIOT ycsoBHio |z;| < 1, To Momens (6.3) HasbIBaeTca MuMHU-
MANHO-Pa30601.

OwueBnmo, aro momemn (6.1), (6.3) MOXKHO OOLETUHATD B OFHY KOM-
OUHIPOBAHHYIO MOJIEb.

Onpenenenme 6.4. Cinyqaiinag nociaenosarenbaocTsb {&, } Ha3BIBA-
eTCsl TOCIIETI0BATENBHOCTBIO A6MOPEZPECCUL —CKOAD3AUWE20 cpednezo (A
APCC-nocaedosameavrocmvio) mopsaika (p,q), €Cim OHA YIOBIETBOPSIET
Pa3HOCTHOMY CTOXACTHYECKOMY yPaBHEHHUIO

p q
§n + > bkén k= aoen + > ajenj, nel (6.4)
k=1 j=1

Yucna {bx}y_y, {a;}i_y asusiorcs napamerpamn APCC-mopenn, p —
HOPAJ0K aBTOPErPECCHH, & ¢ — MOPAJOK CKOJNB3AMIEr0 CPeHEro.

Sameuganune. VI3 npuBeaeHHBIX ONPEIEIEHUN CJIEILYeT, YTO €CIu
{en} — eayccoscrud Geaptit mwym, o APCC-nocnepoBarenbaocts {&,}
TaKIKe ABJIAETCH 2aYcco8CKolU.

IIpumep 6.1. IlycTh B acuMnToTHYIecKn ycToitausoit AP-Momenn mo-
panka p = 1 Gessrit mym {e,} aBasierca cranmonapubiM. Haiitnm mare-
MaTmaeckoe oxupanwme w aucnepcuio AP-mocnenosarenmsrocrn {€,} n
JIOKa3aTh ee CTAI[HOHAPHOCTD.

Pemenwme. Ilo ycrosuio {,} ymoBieTBopser ypaBHEHHIO

&+ b 1=¢€,, NELZL. (6.5)
XapakTepucrnaeckoe ypasaenue mogenn (6.5) mmeer Bug z + b =0,
U, CIenOBaTENbHO, |T1] = |b| < 1 — ycioBue acuMuTOTHYECKON ycTOiaM-

BocTu. Vcnonb3ys mpueM, onmucaHHbIil B TpuMepe 4.5, HeTPYIHO TOKa3aTh

§n = i Bkgnfka (6.6)
k=0

T*
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rie 3 = —b, npuuem ps (6.6) cxomuTcs B CPEJIHEKBAIPATUYECKOM CMbICIIE
B cuny |B| < 1. Utak, &, aBasercs muHefHBIM TpeobpasoBaHueM (eIoro
mywma {e,}. O6oznaunm m. = M{e,} n D, = D{e,}, Torna

me(n) = M{€,} = 32 F"M{en_} = m. 3 pF =

k=0 k=0 1+ b7
De(n) = D{&.} = 3 (8%)°D{en 1} = D. 30 (87 = 2=
k=0 k=0

,HJIH JAO0Ka3aTeJIbCTBa CTAIlMOHAPDHOCTH {gn} OCTaeTCd BbI9YUCIUTL KO-
BapuanguOHHYIO ITOCJI€J0BATEJIbHOCTH

COV{fn,gm} = io: ﬁkﬁjCOV{é'n,k,Em,j} =

k,j=0

_ g, ) = g .
k=0

3iech MbI  BOCHOJB30BAIACH TeM, 4YTO €OV{en_ k,Em—j} = D, ecim
n—k =m-—jucov{en_g,em—;} =0 opu n—k # m — j. Urak, CII
{&n} WMeeT mocTOSTHHBIE MATEMATHYECKOE OXKUJIAHNE W JNCIEPCUIO, & KO-
Bapmanys cedennii &, u &, 3aBUCAT TOJBKO OT PA3HOCTH I — M, T.e. {&p }
ABJIAETCA CTanmoHapHO# B mmpokoMm cmbicae CII ¢ xapakTepuCTHKaMM
m D

me = ].—-:b’ D{ = ﬁ, R&(k‘) = (—b)lleg. ]

AnajloruuHas CHTyanus UMEET MECTO M JJis aCUMITOTHYECKH YCTOM-
qnBoit AP-MoJie/In IPOU3BOILHOTO TOPAIKa p > 1.

Teopewma 6.1. IIyemv {£,} ydosaemsopaem ypasnernuro (6.1), onu-
col8aowemy acumnmomuyecku yemotinusyro AP-modeawv nopadka p > 1,
20e {e,} — cmayuonaprod beant wym, mozda

00
gn = Z ApEn—k,
k=0

o0

20e xooppuyuenmu, {ay} ydosaemsopsrom ycaosuro Z |ag| < oo u 6wi-
k=1

YUCAAIOMCA NO PEKYDPEHMHBIM HOPMYAAM

ak+1/8k,1 =0,
Br+1,j = Br,j+1 — Beabj, J=12,...,p—1,
ﬂk—l—l,p = 7ﬁk,1bp> k= 0> ]-7 ey



§ 6] PABHOCTHBIE CTOXACTUYECKUE YPABHEHUS 101

¢ HavasvHoLMU Yyerosuamu oy = 1, Bo; = b;, 7 = 1,2, ...,p. IIpu smom
CII {&,} asasemen cmayuonaphotl U umeem Tapaxkmepucmuky

o0
me =1me Y o, DE:DEZ(){%,
k=0 k=0

Rg(m) = Dg Z Ak Qt|m|, M E 7.
k=0

B npumepe 3.4 paccMaTpuBaiach MOJIENb GECKOHETHOTO CKOIb3SAIIEro
cpemuero. PaccMorpum Temeps Momess ckonb3simero cpeaaero (6.3) ko-
HEYHOTO IIOPSAIKA.

IIpumep 6.2. CC-nocnenoBarenbaoCTh {17,} ymosnersopsger (6.3),
rae {€,} — cranmomapmbii Geabiii mym. Haiitm MaTemarmaeckoe oxwu-
JaHve, nucnepcnio n kopapuamuonnyto dbyrknuo CII {n,}.

q
Pemenwue. Ilo onpenesenuio n, = > aren g, tie M{ex} = m. =

k=0
= const, D{et} = D. = const, cov{ey,e;} =0 upu k # j. Orcrona

q q
M{n,} = M{Z akf‘:nfk} =me Y aj = const,
k=0 k=0

q q
D{n.} = > arajcovie, g,en 1} =D > a;,

k,1=0 k=0
q g—|n—m|
CoV{in,tm} = > ara;covi{en_g,em_i} = De > arGpijn—rm| TP
k,1=0 k=0

[n —m| < g u cov{n,,nnm} =0 upu |n —m| > q. Orcrona

q—=|m|
R&(m) — DE kgo akak:+\m\ Ipu ‘m‘ S q,
0 upu |m| > q.

[Tocnennee o3Hagaet, ato nobble cedenus CC-mociieoBaTeIbHOCTH, OT-
crosiiye Apyr or apyra Oosiee 4eM Ha ¢ I[IArOB, sIBJISIIOTCS HEKOPpe-
supoBaHHbIMA. DTHM CC-0CIeI0BATEIBHOCTD CYIECTBEHHO OTINIACTCS
or AP-nocienoBaresibHOCTH, TaK KaK y HOCJIEHEH CKOJIb YIOJHO JAJIEKO
OTCTOMAIIHME IPYT OT JApPyra CeYeHus B OOIIEM Cilydae siBJISIIOTCS KOPpeJn-
pOBAHHBIME. W

IIpumep 6.3. dokasarn, uro AP-mociaemoBaTesbHOCTD MEPBOTO IIO-
paiKa obsaaeT MapKOBCKAM CBOHCTBOM.
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Pemenune. Ilycts m3BecTHO, 9TO Mt HEKOTOpOoro m > 0 m mabopa

HeJbIX 9ucerl ng < ... < Ny =N — 1 BBIIOIHEHO &y, = Zo, &n, = 21, .. .,
én,, = Tm. Beramcmm P{{, € B | &, =m, ..., ny = To}, THE B —
[IPOU3BOJIbHOE DOPEIEBCKOE MHOXKECTBO Ha, IIPSIMOIA.
o0
_ _ k
o yenosmio &y + bln_1 = e, mpuaeM &n_m = > (=) en_m_t,
k=0

HO3TOMY £, U &, HE3ABUCHMBI IPH BCex m > 1 B caity Toro, aro {&,} —
OeJblil TIIyM ¢ He3aBUCUMBIMEU cedeHusMu. Torma

P{{,€B &, =Tm, ... &nyg =To} =
=P{-b, 1+¢en€B &, =Tm, - &n, = 2o} = P{e, — ba,,, € B}
C npyroit CTOpoHBI,
P{¢, € B &, = xn} = P{e, — bz, € B},
orkyma P{&, € B | &, =Tm, .., &ng =0} = P{én €B | &n, =Tm}-

CoBepIeHHO AHAJOTUYIHO PACCMATPUBAETC CIydail MPOU3BOJBHOTO
nm < n. B cuny npousBosbHOCTH BRIGOpa M, {ni} n B mokazanHOE 03HA-
qaer, uro {£,} — MapKoBcKas mocienoBaTeJIbHOCTh. IlomdepKHeM, 9TO
JIOKA3aHHOE yTBEPIKICHNE CIIPABEJINBO JJIs CIIyvast, Koraa {&, } — Gemprii
IyM C HEe3aBUCHMBIMHU CeYeHUsIMU. Kcim Ke cedeHus sBISIOTCS JIAITh
HEKOPPEJNPOBAHHBIME, TO MAPKOBCKOE CBOWCTBO MOXKeT Hapymarbes. Q-
HAKO eciu {€p,} — rayccoBcKmil GeJiblil MIyM, TO MapKOBCKOE CBOMCTBO
cjejlyer u3 pe3yJbraroB npumepa 2.12. ®

OOBIYHO B MPAKTUYECKUX 3aJa9aX BCIKWIA IPOIECC UMEeT «HAIATO,
T e. {&,} 3aman qumb npu n > 0. Ecoin npu n > 1 &, yaosaersopsier ypas-
HEHHUIO aBTOPErPECCHH IOPAIKa p, & 3HaIeHuT {o = (1, ..., {_pt1 = Cp —
3a/IlaHHblE CIIyYafiHble BeJMIUHBI (HauaJbHbIE YCIOBHs ), TO cBolicrBa CIT
{&n} meckonpko oTnmuatoTesa ot cgoiicte AP-nociemoBarenbrOCTH.

IIpumep 6.4. Halitu MareMaTndeckoe OXKUIAHUE U JUCIEPCHIO MO-
caenosarenbrocTn {&,}, yaOBIETBODSIOMEH yPaBHEHUIO

én=0ap_1+6En, n=1, §o =1, (67)

rae |af <1, n — ciayuaitnas penmuauna ¢ M{n?} < oo, ne sapucamas or
cranmoHapHOTO Gesoro myma {e, }.
Pemenwne. Haiinem npencrasnenne &, wepes {e,} u n:

n—1
fn =¢ep tagp_1+ a2£n72 == Z akgnfk + an%

k=0

n-l k 1—a"

mf(n) = M{fn} = Me ICZ_:OOZ + anmn = mgm + anmn.
n—1 2n
1—
D¢(n) =D{&,} = D{ > aken,k} + D{a"n} = Dsﬁ +a’"D,).

k=0
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[Monuepkuem, aro CII {&,} mecranmomapna, tak Kak meg(n) u Dg(n)
saBucAT ABHO oT n. B cummy yenosus M{n?} < co mmeem |m,| < co u
D,, < oo, mosromy ¢ yueroM |a| < 1 momydaem

me €

1—a?

me(n) — . De(n) — apa  n — oo.

11—«

TakuMm 06pa3oM, OpelelbHbIE 3HAUEHHS CpeJHero U JUCHepCHH s
CII {¢,} Takme xe, kKak u jua cranuoHapHoil AP-mocienosatensroCTH
nopsaaka p = 1, ynosaersopsiomeii (6.7) mpu Becex n € Z. W

Bameuanue. MoxXHO HOKa3aTh, YTO BLIBOJ, O COBIIAICHUM IIPEIelb-
HBIX XapaKTEePHUCTHK TOCIe0BaTeIbHOCTH { &y, }, yIOBIETBOPSAION el ypas-
HEHUIO aBTOpPErpeccuu Iopsijka p > 1 ¢ 3aJaHHbIMU HAaYaJIbHBIMHA 3Ha-
YeHMAME, 1 XapaKTepPUCTHK COOTBeTCTByomelt AP-mocnenopaTenbHOCTI
ocTaeTcs B cuie, ecim AP-Mozenh acMMOTOTHYECKH yCTOHYHBA.

6.2. CnexkTpasnbHble xapakTepuctuku AP CC-nocienoBaresib-
Hocreii. U3 reopemsr 6.1 cienyer, aro APCC-nocaenosareasuocts {&, }
ABJIAETCA PE3yJIbTATOM CTAlMOHAPHOIO JIMHEHHOTo MpeoOpa3oBaHMs CTa-
nuonapuoro 6esioro myma {e, }. Ilosromy crexrpasbuast mi0rHOCTh fe(A)
nocnemoBarenbHocTH {€,} MOXKET GBITH BBHIYACIEHA C HCIONB30BAHUEM
pe3yabTaToB 1. 4.2.

IIpumep 6.5. [Iycrs {£,} — APCC-mocienoBaTenbHOCTD, OIpeIes-
eMasd Pa3sHOCTHBIM CTOXACTHYECKHM ypaBHEHHEM

p q
gn + Z bkgnfk = Z ajeEp—j, NE Z7 (68)
k=1 j=0

rae {€,} — UEHTPUPOBAHHBIH CTATMOHADHBIN Gesblil mryMm ¢ amcrnepcueit
D, > 0. HaiiTi ceKTpajIbHYIO IIIOTHOCTE fg ().

Pemenwe. Haiimem wacrormyio xapakrepuctuky P(\) mmmeitroro
npeobpasosanus (6.8). st 3roro npejnooxum, uro &, = €. Torna
u3 (4.17) crenyer, aro &, = ®(\)e!*". TloacTaBUM COOTBETCTBYIOMHE &,

u &, B ypasuenwme (6.8), Torma
. p . q i .
B(\) [e“" +3 bke”\("_k)} =3 aen-d), (6.9)
k=0 j=0

Iocite esienus obeux uacreil pasencrsa (6.9) Ha e mosyuaem

q .
Z ajefz/\]
P(N) = ":"p — =
1 + Z bke—z)\k
k=1
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rae F(z) =ao+ a1z + ... +age? u H(z) =1+ bz + ... + bpaP.

BaMeTuM, YTO YCIOBHE ACHMITOTHYECKOR YCTOMYHBOCTH —MOJe-
au (6.8) o3HA9aeT, UTO BCE KOPHHM XapPaKTEPHUCTHYECKOrO MHOTOMJICHA,
H(x) = 2P H(z~') no mosmyo Menbine eunaupb. Toria BHITOJIHEHO YCI0-
Bue (3.25) MHTErpUPYEeMOCTH KBaIPATa MOJLYJIsl 9aCTOTHON XapaKTepUCTH-
ku ®(\), MOCKOIBKY

2V = 2(N)2()) =

D
Haxkower, f.(\) = 2—5 — CIeKTpaJIbHasl IIIOTHOCTD 6eJ1oro myMa {e, }.
7

Tenepn, ucnonb3ys coorromenne (4.18), momyaaem

a .
D Zaje_"“)‘]
j=0
fey=—22 (6.10)
271"1 +3 bke‘“’“‘

k=1

2

U3 (6.10) ciemyer, uro cnekrpasibhas mwioTHocTh APCC-nocienoBaresb-
HOoCcTH nopsiaka (p,q) siBisieTcsi NPOOHO-panMoHAIbHON (yHKImeH nepe-
MeHHOiT e™**. m

®opmyana (6.10) mossonsier aBHO BBraucauTh mucnepcuio APCC-mo-
CJIEIOBATEILHOCTH JIJIST TIPOU3BOJIBHBIX TOPSIIKOB P U (.

IIpumep 6.6. CII {{,} ymoBaeTBOpsieT ypaBHEHUIO

§n— 0,58, 1 +025&, 2 =c¢y, (611)

rne {€,} — UEHTPUPOBAHHBIH CTATMOHADHBIN Gesblil mryMm ¢ amcmepcueit
D, = 1. Beraucauts gucnepcuto D CIT {§,,}.

Pemenwme. VY6emmumcs, aro momens (6.11) acmmmrormaeckm ycToii-
yuBa. XapaKTepUCTHIeCKoe ypaBHEHUE MOJEJ]H UMeeT BHL

z? — 0,52+ 0,25 = 0. (6.12)

Haiinem xopunm ypasmemms (6.12): xq2 = 0,25 (1 £iv/3), mosTomy
|z1,2] = 0,5 < 1, T e. ycioBue aCHMITOTHYECKOl yCTORYUBOCTH BBIIIOJIHE-
Ho. Teneps u3 (6.10) crexyet, 9aro

1

— — — 2
fe(A) = =R rne H(z) =1—-0,52+0,252°.

Hucnepcust D MoxkeT GbITh Haiinena mo dopmyie (3.13):

D¢ = J fe(X) dA = % j ﬁ =I. (6.13)
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Has amamuTuaeckoro Beraucaenus maTerpaia (6.13) Bocmombsyemes am-
TOPUTMOM, U3JIOKEHHBIM B 1I. 15.2.

Iycrs v = 0,5, rorma by = 1, b1 = —7v, by =2, a0 = 1,a; =0, ay =0,
p = 2. lna BeUHUCIeHUS WHTerpaja [y BOCHOIB3yeMCsl PEKyPPEHTHBI-
vy dopmynavu (15.9) ¢ maganbabivMu ycnousimu (15.10). B ycaosmsx
JAHHOTO TIpUMepa TOJIyvIaeM: a% = a% =0, a8 =1; ﬂg =1, ﬂ& =1—~4

0_1—’)’6 _ i _
By = i Orcrona o dopmyse (15.8) I, = gkzo Bo ==
1+7

=1 . IlogcraBaas v = 0,5, naxoqum De = I ~ 1,27.
=78

3aMeTnM, IYTO MBI OJIY YU HECKOJBKO Ooiiee 0Ommil pe3yabTaT: ecian
{&n} ymoBuerBopsier ypaprenmo AP-mMonenn Buga

gn - A/fnfl + 7261172 = €n, h/‘ <1,

2

ro D{¢,} = DE%’ rae D, =D{e,}. m

[IpuMeHUTEIPHO K NPAKTUIECKAM TPUJIOXKEHASAM JJIT  OMACAHUS
CII {¢,} ymobmo mcmosmb3oBarh mapamerpumieckyio APCC-momenns Bu-
ma (6.1), obecmeumBarormyio TpeOyeMblii BHJ, CHEKTPAIBHON IIOTHO-
cru {&,}. I3 upumepa 6.1 cuemyer, uro B ciyudae, korga fe¢(A) umeer
Buy, (6.10), a {e,} — rayccoBckuii cranuoHapHbIil Gesblii myM ¢ Jucrep-
cueit D, {&,} aBaserca rayccosekoit CII, ynosaersopsiomeli ypaBHEHNIO
APCC. CoorsercrByomasa APCC-Momenb Ha3bIBAETCI GOPMUPYIOULUM
pusvmpom ngist CII {,, }, mocTpoerHpIM 10 3a1aHAOH TPOGHO-PAIMOHAIB-
HOI CIIeKTPaJIbHOI IJIOTHOCTH.

IIpumep 6.7. [Toctpouts dpopMupytomuii pUIBTP I TayCCOBCKO
[EHTPUPOBAHHON CITyIalfHOU TOCTenoBaTEILHOCTH {&, } CO CeKTPAThHON

1,49 + 1,4cos A

27(1,16 — 0,8cos )’
Pemenne. IlpomspeneM gaxmopusayuo CIEKTPaJbHOI INIOTHOCTH:

IIOTHOCTBIO f¢(A) =

§y - (140,77 (1 +0,7¢?) 1 Fem™)F(e)
e =50 (1-0de ) (1-04e?) 27 H(e NH(e)

roe F(z) =1+0,7z, H(x) =1—0,4z. ITostomy, fe(A) = |D(N)|2f-(N),

rie B(A) = fli _M)) a f.(\) = —

Tak Kak KOpeHb MHOI'OYJIEHA H () mo mMomymo GosIbIE €IMHAIIBL, TO
®(\) gBisieTcd 9acTOTHON XapaKTePUCTHKOW aCUMITOTHYECKH yCTONYH-
Boit APCC-mMmouesn

€n— 04 1=en+07Tcn 1, neZ (6.14)

Vpasuenwe (6.14) samaer mckomblit Gopmmpyoommii GuIbTp IS
CII {¢,}, tme {e,} — rayccockmii cTanmoHapHBIH GesbIil IIyM ¢ Aucmep-
cueit D, =1. m
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VYpapuenne (6.14) mMO3BOMAET MPOBECTH KOMIBIOTEPHOE MOJEIAPOBA-
HUE [OCIEe0BATEIbHOCTH {£,, }, UMEIOmEll CIeKTPaIbHYIO INIOTHOCTD TPe-
OyeMoro BHJIA.

PaccMoTpeHHBI aIropuT™M MOXKHO UCHOIB30BATH JJIS TPUOIMKEHHOTO
mogenupoBanusi CII, crnekrTpaJibHasi IJIOTHOCTH KOTOPOMl HE sIBJISIETCS
APOOHO-paruoHaIbHOM. st 9TOro OOBIYHO MPEIBAPUTEIBHO AIIPOK-
CUMUDPYIOT 3aJaHHYK CIEeKTPAJbHYI MJIOTHOCTb MOIXOAAIIENl IpobHO-
PATMOHAJIBHON IJIOTHOCTHIO (JIJIsT 9TOr0 MOXKHO TPUMEHUTH, HATIPEMED,
MEeTOJ], HAMMEHBIINX KBaJpaToB), IIOCHIE Yero CTPOSIT COOTBETCTBYONIHI
dopmyupytomuit dunstp B Buge AP CC-momenn.

6.3. MHoroMepHble Pa3sHOCTHbIE JIMHEIHbIE CTOXACTUYECKUe
ypaBuenusi. Ilycrs {{,} — muoromepnas CII, T e. £, € RP npn kaxmom
n>0, a {e,} — mnozomepnuit duckpemnoudt beavt wym. Ilocnennee
osmauaer, 1ro {e,} — mocuemoBaTeapbHOCTH He3asucuMmbix CB g, € R?.
Bynem namee cumrath, ato M{e,} = m.(n), cov{e,, e} = M{(e, —
—meg(n))(e, — me(n))*} = De(n). Marpuunas dyskmus D, (n) HasbBa-
erca ducnepcuonnoti dynakuueit (mpu ¢ = 1 D, (n) — macnepcna CII {e,,}).
[To-pexxaeMy g-MepHBI Gemprit mym {e,} Gymem HasbpIBATH CMAYUO-
naprom, ecma me(n) =m., D.(n) = D.. Ecim xe m, =0 u D, =1, To
{en} — cmandapmmnviti g-MepHBIH Geblii IIyM.

Onpenmenenme 6.5. Caywaitnas nociemoBarenbHOCTh {&y, n > 0}
YJIOBJIETBOPSAET MHOZOMEPHOMY NUHETIHOMY DAZHOCTIHOMY CMOTACMUYE-
CKOMY YPABHEHUIO C HAYAJIbHBIM YCJIOBUEM 1), €CJIU

¢n = Apén_1+ Bpen, n 21,

(6.15)
60 =1

roe n € RP — cayvaiiHblii BEKTOp HAYAJIbHBIX yCJIOBHUI, HE 3aBUCIIIUAN
or {e,}, 4, € RP*P B, € RP*Y — p3pecTHBle HeclydaliHble MATPUIBL.
Onpenmenenwme 6.6. Ypasuenne (6.15) Ha3bIBAETCA CMAUUOHAPHBLM
acumnmomuyecku ycmotuuswvim, ecmu A, = A, B, = B tipu Bcex n > 1,
MaTpuna A TakoBa, 9TO BCE KODHH AJTe6panvecKoro ypaBHeHUs (OTHOCH-

resibHO z € C)

det[A —zI] =0 (6.16)

1O MOJYJII0O MEHbBIIE eJWHUNbBI, a {€,} — CTAIMOHADHBIA JUCKPETHBII
OeJIbIil Ty M.

PekyppenTabie coorHomenns (6.15) MO3BONAIOT NPOBECTH MOJEIH-
poanme CII {{,}, a Tak:Ke BBIYMCINTL MOMEHTHBIE XapPaKTEPUCTUKH
me(n) = M{&,} u D¢(n) = cov{§,, &} npu 3a1aHubix XapaKTepUCTHKAX
{en} m HAYANBHOTO yCiOBHS 7).

IIpumep 6.8. Hokazars, aro eciu CII {,} ymosnersopsier ypasme-
muio (6.15), To dyukmun me(n) u De(n) yooBIeTBOPSIOT PeKypPPEHTHBIM
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YPaBHEHUSIM
me(n) = Apme(n —1) + Byme(n), n >1,
e(n) ¢ln—1) (n) (6.17)
mf(o) = m"la
D¢(n) = ApDe(n —1)A}, + B,D.(n)B;;,, n>1, (6.18)
D&(O) = R"Ia '

rae my, = M{n}, R, = cov{n,n}.
Pemenwe. IIpumennm kK obenm dacTsM ypasrerus (6.15) omepatop
MaTeMaTHIECKOTO OXKHIAHUS:

mg(n) = M{&,} = M{A,&u—1 + Bnen} =
= ApaM{&n 1} + BoM{en} = Apme(n — 1) + Bume(n).

Amnanornano, me(0) = M{{} = M{n} = m,,. Itak, Mbl DoKa3a/I1 CIpa-
BeUBOCTH (6.17).
Bamernm, aT0 D¢ (0) = cov{&s, &} = R,. IIycTs Temeps n > 1, Torga

Dﬁ(n) = COV{fn, gn} = COV{Anfn—1 + BnEnu Angn—l + BnEn} =
=A,cov{{, 1,&n 1} AL+ A, cov{&, 1,6} Br+ B, covie,, &1} Ar+
+ B, cov{e,,e,} By, = A,De(n — 1)A} + B, D.(n)B;,,

rje y4YTeHO, YTO IPH BCAKOM 7T > 1 ciiydaiiHble BEKTOPBI €, U &n 1
HE3aBUCUMBI B CHJIy TOTO, 9TO &,,_1 JIMHEHHO BBIPAsKAETCS Yepe3 BEKTOpa
{m,€1, -..,€n_1}, KOTOPBIE HE 3ABUCAT OT &, MO ycnosuio. Ilocaenmee
o3HavaeT, 410 cov{&,_1,en} = 0. Ilomydennsie coornomenus aas De(0)
u D¢(n), n > 1 coBunagator ¢ (6.18). m

Ypapuenug (6.17), (6.18), nosposgdomue BHIYUCIUTH MOMEHTHbBIE Xa-
pakrepuctnkn mnepsoro u Broporo mopsinkos CIT {{,}, masmarorcs
YPABHEHUAMU MEMOOL MOMEHTNOG.

Paccmorpum nosenenue me(n) u Dg(n) mpr n — 0o B ciiydae, KOIga
cucrema (6.15) gBISETCS CTAMOHADHON ACHMIITOTHYECKH yCTOWIMBOM.
MozKHO J0Ka3aTh, ITO CYIIECTBYIOT IIOCTOSHHbIE BEKTOD Mg U MATPHIA
D¢, rakue, aro mg(n) — m¢ u De¢(n) — De npu n — 00, IpHYEM LIPEeIIbl
m¢ u D¢ He 3aBucAT oT my, u R,

Mpumep 6.9. Haiitu ypasHenus Jjisi IIpeIeJIbHbIX 3HAYECHUI CpeiHe-
ro mg u pucnepcuu De.

Pemenwe. Ecm (6.15) cranmonapra m aCMMITOTHYECKH yCTORINBA,
TO COOTBETCTBYIOIAE yPAaBHEHUS METOIa MOMEHTOB IPHHAMAIOT CIMAUUO-
HAPHOIT BAJT

(6.19)

me(n) = Ame(n — 1) + Bm,,
De(n) = AD¢(n — 1)A* + BD, B*.
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OueBunno, aro ecau mg(n) — me u De(n) — D¢ upu n — 0o, 10, mepe-
XOJid K IIpesiesty B ypaBHenusx (6.19), monygaem

D§ = AD&A* + BD_B*.

VYpasuenns (6.20) ABIAIOTCS JIMHEHHBIME AJIre6PAnIeCKUMK yPaBHe-
HUAMH, OIPeIeTAIONIIMI HCKOMBIe BeTMIHHEL ¢ B D¢. MoKHO TOKa3aTh,
9TO B CHIIy ycToifidmBocTH MaTpunbl A (cM. ompegernenue 6.6) cucrema
(6.20) mmeer emmacrBenHoe pemenue. Hanpumep, me = (I — A)~!Bm,,
npudem Marpuna (I — A) obpaTiMa B CHIy TOTO, 9TO BCe COOCTBEHHBIE
3HAYEHUS MATPHUIBI A IO MOJYJIIO MEHbIIE eANHUIbI. W

OxkasbiBaercs, 9To paccmorperHas Bbie APCC-mozens (6.4) siisier-
Csl 9ACTHBIM CJIy9aeM BEKTODHOM cranmuonapHoit Momesm (6.15). Heficren-
resbHO, yctb APCC-nocienoBarensocts {€, } onpeenena ypaBHeHTEM

n+b1én1+ .+ bpbnp = a0En + a18n_1 + ...+ agEn_g, (6.21)

rme b, 70, g =p—1,ap > 1 — HOpsAIOK aBTOPEIPECCUOHHOM 4aCTH MO-
nenn (6.21). Torma &, = &1(n), rae & (n) — mepBast KOMIIOHEHTA p-MePHOM
cayuaiinoii nocnenosarensuocru &(n) = {&{1(n), ..., &p(n)}*, ynosnerso-
PAIOIIell BEKTOPHOMY Pa3HOCTHOMY CTOXaCTHYECKOMY YPaBHEHHIO

&(n) = A¢(n — 1) + Bey, (6.22)
rae
—b1 —bg —0p—1 —bp ap
1 0 0 0 dy
A= 0 1 0 0 |, B=|dy1 |, (623
0 0 1 0 dy
a mapamerpbl {dg, k = 1, ..., ¢} BBIUHCILAIOTCS 110 PEKyPPEHTHBIM (DOp-
MyJIaM:
q—1_
dq = Eq, dk = Ek - Z bi+1dk+q—i7 k= q— 1, cey 1, (6.24)
i=k

rae obosmateno ay = —ag/by, k=1, ...,q,b; =b;/b,, 1 =2, ...,p.

Moxnuo Takxke nokasarb, aro eciam APCC-momens (6.21) sasiercs
aCUMITOTUYECKH YCTOHYHBOH, TO COOTBETCTBYIOIIEe BEKTODHOE ypaBHe-
mue (6.22) TakKe ABIACTCA ACAMITOTHIECKA yCTOHIMBBIM B CMBICJIE OIIpe-
nenennsd 6.6.
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Bamernm, uro (6.22) sBIsSETCS ypaBHEHWEM ABTOPETPECCHH TIEPBO-
ro nopszaka g p-mepHoit CII {£(n)}. Takum obpasoM, mpuBeJeHHbIE
cooTHOIEHUs (paKTUIECKH [OKa3biBaloT, 4ro ckaispHas APCC-monenn
P-TO TIOPsi/IKa IKBUBAJIEHTHA p-MepHOil AP-Monmesnn nmepBoro mopsinka. [lo-
caegHee o3Hadaer, 4ro s ucciaemoBannsa APCC-nocnenosarenbHoCTH,
HapsIy €O COEKTPAJIbHBIMEA METOAAMU, MOXKHO HUCIOIb30BATH METOHI,
npeIHa3HAYEeHHBIE JJIsi pabOTHI ¢ BEKTOPHBIME CTOXACTHIECKUMU JINHE-
HBIMH DA3HOCTHBIMU yDAaBHEHWSMHU (HAIIPAMED, PACCMOTDEHHBII BBIIIE
METOJ, MOMEHTOB).

IIpumep 6.10. Beraucaurh MaTeMaTHIECKOE OXKUTAHUE U JUCIEPCHIO
AP-nociietoBaTeIbHOCTH BTOPOTO TMOPSIKA BHUIA

€n = Yén1+7%n 2= €n, (6.25)
eciu M{e,} = m. u D{e,} = D, a mapamerp 0 < v < 1.

Pemenwe. Ilpumsemem (6.25) x Bumy (6.22) m mpumeHEM METOT,
MoMeHTOB. 113 (6.25) cieayer, ato by = —v, by = v%, a9 =1,a; = 0. Torga
u3 (6.23) u (6.24) momygaem

1(n) = véi(n — 1) —y*&(n — 1) +en,
§2(n) = &i(n — 1),

_A2
HOSTOMyA—|:’Y v ],B—[l}.

(6.26)

1 0 0

IIposepum g mogenn (6.26) yclIoBme acCHMITOTHYECKON yCTORIHBO-
cru. Us (6.26) crenyer, uro det[A — zI] = 22 — yx + 4? = 0. Kopuu sToro

YDaBHEHUS T12 = %(1 +44/3), mostomy || = |z2| = v < 1 Mo yeaosmio.

910 osmagaer, 4ro {£(n)} — crammonapuas CII u cymecrByior mg
u D¢, ynosnersopsitomue ypasHenusM (6.20) Meroga MoMeHTOB. [ljist
YTIPOINEHns JalbHeAmnX Bhraucaenuii 3amernm, 910 E2(n) = & (n — 1),

CJIEJIOBATE/ILHO, Mg = [ 2 ], a Dg = [ Z z ,re m = M{&,}, d =
= D{gn}a k= Cov{gnugn—l}-

IMoxcrasusisi ykasaunbie me u D¢ B cucremy (6.20), naxouum
m = ym —y*m + m,
d = ~2%d — 27°k + v*d + D.,
k=~d — 7%k.
Pemnm monydennyio cucreMy ypaBHEHHII OTHOCUTEIBHO M, d, k:

. 1++°
m=—"Tc d:DEi, k=D.— 1.
1—y+7? 1—~5 1—~5
Tak kak &, = &1(n), o M{{,} =m, a D{¢,} = d. Bamerum, gro
Boiparkenne st guenepenn CIT {€,} coBmamaer ¢ BhIpakeHmem, noury-
YeHHLIM paHee ¢ IIOMOIIbLIO CHeKTPaJbLHOIO MeToJa B mpuMepe 6.6. W
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6.4. ®uapTp Kanmana. B mamHoM myHKTE MBI pacCMOTPHM 3a0aG-
wy oueHusaHus TpaeKTopuu Hekoropoit Bektopuoit CII, ymoBrerBopsio-
meit MHOTOMEPHOMY PAa3HOCTHOMY JIMHEHHOMY CTOXaCTUYECKOMY ypaBHEe-
HUIO, 0 KOCBEHHBIM JIMHEHHBIM HAOJTIOIEHASAM,, HCKA2KEHHBIM CIIy YAl HBIMA
omubOKaMM.

[IpenBapurenbHO PACCMOTPUM TIOCTAHOBKY 3a/a9W OIEHWBAHUS IIO
CPEJTHEKBAIPATHIECKOMY KPHTEPHIO (3a0a4a C.K.-0UEHUBAHUA) JIJIST HEKO-
TOPOTO CIIy49aifHOro BeKTOpa & 1m0 HAOJIIOIeHUIM, COCTABIISIONIIM CIIy 9aii-
HBII BeKTOD 1) (cM. Takzke 1. 14.6, 14.7).

Onpenmenenme 6.7. Cnywaiinetii BekTop & = $(1) Ha3bIBaeTCH
C.K.-onmumarvroti ouenroti clydaifHoro BeKTopa & 10 HabJIOIeHuIM 1),
eciu

M{l¢ — €2} <M{l¢ — £}, (6.27)

e € = $(n) — UpousBOIbHOE H3MEDUMOE IPeobpa3OBaHMe BEKTOPa Har
6mogennii ) (T.e. £ — NPOM3BOIBHAS JOMYCTHMAS ONEHKA A1 & 110 7).
CTpyKTypa C.K.-ONTHMAJIBHOl ONEHKH B OOMIEM CIIydae ONMCHIBACTCH
caenytomeii Teopemoii (cm. Takxke m. 14.5).
Teopema 6.2. Iyemo M{[{|*} < oo, moeda c.%.-onmumanvrasn

ouenka & cyuecmeyem u umeem 6ud

€= 3(n) = M{¢ | n}, (6.28)

2de M{¢|n} — ycaosnoe mamemamuueckoe oocudanue cay4atinozo
eexmopa £ omHOCUMeAvHO cAyuatinozo eexmopa Habarodenud 1.

Dopwmyaa (6.28) nospoasier onernts CB £ no 1 npn npakTnaeckn npo-
M3BOJIHLHOM COBMECTHOM 3aKOHE PACIpEeIesIeHNs OIEHUBAEMOro U HabIIIO-
JIAeMOro0 CJIydailHbiXx BeKTOpoB. OHAKO B 00IIEM Cirydae HAUTU aHAJUTH-
geckyto dopmyny i M{¢ | n} Becbma Tpyaso. Ecin ke orpanuduTbes
OJTHAM YaCTHBIM, HO MPAKTAIECKU BAXKHBIM CIy9aeM, TO yIaeTcs HaiTh
IPOCTOE AHAJIMTUYIECKOE BbIpaXKeHue s &.

Teopema 6.3. ITycmo cayuatinod sexmop ¢ = {€*,n*}* asasemcs
eayccosckum, a R, = cov{n,n} — neswvipooicdennas mampuya, mozda

€ = mg + Rey Ry (n — my), (6.29)

ede mg = M{¢{} u my,, = M{n} — mamemamuueckue oorcudanus CB &
u 1, a Rey = cov{{,n} — uz 63aumnas Ko6apPUALUONNAAL MATRPUUA.

IIpu smom ouenka & — necmewennas (m. e. M{f — é\} =0), a xosapua-

YUOHHASL MAMPUYQ ﬁ ee owubkyu umeem 6ud
P=cov{t &€& & =Re Rg,,R,leg,,, (6.30)

2de R = cov{{, &}
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Kpumeputi kawecmea c.x.-onmumanrvhol oueHku E umeem 6ud
M{J¢ - ¢*} = tr[P], (6.31)

2de tr[-] — caed mampuyw.

Dopmyaa (6.29) maer siBHOe BBIpakerue st M{{ | n} B rayccockom
caydae, a caMa TeopeMa 6.3 M3BECTHA KaK meopema 0 HOPMaabHOl Kop-
peasyuu (cm. . 14.6).

IIpumep 6.11. Ilycts omenmBaemblit { u HAOIIOZAEMBIH 7) BEKTOPBI
CBSA3aHBI COOTHOIIEHUEM MHO020MePHOT AuHetinoti pezpeccuu:

n=Af +¢, (6.32)

rae & ~ N (mg; Re), e ~ N(me; R.), cov{{,e} =0, A — usBecrHas Heciy-
uajinas marpuna. Ilpeanonoxunm, wro kosapuanmonnas marpuna Re
ommboK HabsromeHUl ¢ — HeBbIpOXKAeHHas. Halith BhIpakenme s &.

Pemenue. B cuny nuneitnoctn npeobpasoBanug (6.32) n saBigercs
rayccocknm CB, n, Gomee Toro, Bekrop ¢ = {£*,n* }* = {&*,{*A* +*}*
TaKsKe TayCCOBCKHMil. 1109TOMY 715 BEIMHCIICHAS & MOMKHO HCIONb30BATD
yrBepxaenue Teopemsl 6.3. ITycts m¢ u Re mssectnnr. Haiizem Boipaske-
HEe IS My, Ry 1 Rey, ucxons us mMomenn (6.32):

my = M{AE + e} = Ame + me,
R, =cov{n,n} = cov{A{ + ¢, Al +c} = AR A" + R.,
rae yareno, aro cov{{, e} = 0. Aranornano nomayvaem
Rey = cov{¢, Al + e} = ReA™.
[MopcraBnss HalieHuble Boipaxkenud B (6.29), HaxomuMm
€ =me + Re A (AR A* + R.) "M — Amg —m.). (6.33)
3amernM, uro obparmas marpuna B (6.33) CymecTByer B Cmiy TOrO,
aro AR¢A* + R. > R, > 0 1o ycnosuo. m
Paccmorpennast Bbllle TEXHUKA OIEHUBAHUS MOXKET TeIepb OBITH HC-
MO/Ib30BaHa [JIsi MMOCTPOEHUS AA20PUMMA PEKYppeHnmmots duivmpayuu
Kaamana.

IMycrs CII {£,} ymoBneTBOpsieT pasHOCTHOMY CTOXaCTUYECKOMY ypPaB-
HEHUIO

{n = Angnfl + Bn€n, n 2 1, (634)
KOTOpPOE pemaeTcd ¢ Ha9aJIbHBIM YCJIOBUEM

50:77
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rne v ~ N(my; Ry), {en} — muckperHblii BekTOpHBIH rayccosckuil Ge-
aptit mym, M{e,} = me(n), cov{e,,en} = D.(n), cov{en,er} =0, ec-
mn n # k. Takxke npennosaraercs, 910 y n {&,} He3aBmcumbl. B cmiry
smHeitrOCTH Mozenn (6.34) w cmesmamnbrx npemmonoxernunit CB &, mveer
rayCCOBCKOE Pacrpejenenne pu kaxaom n > 1, ecm {A,,, B, } — nocae-
JIOBATEIHHOCTH HECTyYaliHBIX MaTPHIIL,

IIpeamonoxkum, 9ro CB &, B KaxKIblii MOMEHT BpeMeHHu 1 > 1 jocTy-
II€H KOCBEHHbIM U3MEPEHUAM 110 CXEeMe

T = n§n+vn7 n—= 1727 BEEE) (635)
rae 1, — BEKTOD Pe3YyJbTaTOB I/I3MepeHI/II7I B MOMEHT n; Cn — U3BECT-
Has HecTydailHas Marpuna, a {v,} — rayccoeckaa CII, ommceiBaromas

omubku Habmogenuii. lanee npenunonaraercd, 910 {v,} — BEKTOPHBIN
muckperHblit 6enbiit mym, M{v,} = m,(n), cov{v,,v,} = D,(n), npu-
yeM MaTpuisl D, (n) — HeBbIpOXKAeHHbIe. ByieM Takke cautarb, yro CIT
{v,} ue zaBucur or {e,} n or v. Ypasrmenus (6.34), (6.35) onmceiBaror
JUHAMAIECKYI0 Mmodeas Habarodenuti Kaamana.

O6osnraunm " = {n], ..., }* — BekrOop Beex HaburoJeHUN 10 MO-
MEHTa 7 BKJIIOUYMTE/IbHO. PaccMoTpum 3a/1a4y NOCTPOEHUS C.K.-OITUMAJIb-

Hoit onenku &, st CIL €,, n > 1, YAOBIETBOPSIONIel YpPABHEHHIO (6.34),
1o HabJroeHuaAM 7)™, Moy 9eHHbIM 110 cxeme (6.35).

Teopema 6.4 (Kanmvan). ITycmov 6vinosnens, chopmysuposaroie
svlwe npednoaoocenus o modeau wabarodenut (6.34), (6.35), moeda

C.K.-ONTMUMANOHAA 0UEHKe £, Onaa &, no nabarodernusm 1" ydosaemeo-
PAEM, PAZHOCTMHOMY CMOLACTNUYECKOMY YPABHEHUIO

&n = Zn + FnCZ(CnFnC?Z + D, (n))il X
X (N — Cp€,, —my(n)), n>1, (6.36)

60 = M,

ede €, = An&n 1+ Bamo(n), a P, = A, P, 1A% + B,D.(n)B;.
Mampuua P, asasemca xosapuayuonnoti mampuuet, owubku A&, =

= &, — &n ouenru u Ydo8aemBOPAEM PAZHOCTIVHOMY MATMPUYHOMY YDAG-
HEHUIO

P, =P, — P,C:(CoPnCt + Dy(n)) 1CyP,, n>1,

R (6.37)
Po=R,.

PekyppenTnbie ypasaenus (6.36), (6.37) u3BecTHBI B JmTepaType Mo
TEOPUH CTOXACTHIECKHX CHCTeM Kak duckpemmniti dpusomp Kaamana.
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B B -1
Ecmm BBeCTH 06G03HAMEHNmE kYy = P,Ck(C, P, Ck + D,(n))~!, To ypas-
Henne dbunbrpa Kanvana MoxKHO 3anmucaTb B 601€e KOMIAKTHOM BHJIE:

{ é\n :gn+kn(77n_cngn_mv(n>)a ‘gO = M,

P, = (I — knCp) P, Py =R,,

rae k, Ha3BIBAETCS MAMPUYHLM KOIPPOUUUEHMOM YcureHus DUIBTPA.
Bamernm, urto ecnu mabmionenwms (6.35) orcyrcreyior, T.e. C, =0, TO
k, =0. B srom ciaydyae ypasuenus duibrpa Kanvana (6.36), (6.37)
NPUHUMAIOT BUL

En = Angnfl + Bnms(n)a gO = My,
P, = A,P,_1A* + B,D.(n)B%, P,=R,.

no

Taxum 06pasoM, IOTyIeHHbIe yPABHEHHA COBIAAIOT C yPaBHEHIAMI
Meroza MomenTos (6.17), (6.18), T.e. & = M{&,}, a P, = cov{én,&n}.
[Tocnenaee o3HAYAET, 9TO C.K.-onTHMabHOI onenkoit CII {,,} asngerca
ee maremarmaeckoe oxkunanaue, ecin CII {&,} memocrynna mabmaromenuio
(T.e. y HAC HET JOMOIHATEIHHON N3MEPUTEIbHON NHMDOPMAIHN).

IIpumep 6.12. PaccmarpuBaercs cKaJspHAs MOJEb HAOIIOIECHUS

{ gn = agnfl + €n, 50 =7,

(6.38)
M =& +vn, n2=1,
rue {e,}, {vn} — cranmonapHble M HEHTPEPOBAHHBIE rAyCCOBCKME Oesbie
mywmbl. Tpebyerca moctpouts s (6.38) dbunsrp Kanvama.
Pemenwne. Ilo ycrnoBuwo mg(n) = m,(n) =0, D.(n) =r. = const,
D,(n) =r, = const, A, = a, B, = C,, = 1. IlosTomy

gn = En + kn(nn - Zn)v

= ~ P. azﬁn_ + 7re
I‘Aefn:afn—17a‘knzﬁ +r :azﬁ —:1" +r .
n v n—1 € v

Takum 00pa3om, ypaBHEHUE Jijisi OLEHKU &, UMEET BU]L

é\n = agnfl + kn(nn - aé\nfl)a EO = M. (639)

Teneps npeobpasyem (6.37) (yIuTbIBas CKATSAPHOCTD MOJIEJN ):

5 = P Pyr
P,=P,|1-=—" ="' =k,r,. 6.40
" n< Pn+rv> Pn 4+ Y ( )
Busano, aro k, ymoBaeTBOpsieT pa3HOCTHOMY yPaBHEHUIO
k _ azkn71 + P
" akno1+p+ 1]

8 B.M. Munnep u A.P.IlankosB
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rae p =7 /Ty, ¢ Ha4aJbHbIM ycioBueM ko = Po/ry = Ry /Ty.
OxoHYATETHHO ypaBHEHHSA PEKypPPEHTHOH (DUALTPAINEA IPHHAMAIOT
cileyomuil Bu:

En = agn—l + kn(nn - agn—l)a EO = My,
kn=1—(akn_1+p+1)"t, ko= Ry/Ty,
ﬁn = rvkna

npudeM ﬁn COBIIAIAET C JUCIEPCHeil OMMUOKY OIEHKA En ]

Anropur™m pekyppeHTHOM duiabrpamuun KaaMaHa M03BOILET PeIlaTh
pa3HOOOpa3Hble 3aJadn OIEHWBAHUS B CJIydae, KOTIa HMCXOJHAs MOJIENb
MOKeT ObITh IpuBeseHa K Buay (6.34), (6.35).

IIpumep 6.13. Momenb HAOIIOAEHNN UMEET BU,

M =Cnl+v,, n=12 ..., (6.41)

rJe 177, — BEKTOD De3yJbTaToB HabmomeHus, {v,} — TraycCOBCKHWil Bek-
TOPHBIN Gesblii mrym ¢ mapamerpamu m,(n) n D, (n) > 0, onuceiBarommit
ommubku HaboIeHnit, § — rayccoBcKuil BEKTOp HEM3BECTHLIX HapaMeTpOB
mogenn, {Cy,} — MOCIen0BaTEILHOCTD N3BECTHBIX HECIYYalHBIX MATPHIL.
Ussectro, uro M{0} = my, cov{f,6} = Ry u 0 ue 3aBucur or {v,}.
[TocTponTh PEKyPPEHTHBIN AJITOPATM C.K.-ONTHMAJILHOTO ONCHUBAaHUS 0

no mabuarogenuam "™ = {n}, ..., ni}*.

Pemenme. Mogenp (6.41) sBisieTcss 9YacTHBIM CJIydaeM MOJIENN
(6.34), (6.35). HeitcrBuTenbro, o6o3aatmm &, = § mpun =0, 1, ..., Torma
ypasuenue guaamuku CII &, nmeer Bup

€ =€ 1, n>1 (6.42)

¢ HavdaJabHBIME ycaosuamu &y = 0, M{{} = my, Re, = cov{&, &} = Rp.
CpasauBas (6.42) ¢ (6.34), nomygaem: A, = I, B, = 0. Samenssa B (6.41)
0 ua ,,, nonyvaem ypasHerue Habmonenus (6.35). Takum o6paszom, (6.41)
MOXKHO TIPEJICTABATH B BUJIE COBOKYMHOCTH ypaBHeHmi (6.42), (6.35). Te-
[epb MOXKHO BOCIOJIB30BaThesi TeopeMoit 6.4. 13 (6.36) ¢ yuerom A,, = I
u B, = 0 Haxogum

Zn:g’nfla Pn:ﬁnfL

CrenmoBaresbHO,
€n = En1+ Py 1C5(CoPr O + Dy(n)) ™ x
X (nn - Cngnfl - mv(n))a (643)
ﬁn = An—l - ﬁn—IC:L(Cnﬁn—IC: + D’U (n))ilcnﬁn—l-

Vpasuenus (6.43) pemarorcs ¢ HA9aJIbHBIMUA YCIOBUSMU:

& =mo,  Po=Ry. (6.44)
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IIpu sTom é\n = Zn — C.K.-ONTHMaJIbHAs OIMeHKa g 6 mo n™, a I3n —
KOBapHaIlMOHHAs MaTPUIA €€ OIMUOKH.

VYpapuenus (6.43), (6.44) onuchIBalOT PEeKyPPEHTHBIN BapuaHT 0606-
WeHH020 MEMO0a HAUMEHDWUT Keadpamos. M

Sameuanune. B mpumepe 6.13 MBI DOCTpOMIH C.K.-ONTHMAJIbHYIO
OTIEHKY JJist § o HabmaogeHnsaM n™, T. e. 9= M{0 | n"} B upennonoxenun
rayccosocru 0 n {v, }. Ecam 310 npeanonokenne He BBIIOIHEHO, TO MOYKHO
OKa3aTh, 9ITO 9 apnserca Hauaywuwet aunetinot ouewkol mag 6 1o
HabumoieHuaM 7", T. e. 8,, aBmsteTCs HAMGOMee TOTHOI CpeJii BCeX OIMEHOK
Buga 0, = Gn™ + g, rne G, g — TPOU3BOJbHBIE HECTyJalHbIe MATPUIHBIE
K09 UIMEHTH COOTBETCTBYIOMMX Pa3MepoB (CM. Takzke 1. 14.7).

B 3akJiiodenne paccMOTPHM CHTYAIMIO, KOIJA MOJEJb HabJIOAEHUs
(6.34), (6.35) sBagercs CTANUOHAPHOW, a PA3HOCTHOE CTOXACTUIECKOE
ypasaenne (6.34) — acmmunrormueckm ycroifumepiM. B aTOM Cityuae Bce
napamerpst Mogenn (6.34), (6.35) He 3aBucaT or BpemeHu 1, a MaTpuna A
yaoBieTBopsieT yciosuio (6.16). Bymem HasbiBarh Mozenb (6.34), (6.35)
CMAYUOHAPHOT KAAMAHOBCKOT MOJEABLIO HAOA0IEHUA.

Teopema 6.5. Jlaa cmayuonaphoti Kasmanosckotli modea HaOAI0-
denusa cnpasedauso npedeavhoe COOMHOWEHUE: ﬁn Ny > 0 npu wobom

Havasvrom yeaosuyu Py > 0, npuvem P we 3asucum om Py.
13 Teopemsbl 6.5 n Teopembr Kasimana HeMeJIeHHO CiieayeT

P, = AP, A*+ BD.B* -+ APA+ BD.B* = P,
kn = P,C*(CP,C* + D,)" = PC*(CPC*+ D,) ' =k, n— .

[Tonyuennble mpemeabHbIE COOTHOIMEHUsSI MOTYT OBITH HMCIIOJIb30BAHDI
JIJIsE HOCTPOEHUS CTMAUUOHAPHLLT Ypasherul gusompa Kasmana:

é\n = Zn + k(nn - an - mv)a

~ —~ (6.45)
gn = Agn—l + Bm,, 50 = M,

e k = PC*(CPC* + D,)"!, a Marpura P ompejesiserca U3 CHCTeMbI
arebpanvIecKnX ypaBHEHMIA

P = APA* + BD.B*,

I _ (6.46)

P =P PC*(CPC* + D,) 'CP.

VYpasuenmsa (6.45), (6.46) omuceIBalOT asrOpuTM (QUIBTPATAE [Tt

JIOCTATOIHO GOJIBIIAX 71, HOITOMY MOZKHO CIUTATh, 9T0 porecc {&, } aBa-

ercst CTalMOHAPHbIM (T. €. 3aKOHYMJICS [1€PEeXOJIHbIH TPOIECcC, BbI3BaAHHbILI
HaJIMYMeM HAYAJILHOrO 3HadeHus &y = 7).

8*
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IIpumep 6.14. ITocTpouts cranmonapHblil BapuanT ¢puiabrpa Kamma-
Ha 11 Mojesu (6.38) B npeanonoxenuu, 910 ro = 1 — a?, ry, = 1.

Pemenwme. 3Bamernm, uro ecom {,} — crammonapmas nociemosa-
TeJIBHOCTD, TOo Ry = cov{(,,&,} = ra/(l —a?) = 1. YcioBue acuMITOTH-
Jeckoii ycroitunBoctn miis (6.38) osnagaer, uto |a| < 1. B crmiy Teopembl
6.5 ypasaenne dpunprpannm (6.39) nmeer Bug,

é\n = aé\n—l + k(nn - aé\n—l)u (647)

= , C y9€TOM TOro, 9To lim P,y = ﬁ,
a?P+(1—-a?)+1 n—o0

re=1-a?%r, =1

rne k = lim k, =
n—oo

13 coornomennsa (6.40) maxomum, uro P = lim P, = lim k,r, = k,

TIO9TOMY JIJIsi BhIYUC/IeHUsS P HEOOXOAUMO PEIuTh ypaBHEHUE

p _@P+(-d) (6.48)
a?P+(1—a?)+1

prYeM HAC HMHTEPECYeT TOJIbKO HeoTpuuareiabHoe pemenue P > 0, mo-

CKOJIbKY P — mipejiesibHOE 3HAYMEHME JUCTIEPCUN OMMUOKY OTEHKU (DUIIBTPA
Kamwvana.
Ypasuenue (6.48) nocie samennt 3 = (1 — a?)/a® npunumaer Buj,

P24+28P-B=0

n uMeeT eJUHCTBEHHOE HEOTPUIlaTEJIbHOE peleHue

P=ypip-p=Y1"0 0 (6.49)

a2

O6o3raunM 9epes 0. = V1 — a? cpemHee KBAIPaATHICCKOE OTKJIOHCHUE

CII {e,}, Torma mu3 (6.49) caemyer P = Uj_ T B cuay (6.48) k=P,
oe

nosroMy ypasHeHue dbusbrpanun (6.47) OIpUHAMAET OKOHYATEIbHBIH BH/T

Oc
o+ 1

En = abn 1+ (Mn — abn_1), & =m,. (6.50)

ToumocTb OII€HKH ‘Sn ACHUMIITOTUY9ECKH (T.e. opu n — OO) MO2KHO Xa-
Oc

pakrepuzosaTh pesmaunoil P, tak kak M{ (&, — &,)%} — P =
n — oo.
3amMeTuM, 9TO AUCIEpCHs OMMUOOK HAOIIOAEHU B pACCMOTPEHHOM IIPH-

Mepe 7, = 1, a aucnepcnsi omubox oneHuBanus P < 1/2. HefictBurens-
e C<1/2

0. + 1 npu

HO, u3 ycaoBus |a| < 1 caenyer o, < 1, uro o3Hagaer P =

Oe
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Takum obpa3om, mporeaypa (QUIbTPAIUNA IIO3BOJIAET CYIIECTBEHHO IIO-
BblcuTh TouHOCTh onenuBanus CII {£,} mo cpaBHeHMIO ¢ M3MepeHUAMHU.
Ormernm Tak»Ke, 9TO ecn BesmuanHa |a| 6imska k 1 (1. e. cewenns CII {€, }

~

CHJIBHO KOPPEJIMPOBaHbI), TO P MOXKeT GbITh CymeCTBeHHO MeHbmre 1/2.
Hanpumep, P ~ 0,304 npu a = 0,9 u P~ 0,124 ipu ¢ = 0,99. m

6.5. Henuneilinas duabTpaiusa MapKOBCKUX CJAYyYalHBIX IIO-
caenoBarensHocreil. Ilycrs {€,, n >0} — BeulecrsenHas MapKob-
ckas CII ¢ mepexomuoii mnorHOCTHIO p(N — 1,2, N, y) U WIOTHOCTBIO po(T)
PpacIpeiesieRns] HadaJIbHOTO 3HadeHnd &y (cm. m.2.4). Tasee mpeamonara-
ercd, 4T0 £, ERP,p > 1, a M{|§n|2} < o0, 1. e. {&,} — rmibbeprosa CII.

B kaxapiit moment n > 1 CII {,} mocTymma maMepeHmIo Mo cieyto-
el cxeme:

M =on(&n) +vn, n=1,2,..., (6.51)

rae 7, € RY — pesyabrar n-ro m3MepeHus; ¢,(r) — g¢-MepHas merep-
MUHUPOBaHHas HesnuHeiHas dyHKuus aprymenta © € RP; {v,, n > 1} —
Q-MEepHBI!l TUCKPETHBINH OeJIbIi MTyM, TPUIEM CEIEHUsT {vn} HEe3aBUCUMbI
B COBOKYIHOCTH. DymeMm cumrarh, 9To mpu Kaxkaom n > 1 CB v, umeer
IUIOTHOCTB pachpefesenus p,(v), v € RI.

Tak ke Kak u B 1. 6.4, ™ Oyzer 0003HAYATH BEKTOP, COCTABICHHDIN
n3 Bcex HabmomeHuit {11, ...,N,} K0 MoMeHTa n BKIOUATEIbHO. Torma
u3 TeopeMbl 6.2 caeayer, 9To C.K.-onTuMasibHag oneaka CB &, mo mabiio-
JeHusM 1)"" UMeeT BUJ

~ ~

&= Culn™) =M{&n | 1"}, n=1.2,... (6.52)

Onenka &, Ha3bIBAETCA C.%K.-0ONMUMaAbHOT oueHkot pusompayuy CIT
{&n} o mabmonenmsiv ™. TlocenoBaTELHOCT HEMHERHBIX ONEPATOPOB

{G.} samaer anzopumm c.x.-onmumasvnot Heaunetdnot @duavmpayun
CIT {6,

IIpeamnonoKumM, 9To CyImecTByeT YCJIOBHAas IJIOTHOCTH PacIIpeIeIeHns
CB &, oTHOCHTENBHO 7™, KOTOPYIO MBI OyjieM gajiee 0603HAIATH Wy (Y),
rae n > 1, y € RP. Toraa oueparop G, B (6.52) MOXKHO TIpeNCTABHTH
B MHTerpaJsbHOii dhopme (cM. 1. 14.5):

& = j ywn(y) dy. (6.53)

Jiist xapaKTepu3anuu BeJIUIUHBI OMMUOKU ONEHKH &, MOXXHO BOCIIOJIb-
30BaThCA €€ YCA08HOU K08apUaLuoHHot mampuued

ﬁn = M{(gn - gn)(fn - En)*

n"} = J yy*wn(y) dy — €65 (6.54)
Rp
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s (6.53), (6.54) cnemyer, aTo
M{fn - gn | Tln} = M{fn - En} =0,
M{l¢, — &2 | "} = t2[P.), n=12,...

Takum 06pasom, nocrpoeHue oueHku duibrpauu &, u ajaropurma G,
dakTHUECKH CBOAUTCA K BBIYMCJIEHUIO YCIOBHON MIOTHOCTH Wy, (y). 3a-
MeruM, 4TO B obmem ciaydae 1" € R™ 9 nosromy 00beM BbIYHCIEHUI
GeIcTpO yBemmuuBaercs ¢ poctoM n. Ecim xe onenmsaemsriii nporecce {&, }
SIBJISETCST MapKOBCKUM, TO ypaBHEHHS (DUIBTPAIUU MOTYT OBITH BBIIHU-

CaHBl B $BHOM BHJE, mpudeM ajroputm duibrpanun G, npuobperaer
PEKyPPEHTHBIA xapakKrep.

Beenem byHKImo Wy, (y), OnpeaessaeMy o ciaeLyOMIMEA PEKYPPEHTHBI-
MU DYHKINOHAJIBHBIMEU COOTHOIIEHUSIMUA:

() = pa( = ou(®)) [ (0= L,2,n,) o (@) dz, n > 1,
Rp

wo(y) = po(y).
(6.55)

Dynkuyus Wy, (Y) HASBIBAETCA HEHOPMUPOBAHHOT YCAOBHOT NAOTNHOCTBIO
pacnpedeaenus &, OTHOCHTETHHO 1)"". MOXKHO MOKa3aTh, 9TO

wny) = n(w)( [ Bnly)dy) (6.56)

Rp

Cooraomenns (6.53)—(6.56) omnpenensitor obmuii BHJI aJIrOPATMA
C.K.-ONTUMAJLHON HesmuuelHol dunbrpannn mapkosckoit CII {&,} mo
Habmonerusm {n,} (6.51).

Bameuwanma. 1) lna JuHERHO-TAYCCOBCKOH MOmeNn HAOIIOACHAS
(6.34), (6.35) ypaBHeHHs HeJUHEHHOH QUIBTPAIUE PEBPAIIAIOTCS
B ypasuenus (6.36), (6.37) dbunprpa Kanmvana. Ecin xe B Momenn ma-
buronenus Kanmana unpouecest {e,}, {v,} u HadanbHbIl BeKTOp 7Y He

SIBJISTFOTCSI TAy CCOBCKMMMU, TO oneHKa &, (6.52) B 06mem ciayvae Oyaer Hean-
HelHO 3aBHUCceTh OT Habsogenuit {N™} 1 MOXKeT CyIECTBEHHO OTIMYATHCH
ot auHeiHOH oneHkn (6.36).

2) Ilpu upakTudeckoii peanusanuu Heauneiinoro duibrpa (6.53)—
(6.56) HamGonblume TPYAHOCTH CBSI3aHBI C BBIYNUCIEHWEM HHTETPAJIOB,
ecim p > 1. B ciyuae, korma aHaJUTHYECKOE BBIYHCJIEHHE HHTEIDAJIOB
HEBO3MOXKHO, JJIst Wy, (Y) HCIOIB3YIOT MOAXOASIIYIO NapaMeTPHIECKYIO
Mozienb (HAIpUMep, ANIpPOKCHMUDYIOT Wy (Yy) KOHEYHBIM DPa3JI0KEHHEM
o cucreMe 6a3suCHBIX MYHKIHH ¢ HeONpeIeJeHHBIMA Ko3buIieHTaMu ).
Torna ypasrenus (6.55) MO3BONAIOT MOy IATH KOHETHYIO CHCTEMY DEKYD-
PEHTHBIX YPABHEHU, OMUCHIBAIONIAX SBOJIIOIUIO BO BPEMEHHU yKA3aHHBIX
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napaMerpoB (K03(DUIMEHTOB), MOCTE BBIYUCIEHAS KOTOPBIX MOCTPOE-

~

HFE OUEHKHU , HE NPEACTaBIAET TPyAa. B soboM ciydae ypaBHEHHS
HesmHeRHON duiabrpanun (6.53)—(6.56) MO3BOIAIOT MOCTPOUTH HEKOTO-
PBIii «3TaJIOH» MPOIELYPhl ONEHUBAHNSI, C KOTOPBIM JAJIe€ MOKHO CDABHH-
BATh PE3YJIHTATHI OLEHUBAHMNSL, TIOJY Y€HHBIE C [IOMOIIBIO CyGOTITHMALHBIX
(upubsukeHHBIX) aaropuTMoB duibTpanuu (cM. 1. 6.6).

IMTupokwuit kaacc MapkoBckux CII MOXKHO HTOCTPOUTH € HOMOIIBIO
MOJEJIH, ONUCHIBAGMON HEJIMHEHHBIME DPA3HOCTHBIMEM CTOXACTUIECKUMU
yDABHEHUSMU:

{ fn:an(fn—1)+bn(gn—1)5nv n= 1727 teey

(6.57)
50 =

rae an(x), by(x), © € RP — marpuanbsie HenmHeitnble Gynkupn, {e,} —

BEKTOPHBIN r-MepHBIi Oemblit myM, v — CB Ha9aabHBIX yCIOBHIA.

VYpasuenue (6.57) HasbIBaeTCs ypasHeruem Juddysun ¢ duckpemmoim
epemenem. Pemenne {£,} ypaBuenus (6.57) siBisieTcss MAPKOBCKEM IIPO-
IECCOM, O 9eM CBHUJIETELCTBYET CIIeIyIoMas TeopeMa.

Teopema 6.6. ITycmv npu xasicdom n > 1 dynxyuu an(z), by(x)
usmepumw, no Bopeao, a {v,e1,€2, ...} He3asucuMBL 6 COBOKYNHOCTIU.
Tozda CII {&,}, ydosaemeoparowasn (6.57), asasemes maproscrots u ume-
em nepeTooHyI0 6ePOAMHOCTIG

P(n —1,2,n,B) = P{ay(x) + bn(z)e, € B}, z€RP, B e B(RP).

IIpw ompe/ie/leHHEIX YCIOBUAX OYIET CYIMEeCTBOBATh TAKIKE U II€PEXO-
Hasl IoTHOCTH p(n — 1,2, n,y):

P(n—1,z,n,B) = Jp(n— Lz,n,y)dy VB e BRP).
B

HeficTBurensHo, mycTh maTpuna by (z) obpatmma mua Beskoro T € RP,
a CB &, nmeer mioTHOCTH Py (), TOTIA

P(n —1,z,n, B) = Plan(z) + by(z)en € B} =

L —1
= G | 0 o)

IIO9TOMY
p(n — L.my) = qopsipa(ba @)y — b (@)an(e).  (658)

151 KOpPEKTHO}I MOCTAHOBKY 3a/Ia9H C.K.-ONTHMAJIbHOI briibrpanum
nponecca {&,} B (6.57) mHeobxomumo, 906k 0H 6bLT rHITEGEpTOBBIM. COOT-
BETCTBYIOIIHE JIOCTATOYHBIE YCJIOBUs TIPUBEEHBI B CIIEYIOMEM IPUMEpE.
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IIpumep 6.15. Ilycts B Mogmenu (6.57) npn xkaxaom n > 1 maiinercs
K, < oo, Takoe, 9TO

|an(2)]* + [1bn (@) [* < Kn(1 + |2]), (6.59)

upuaem M{[e,|*} < 0o, M{|y|?} < co. Iokasars, uro M{|¢,|*} < oo
mpu Bcex n > 1.

Pemenue. 3amerum, uro ||b,(z)]|?> = tr[b,(z)b(z)] no ompenese-
Hmio, a i ao0bix CB X u Y BbIMOIHEHO HEPAaBEHCTBO

M{|X + 7"} <2(M{|X "} + M{Y|*}). (6.60)

s moKa3aTeIbCTBa BOCIIONB3YEMCS METOIOM MaTeMaTHIECKON WH-
nykouu. [Ipenmonoxum, 9o M{|§n,1\2} < oo. Ilokazkem, 9r0 B ycsioBu-

sax npumepa B aToM ciaydae M{|&,|?} < co. Heiicrpurensho,

M{‘§n|2} = M{|an(£n71) + bn(5n71)5n|2} <
< 2M{|an(§nfl)|2} + 2M{|bn(£nfl)€n‘2} <
< 2M{‘an(§nfl)|2} + 2M{”bn(§nfl)‘|2‘€n|2} :

ITo ycnosuro by, (€,—1) ue 3aBucur or &,, nodromy ¢ yuerom (6.59) u (6.60)

M{ &} S2M{EK,(1+ [ 1)} +2M{K, (1 + ¢, 1%)} %
x M{len |’} = 2K, (1 +M{|& 1> (1 + M{Je,[*}) < 0

B CHJIY CIIEJTAHHOTO MHJyKTHBHOTO IPEIIONIOKEHHA W yCIOBHIl IPAMeEpA.
n M 2 M 2
TaK, |€n—1]%} < oo BIEUET |€n]%} < oo, uTO BMecTe ¢ ycimoBueM

M{\§0|2} = M{|7|2} < 00 JOKa3bIBaeT TpebyeMoe yTBepXKaeHne. W

B 3ak/ioueHne pacCMOTPHM IIPEMED, OIHMCHIBAIOIIUI aJrOPUTM HeJIH-
Heliroi duabTpamun st Koukperaoit CII.

IIpumep 6.16. Cranapubie Bemectsennsie CII {€,} u {n,} omucer-
BalOTCA yPaBHEHUAMHI

{ &n = A, arctg€,—1 + By en, §o =1,

) (6.61)

77n = O‘nfn +BTL wn7
rne {An,Bp,an,B,} — 3anammbe kosddunmenter, B, #0, 5, #0,
Y IMeeT paBHOMEpPHOE pactpesenenne Ha [—A, A], A > 0, {e,} — menTpn-
posanHblil rayccopekuit Geabtit mym, M{e2} =02 > 0, a {w,} — Geubiit
IIyM, cedeHHe W, KOTOPOTo pacHpefeleHo Mo 3aKOoHy Jlamiaca ¢ mapa-
MerpoM A, > 0. B mpennonoxkenun, aro {c,}, {w,} n v mesaBucumsr,
HOCTPOUTD C.K.-OUTUMAJbHBIA dbuiabrp qosa {€,} no nabarogenusam {7, }.
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Pemenune. B ycmoBusx mpumepa u3 Teopembl 6.6 m mpumepa 6.15
caenyer, aro {&,} — mMapkoBckas ruiabbeproBa CII. Tak Kak IMIIOTHOCTH
pn(z) CB ¢, paBra

pn(z) = (ZWUZ)_I/Qexp{—m2/2U$L},

To u3 (6.58) ¢ yuerom B, # 0 nomydaem

p(n — L,z,n,y) = [21(Baon)?] " exp{—(y — A, arctgx)?/(2B202)} .

ITnotHOCTE po(Yy) HAYATIBHOTO PACHIpPEIEIEHHs 110 YCIOBUI PABHA

Poly) = { (2A)7Y, ecmm y € [-A,A], (6.62)

0 B OIPOTHBHOM CJIydae.

Ilo ycaoBumo CB Wy UMEET IJIOTHOCTh BEPOATHOCTU

A
Pw, (¥) = 5 exp{=Anlz[},
nosromy, 0603HATAS Uy, = Wy, HAXOAUM INIOTHOCTH Py (V) CB wy,:

pr(v) = pnexp{=2un|z[}, ra€ tin = An/(2[Bnl).

Tenepb, MOACTABIAS Haii/leHHbIe BhIpaykenus jig p(n — 1,z,n,y) u
pn(v) B ypaBHenne (6.55) Jisi HEHOPMUPOBAHHON YCIOBHOW ILIOTHOCTH
Wn(y), HAXOAUM

Gn(y) = e exp{ —2un (11 — any®)} x
X J exp{—cg)(y — A, arctgz)®},_1(z) dz, (6.63)

— 00

rae ngl) = )\n(\/§|Bn5n|an)717 CSLZ) = (6n0n)72/2 — JA€TepMUHUPOBAaH-
HBbIE YHCJIOBHIE TIOCIEI0BATENILHOCTH.

VYpasuenne (6.63) pemaercs pekyppeHTHO 1y n = 1,2, ... ¢ HaYaIb-
HBIM ycioBueM Wo(y) = po(y), tme po(y) nmeer Bux (6.62). Ilocie BbI-
YUCIIeHUs] Wy, (Y) C.K.~-ONTAMAJBHAS ONEHKA &, ONPENeseTcs mo popMyIre

&= [ vty ( [ wutw )

YcnoBHaAS AUCIEPCHs] OMUOKA OIMEHKN B, = M{(fn — En)Z | 77”} BBIYHUC-
asercs mo gopmye (6.54) ¢ yaerom (6.56). m
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6.6. AropuTMbI CyOONITUMAJILHOM HeJIMHEITHOM (pUuJIbTpanumn.
PaccmorpuM BHagae MOe b HABIIIOIEHUS BUIA

gn - Angnfl + Un + Bn€n7 60 =7, (664)
N = Cpé&n + Wy + Dyuy, n=12 ..., (6.65)

rae {en}, {vn} — He3aBUCHMBIE CTAHAAPTHBIE AYCCOBCKUE GeJible IIyMbI;
7 — BEKTOp HaYaJbHBIX yciaoBuil ¢ pacupegenenueM N (m.; R, ), He 3aBu-
cammit ot {€,}, {vn}; {An, Bn,Cr, Dy} — U3BeCTHBIE MATDHIBI, IPAIEM
D, D} > O upwu Bcex n > 1; {U,,,V,,} — u3BecTHbIE BEKTOPHI.

W3 reopemsbr 6.4 Kanmana ciegyer, 9T0 C.K.-ONTHMAaJbHAs OIEHKA &,

no Habmonennsam 0" = {n;, ..., n%}* Berancasierca no dopmye

gnzgn‘Fkn(??n*CnEn*Wn), g():m )

{ > R ! (6.66)
fn = Anfnfl + Un7
k, = P,C:(C,P,C* + D, D) !, (6.67)
ﬁn:-[_kncnﬁnv ﬁOZRv
- ( ~ ) ! (6.68)
P,=A,P, 1A} + B, B.

HamomammM, d9To fAn =M{¢&, |0}, €, = M{fn |n"_1} — C.K.-OI-
TUMaJIbHBI TPOrHo3 (Ha omuu mar) s &, no Habmogenuam 7" L
ﬁn = cov{fn — g], & — fAn | 77”} — yCIIOBHAs KOBapHAIllMOHHAS MaTPHUIA
OmMMOKY OIEHKN En, a P, = cov{fn — &6 — &, | 17"’1} — yCJIOBHasA
KOBapHUaIMOHHAsi MATPUIIA OIMUOKM IIPOIrHO3a, Zn (cm. 3amaqy 10).

VYpasuerus (6.66)—(6.68) MOXKHO MCIONB30BATH JJIs TPUOINKEHHOTO
omneHWBaHUA mporecca {&,} B HeNUHEHHON PAZHOCTHON CTOXACTHIECKOIL
MoJeNn HaOJIIOIeHs

én = an(én—1) + un + Bren, & =1, (6.69)
M = cn(&n) + wn + Dy, n=12 ..., (6.70)

rae an(§), cn(§) — usBecruble Henuueitnbie nuddepenuupyembie byHK-
LUUW; Uy, Wy, — U3BECTHBIE BEKTOPHL.

Ipeanonoxum, 9to miast {€,} UMeeTcss HEKOTOPAs ONOPHAA MPAEK-
mopua {£3} Takas, aro M{|&, — £3]?} < 1 (r.e. mocraTodno TOYHO
alIpoKcuMupyomjag npouecc {€,}).

IIposemem mumeapusammio Mozenu (6.69), pasmoKuB HETWHEHHOCTDH
B IPaBOil YaCTHW OKOJIO OMOPHOTO 3HAYEHUSA £ W OTOPOCHB WIEHBI BTOPOTO
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u 6oJiee BBICOKHMX IOPAJKOB:

gn — an( (e} >_|_ aa"(g)

n—1 85 (fnfl - 6371> +

o
n—1

+ up + Bnan = Anfnfl + Un + Bn€n7

rue

_ Oan(§)
An= "5

) Un = an(§n_1) — An&p_y + Un. (6.71)

o
n—1

Aranornunple Ipeobpa30BaHMsT MPOBEIEM TAKXKE W C MOJEJBI MPO-
necca usMepenuii (6.70):

Tn = Cn(g'?z) + acgg(g) (Sn - 62) + wn + Dpvn = Cr&y + Wy + Dyop,
&
rIe
Co=228)] W) - Cagi . (672)
P

Tenepp omenka Zn MOXKeT OBITH MMOCTpOeHA MO (OpMyJIaM JAHEHHON
dbuabrpanun (6.66)—(6.68), roe mapamerpsl {4, Uy, Cy, W,,} BBIUHCIS-
forca mo dopmynam (6.71), (6.72). Ounenky &, OGBIMHO HA3BIBAIOT CY6OII-
TUMAJIFHON OIEHKO HeJIMHERHOW (DUIBTPAINH, & aJITOPUTM OIeHUBAHUS
(6.66)—(6.72) — anzopummom cybonmumarvrot nesunetinot puavmpa-
YUU NEPE020 NopAdKa.

Paccmorpum jiBa Hamnboliee pacupocTpaHeHHbIX criocoba BbIOOpa orop-
HBIX 3HadeHuil £ u £ B dopmynax (6.71), (6.72).

1) ycrs {£2} aBnsierca pemernunem ypasHenus (6.69) npu orcyTcrBum
caywaiiabrx Bosmymennit ({2} — meBoamymennaa Tpaekropus (6.69)):

& = an(§n 1) + Un, §o = my. (6.73)

CoBokynHocTh ypaBHeHHii (6.66)—(6.73) Ha3BIBAETCSH AUHEAPUSOBAHHVLM
puavmpom Kaamana (JIOK).

2) IIycrs B (6.71) B KadecTBe £_; BHIOUPAETCS OLEHKA En_l. Torma
yPaBHEHUS /i TIPOTHO3a {,, TPUHAMAIOT BH]L

Zn = Angnfl + (an(gnfl) - Angnfl + un) = an(gnfl) + Un.

Teneps B (6.72) B KauecTBe {2 MOXKHO ncnonb3oBarh §,,. Torma

g\n = En + ky, [nn - ann - (Cn(gn) - C"En + w")] =

=&, thn [nn - Cn(zn) - wn] -
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Urak, ypasrenus (6.66) NpUHAMAIOT OKOHIATENTbHBIH BH/T

gnzzn'f'kn[nnfcn(gn)*wn]a E(J:m'y;

(6.74)

Marpuupt A,, u C), BeruucisTces B coorBercrsuu ¢ (6.71), (6.72):

_ 9a.(8) _ 9ea(©)
An = =5 . Ch % | (6.75)

a ky, P, P, onpeznensitorcs u3 (6.67), (6.68).

Cosokymaocts ypasmenmit (6.74), (6.75), (6.67), (6.68) masbiBaerca
pacwupenrvim Pusvmpom Kaamana (POK).

Bameuanud. 1) Anropurm JIOK peanusyercs Ha OpakTUKe Cylie-
crBeHHO mporne 1mo cpasHeruio ¢ POK, tak kak mMarpudHbie Mapamer-
pol ky,, ﬁn u P, B amropurme JIOK mHe 3aBHCAT OT HaOJIOZEHII {n"}
", CJIEJIOBATE/ILHO, MOTYT OBITH BbIYMCIEHBI 3apanee. B amropurme POK
A, n C,, 3aBucar or Habmrogenunii {n"}, mosromy ki, ﬁn u P,, HeoGXomu-
MO BBIYHCJIATH HEIOCDPEJICTBEHHO B IIPOIECCe OOPADOTKH MOCTYIIAIONIIX
nabimogennii. [IpakTraeckue pacdeTbl MOKa3bIBaloT, 9To oreHka POK
006b19H0 HEeCKOTbKO TouHee omeHku JIPK. TowrHocTHBIE XapaKTepUCTUKH
00erX OIMEHOK CYIIECTBEHHO 3aBUCAT OT BEJIUIUHBI CIYyJIaRHBIX BO3MYIIE-
Huit B Momesn (6.69), (6.70) m oT xapakTepuCTHK HeJMHEHHOCTEH ThX
Mopeneii. B nuHeitHOM Ke ciiydae 0be OIEHKH, €CTECTBEHHO, COBIAIAIOT
C C.K.-OITUMAJILHOW OLEHKOU JimHeiHoro ¢gpuibrpa Kaimana.

2) B obmem cayuae onenku JIOK u POK He coBIagaoT ¢ yCIOBHBIM

MaTeMATHIeCKUM OXKUJAHUEM, a MATPHUIBI {13”} HE PABHBI YCIOBHBIM
KOBapualusiM OIJ_[I/I/6\OK coorBercTByIOMUxX oOreHoK. [losromy peasbubIe
TOYHOCTH ONEHOK {&,} CyGONTIMABHBIX HEIMHEHHBIX (DUITBTPOB CITEILYET
OTIPEIEJISITh METOIOM CTATUCTUIECKOTO MOJIEJIMPOBAHNS Ha dTAle CHHTE3a
COOTBETCTBYIOIIUX AJI'OPUTMOB OI€HUBAHUA.

IIpumep 6.17. Henunelinas nuHamMudecKas MOJeNb HaOJIOIEHUS
OIUCBHIBAETCH PA3HOCTHBIME CTOXACTUIECKUMU YPABHEHUSIMEI

gnfl
§n = +0,7en, €o =17,
1+ (6.76)

M = 0,68, + 074572; + 0,2 vy,

rne {e,}, {vn} — HesaBucHMBIE CKANApHBIE CTAHJAPTHBIE TayCCOB-
ckme Gesible MIyMbl, Y — CTaHJapTHaa rayccobckaa CB, me saBncamas
or {en}, {vn}. llocTponTs MUHEADN30BAHHBIN W PACIIUPEHHBIH QIIBTPEI
Kanmana pug onenuBanus CII {,} no mabmonennsam {7, }.
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Pemenwme. 1) (Ilocrpoerme JI®K). Cpasmmsasz (6.76) c (6.69)
u (6.70), 3akio9aeM, 910

¢
an(§) = 20 Un = 0, B,=0]7,
©=1ve (6.77)

Cn(f) = 0’6£ + 0’4527 Wn = Oa Dn - 0,2

ITo ycnosuio Takxke m, =0, Ry = 1.
Omnoprasg Tpaekropus {£2} onpenensiercs ypasaerneM (6.73), koTopoe
¢ yaeroMm (6.77) mmeer BHUI

o __ 5;—1 o __
gn - 1 +( 7371)27 50 =0. (678)

U3 (6.78) mememienuo caenyer, aro £ =0, n =0,1,2, ... g a,(§) u
cn(§) xomkpernoTO BUa (6.77) ciemyer

dan (£) 1-¢ den (§)
= =0,64+0,8¢. 6.79
dé’ (1 + 62)2 ) dé’ ) + k) 6 ( )
Orcrona ¢ yaerom (6.71), (6.72) nus cayqas £ = 0 momyuaaem
A, =1, C,=06, U,=W,=0. (6.80)

IMogpcranas (6.80), (6.77) B ypasuenus JI®K (6.66)—(6.68), nmoxygaem
CHCTEMBI ypaBHEHHMIT

. (6.81)
é.n = é.n*la

ky = 0,6 P, (0,36 P,, +0,04) ", (6.82)
P, = (1-0,6k,)Pn, Py =1,

. (6.83)
P, =P, 1 +0,49.

Uckmouass u3 (6.81)—(6.83) BcmomoraresnbHble HepeMeHHBlEe §, U P,
noixydaeM okoHdareabHbIl Bug JIOK:

gn = gn—l + 15 ﬁn[nn —0,6 gn—l]; EO =0,
N N N = N (6.84)
P, = (Py,—1 +049)(9P,_1 +541) Py=1.

2) (ITocrpoenune POK). B ypasaenusx POK Ha n-om mare nosaraem

o =& 1, & =¢,. Cyuerom (6.79) Haxomum

Ap=(1-82)(1+82,)) "  C.=06+08E, (6.85)
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U3 (6.74) ¢ yuerom w, = u, = 0 momyvaem ypaBHeHUs DHIBTPATAN

é\n:zn+kn[nn_076gn_0’453]’ EO:O’

gn = gn,1(1 + &71)717

rie YpaBHEHUA JJId BbI9YUCJICHUA KOSCI)(bI/II];I/IeHTa, ycunneHnuda k‘n HMEIOT BU

(6.86)

kn = C, P, (C2P, +0,04) ",

P,=(1-k,Cn)P,, Py=1, (6.87)
P, =A2P, 1 + 0,49,

a A, u C,, onpegeiiennl coornouerusamu (6.85).
CpapruBas (6.86) n (6.84) Bummm, uro amropmrm JI®K nmaer sm-

HelHy [0 HabJIOJEHUAM OLEHKY &, a mocienoBarenbHoctb {P,} —
JeTepMUHUPOBaHHAsl, B TO Bpems kak POK ocymecrsisier cyriecTBen-
HO HeJHMHelHbIe Npeo0pasoBaHus HaOIIOACHUI, a IOCIeJO0BATEIbHOCTH
{P,,P,} m, cneposarensno, {k,} — croxacrmueckme. Takum oGpaszom
JIOK naer odenb mpocryio u rpybyro ounenky mias CII {£,}, B To Bpe-
ms kak POK ropasmo 6osiee mosHbIM 00pa30M yYUTHIBAET HEJIUHEHHYIO
CTPYKTYDPY Mogenu Habimogenus (6.76). m

B 3akitoueHne paccMOTPUM METOJ|  YCAOBHO-ONMUMAALHOT HEAU-
netnoti guavmpayuu (YOH®), npemmoxennwrit B.C. Ilyragesem [19].
Hast mocrpoernss YOH® nponecca {€,} B Mozenn (6.69), (6.70) BbIGH-
patorcs nBe QyHKIAN:

©n (&, u) — GasoBas nporro3upyomas QyHKIHs;

¥n(€,n,w) — 6aszoBag KoppekTUpyOmasa dyHKIHUS,
KOTOPBIE MOT'YT OBITH KaK JINHEHHBIMHI, TaK ¥ HEJTHHEHHBIMH.

AgnropurMm dunabTpanuu onpeseseTcs PeKypPPEeHTHBIMA yPaBHEHUSIMA
BHJIa «[IPOCHO3—KOPPEKIIUsI»

{ ;g\n = ~n§0n(gn71::(\/:n) + fna 20 = M, (688)
gn = gn + Hn"/}n(fnann:wn) + hn7

rae Marpudnabie napaMerpsl { Fy,, f} u {H,, h,,} BBIOUpaOTCS C.K.-ONTH-
MaJIbHBIM 00pa30M, T.e. TaK, ITOObI

M{[én — (Fa@n + fo)l*} < M{[&n — (F@n + f)*},
M{|£n - (gn + Hn":/;n + hn)|2} < M{|£n - (gn + H{/}\n + h)‘z}a

raoe (ﬁn:wn(é\nflyun); "z}\n:"/}n(gnannvwn>a a {va} u {th} -

IIPOU3BOJIbHBIC MaTPUYIHbIC KOSCI)(bI/II];I/IeHTI:I COOTBETCTBYIOIIIUX PA3MEPOB.
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13 reopemsr 14.16 (cum. m. 14.7) HEMEIIGHHO CIIEyeT, ITO
Fp = cov{&n, Bn} [cov{Bn, B} fo = M{&} — F.M{3,};  (6.89)

H, = COV{fn - gna {Z}\n} [COV{{/}\na Jn}] 7:1hn =-H, M{"Zn} (690)

N3 (6.89), (6.90) cnemyer, aro napamerpsl {F,,, fn, Hy, hy,} — Hecty-
vafiHbIe, T.€. MOTYT OBITh BBIYMCIEHBI 3apaHee (10 Hadasma 00pabOTKM
Ha,6JIIO,£[eHI/II/I)

Ouenkn §n u {n — HECMEIIEHHBIE 110 TIOCTPOCHUIO, & KOBapUaIMOHHbIe
MAaTPHUIBI UX OMAOOK P u P OIpeJIeIAI0TC aHAJIATHIEeCKN:

{ ﬁn = COV{fnagn} - Fn cov{@nagn}a
P, = P, — H, cov{thn,&n — &n}

JlJ1st mpakTHYecKoro BhUACIeHns KoadduipenTos (6.89) npoire Bcero
BOCIIOJIB30BATHCH MEMOJOM CMAMUCTNUNECKO20 MOJEAUPOBAHUA.

IIycts cmomenupoBanbl N peanm3anmit {2751_)1} oneakn YOHO® En_l

u N peajmzanmit {&(LZ)} CII &,. Torga mpu N > 1 MOXHO COCTOSTEILHO
OIEHUTH TIPABbIe YACTU BhIparkeHui (6.89):

N N
_ -~ i N o 1 ~(i
=1 =1

cov{@n, Pn} R COV{Pn, Pn} = NZ 91, un) 05 ED | un) — 5,50,

=1
cov{{,, on}t R TOV{&, Pnt = N Zf(l ©n fn 1 Un) — Zn@:,

Tenepp, 3amensist B (6.89) MareMaTnveckoe OXKHMIAHUS W KOBAPHUALWH
7X BBIOODOYHBIMU AHAJIOTAMU, HojaydaeM oneHku F, u f, nna F, u fp:

Fn = W{gna (ﬁn} [m{(ﬁna @n}]_l ) 77; = zn - FTLEH (691)

Iocne Beraucnenus F, u f,,, Mbl MOKEM HOCTpOI/ITb HAOOP peasm3anmit

IIPOTHO3a, {fn )} 7 6a30B0il KOPPEKINH {1/}n(§n ,nn ,wn)}, rie {nn)} —
Habop peanusanyii BeKTopa HabJIIOAEHUI 1), COOTBETCTBYIOMIMI Peaau3a-

IHAM {&(li)}:

77511) :Cn(g'SLl))"i_wn"‘Dnvr(:)v i = ]‘7 ’N’
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a {vy(f)} — HabOp HE3aBUCUMBIX Peasu3aluii BeKTopa omubox HabJIoze-
HUH vy,. o _

Teneps onenxkn Hy, u hy, jns Hy, u hy, MOryT ObITh BEIYACJIEHBI TOYHO
TaK ke, Kak ouenku F, u f, . 3amerum, uro Fy,, f,, H, u h, cxongarca
¢ BepodaTHOCThIO 1 mpu N — 00 K TOYHBIM 3HaYeHHAM K03 pUIIeHTOB
Fn7 fn7 Hn n hn

VYKaxkeM CTaHJApTHBIE CIOCOOBI BHIGOpa 6a30BbIX byHKIUH ¢, (€, u)

u Y (€, w):
1) nporuos no ypasuenuto (6.69), onuceiBatomemy quaamuky CIT {E, }:
#n(En1,tn) = an(€n1) + un; (6.92)
2) KOPPEKIWsi B BUJIE HEBS3KN (PACCOTIACOBAHUSA):
"/’n(fnvnnawn) =Tn — (cn(gn) + wn); (693)
3) KOppeKIus B BUje NpeoOpa3sOBaHHON HEBABKU:
¢n(§n:77n7wn) = kn[nn - (Cn(£n> + wn)]; (694)

rae kn = ﬁnc;(cnﬁnc:; + DHD:L)_lv ﬁn = COV{fn - gnagn - gn}a Cn =
_ 9en (§)
% ez,
Jpyrue BozMoxkHBIE cocOOB BbIGOPa ¢n (€, u) u ¥, (&, n, w) paccmo-
Tpens B [17].

Tabauma 6.1

R R I R L SR AL
1 [ 0261 | 0563 ] 0278 | 2,16 1,07
2 0,238 ] 0450 [ 0,257 | 1,89 1,08
4 0224 [ 03920237 | 1,75 1,06
6 | 0224 | 0,387 [ 0,238 | 173 1,06
8 0227 [ 0387 [ 0244 | 1,70 1,07
10 [ 0,230 [ 0421 [ 0258 | 1,76 1,08

IIpumep 6.18. Hdust mozmenn (6.76) u3 npumepa 6.17 Gbuin mocTpo-
eabl mo N = 2000 peanm3amuii c.K.-ONTUMAaJbHON OIEHKHU ETSI), OIleHKH
POK 5,52) u oreakn YOH® 5753). Eciu 0603Ha9UTh COOTBETCTBYIOIHUE pPe-
aJu3alum {E,S’“)(z)}, rmek=1,2,3;i=1,...,N, T0o peajibHble TOYHOCTH
OIIEHOK OIPEIENISIOTCS BeJIMINHAMYU UX BBIOOPOYHBIX C.K.-IOTPEHIHOCTEN:

N ,\ 2
JP = NS ({n(i) - g,gk>(z')) . k=1,2,3, n>1.
i=1
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~1 .

st nocTpoeHusi OLeHKI 575 ) ucnonbzosan aJIrOPUTM OIITUMAJILHON HEJIu-
- N 22

HeWHOU (PUIBTPAIH, OMUCAHHbIN B 1I. 6.5, orerka POK frs ) BramcsTACh

o dopmymnam (6.74), (6.75), (6.67), (6.68), a omenxka YOH® & —
o dpopmynam (6.88), rue byuruus ¢, (£, u) umena sug (6.92), a Gyarus
¥n (€, m, w) — (6.94). PesynbraTer pacueros npusegenst B tabur. 6.1.
ITosyuennsie pe3ysibrarsl mokasbisaior, 4ro onernka ¥ OHD o rogno-
CTH MPAKTUYECKH HE YCTYTAET C.K.-ONTHMAJIBHON ONEHKE W CyIIECTBEHHO
rounee onenkn POK. 3ameTnm TakKe, 9T0 06HeM pacdeToB, TpeGyeMbrit
IS TIOCTPOEHNUS OTEHKH Enl), 3HAYATESTHHO GOJBIIE, 9eM JIJIS HOCTPOCHUST

)

Kak 5752), TaK U 2753 .

6.7. 3amauu JI11 CAaMOCTOSITEJIbHOTO peIlIeHUsd.
1. CII £ = {{n} ymoBueTBOpsieT yPABHEHUIO ABTOPErpeccuu

sn - 078£n—1 = €n, n e Z,

rae {e,} — cranuoHapHBIN rayccoBckuil Gesblil myM ¢ mapamerpamu m. = 0,2
u D. = 0,36. Berancimrs P{0 < &, < 2}.
Orser. P{0 < &, < 2} =0,683.

2. CrekrpansHas mwiotHocts CCII € = {£,,} umeer Bug
fe(A) = 1,25 4 cos A

Haiitn pasHOCTHOE CTOXaCTHIECKOe ypaBHEHHE, KOTOPOMY YJIOBJIETBOPSET &.
Ykazanue. Pakropu3oBarb CIEKTPAILHYIO IIOTHOCTD (CM. nmpumep 6.7).
OrBer. &, =€n+0,5en-1, THE {en} — Gestbrit ry™ ¢ gucnepcueit D, = 27.
3. AP-nocnenosarensrocts £ = {&,} yaoBieTBoOpseT ypaBHEHHIO

gn + 0,7677,—1 + 075 fn—2 - 073 5n—3 — €n, n e Z,

rue {en} — Gespiit wym ¢ gucuepcueit D. = 1. Boraucnurs De.

OrBer. D¢ = 3,876.

4. Ilycrs p-mepras CII £ = {{,} ymoBieTBopsieT pa3HOCTHOMY CTOXACTHYE-
CKOMY ypaBHEHUIO

fn = Angn—l + ann, n e Z,

rue {An,Bn} — meciyuaiinble marpuupl, a {€,} — M-MepHbIA JUCKPETHBIA
Genprit mym. Jlokazars, aro £ — mapkosckas CII.

5. B ycnosusx npegpiaymeit sagaan CII € nmeer nagago: £ = 7. [lokazaTs,
9ro { — MapKOBCKas, €cju 1) He 3aBucur or {en}, n > 1.

6. Ilycrs {£,} — rayccoBckast AP-nocienoBarenbHOCTh mopsinka p = 2. o-
Ka3aTb, 9T0 &, He 00/1aJaeT MapKOBCKMM CBOMCTBOM.

Ykazaune. [lokazars, auro M{&, | &1} # M{&, | €n—1,&n—2}-

7. Hokazarb, uro gua APCC-mocnenosarenbroctn mopsanka (p,q), rae
p > 2, p> q Bcerpa nHaiinerca p-mepnas mapkosckas CII {n,}, rakas, aro ee
nepBasi KOMIIOHEHTa COBIAAAET ¢ &y,

Ykazanue. dcrnonp3oBarb pesyJibrar 3aga4u 4.

9 B.M. Munnep u A.P.IlankosB
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8. Ilycrs € = {{n} — APCC-nocnenosarensuocrs nopsagka (1,1):
gnfbgn—lzf-‘n*asn—l, nEZ,

rae |b| < 1, {en} — uenTpupoBaHHBIi rayccoBekuit 6enstii mym ¢ D. > 0. Haiiru
npejcrasienue aig £ B BuIe OECKOHETHOrO CKOJIB3:AMIEro cpeanero. Ilonb3ysce
9TUM IIpeCTaBJICHHEM, HAWTH 3aKOH paclpefesieHuad &, NpU KaxXIoM n € Z.

(oo}
Orser. & =¢en+ > oren ik, roe ar=(b— a)bk_l, &n ~ N(0; Dy),
k=1
1 — 2ab + a?
1— b2
9. Ilycrs CII {£,} yaoBieTrBOpseT ACHMOTOTHYIECKH YCTONYUBOMY ypDaBHE-
HHUIO aBTOperpeccun nopsaika p > 1:

De = D,

P
n+ > brbn-r =€n, neEL,

k=1

rae {en} — crammonapHselil Gesblil myMm ¢ napamerpamu me u D.. JlokazaTs,
9TO C.K.-ONTHMAJBHBIA HPOrHO3 &, mis &n, n > 1, mo mabmomenusm £° =
= {€0,& 1, ...} yAOBIETBODSIET PA3HOCTHOMY YPABHEHUIO

— p ~
fn+zbkfn—k:may n 21,

k=1

F,uegjzfj,ecmljgO,ng:Zj,ecm/Ij>0.
Vkasaunue. Borancimrs M{&, | £°}.

10. Ilokasarb, 4TO B ypaBHeHHaX buiabrpa Kanmana BekTop &, ABideTcs

C.K.-OIITHMAJIBHEIM IIPOTHO30M I &, 1o mabmomenusy 7"~ ', a P, — KoBapu-
AIUOHHAs MATPUIA OMIMOKK 3TOrO IPOTrHO3A.
Ykazanue. Bocmoab3oBaTbcsa T€OPEMOil 0 HOPMAJIbHON KOPPEJIAIHH.

11. ITycrp cay4aiinblii CKaasapHBIA napamerp 6 u3aMepsieTcst o Cxeme
M =cl+v,, n=12 ...,

rae {v,} — cranmoHapHBI HeHTpUpPOBaHHLIH Geblii mrym ¢ D, > 0. JokasaTs,
4aro ecinu ¢ # 0, To ouenka 6, mapamerpa 6, nmosydeHnas ¢ IOMOIIBIO PUILTPA

Kanmana (cm. mpumep 6.13), c.k.-cocTodTenbHaA, T.e€. M{(G — é‘n)z} — 0 mpum
n — oo. N
Ykasanne. lokazarh, ato P, — 0 npu n — oo (cMm. ypasrenme (6.43)).

12. [Tyctb {&n,mn} — FacTHaHO HAbIIOMAEMAs TAYCCOBCKAsS MOCIEI0BATEI b
HOCTb, 3aJlaHHas MOJe/bio HabJogeHus Kasmmana:

gn:agn—1+b€n7 nn:Afn+BUn7

rae {en,Un} — CKAJAPHBIE CTAHIAPTHBIE TAYCCOBCKUE HE3ABUCUMBIE OeJIble TIry-
mbl. [Tokazarb, uro ecoim b # 0, A # 0, B # 0, To P, P [IpH 1. — 0O, IPHIEM
npefenbHas AucHepcHsi P ommbkn (bHIbTPALNH SBIAETCHA MOTOKATETbHBIM
xopueM ypasuenus a?A?P? + [b?A? + (1 — a®)B?|P — b’B? = 0.
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§ 7. MapruHraJjibl ¢ AUCKPETHbIM BpPEeMEHEM

7.1. OcHoOBHBIE onpe/iesieHusi. ByjieM BCIOMY Jlajiee mpenoaraTh,
9To Ha BepogTHOocTHOM upocrpancTBe {Q,F,P} saman meyObiBarouiuii
nomox o-anzebp {F,}, n > 0, T.e. cemeiicTBo o-anre6p, Takoe, aro Fy C
CF C...CF. Hampumep, ecmm {,}, n >0 — mabop ciyvaiiHprx Be-
smaun, sagannbix wa {Q,F P} a FE=o{l,...,&} — o-anrebpa,
HOPOXK/IeHHAsT KOHeUHBIM HabopoM {&, k=0, ...,n}, To .7:5_1 C F¢ mo
TIOCTPOEHTIO |, CIeJI0BATETbHO, {F S}, n > 0 — MoToK g-aare6p.

Onpenenenwne 7.1. Ilycres {X,, n >0} — mnociemoBaresrbHOCTD
BEIECTBEHHBIX CIIydaliHbIx BesmauH, onpenenaenasx #Ha {Q, F, P}. Ecim
npu KaxkgaoM n > 0 cayvaiinas Benuwansaa X, aBisgerca JF,-m3MepuMoii, To
{Xn, Frn}, n >0, HA3BIBACTCS CMOTACTNUNECKOT NOCALIOBAMEADPHOCTDIO.

Onpepnenenune 7.2. Eciim npu kaxkgom n > 1 ciaydaiinasi BeJgudu-
Ha X, asusgerca F,_i-U3MepuMoii, To mocienoBareabHocTb { X, Fn_1}
Ha3biBaeTCs npedckasyemoli. Eciiu BbIIOJHEHO Tak»Ke yC/JOBHE MOHOTOH-
voctn X, 1 < X,, (P-mu.), to {X,,F, 1} HaseBaeTca neybvisarowet
npedckasyemoti nocaedosamesbHoOCmbio.

Sameganue. CMBICI TEpMUHA <«IIPEICKA3YEMOCTH» CTAHOBUTCS IIO-
HATHBLIM, €C/IH B KadecTse J,, BHIOpansl o-aire6pnl Fo = o{ Xy, ..., X, }.
[IpenckasyemMocTh O3HadYaeT TOTHa, YTO CIydaiiHas BeamdumHa X, €CTh
HekoTopas Gopenesckas dynknus seawawnd { Xo, ..., X, 1} m, cremosa-
TeJIbHO, MOXKET ObITh OJHO3HAYHO OlpejeseHa (IPeJCcKa3aHa) 110 3HAYe-
HUSIM TUX CJIyYalHbIX BEJIMYMH.

Onpenmenenme 7.3. CroxacTmieckas mocaenoBaTenbHoctb{ Xy, Fp },
yaoBaerBopsomas yeaosuio M{|X,|} < co, HasbiBaercs:

a) mapmunzasom, ecma M{X, 11 | Fr} = X, (P-m.n.);

6) cybmapmuneanrom, ecmn M{X, 11 | Fn} > X, (P-n.m.);

B) cynepmapmunzanom, ecna {—X,,, F,} — cybMapTHHTAL.

CMBICT MapmuHnzasvhoz0 c60ticmea a) MOYXKHO NOSICHATH € MO3UIMI
TEOPUY IMPOrHO3UPOBAHUS CIIYIalHBIX IIOCJIEJ0BATEIHLHOCTE.

IIpumep 7.1.Oycrs { X, Fr} — maprumran (F, = o{Xo, ..., Xn}),
npuydem M{|Xn\2} < 00. Haiitm mamirydmwmii CcpegHEeKBaIpATHICCKUI
nporuo3 s X, 11 mo Habmogernsam {Xo, ..., X, }.

Pemenwe. O6Gosmaunm uepes X,;i C.K.-ONTUMAJLHBIA TPOTHO3
st Xy, y1 mo mabmonerusm { X, ..., X, }. Torma mus mo6oro nporuosa

Xn+1 = ¢n(Xo, ..., Xy), nocrpoennoro no mabmoaernsm {Xg, ..., X,}
C TOMOITBIO MTPe06PazOBaAHAT ¥y, (+), B CHILYy ONpENesIeHusl 7.3 BBIIOJHEHO

M{|Xn+1 - Xn+1‘2} < M{|Xn+1 - )’Zn+1|2}-

9*



132 CJIYYAUHBIE MOCJIEAOBATEJILHOCTU [FJI. 1I

Tax kax M{|X,;1|?} < 0o, u3 reopembl 6.2 u ompejeeHUs YCIOBHOIO
MATEeMAaTHYECKOI'O OXKHUJaHUud OTHOCUTEJIbBHO Cny‘{aﬁHOI‘O BEKTOpPa (CM.
u. 14.5) nosygaem

~

Xny1 =M{Xpy1 | Fn} =X, (P-wm.).

Nrak, C.K.-ONTUMAJBHBIA TPOTHO3 (HA ONWH MIAr) JUIsi MAPTUHTAJIA
{Xyn,Fn} TakoB: Ha (n + 1)-M mare Huwezo He USMEHUMCA.

C yderom pe3syibrarta, cHOPMYJIUPOBAHHOIO B 3ajade 3, C.K.-OITH-
MaJIbHBII TIPOTHO3 Ha M > 1 mIaroB BIepes HMeeT BHUL

~

Xnim =M{Xpim | Fn} =X, (P-mm.).

Ecmn {X,,, F,} — cyOMapTHHraJ, To HETPYAHO NPOBEPUTH, U4TO

~

Xnt1 =M{Xp41 | Fn} 2 X, (P-mm).

Haxkonen, eciu {X,,, F,} — cynepMapTHHIai, TO B MOCJIEAHEM COOTHOIIIE-
HUU 3HAK HEPABEHCTBA, W3MEHUTCS HA MPOTUBOMOJIOXKHBINA. MW

Bameuwanua. 1) [lomyguennsiit B npumepe 7.1 pe3ysbraT mMmeer cie-
JLYIOIYI0 SKOHOMHYecKyto uHTepnperanuio. Ilycrs {X,,, F,} onuceBaer
SBOJIIOIUIO HEKOTOPOTO (DUHAHCOBOTO WHJIEKCA, B YBEJIUYEHUU KOTOPOTO
MBI 3aMHTepecoBaHbl (Hampumep, 3bdeKTUBHOCTh (BDUHAHCOBOIO DBHIHKA
WM TEeKyIasd OXOJHOCTH HAIIETO WHBECTUIMOHHOTO moprdens). Ecim
{Xn,F,} — MapTHHra;, TO WMeeT MeCTO CHUTYallsi <«CTaOUIbHOCTHY.
Ecmn xe {X,,F,} — cyOmapruHTan (CynepMapTHHTAT), TO NIMEET MECTO
CUTyallusl «pasBUTUA> (<«HaJEHUsI» WU «PEHECCUn» ).

2) U3 onpexenerusi 7.3 ciegyer, 9TO BCAKUHA MAPTWHIAJ SIBJISIETCST
OJTHOBPEMEHHO KaK CyOMapTHHTAJOM, TaK W CyloepMapTHHTajgoM. Hcau
X = {X,, F,} aBasiercs MapTHHrAJIOM iU CyOMAPTUHTAIOM, TO IO CBOH-
CTBaM YCJIOBHOTO MaTEMATUIECKOrO OXKWJIAHWS JJIs MApTHHIAJIA,

M{X,} = M{M{X,, | Fo}} = M{Xo},
7 I8 CyOMapTHHTAIA
M{X,,} = M{M{X,, | Fo}} > M{Xo}.

[IpuBenem psifi TPOCTHIX MIPUMEPOB CTOXACTAIECKUX MTOCIETOBATEIHHO-
creii, 06pa3yOMUX MAPTHHTAJIBL 1 CyOMapTHHTAIbI (HEOOXOANMbIE nasee
CBOMCTBA YCIOBHOI'O MATEMATHYECKOTO OKUJAHUS OMUCAHBL B 1. 14.5).

IIpumep 7.2. Iycrs {&,, n > 0} — nocmenoBaTesbHOCTH HE3ABH-

n
cuMbIX Ciryudaiinpix semmann, Fn = 0{8o,&1, ..., &}, Xn =D & Ilo-
k=0

ka3arh, aro {X,,F,} saBiserca MapTUHTAIOM (CyOMADTHHTAIIOM), €CIIH

M{&}t =0 (M{&} > 0).
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Pemenue. W3 ycnosua M{|¢|} < oo u cBoiicTs maremarnaeckoro
oxuganug (cM. 1. 14.3) ciaenyer

M{| X, } = M{\ki &} < M{ki &l } = ki M{|g]} < oo.

ITokaxem, aro {X,,,F,} — maprunran npu ycaosun M{¢,} = 0. 3a-
MeruM, garo uo yciaosuio CB X, mamepuma ornocurensuo Fp,, a &, 41 ot Fy,
HEe 3aBHCHT, HO3TOMY C yY€TOM CBOHCTB YCJIOBHOTO MATE€MATHYECKOTO
oxunanns (cM. 1. 14.5) momyaaem:

M{Xn-l—l ‘ fn} = M{Xn +€n+1 | fn} =

Orciona M{ X, 11 | Fn} = X, ecin M{¢, 41} =0, re. {X,,, Fn} — map-
ruaran. Kpome toro, M{ X1 | Fn} = X, ecim M{{,41} 20, Te.
{Xn,F,} — cybmaprurrans. m

n
Opuwmep 7.3. Ilycrs X,y = [] &, tme {n} u {Fn} onpenesnenst
k=0
B mpumepe 7.2. ITokazare, uro mpm ycmosum M{{;} = 1 nocremosa-
Te1bHOCTL { X, Fpn} 06pasyer maprunrad, a upu yciaosuu M{&p} > 1 —
CyOMAapTHHTAI, €CJIW JTOTOIHATEIHLHO NPEANOIOKHUTD, 9T0 &, > 0 (P-m.1.).
Pemenwe. B cuny mesasucumoctn CB {&; } mw M{|&|} < oo maxommm

M1} = M{ T 61} = TT M{l&il} < .

k=0

Ecimu M{&,41} =1, 10
M{Xn+1 ‘ fn} = M{Xn£n+1 ‘ -,Fn} =

rjle BTOPOe PaBEHCTBO MOJy4eHO ¢ yderoM JFp-m3mepumoctn CB X,
a Tperbe — B cuiy HezaBucumoctu 41 or o-airebpnr F,. Tem cambim,
{Xn,Fn} obpasyer mapTHHTAIL.

Ecm xe &, >0 (P-mu.) n M{{,41}>1, To X,, >0 (P-m.u.) mn
M{Xp+1 | Fn} 2 X, B cuiy (7.1). CremoBarenbHO, B 9TOM Cllydae
{Xn,F,} — cybmaprurranz. m

IIpumep 7.4. IIyers £ — caywaitnas Bemmamaa ¢ M{|{|} < oo n
{F.} — meroropsiii noTok o-anre6p. Ilycrs X, = M{¢{ | F,}. Jokasars,
aro {X,,,Fn} — Maprunrasm.

Pemenne. 3amerum, 9To

M{| X |} = M{IM{¢ | 7o} |} < M{M{IE] | Fn}} = M{[{]} < oo.
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Teneps B cuny F,, C F, 41 u coiicrBa 8 u3 m. 14.5 Haxogum
M{Xn+1 | ]:n} = M{M{E ‘ fn+1} | fn} = M{g ‘ fn} =X, n

Ipumep 7.5. Hycrs X = {X,,, F,} — maprumran, a g(z) — BbI-
nykias BHE3 (yHKmus, Takad, aro M{|g(X,)|} < oco. Hokazats, gTo
nocreposarenbaoctsb {g(X,,), Fn} obpasyer cybmapruarat.

Pemenwme. Ilycrs Y, = g(X,), Torma M{|Y,|} < co mo ycimosuro.
Bocnonbsyemcs mepasencrsom Wencena M{g(€) | Fn} = g(M{¢ | Fn}),
BEPHBIM /Ui BBIMyK0# BEN3 Gyrkmun g(-) m CB ¢ ¢ M{[¢|} < oc:

M{Yyi1 | Fn} = M{g(Xnt1) | Fu} = g(M{ X1 | Fu}) = 9(Xn) = Ya,

r.e. {Y,,F,} — cybmaprunran. m

BaMmeuganue. IIpumep 7.5 MOKa3BIBaeT BaKHBI cHocob (opMH-
pOBaHHA CyOMapTHHIaJa M3 HEKOTOPOro MapTHHrasa. Hampumep, ecin
{Xn, Fn} — maprunran, a Y, = X2, to {Y,,,F,} — cybMmapTunrasi, tak
kak g(x) = 22 — Boinyksas a3 Gynknus. EcrecTBeHHO, IIpenonaraeT-
cs, 4TO M{X,ZL} < 00.

IIpumep 7.6. PaccMoTpuM HOCIEIOBATENBHOCTD  HE3aBHCHMbIX
CIAy9alHBIX BeJIWdWH {7,}, n > 1, npuHMMaromux 3HadeHms {—1, 1}
¢ BepogtHoctamu P{n, =1} =p, P{n, = -1} =q, tme ¢=1—p. Dty
HOCJIeIOBATEILHOCT MOYKHO PpAaCcCMaTpPUBaTh KaK pe3yJbTAaThl HUIPHI
JBYX JIAI, TJE 7}, = 1 TpaKTyeTcsa KakK BBIMIPLII IEPBOrO HI'POKa B n-ii
naprum, a 7, = —1 — Kak npourpsim. 3amernM, ato M{n,} = p — ¢ upn
066X n. Ecim mocsienoBaTenbHOCTh CTABOK MEPBOro Mrpoka ecrb {Vi},
TO ero oOUWii BEIATPHII X, IOCTe Nn-il TAPTHA paBeH

Xn = Z nka = Xn—l + nnVna XO =0.
k=1

[TockonpKy WrpOKy HEU3BECTHBI PE3yJIbTaThl OyAyImuX HapTHUii, TO €ero
cTpaTerus MOXKeT 0a3WpoBaThCA TOJBKO HA PE3yJIbTATaX ITPOIIENIAX
napTuii, 970 03Ha4aeT

Vn = SOn(Ula "'a,r/nfl) 2 07

rae ¢n(-) — Hekoropasd HeciaydaiiHas GopeseBckas dynkuug. Takum
obpa3oM, ciydaiiHas BeJuduHa V,, SBJISI€TCS M3MEPUMON OTHOCUTEJIHHO
Fl  =0{m,...,M-1}. PaccMoTpuM mOBegeHWE MOCIETOBATEIHLHOCTH
X = {X,,F}'} ¢ rouku 3penus oupenenenus 7.3. Torna

M{Xn ‘ 7271} =X 1+Vs M{%};

U moCIen0BaTeNbHOCTh X 0bpasyer mapruaradt, ecmm M{n,} =p—q =0,
cybmapTuHTaJ, eciad p — q > 0, 1 cymepMapTHHTAI, ecii p —q < 0. ®
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Mpuwmep 7.7. llycrs pl (21, ..., 2,) — n-MepHasg MIOTHOCTH pacIpe-
JleieHus crydaiinoit nocienoparenbroctu £ = {&,, n > 1}. JlokasaTb, 4T0
ecim pO (1, ..., T,) — TaKKe N-MepHad MWIOTHOCTL U Pl (21, ..., 2,) > 0,
TO MOCTEI0BATETHHOCTD

oy = JA (STRERYSD)
n =
prlz(gla s 75”)
ABJIAETCA MapTHUHIaJIOM OTHOCHUTEJIBHO IIOTOKa ]:5 = 0'{51, . ,gn}

Pemenme. M{p,} = J (21, ..., 2p)dey ... dx, =1 < co. Ecmm
R’I’L
Pe +1(y | Z1, ..., ®,) — yCIOBHAS IUIOTHOCTH CIIyYaiiHON BeIMIHUHBI &g
n
pH YCJIOBUH, 9TO £1 = X1, -..,&q = Ty, TO

M{pnt1 | & =x1, ..., & =xn} =

0
Pn+1($1: "'7mn7y)
= -p Yyl @y, .., xn)dy =
Jp31+1($17~~-,$my) £n+1( ‘ ’ ’ n)
RL
— J‘ p'(r)b+1($17 "'7w"7y) . p’}b+1($17 "'7w"7y) dy —
R p;+1(m17 ~~.,$n,y) p}z(mlv 7mn)
_ j p(r)b+1(w17 "'7wn7y) d _ p%(mlv 7mn)
p,lz(-’m, ~~-7xn) prlz(xlv -~~7mn)

Cnenosarensuo, M{p,11 | F$} = pn, T.e. nocnenosarensuocts {py,, F5}
obpasyer MapruHrai. C Ipyroif CTOPOHBI, HOCKOIBKY B CHILY ONPeeIeHus

Gn :O—{plv "~7pn}go—{§la ,fn}zfg,

IIOJIy YaeM

M{pnt1]Gn} = M{M{pns1 | F} | Gn} = M{pn | Gu} = p.

TakuM 06pa3oM, MOCIENOBATENLHOCTD {pp, Gy} — Takke MapTwHTATL. B

SBaMedanue. Beanunna p, Ha3bIBAETCS OTHOIIEHUEM IMPABIOMIOI0-
6usi. Beraucienue oTHOMEHUS NPABIOIONO0MS UCIOIb3YETCA B CTATHCTH-
Ke TIPY PelIeHnn 33/Ia9d pa3jindeHns runore3. B JaHHOM cjIydae paccMa-
TPUBAETCs CUTYallUsl PA3JNICHHs] THIIOTE3 O COBMECTHOM PACIIPE/IeJIeHUN
COBOKYIHOCTH CJIydaiiHbIx Benmand {&1, ...,&,}, T.e. 3amada o BbIOOpe
p2(-) mmm pl(-) B KagecTBe MCTHHHON IJIOTHOCTH pacHpeiesieHns Habopa

{517 e 7£n}
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CTpyKTypa IpOU3BOJILHOIO CyOMapTHHIAJA OMACHIBACTC CJIELyIOmei
TEOPEMOM.

Teopewma 7.1. ycmv X = {X,,, F,} — cybmapmunean. Tozda cy-
wecmeytom mapmunzas m = {my,, Fn} u neybvsarowas npedckasyemas
nocaedosamesvrocmo A = {A,, Fn_1}, maxue, wmo das ao6ozo n > 0
CNPAGEdAUBO PA3AOINCEHUE

Xn=mp+ A, (P-nu.). (7.2)

Bameuanue. Qopmyna (7.2) HasblBaeTcss pasaooicenuem yba s
cybMaprunraja. VI3 joka3aTejnLCcTBa TeopeMbl 7.1 BbITEKaeT, 4To IIocie-
noBaresnbHOCTH {Mmy,} u {A,} nmetor Bug

n—1
my, = Xo+ > (Xjp1 — M{Xj41 | F5}), (7.3)
j=0
n—1
Ap =3 (M{Xj41 | 3} - X;), Ao =0. (7.4)
j=0

Onpenmenenmne 7.4. Iocnegosarensrocrs A = {A,, F, 1} B (7.2)
Ha3bIBAETCI KOMNEHCAMOPOM cybmapmumzana X .

Paznoxxenne Ilyba WrpaeT OCHOBHYIO POJIb TPH WU3YYEHUH K6aIpaA-
MUYHO-UHMEZDUPYEMBIT MAPMUHZAA08, T. €. MapTuaTaIoB X = {X,, F,},
JJ1sl KOTOPBIX M{Xfl} < oo g Becex n > 0. Torma mociieqoBaTeIbHOCTD
X?%={X2,F,} — cybmapruaras u mo Teopeme 7.1 CymecTBYIOT MapTHH-

ran m = {my,, F,} u npeackasyemasi HeyOBIBAIOMAs TTOCIIEOBATENHHOCTD
<X> = {<X>n 7]:n—1}, TaK#he, 94TO

X2 =m, + (X) (7.5)

n-

Oupepgenenne 7.5. Ilocnenosarensuocrs (X), oupenessiemast u3
pasnoxkenns (7.5), Ha3bIBaeTCA K6adpamuyeckol Tapaxmepucmurot Map-
TuHTaga X.

N3 dopmyaer (7.4) crenyer (cm. 3amady 6), aTo

(X), = 3 M{(X;1 — X)) | ), (7.6)
§=0
u jais Beex [ < k
M{(Xk — X1)? | Fi} = M{X} - X7 | i} = M{(X),, — (X), | A1} (7.7)
Ecim Xy =0 (P-m.n.), TO

M{X;} = M{(X),}. (7.8)
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n
HOpumep 7.8. Ilycrs X, => & u Fn=0{&,8, ..., ), e
k=1
{&n, n > 1} — moOCIEeAOBATENBHOCTD HE3ABUCHMBIX CITy9IAifHBIX BEJIMIHH
_ 2

c M{&,} =0 u M{£2} < co. TokazaTh, 9TO CTOXaCTUIECKAs] MOCIEI0Ba-
renpHOCTE X = {X,,, F,} — MapTHHTAN C KBaJPATHIECKOI XapaKTepH-
CTUKON

(X), = 3 D{&} (7.9)
k=1

Pemenue. Mbl MOXKEM Cpa3y I110Jy4YUTh OTBET, BOCIOJIb30BaBIIKCH
dbopmymoit (7.6). OnHAKO MBI I3 UM MOJHOE PEMIEHUE, OCHOBBIBAACH HA
Teopeme 7.1, 9TOOBI MPOAEMOHCTPAPOBATH TEXHUKY PAaOOTHI C yCIOBHBIM
MAaTEMATHIECKUM OKHTAHUEM.

Iycrs T, = X2, Torma B cuity pesyibTata npumepa 7.5 {Tn, Fn} —
cyomaprunaras. [lo Teopeme 7.1 gast T, cupaBeniuBo pazioxenue Jlyba:
Ty = mp + Ap, tne A, = (X), — KBaJparudeckas XapaKTePUCTHKA Map-
muarana {X,,F,}. Boruuncinm A, mo dbopmyne (7.4) ¢ yaerom & = 0:

n—1 n—1
An = Z (M{Tk+1 ‘ fk} - Tk> = Z M{Tk+1 - Tk | .7:19}, n 2 1.
k=0 k=0

i mpomsBosbHOTO k > 0 mMeem:
M1,k , , ,
Tirr— T = (D] &) — O &) ™= (Xie + &rg1)” — Xip = 2Xilir1 + Eiyr

i=1 i=1

[Tosromy
M{Thi1 — Tk | Fr} = M{2Xp&pr1 | Fi} + M{& 41 | Fi} =

= 2X M{ &1} + M{&, 1} = D{&k1a},

rzie yaTeHo, 9o X u3MepuMa OTHOCUTEIbHO F, a £, 41 He 3aBucut ot Fp,
npuaem M{&;11}=0m M{fl%-u} = D{&;41}. Uraxk,

Ay =3 D&} = 3 D{&) = (X),..
k=0 k=1

Takum obpasom, (X), = M{Xfl} = D{X, }, npuuem kBagpaTuaeckas
XapaKTePUCTUKA B JAHHOM CJIydae OKa3aJach JeTepPMUHIPOBAHHOMN IIOCTe-
JIOBATEJIBHOCTHIO. M
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7.2. MapkoBckue wMmoMeHTbI. CiydaiiHas 3aMeHa BpeMeHU
B MapTuHraje. B 3ajadax Teopuu CIydalHBIX IIPOIECCOB BaskKHOE 3HA-
YeHUue uMMeeT NMOHATHE MapKOBCKOI'O MOMEHTa WJIM MOMEHTa OCTaHOBKWU.
DakTHIeCKH, MAPDKOBCKUI MOMEHT COOTBETCTBYET MOMEHTY BPEMEHHU ITIep-
BOT'O MOSIBJIEHUST HEKOTOPOTO CIy9IaifHOTO COOBITHSI, TPUYEM OIPEIEINTh,
MPOU3OIIIO OHO WM HET, MOXKHO MO HaBJIIOJEHUIM MPEIBICTOPUN CITY-
qaiinoro mporecca. Jajee 6ygeM MpeanoaraTh, 9T0 Ha BEPOSATHOCTHOM
npocrpanctse {2, F, P} sanan norok o-anrebp {F,}, F, C F.

Onpenenenne 7.6. CB 7, 3anannas vHa {Q, F, P} u npuanmaromas
sHavenns u3 MEOKecTBa {0,1, ..., 00}, HABBIBAETCT MAPKOBCKUM MOMEH-
mom (orHOcuTenbHO {Fp}), eciu mis sroboro n > 0

{r=n} € F,.

Ecmm P{7 < 00} = 1, TO MAPKOBCKHiI MOMEHT T HA3BIBAETCA MOMEHITLOM
0CMAH0BKU.

Sameganune. MoKHO MOKA3aTh, YTO JAHHOE OIPEIEICHUE dKBUBA-
JIEHTHO CJIEJYIOIIEMY:

{r<n}eF, Yn=0.

Onpenenenue 7.7. 3HaueHme CaydaiflHONW MOCIIEIOBATEIHHOCTH
{X,} B cay9aliHbIi MOMEHT BPEMEHH T ONDPEIENIETC KAK

X, = Z XpI{T =n},
n=0

rae I{T = n} — ungukarop cobbitust {T = n}.
SamernM, uTo X, ABIAETCS CiaydaiiHol Bemmaumuoil. JleiicTBuTebHO,
nust moboro B € B(R!)

{X, e B} = G{XnEB}ﬂ{T:n}E}'.

n=0

[Iponemypa, onucanHast B ompenesieHAn 7.7, Ha3bIBAETCH CAY4aliHOl 3a-
MEHOT, BpEMEHU.
Paccmorpum crenyronuit TunugHbIi npuMep MapKOBCKOI'O MOMEHTA.
IMpuwmep 7.9. lycrs X = {X,,F,} — croxacrudeckas mocjienoBa-
TesibHOCTh, MHOXKecTBo B € B(R!) m 7 — moment nepsoro nomaganus
MIOCJIETOBATEIFHOCTH B MHO2KECTBO B, T. €.

7 =inf{n > 0: X,, € B},

npuaeM, ecm X, ¢ B mus Bcex n > 0, To mosaraem 7 = oo. Ilokaszars,
9TO CIydaliHas BEJTUIUHA T SABJISIETCS MAPKOBCKUM MOMEHTOM.
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Pemenne. [dna maoboron >0

{r=n} = (1 {Xs ¢ B} {X, € B} € F,

9TO U J0Ka3bIBaeT TpebyeMoe yTBep:KaeHne. W

MHOXKeCTBO MAPKOBCKMX MOMEHTOB SIBJISIETCSI 3aMKHYTBIM OTHOCH-
TeJIbHO HEKOTOPBIX IMPOCTHIX ONEPALHi.

IIpumep 7.10. [lokazars, 9T0 €ciiv T ¥ 0 — JBa MAPKOBCKUX MOMEH-
Ta (oTHOCHTETBHO MOTOKA {Fy,}), To T + 0, min(7,0) u max(7, o) TakxKe
SIBJISTFOTCST MADKOBCKUMA MOMEHTAMH.

Pemenune. [na moboron >0

{min(7,0) <n} = {r <n}U{o <n}eF,

Tak Kak {7 < n} € F,, {0 < n} € F,, a F,, 3aMKHyTa OTHOCHTEJLHO OIle-
palyi KOHEYHOT'O MM CYETHOrO obbepunenus (cM. 1. 13.1). Ananorudso,

{max(r,0) <n} ={r <n}n{oc <n}eFy,

{frto<sn}= | {r=kn{o=l}ecF. m
k1>0
kE+l<n

B 1. 7.1 ormeueno, aro qus Besikoro mapruaraga M{X,} = M{X,}.
Ecnm ke 3aMeHUTH HeTepMIHUPOBAHHBI MOMEHT BpPEeMEHU 1 Ha HEKOTO-
Pblil ciy4dainblii MOMEHT 7, TO YKa3aHHOE PABEHCTBO MOXKET HAPYLIUTHCH.

IIpumep 7.11. Paccmorpum npumep 7.6, B KOTOPOM HUTPOK HUCIOJIb-
3yeT CJEeAYyIONIyI0 CTPATErniO UI'PhI: BEJMINHA CTABKH V,, BHIOMPAETCS 110
IIPaBUILY

n—1 _ — — —
2" ecmm M =M =... =1Np_1 = —1,
V., =

0 B OCTaJIbHBIX CJIydadX.

DTO 03HAYAET, YTO OH yIABAWBAaEeT CTaABKHU, HAUWHAs CO CTaBKU Vi = 1, m
IpeKpalaeT Urpy mocie mepBoro BuUrpoima. Ecan m =n2 = ... =1, =
=—1, 10

Xon= Y mVe=> (21 =1-2"
k=1 k=1
Opnako eciu 1,+1 = 1, TO
Xn+1 == Xn + Vn+1 == (]. - 2”) +2n =1.

IIycrs 7 = inf{n > 1: X,, =1}. Ecm p=¢=1/2, To P{r =n} =1/2",
HO3TOMY
M{r} = n zin =2< 00

n=1
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u, cienosarensuo, P{r < oo} = 1. amee, P{X, = 1} = 1 mo onpenee-
Huo MoMeHTa T, nosromy M{X,;} =1#M{X,} =0. =

IIpumep 7.12. Iycrs {&1,&s, ... } — MOCIEIOBATEIBHOCT HE3ABHCH-
MBIX OJIMHAKOBO DACIpPEEIEHHBIX ciydaiibrx Beamann ¢ M{|&g|} < oo;

T — HEKOTOpDbIil MOMEHT OCTaHOBKH orTHOCHTesbHO F& = o{&1, ...,&n},
721, M{r} < oo. Torga

M{& +.. + & =M{&EM{r}. (7.10)

Eciu x romy e M{¢?} < oo, 10

M{ & + ... +& —7M{&}]"} = D{& I M{r}. (7.11)

Coornomenns (7.10), (7.11) maspBatorcs mootcdecmeamu Baaivda. W
IIpumep 7.13. Ilpumenum ToxKaecTBa Basbga K mCCiIeI0BaAHAIO 3a-
Jadan o6 urpe aByx Jwmn (cM. mpumepsl 7.6, 7.11). IlpexmomoxkuM, d9to
WIPOKHU PACIONAral0T KOHEYHBIMU HAadaJbHbIMU Kamurajamu A u B co-

n
OTBETCTBEHHO, CTaBKKA (PUKCHPOBAHLI W paBHBl 1. Ecoum S, = Z Nk, TO

k=1
BE€JINYUHBI KaIInTaJIOB HepBOI‘O n BTOpOI‘O I/II'pOKOB IIocJie n-ro pOBbII‘prHIa.
OymyT
X,=A+S,, Y,=B-85,.

Urpa 3akanunsaercs, ecam Sy, gocruraer ypoers (—A) mam B. B nepsom
cllydae Pa3opsercsd IepBBIil UIPOK, BO BTOPOM — BTopoi. Omnpemenum
MOMEHT OKOHYaHUs UI'Phl KAK MOMEHT OCTAHOBKMU:

r=inf{n>1: S,=-A wwm S, =B}

Haiitn BeposaTHOCTH pa3opeHUsT KAaXKJIOTO U3 WIPOKOB, eciu p = q = 1/2.

Pemenue. IlocmemoBarenbHOCTH S, €CTh MOCIEIOBATEIBHOCTD CO-
CTOSTHUIT MapPKOBCKOW IeNu, COOTBETCTBYIOMEN MOenn Cirydaiiubix OJry-
JKJaHuil, y Koropoii npu p = g = 1/2 Bce cocrosguus Bo3spaTHbl. [losTomy
3a KOHEYHOE BpeMsi OHa jocruraer joboro yposus u P{r < oo} =1,

M{r} < 0. Beegem a = P{S, = —A}u g =P{S, = B}, a+ 4 =1. la-
aee, ipu p = ¢ = 1/2 mbr nmeem u3 (7.10) ¢ yaerom M{n; } = 0:

M{S;} = M{7} M{m} = 0=
=—AP{S, =-A}+ BP{S, =B} =a(-A)+ 5B.
Takum obpa3om, o u [ yIOBIETBOPSIOT CUCTEME ypaBHEHUN
a+p=1, aA = 3B,

pa3pemnuB KOTOPYIO, MOIyIuM
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Hna Boraucienns cpeanero spemenn urpsl M{7} npumenum ToxzaecTBo
Basbga (7.11), koropoe B cuiy D{n;} = 1, M{n:} = 0 gaer

M{S?} = M{7} D{m} = M{7} = aA® + 3B% = AB.

Takum obpasom, M{7} = AB, T.e. cpeHee BpeMs Urpbl ObICTPO BO3-
pacraer, ecju yBeJMIMBaIOTC HaYaJlbHbIE KAIUTAJIbL UI'DOKOB. M

Bamedanue. B npumepe 7.13 Mbl Bbraucauian (huHATIHHBIE BEPO-
saTHOCTH cocrosiamit memm Mapkosa, onnchiBafomeit urpy apyx Jamn, (cM.
npumep 5.14), ¢ HCHOIB30BAHMEM MAPTHHTAJIBHON TEXHUKH.

7.3. TeopeMbl CXOAMMOCTA MAPTUHTAJIOB U UX IPUJIOXKEHUS.
PaccmarpuBaemble HE2KE PE3yJIbTATHI TOKA3BIBAIOT, 9TO IOCIEIOBATEIb-
HOCTH CJIYYaWHBIX BEJWYWH, SABJISIONIAECd MapTUHTAJAMU, TTPU OIpeJie-
JIEHHBIX YCJIOBUAX CXONATCs ¢ BepoaTHOCTHIO 1 (P-1.H.) U B cpemmem, T. €.
cymectByer Takasg CB X, 9aTo

X 2 Xoo u M{|X, — Xoo|} =0 mpz n— oco.

Teopema 7.2. Ecau X = {X,, F.} — cybmapmunean, das xomo-
poezo natidemes p > 1, maxoe, wmo sup M{|X,|P} < oo, mo cywecmsyem
n>0

cayuatinas seaununa X o, maxas, wmo M{|X |} < oo, npuuem

1) X, = M{X | Fr.} (P-n.n.);

2) Xpn 5 Xoo npu n — oo;

3) M{|X,, — Xoo|} = 0 npun — co.

Y TBepKAeHIE TEOPEMbL MOXKET OBITH UCIOIb30BAHO JJisi ODOCHOBAHUS
CXOJFIMOCTH OIEHOK IIapaMeTPOB B PA3JUMYHBIX 33Ja9aX MaTeMaTHIeCKO
CTATUCTUKHU.

Ipumep 7.14 (ycwieHHBI 3aKOH OOJBIIAX YHUCE). IIycTe
He3aBUCUMble Ccilydaiinbie Bejuuunbl £1,&p, ... HMEIOT OJIMHAKOBbIE
MaTemaTnmaeckue oxumanus M{{y} =a m orpammuenHble gECTEpCHR
D{¢;} = 02 < D. Jokasars, 4to

~

1 & II.H.
an:EZ&c—)a opu  m — 0o.
k=1

Pemenune. Ilycrs ny = & — a, Torga M{ng} =0, D{nx} = of < D.
PaccMOTpEM OHEHKY Gy,
~ 1< 1& 1 & I.H.
anZEZ&c:—Z(a+nk)=a+gz77k—>a7
k=1

n
k=1 k=1

_ 1& I.H.
ecmu 7, = = Y 1k —— 0 mpm n — oo. Jlokaxkem, uro Tpebyemas cxo-
n
k=1
JIUMOCTD JIefICTBATEIEHO HMEET MECTO.
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Ecnu g, = %, 1o {£1 } HezaBucumbl u M{er} = 0. [lycrs X,, = Z €k,

k=1
Torma w3 mpumepa 7.2 ciemyer, uaro {X,, n > 1} obpasyer maprmaran
oTHOCHTEeNIbHO moToKa Fp, = o{e1, ...,en} = 0{n1, ..., Nn}. ITockoabKy
n D
M{X;} =D{X,} => D{ex} n D{ex}= D{nk} =2 S

k=1

o0

1

TO sup M{X?2} = Z D{ex} <D’ = < oo Torna u3 Teopemst 7.2 cite-
k=1 k=1

ayer, 9to X, £, X mpu n — oo. Ilocneanee o3nagaer, 9T0

3ech HAM MTOHAI00UTCS yTBEPXKIeHNE, N3BECTHOE KaK Aemma Kpore-
Kepa: ecau wucaosvie nocaedosameaviocmy {un,} u {x,} maxosv, wmo
oo n

0 <u,Too npumn— o0, apad » x) crodumca, mo ui > ugzp =0
k=1 " k=1

npu n — 0o.

Ecim o6o3natuts wg = ng(w)/k, ug =k, 10 Y xp = Xoo(w), mosromy

. ) k=1
—an :—Zukxk—>0HpHn—>oo
" k=1

Urak, P{w: 7,(w) =0} =1, me. 7, —+ 0 upu n — 00, U4TO U Tpe-

60BaJIOCh JOKa3aTh. W

3

Sameuganne. Onenka 6, mapamerpa #, TOCTpOeHHA IO HAOIIOICHN-

am {y1, Y2, .-+, Yn}, HA3BIBAETCA CUABHO COCTNOANEALHOT, €CIIH 6, 20
npu n — 0o. Ipeapiaynmii npuMep OKa3bIBaeT, 9TO BHIGOPOYHOE CPE/I-
HEe Uy, ABJISETCS CHILHO COCTOATENLHON ONEHKOM MaTeMaTHIECKOTO OKH-
JIaHAS a.

Iosenenwe kBagpaTnaHO-AHTErpHpYeMoro mapruarana X = {X,,, F,}
B 3HAYUTENHHON CTEMEHN ONPEEIIeTCsS ero KBaApaTAIecKOil XapaKTepH-
crukoii (komnencaropom) (X), .

O6osHaunm depes {(X)_ = oo} cobeITme, cocrodiee B TOM, 9UTO
HeyObIBatoLas oc/eoBareabHocTb (X) He orpaHudeHa.

Teopema 7.3. IIycmo X = {Xn,]: } — xeadpamunno-unmezpupye-
mouti mapmunzan u (X) = {(X),, Fo_1} — e20 xeadpamuueckasn rapak-
mepucmura. Ecau P{(X)_ = oo} =1, mo

Xn
(X)

II.H.
— 0 npu n — oo.

n



§ 7] MAPTHUHTAJIBL C JUCKPETHBIM BPEMEHEM 143

Crenyromue mprMepbl MOKA3BIBAIOT IPUMEHEHHE ITOTO PE3YJIbTATa
B 3aJ]a9aX OIEHWBAHUS HEM3BECTHBIX [TAPAMETPOB MOJeJell HaOIIOIeHMS.

IIpumep 7.15. Ilycrs {x)} — 1ucioBas HOCIEL0BATENLHOCTD, &
yp =kl +ex, k=1,2,...,n,
rae {e,} — HesaBUCHMBIE IEHTPUPOBAHHbIE OMMOKYH HAOIIOAEHUI C JuC-
nepcueit D{ex} = o2, JlokasaTp, 9To OeHKa mapaMeTpa , IOCTPOEHHAS

no memody naumenvwux readpamos (MHK-onenka), siBasieTcss CHiIbHO
COCTOSITENBHOI IPA YCJIOBUH

o0
> af =
k=1

Pemenne. Haiinem Beipazkenne mia MHK-onenku 6,,, mocrpoenHoi
o HaGMIOAEHUAM {Y1, ..., Yn }:

67 —argmln (yr, — xx0)" = argmin £(0).
3 o 0)* = axgmin £(0)

Haitnem 6, I/IByCJIOBI/IHMZO T. e ix (yr —x0) =0
n 40 ) - €. k\Yk k

~

1 n
n:d—z TRy, L€ dn:Zmi.

s nocjieJHETO BbIpazKEeHUuA cjaeayeT

-~

1 & 12 ~
n:d—z k(zkd +cex) =6 d—zxk5k:0+A0n

-~ II.H.
Takum o6pa3omM, HaM JTOCTATOYHO MOKa3aTh, 4T0 Af, — 0.
n

Ecm X, = TreR, TO ¢ yderom M{er} = 0 Mbl 3akar049aeM, 4TO
) )

k=1
{Xn,Fn} — maprunraan, tae F, = o{ey, ...,&,}, IPUUEM B CHILy IIpHMe-
n
pa 7.8 (X), = > D{zier} = 0?d,. Hosromy (X), 2 oo mprn — oo,
k=1
~ o Xn I1LH.
ecta d,, — co. Torma B cuny Teopembr 7.3 mmeem A6, = ) —=0

-~ II.H.
npu n — oo. Takum obpazowm, 0, —— 0 pu n — 00, 9TO U TPeHOBATIOCH
JIOKa3aTh. W



144 CJIVYAMHBIE TTOCJIEJOBATEJILHOCTU [FJI. 1I

B zakuitouenue paccMoTpuM 3329y OIEHUBAHUS HEM3BECTHOIO I1apa-
MeTpa B PA3HOCTHOM CTOXaCTUYECKOM ypaBHeHUU (3a/ady mapamMerpude-
CKO¥ maeHTIdUKAIMN MOJIENN CIIy 9affHOTO MPOIEcca).

IMpumep 7.16. Ilycrs ciyuaitnas nociepoBareabaocts {X,, n > 0}
VIOBJIETBOPSIET YPABHEHUIO aBTOPETPECCUN MTEPBOTO TOPSIIKA

Xn+1 =0X, + §n+1a n 20, Xo =0,

rae {£,} — He3aBHCHMBle NEHTPUPOBAHHBIE CJIyYailHble BEJMYMHBI, Ta-
_ 4

Kue, 9To D{En} - Dn = D> 07 Dn+1/Dn < K17 M{gn} < K27 af —
HEM3BECTHBIN Hecaydaiiubiit mapamerp. Jlokasarh, 9T0 oneHka #,, mMeToma
B3BEIIEHHBIX HANMEHBIINX KBaIPATOB SBJISETCH CUJILHO COCTOSTEJIHHOIA.

Pemenue. Paccmorpum omeHKy MeTozma B3BEIIEHHBIX HAUMEHBIIAX
KBaJIpaTOB, KOTOpas CTPOUTCH cCjeayromuM obpasom. [ljs 3amaHHOTO
Habopa Habmonenuit {Xo, ..., X,} oueHka @, BbIOEpaeTcs Tak, ITOOBI

MUHUMHU3UPOBATH CYMMY HOPMUPOBAHHBIX KBa/IPaTUYECKUX OTKJIOHEHU,

a IMEHHO:
~ (Xp41 — 0X3)?
0, = ar rnln R, 2 A
g Z Dris

IIpeobpa3oBamnus, aHAJTOTHIHBIE IPUBEICHHBIM BEIIIE B mpumepe 7.15,
JAIOT CJIeIYIONAiH Pe3yJIbTaT:

~1
} nz:l XeXpq1

{Z Dy41

Dk+1

JlaHHyI0 OLIEHKY MOKHO 3alliCaTb B BHJIE @\n =60+ M,/ (M), , tue

Xk§k+1
M, , 7.12
- ¥ B 12
n—1 2
(M), =Y (7.13)
=0 Dr+1
ITycre o-anrebpa F,, mopoxaeHa Habmonerusamu { Xo, ..., X, }, Torga

nH

n+1

M{ M1 | Fod = M{M 4 Xnbnir ”5"“

7).

r.e. {M,,F,} — maprunraia. Herpyauo nokasars, uro (M), — kBajapa-
THYECKas XapaKTePUCTHKA, YKA3aHHOTO MapTHHTaIa (cM. 3ajady 12).
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Hoxkazkem Tenepb pacxogumocts (P-m.n.) nociegosarensuocru (M), :

o= & o Xk — 0Xk)? 2 XE
> D~ g— {Z o D—k}_

k=1 k=1

Dk+1

_2{ZD5:1- +6 Z } 2(K1+02)§

k—
00 Xz !
HOCTBIO 1 BhImosHEHO (M) = E = o0
o). =3 5L
& 2 M{&} _ K>
Iycrs n, = D rorma M{n,} =1, M{nk} = T < Dz < o0
1 n
Orcioma ¢ yderom pesysabrata npumepa 7.14 nomydaem - Z
1 & & mm )
=— Z:D— —3 1 npu n — 0o, 4TO BJEYET P{kz:l }
Urak, P{(M)_ = oo} = 1, nosromy no reopeme 7.3
~ M, IL.H.
0p—0=-———-—50 —
n N upu  n — 00,

9TO W 03HAYAET CHJIBHYIO COCTOSITEIBHOCTD OLEHKH B,

Bamernm, uro ecim {&,} OMMHAKOBO PACIpeNENeHBI, TO JOCTATOTHO
norpeboBarh TonbKo D{{,} = D > 0. Ecimu ke {{,} — rayccoBckas mo-
CIIeIOBATEIBHOCTD, TO OCTaeTCA JHIb ycaosue Dyy1/Dy < K, Tak Kax

M{ni} =3 n

7.4. 3aga4u OJisi CAaMOCTOSITEILHOTO PEIleHus.
1. IlycTs £ m 1) — He3aBUCHMBIE U OJMHAKOBO PaCIpe/leJieHHbIe CIIydaiiHbIe
Besmanabl ¢ M{|€|} < oco. ITokasars, uro

M€ [€+n}=M{y | €+n} =27 (Parm).

Y ka3aHue. Bocmonb30BaThCs OMpeIeJIeHHEM YCIOBHOT'O MATEMATHIECKOTO
OXKMJAHUS.

2. Ilycrs crydaiiHBIE BEKTODHI , %, U HEMEIOT COBMECTHOE TayCCOBCKOE HEBBI-
POXKIEHHOE PACIpeesieHne, IPUIeM U U U — He3aBUCHUMBI. Jloka3aTh, 94TO

M{z | u,v} = M{z | u} + M{z | v} — M{z}.
Y kaszanne. Bocnonp3oBaTscs TeOpeMOil 0 HOPMAJIBHON KOPPEJIALAH.

10 B.M. Muauep u A.P. Ilankos
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3. Ilycrs {Xn, Frn} — maprunrasn. Jlokasars, 4ro g joboro m > 1 cupa-
BemmueBo M{ X, | Fn} = X, (P-mwmu.).
Ykaszanue. Ilokazars, 410 M{Xpn4m | Fn} = M{Xnt+m-1 | Fn}, u BOC-

IIOJIb30BATHCA ME€TOAOM MaTeMaTHIeCKOi MHAYKIIANA.

4. Ilycro {&n, n > 0} — rayccosckas CII ¢ nmapamerpamu me(n) u Re(n,m).
ITycrs Takxke v, = {Re¢(0,1),...,Re(0,n)}, a V;, — mMarpuna ¢ snemeHTaMu
Re(4,7), 1,7 =1, ...,n. JokazaTb, 9TO MOCIE€AOBATEIHHOCTD

M = me(0) + vnanl(ﬁn -mg), n>=1,

roe " ={&1, ..., }", mg = {me(1), ..., me(n)}", obpasyer MapTHHraT OTHO-
CUTEJIbHO MOTOKA o-ayredp Fp = 0{&1, ..., &n

Ykaszanue. Bocmons3oBarbcst TeopeMoil 0 HOPMAaJbHOW KOPPEJIAIUN U
pe3yabpraTroMm npumepa 7.4.

5. Ilycrp {&x } — uenrpupoBannbrii 6enbit urym, a {ny } — rakaa CII, aro npu
KaxXXJIoM k > 1 coBOKymHOCTH City9aiiHbIx BeawdauH {01, ..., Nkt 1 {&k, Eut1, - - - }
HesaBucumbl. Jlokasarb, 4ro ecam M{|np&x|} < oo, To mocremosarenbHOCTDH

n
Cn = > Mk&k, n > 1 ABIAETCA MAPTHHTAJIOM.
k=1
6. Beectu coorHomenust (7.6)—(7.8) misi KBaJpaTHIHO-MHTErPUPYEMOTO
mapruarana { Xn, Fn}.
7. B upumepe 7.8 oiBectu coornomenue (7.9) mis KBaAPATUIECKON XapaK-
TEPUCTUKHU ¢ ucnosb3oBanueM (7.6).

8. O6bsACHUTD, [MOYEMY PA3HOCTH MAPKOBCKUX MOMEHTOB, BOODIIE IrOBOps,
MapKOBCKHM MOMEHTOM He SIBJISIETCSI.

9. lloka3aTh ToXKIecTBO Banbna nnst mucmepcuii (coorHomenue (7.11)
B npumepe 7.12).

10. ITycry {&1,&2, ...} — nocienoBaTeNbHOCTD HE3ABUCHMBIX OJMHAKOBO
pacIpefie/leHHBIX ciydaiinbix Besmund ¢ P{{ = 0} = P{& =2} = 1/2. Ilo-
n

Ka3aTh, 4TO IMOC/IeN0oBaTeNbHOCTE X, = [] & ABAAETCA MapTHHTAIOM OTHOCH-
i=1
TeJIbHO MOTOKa o-airebp F,, = o{1, ...,&.} u cxogurcst (P-11.H.) K KOHEUHOIH
CJIy4dalHOIl BeJIMYUHE.
Ykaszanue. [Tokasars, uro {X,} cxomurca K Hymo ¢ BEpOATHOCTBHIO 1.
11. IlycTs He3aBUCUMBIE CIyvaiinble BenuauHbl {{1, &2, ... } UMeIOT pacpe-
1 1
penenne P{¢, =1} = P{&, = -1} = —, P{{,, =0} =1 — —. Tlokasars,
2m?2 m2
n
9TO IOCTeNOBATENBHOCTD Xy = Y &m cxomures (P-m.m.).
m=1
12. JlokazaTs, uro (7.13) siBJIsieTcsl KBaAPATHIECKON XapaKTepUCTHKOI Map-
tuarana (7.12).

13. IIycrp 0, — c.k.-onTumanbHas ouneHka mig CB 0 mo wnabuogenun-
I~ C.K.
am {&1, ...,én}, M{|0\2} < oco. Jokazarn, uro eciu 6, — 0, To Takxke u

II.H.
0, —— 6 upu n — oo.

Ykazanune. [lokazarh, 9ro 6, — KBaJ[paTHIHO-UHTEIPUPYEMbI MapTHH-
ran orsocurensuo F5 = o{€1, ..., &n}.



I'''TABA III

CJIYYANHBIE ®YHKIINN

B nmammoi#i rmaBe O6yayT M3ydaThCs CIydailHbIE POIECCH C HEMTPEPHIB-
HBIM BPEMEHEM, KOTOPbIe OOBITHO HA3BIBAIOT CJIydYailHbIMEU (DYyHKIMSIMUA.
B panbrelimem g obosnadenus: caydaiiHoit dyHKIum OyIeM UCIOTb30-
BaTh cokpamienne CO.

§ 8. DyeMeHTHI aHAJIN3A CAydalHBIX PYHKINI

8.1. HenpepsbiBHOCTh ciy4aiiabix dyHkmuii. [lycTs ciaydainbii
nponece £(t) ompemeseH Ha HEKOTOPOM CBS3HOM MOAMHOXKecTBe T’ meii-
cTBUTeNbHON oc R, T.e. aBIgeTca mpoIeccoM ¢ HeIpepHLIBHEIM BpeMe-
neMm. Takme mporecchl majee OymeM HA3BIBATD CAYUATHLMU OYHKUUA-
mu (CP). B narHoM maparpade TakKe BCIOLY MPEIIONAraeTcsi, 9To JIIs
soboro ¢t € T BEIIOIHEHO M{|§(t)|2} < 00. OgeBUAHO, 9TO B 9TOM CIIydae
CYIIECTBYIOT M KOHEYHbI MaTeMaTHYecKoe Oxujamue my(t), mucnepcust
D¢ (t) u xoBapuarnuonnas Gyuxnus Re(t,7) mpu Beex t,7 € T. Ilo ymon-
ganuio GymeM Takxke cautarh, 9o CO £(t) — BemecTBeHHAS.

Onpegnenenne 8.1. CiyvaiiHas BeJMIMHA 1) HA3BIBAETCS CPEOHEKEA-
dpamuneckum (c.x.) npedesom CO £(t) B Touke ty € T, ecan

M{|¢(t) —n[*} >0 npu t—to.

VYkazaunblit BuA cxoqumoctn Gyem nanee o6o3uaqars & (t) RSN 7 upu
t—ty mam n = lt.i.rtn. &(t), a cayuaitnyio Besumuuny 1 OyJeM Ha3bIBATDH
—1o

c.k.-ipegesom £(t) npm t — to.

Onpenenenue 8.2. Cuayvaiinag byukuua {£(t), t € T} naspiBaer-
ca menpepwuienots 6 cpeduersadpamuseckom cmuvicae (c.x.-nenpepuierod)
B TouKe b € T, ecu £(t) ——= £(to) upu t — to.

Onpenenenne 8.3. Cuyuaiinas dyuknus {£(t), t € T} HasbIBaeTcs

c.k.-nenpepuienoti na T, eciim OHA C.K.-HEIPEPBIBHA B KaXKJIOH TOYKE
toeT.

10*
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IIycrs {£(t,w), t € T} — mexoropas tpaekropua CD £(t). Kak mo-
Ka3BIBAIOT PACCMOTPEHHBIE Jlajlee TPUMEPHI, U3 Toro, 9To & (t) c.K.-Hempe-
pbiBHa Ha T, B 061LEM Cilydae He CJIe/lyeT, YTO BCE UJIM [10YTH Bee (PYHKIMU
&(t,w) ABIAIOTCH HENPEPHIBHBIMU.

Onpenenenune 8.4. Cayuaitnass GpyHKIUS HA3BIBAECTCI HENPEPHIG-
not na T, ecmu P{w: £(t,w) — menpepwiBuasg va T dynkuua } = 1.

W3 onpenenenus 8.4 ciiefyeT, 9TO MOYTH BCe TPACKTOPUH HEIPEephIB-
Hoit C® &(t) ABAAIOTCS HENPEPHIBHBIMHE (B OGBITHOM CMBICIE) DYHKIUAMA.
OdeBHumHO, 9TO 1A Kaxkaoro tg € T

P{w: {(t,w) = &(to,w), t = to} =1,

7. e. HenpepbiBHasg CP &(t) qus kaxkzporo to € T noumu naseproe (n.m.)
cxomurea K E(tg) mpm t — tg. CooTBeTcTByIOmmi BUI cXOAEMOCTH Oy-

JeMm obosHadarh &(t) LN &(to), t — to. Takum obpasoM, HempepblBHA
CD &(t) siBasieTcst TAKIKe NOYMU HABEPHOE HENPEPHLEHOT, B KAXKIOH TOUKe
to € T. 3ameTnM, OJJHAKO, 9TO W3 I.H.-HenpepbiBHOCTH & (t) Ha T' B 06IEM
cllydae He CJIeyeT ee HelPEPBIBHOCTD, T. €. HEIPEPBIBHOCTD TIOYTH BCEX €€
TpaeKTOpuii.

PaccMoTpenme pa3iWaHBIX BUJOB HENPEPBHIBHOCTH CIydYailHBIX (DYHK-
Uil BBI3BAHO HAJIMYIUEM PA3JIUIHBIX BHUJOB CXOIUMOCTH IIOCIIEI0BATENb-
HOCTEH CITy9aliHBIX BeJauaIrH. KpoMe TOoTo, JJisl pa3iudHbIX BUJIOB HElpe-
peiBHOCTH (a Takke auddepeHnpyeMocTn, NHTErPEPYEMOCTH U T. JI.)
AMEIOTCA COOTBETCTBYIOMIAE KPATEPHH, MO3BOJISIONIAE YCTAHOBATH HEIpe-
PBIBHOCTD Ciiydaiinoit pynkuuu. s ¢.K.-HeNpPepbIBHOCTH COOTBETCTBYIO-
Wi KpUTEPHil SBJISIETCA BECHMA, ITPOCTBIM.

Teopewma 8.1. Jas c.x.-nenpepuernocmu cayuatinot gymxyuu &(t)
6 mouke tg € T' neobrodumo u docmamouro, wmobo, me(t) bouio nenpe-
pusno 6 mouke to, a Re(t,T) nenpepwsna 6 mouxe (g, o).

3amernMm cpasy, uTo u3 C.K.-HempepbiBHOCTH {(t) B cmiry Teopembr 8.1
cienyer, uro gucuepcus D (t) = Re(t,t) — HenpepsiBHasg QyHKIUS.

Takum o6pa3oMm, g mWCCremoBaHus C.K.-HempepbisHOCTH C® (1)
JIOCTATOYHO HCCIIEA0BATh HENPEPBIBHOCTH €6 MOMEHTHBIX XapaKTEPUCTHK
NEPBOIO M BTOPOT'O MOPsi/IKA, YTO MOXKHO C/IEJIATh, UCIOJIL3Ysl CTAHIAPT-
HBIE METOJbI MATEMATUIECKOTO aHAH3A.

IIpumep 8.1. Cuywaitnas dyuxuumsa £(t) 3amana COOTHOIEHTEM

€)= Vigrlt), teT, (8.1)
k=1

rae {Vj} npeacraBiasior co6oit HEKOPPeaMPOBAHHBIE CIIyIalHbIe BEJINIH-
ubl ¢ mapamerpamu M{Vy} = my, D{V;} = Di, a {pk(t)} — nenpepbis-
ueie Ha T Hecay4waiinbe dyrkuun. Viccmenosars £(t) Ha HEMPEPBHIBHOCTD.

Pemenune. Bamerum, aro B cuiy (8.1) npu Kaxk0oM w € {2 BbIIOIHE-

"o {(t,w) = > Vi(w)pk(t), rme P{w: Vi (w) < oo} = 1. Takum obpasom,
k=1
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&(t,w) — nmHeltHas KOMOUHAIS HENPEPHIBHBIX (DYHKIHIL C I1.H.-KOHETHBI-
mu kosddunuentamu. Caenosarensro, P{w: {(¢,w) venpepbiaa} = 1,
T.e. CO ¢(t) menpephIBHA.

st mccefoBaHUS C.K.-HeIpepBIBHOCTH HaiimeM my (t) u Re(t, 7). Ode-
BUJIHO, YTO

me(t) = zi: mepk(t),
Re(t, ) = g icov{vk,vz} or(B)pr(r) = g Digr()oi(7),

Tak Kak mo ycaosmio cov{Vy,V;} =0 mpu k # [. Orciona BeITEKAeT, 9TO
me(t) m Re(t, 7) menpepsBEbl Ha T 1 T X T COOTBETCTBEHHO H, CIIEI0Ba-
TenbHO, {(t) ¢.K.-HenmpepbiBHA HA 1. W

3aMeTuM, YTO B JAHHOM IIpAMEpe IOHATHE C.K.-HEOPEPHIBHOCTH M
HENPEPHIBHOCTH COBIAJAIOT. Paccmorpum Temepsb ciaydail, korma (t)
B HEKOTOpOil Touke tg € T aABJgeTca Pa3pbIBHOI KaK IOYTH HaBEpHOE,
TaK U B CPEJHEM KBaJpaTU4ecKOM.

IMpumep 8.2. CO &(t) samana va T = [0, 1] cienyromum o6pazom:

f(t):{ Vi, ecm t<1/2,

Vo, ecmm t>1/2,

rae Vi m Vo — HE3aBUCHMbBIE OJWHAKOBO DPAaCIpEJIETIeHHbIE CIIyIailHbIE
BEJIMIHHBL CO CpeanuM m u gucnepcueit D > 0. Uccnenosars HEnpepbis-
HocTb &(t) B Touke to = 1/2.

Pemenue. na seakoro w € Q somonneno &(t,w) — Vi(w) npun
t—to—0 u &(t,w) = Va(w) mpu t — top+0. B cmiy HesaBEcEMOCTH
{V1, Va} u yciosuss D > 0 umeem: P{w: Vi(w) # Va(w)} > 0 u, cueno-
BATEJIBHO,

P{w: £(t,w) = &(to,w) npu t — to} < 1.

Taxkum obpasom, &(t) He FBISETCH I.H.-HENPEPBIBHOH B ToUke to = 1/2.
Teneph uccnenyeM c.K.-HenpepbiBHOCTD &(t) HA T

M{W1}, ecm t<1/2,
me(t) =
M{V,}, ecm t>1/2,
nosroMy me(t) =m, tak kak M{Vi} = M{V2} =m mo ycnosmo. Cie-

Josaresbao, mg(t) menpepsisraa Ha 1'. Hajizem renepb KoBapHaIlMOHHYIO
dbyuknumio Re(t, 7). Ecir max(t,7) < 1/2, o

RE(taT) = COV{g(t),f(T)} = COV{VL Vl} =D.

Amnasnoruuno, Re(t,7) =D npu min(t,7) > 1/2. Eciu xe t <1/2< 7,
To Re(t,7) = cov{Vy, Va} = 0. Orcroma noaydaeM, aro Re(t,7) — D npu
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t,m =ty Tak, aro t,7 <ty wmm t,7 > tg. Ecim xke t, 7 — g Tak, 4ro
t <to,aT >tg, T0 Re(t,7) — 0. C yzerom D > 0 momy<aem, aro Re(t,T)
pa3peiBHAa B Touke (tg,tp). Urak, £(t) He sBaIsSIeTCHA C.K.-HENPEPHIBHON
B TOuUKe to = 1/2.

Bamernm, uro ecwm Vi wm Va Ttakoser, uro P{V; =V,} =0, 1o
nourn Bee Tpaekropun &(t,w) TepnaT paspelB B Touke to = 1/2.
Ecmm xe P{Vi; =Vo}=a >0, To ¢ BEPOATHOCTHIO (= TPAEKTOPUH
&(t,w) OGymyr menpepwmiBHBIME. Hampumep, ecm P{V; =1} =p >0,
a P{V; =0} =1-p, ro P{Vi = Va} =p*+ (1 —p)? = a > 0. Orcronma
P{w: &(t,w) menpeppiBra}l = o > 0. W

ITokaxem Tenepb, aro CO &(t) MOKeT GBITH C.K.-HENPEPHIBHON JIasKe
B Cllydae, KOIJla 1104TH BCE €€ TPAeKTOPUU Pa3pblBHbI.

IIpumep 8.3. Ilycts C® (t) onpenenena ma T’ = [0, 1] caexyrommm
obpazoM:

Vi, ecamm t<r,
0 ={

Vo, ecim t 2>,

rle r — clydaifHast BeIMUNHA, DABHOMEDHO pacipesenentas Ha T = [0, 1],
V1 u V5 — rayccosckue CB ¢ 0luHAKOBBIMU CPEHUMU M U JUCIHEPCHSIMEI
D > 0. Cnyuvaiiabie Benuaudbl 7, Vi u Vo HE3aBUCHMBI B COBOKYIHOCTH.
Hokazarp, aro CO {(t) c.k.-menpepbiBEa Ha [0,1], X0Tst MMOUTH BCe ee
TPAEKTOPUH PA3PHIBHBL.

Pemenue. [na Beraumcienust mg(t) BBeZEM ABe BEPOSTHOCTHBIX
TUIOTE3BL:

H={t<r} uw Hy={t>r}.

ITo ycnosuro P{H1} =1—t u P{Hy} =t.
ITo dopmyne moMHOrO MaTeMaTHUecKoro okmganumst (cM. 1. 14.5)
uMeeM

me(t) = M{{(t)} = P{H:} M{{(t) | Hi} + P{Hz} M{{(t) | Ho} =
=1-t)M{Vi}+tM{Ve} =(1—-t)m+tm=m.
Takum obpasom, byHkus me(t) HempepesHa Ha T
O6osznaunm 71 = max(ty,t2), T2 = min(ty,t2) 1 PACCMOTPHM CIIE/LYIO-
IIME TUIOTE3HL:
H]_:{T1<T'}, HQZ{T2>T'}, H3:{T2<T'<T1}.
HO yCJ'IOBI/IIO P{Hl} = 1 — 71, P{HQ} = T2, P{Hg} = T1 — T = |t1 — t2|.

Bbraucium renepb KoBapuanuonuyio dbynkuuio Re(ty,t2):

Re(tr,t2) = 3° P{H) M{E(0) é(t2) | H).
k=1
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Hna k=1,2 umeem M{f (t1)¢ t2 |Hk} M{Vka} D. Eciu xe
k=3, 10 M{f t1)¢ tz | Hg} M{Vl Vg} = 0 no ycuosuio. Nrak,

Rg(tl,tz) = (1 —7'1)D+7'2D = D(]. - (7'1 —7'2)) = D(]. - |t1 —t2|).

Orcroma Re(t1,t2) = D = Re(t,t) opu t1,ts — t masa Beskoro t € T Ta-
kM obpazom, £(t) c.K.-HempepbIBHa BCioay Ha 1.

[TokazkeM Tenepb, 4ro mouTH Bee Tpaekropun C® ¢(t) paspbIBHBI.
Urak, ecnu 0 < r(w) < 1 ga mekoroporo w € 2, To B Touke t = r(w) Tpa-
ekropus &(t,w) u3Mensier cBoe 3HaveHne ¢ Vi(w) Ha Va(w). Io ycnoButo

P{lw: 0<r(w) <1} =1u P{w: Vi(w) # Va(w)} = 1. Tosromy
P{w: &(t1,w) # &(t2,w) pa ty < r(w) < to} =1,

YTO O3HAYAET PA3PBIBHOCTH TpaekTopmit £(t) ¢ BepoaTHOCTBIO 1. W

ITycre Temeps £(t) € RP npu xkaxaom t € T, tae p > 1. B srom cayaae
&(t) masbiBaercs p-mephoti caywatinot dyrxyued.

Onpenmenenme 8.5. p-mepmas C® {{(t), t€T} naspBaerca
c.k.-nenpepuishoti B Touke to € T (Ha T), ecam Bce ee KOMIIOHEHTHI
{&(t), k=1, ...,p} c.k.-HenpepwIBHBI B TOuKe to € T (ma T').

IIpumep 8.4. IIycts A = {Ay, ..., A\, }* € RP — HecnydafiHblii Bek-
Top, a &(t) — c.k.- HereprBHaH p-mepaag C®. [TokazaTb, 94TO CiaydaiiHasd

dbyukuuga n(t) = N\*¢( Z A€k (t) c.x.-HenpepbiBHA HA T

Pemenune. @ynxkuus m,(t) = Z Army(t) venpepwiBHa Ha T, Kak

JvHeitHast KoMOWHAIUsST HenmpephIBEbIX byHkmmit my(t) = M{&(t)}. Uc-
cile/lyeM Telepb HEeIpPEepLIBHOCTH KoBapualnuoHHol (yukimu R, (t,7) =

PP

= > > MNRul(t,7), tme Rp(t,7) =cov{&(t),& ()} Uz memmbr
k=11=1

Jlossa (cn. 1. 14.4) creyer, ato ecmn & () — Ex(to), &1(T) — &(to)

upu t, 7 — tp, TO

Ry (t,7) = cov{&k(t), &(7)} = cov{&k(to), &(to)} = Rii(to,to)-

Taxum o6pasom, dyrkmun Ry (t, T) HENpPEPHIBHBI B TPOU3BOIBHON TOTKE
(to, to) m, cegoBaresnsHo, R, (t, T), Kak JnHeiiHas KOMOUHAINS HeIPEPHIB-
HBIX QYHKIHH, TaKXKe HenpepbiBHA. Lenepb n3 Teopembr 8.1 ciaeayer, 910
n(t) c.K.-HenpepbiBHA Ha 1. W

Bamewanme. 3amernm, 9To ecsim B npumepe 8.4 CO ¢y (t) mempe-
PBIBHBL, TO 7)(t) TaK»Ke HEeNpPepbIBHA, IIOCKOIbKY BCe ee TpaeKTopHH CyTb

JIMHeHble KOMOMHAIMA HeNpephIBHBIX QyHKIWIA: 7)(f, w) Z A& (t, w)
k=1
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HelicTBUTEIHHO,

P
P{w: n(t,w) menpepbiBHa} = P{ (N {w: &(t,w) HereprBHa,}} =1,
k=1

9TO U 03HAUaeT HempepbiBHOCTE CO 7)(t).

B zaksrouenue aHHOTO MyHKTA PACCMOTPUM OJHO YTBEPXKJIEHUE, MO-
3BOJIAIONIEE CYJUTH O HENMPEPBIBHOCTH TpaekTopuit £(t). lna sToro mam
NOHAIO6UTCS Ceayomee onpeaenenne (cm. Takxe 1. 1.3).

Onpenmenenme 8.6. Cnyuaitnsie Gynkmunm £(t) w 7(t) masbBaoTCA
cmozacmuecku sKeusarenmuvmy Ha T, ecin

P{w: {(t,w) #n(t,w)} =0 VteT.

MozxHO moKa3arb, 4TO croxacTudecku dKBubajeHTHbIE COP mMeroT
OIHU U Te ¥Ke KOHeYHOMepHbIe Pacupeie/eHAd 1, CIeJ0BaTelbHO, Bee UX
BEPOATHOCTHBIE XAPAKTEPUCTUKHU COBMAIaoT (cm. m. 1.3).

Teopewma 8.2 (Konmoropos). ITycmov £(t) — cayuatinaa dynryua,
NPUHUMAIOUAR HUCAOEbIE SHAUEHURA U 3adannas na ompeske T = [a,b.
Ecau cywecmesyrom noaosicumenvroie xonemarnmo K, o u 8, maxue, wmo
ons, ecex t, 7 €T

M{ () - &(7)|*} < Kt — 7|7,
mo natidemca nenpepuenas cayuatinas Pynwyua (), cmoxracmuuecku
axeusarenmuasn &(t).

OO6BIYHO Ha NPAKTHUKE CTOXAaCTHYECKH 3KBHBAJEHTHBIE CITydaiiHbIe
d)yHKHI/II/I OTOXKJAECTBJIAIOT, T. €. II0JAPpa3yMeBaeTCd, HallpUMep, I{NTO BMECTO
&(t) B pacuerax mcnomb3yercst ee Henpepushas modupurayus E(t) (ecun,
KOHEYHO, TOCIIe HsIS CYIECTBYET).

IIpumep 8.5. Iycrs () — rayccosckass CP, rakasi, 4ro me(t) = 0
u M{[£(t) — €(7)*} = At — 7] s Beex t, 7 € T = [0, 1]. Ilokasars, aro
&(t) mmeeT HENMpepBIBHYIO MOAMMUKAIWIO.

Pemenune. Ilycrs n = ¢£(t) — £(7). B cuy rayccoBocru &(t) cayvaii-
Hasl BEJIMYMHA 1) TAKXKe sBJISAETCs 1ayCcoBCKOi, npudem M{n} = meg(t) —
—me(t) =0, a D{n} = M{[(t) — &(7)|?} = Alt — 7| = D,,. Ussecrno,
9TO JIJISE IEHTPUPOBAHHOI TayCCOBCKOI BEIMINHBI CIPABEIINBO PABEHCTBO
M{n*} = 3D2. Ilosromy M{n*} = M{[¢(t) — &(7)|*} = 3D2 = 3A\%|t —
— 7|2, Ecom nonoxuts o = 4, f=1u K = 3)\2, ro M{[£(t) — &(7)[*} =
= K|t — 7|**# u Tpebyemoe yTBep:kIeHTe CleyeT w3 TeopeMbl 8.2. W

Bamernm, uTo B ycmosusx mpumepa 8.5 CD ((t) rakxke aBigerca

. . 2 .
C.K.-HeIIpepHLIBHO, TaK KaK tlgr}_ M{|§(t) —&(1)] } = )\}gr}_ |t—7| =0, r.e.
&(t) BN &(1), t = 7 nus moboro T € T. Bosee Toro, eciin B yCIOBUSX

TeopeMbl 8.2 moTpeboBaTh, 9TobBI @ > 2, To C® £(t) Gymer omHOBpEeMEeHHO
C.K.-HETIPEPBHIBHON ¥ TOTPAEKTOPHO HENPEPHIBHOIA.
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8.2. IuddpepenmupoBanue ciaydaitubix yHKuii. g CO mo-
Harue auddepeHnupyeMOCTr |, CJIeI0BATEIbHO, MPOW3BOLHON MOXKHO
BBECTH PAa3JnIHbIMU criocobamu. Mbr Oy1eM paccMaTpruBaTh MPOU3BOIHBIE
JBYX BHJOB: IPOM3BOAHYIO B CPEJHEM KBaJIpaTHUecKOM (C.K.-IPOU3BOJ-
HYIO) W IOTPAEKTOPHYIO MPOU3BOIHYIO.

IMycrs £(t) — runbbeproBa C®, onpeeneHHas Ha OTKPBITOM HHTED-
paste T C R!'| mvetomas cpennee mg(t) m KoBapHAIHOHHYIO (QYHKIHIO
R (t,s). .

Oupepenenne 8.7. Cuyuaiinas Benuuuna ¢(fp) Ha3bBaercs
c.x.-npousdeodroti caydaitnoit dyukuuu £(t) B Touke to € T', eciu

5(’50*’2‘5(’50) K\ £(ty) mpu B — 0. (8.2)

Ecim yxasammerii c.k.-npemesn cymectsyer, To C® £(t) nasbiBaerca
c.%.-duppepenyupyemoti B ToIKe tg.

Ecim &(t) c.x.-nquddepennnpyema B kaxgoit Touke t € T, To Gyaem
roBopuTh, 9To £(t) c.%.-duddeperyupyema na T, a cemeiicTBO CirydaitHBIX
BeJINYUH {E(t), t € T} Gymem Ha3bIBATH C.%.-npoussodnoti CO £(t) va T.

Teopema 8.3. Jaa mozo wmobv, caywaitinas dynrxuusa £(t) Ovua
c.x.-duppepenyupyemoti 6 mouke tg € T, neobrodumo u docmamowho,
dmeg (t)

dt

YMmobwvl cywecmeosany npouaeo&mm

6 mouke ty u 0bobuwenran
? Re (t, T)

otor
Sameuanue. O000IEHHAS TPOUBBOIHAN OIPEIELIISAETCS KaK

CMEWAHHAA NPOU3BOOHAS 6MOPO20 NOPAJKA 6 mouke (to,to).

2
oan| -t
:

h,5—0 ho [Re(to +h,to +6) =

t=1=to
— Re(to + h,to) — Re(to, to + ) + Re(to, to)].-

JlocTaTouyHbIM YCJIOBUEM CyLIeCTBOBaHMs ODOBILEHHONW CMelaHHOoit
IPOM3BOIHON ABJIAETCA HEPEPHIBHOCTDH XOTs ObI OMHOI U3 YaCTHBIX IIPO-
ORe(t,T) 0 [ ORe(t,T)

T or ot ’

Eciu &(t) muddepennupyema ma T', 10 ee c.K.-npoussonuas & (t) umeer
MaTeMaTHIeCKOe OXKH/IAHNE Mg (t) u KoBapuanMOHHYO BYHKIIHIO Ry (t, 1),
onpezensgeMble (PoOpMyJIaMu

0
U3BO/HBIX: e < o — | ——=

me(t) = (1), Re(t.r) = 2B g 7). (83)

IIpumep 8.6. Ilycrb uenrpupoBannas CO £(t) uMeer KOBapHALUOH-

75—7')2

nyio dynxiuio Re(t,7) = 2e° , tie a > 0. BbluuciauTh Jucnepeuro

Dy¢(t) ee c.x.-npomssonmoit &(t).
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Pemenue. Ilockonbky me(t) =0, a Re(t,7) Geckoneuno nudde-
pernupyema, C® £(t) c.k.-nuddepennupyema B cuiry teopemsl 8.3. s
naxozxzenus Rg(t,7) socnonbsyemcs dopmyioit (8.3):

IR _ _\—a(t—1)’
By (t,7) =4a(t — 1)e .
CaemoBaresbHO,
i 0 [OR: :| _ _ 2y —a(t—T)2
Re(t,7) = 8t[8 (t,7)] = da(l - 2a(t — 7)?)e :

u jucnepens §(t) serancasercs no dopmyne Dg(t) = Rg(t,t) =4a. m

Kpurepuii c.x.-muddepeHmpyeMocTr BECbMa JIETKO IPOBEPSEM H II0-
3BOJISIET TaKXKe ONPENESINTh MATEMATHIECKOE OXKUTAHNE W KOBAPUAIMOH-
HYI0 (QYHKIMIO C.K.-1ipou3BojHoii. K coxasienuto, siBHbIH Bujl C.K.-1IPO-
W3BOMHON B 00IIEM ciiydae, UCIOJIb3ys TOJBKO DPE3yJIbTAT TeopeMbl 8.3,
[OJLyYUTh HE yjaercs. [10roMmy HaM NOHAA00UTCs CJlelyIolIee Olpeieie-
HUE.

Onpenenenme 8.8. Cuyuaiinas dbynkuns £(t) naspmBaercs dugde-
peryupyemoti (nompaexmopro) Ha T, eciim NOYTH BCe ee TPACKTOPHU —
muddepennupyembie OYHKINA, T. €.

P{w: {(t,w) nmuddepenunpyema ma T} = 1.

OueBumHO, 9TO €cim fl() — IOTpPaeKTOpHAs IMPOM3BOTHAA & () a

£(t) — c.k.-npomssogmasz, To P{¢ (1) =£(t)} =1, me. CD £(t) u £ (t)

CTOXaCTHYECKU 3KBUBAJEHTHBI. JlelicTBUTEIBHO, TpU BeakoM t € T B cury
COBIIaJIeHUs ¢ BeposiTHOCThIO 1 mpenenos [£(t+ h) — &(t)]/h N (t) m

[(t 4+ h) — E()]/h == €(t) cupasemuso £(t) = € (t) (P-wn.).
IIpumep 8.7. CO &(t) samana coornomenuem (8.1), T. e

t) = zn: Vipr(t), teT, (8.4)

rae {¢k(t)} — mecayuaitasie muddepenmmpyembie dyuxkmun, a {Vi} —
ciaydaitabie KO3pMOUIMEHTHI, TPIIeM M{V,f} < oo, k=1, ...,n. Haiitu
C.K.-1pou3BoaHyo &(t).

Pewenue. I/I3 (8. 4) caeayer, uro rpaekropuu & (¢, w) CO &(t) umeror

Bug &(t,w) Z Vie(w ,t € T, nosromy & () cymecrsyer u umeer

der(t)

. Orcrona cue-
dt .

tpaekropun &' (t,w) Z Vie(w ), e ¢g(t) =

ayer, aro ecau &(t) C.K.—,D;I/I(b(bepeHIlI/IpyeMa, TO €€ C.K.-IIPOM3BOJHAS f(t)
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npu KaxkjaoMm t € 1" uMmeer Bu/I
£t) =3 Vigr(t) (P-maw). (8.5)
k=1

B cuiy M{V?2} < oo u3 (8.4) cienyer, uro dbynkuun me(t), Re(t,T)
OIIPEJIeTIeHbl U UMEIOT BUJL

me(t) = S mpgr(t),  Re(t,r) =32 3" Rugr(t)o(r),
k=1 k=11=1

rne my = M{Vi}, R = cov{Vi, Vi}. OueBunno, uro dynxuun me(t)
u Re(t,7) nuddepennupyemsl HeobXOQUMOE THCIO pa3 (Kak JHHeHHEIE
koMbuHanuu puddepenuupyembix dbyukuuii). Ilosromy £(t) cymecryer

n
u onpegensiercs coorHornenneM (8.5). IIpu srom mé(t) = mpi(t), a
k=1

n n
Re(t,7) = > > Ripk(t)@i(r), ar0 BBITEKAET U3 (8.3). W
k=11=1
Caenytomuii mpuMep MOKa3bIBAET, YTO OTepaIus C.K.-1uddepeHnnpo-

BaHUSA SIBJISIETCH AUHEUHDIM npeo6pa306aﬁuem.
n

Hpumep 8.8. dna cryqaiinoit bynkmmn &(t) = > apér(t), e ap —
k=1
qucsoBble Kodbdunuentsl, & (t) — c.x.-muddepernupyemMble CryIaiHbe
dyukuuu, Beraucnurs £(t).

Pemenne. Borancanmm f(t) IO OTIpejiesieHnio 8.7:

ft+h) —€@®) _ Z":akﬁk(t+h) —&(t) cx Zn:akfk(t) upu h— 0
h 1 h k=1

B CHJIy CBOUCTB C.K.-CXOZUMOCTH. Takum o6pazom,

n

)= aréu(t), teT. (8.6)

k=1

®opmyna (8.6) IOKA3BIBAET, UTO C.K.-IPOU3BOAHAS JTUHEHHON KOMOTHATIAT
c.k.-puddepeHnupyeMbx OYHKINN sIBISETCS JUHEHHON KOMOUHAIEH nX
C.K.-IPOU3BOJHBIX, 9TO U O3HAYAET AUHETHOCTNG ONEPAUUY C.K.-dupdepen-
yuposarus. W

Sameuanue. [losmydennsrit B mpuMepe pe3yIbTaT MOXKET OBITH 0600-
eH B CJIEAYIONEM HAlPaBICHUH: €CIU JIETEPMUHUPOBAHHAS (QyHKIIHS
©(t) nuddepermmpyema ma T, a CP £(t) c.x.-muddepennupyema ua T,
T0 CO n(t) = ¢(t)€(t) umeer c.K.-IIPOU3BOTHYIO

i) = 229¢(t) + o(1)E(0).
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OxasbIBaeTCd, 9TO JAJIEKO He BCe ciydaitnbie pyaknuu auddeperim-
DPYEMBI JTaXKe B CPEJIHEKBAJIPATHIECKOM CMBICIIE.

IIpumep 8.9. LlenrpupoBannaa CP® £(t) mMeeT KOBADHATIMOHHYIO
dysknmio Re(t,7) = Dmin(t,7), D > 0. Ilokasars, 9To OHa HHUILJe He
muddepeHnupyeMa B C.K.-CMBICIIE,

Pemenne. Ilo onmpenenenunio

t, ecmm t<T,

min(t, 7) = {

T, ecamd t>T,

II09TOMY

0, ecim t<T,

0 .
t,T) = — t, =
w(t7) 8T{mm( m} { 1, ecmm t>T.

Orcroma ¢(t,7) > 0mpu 7 - t+ 0 u (¢, 7) = 1 npu 7 — t — 0. Takum
obpazom, npu ¢t = 7 pyrkEa ¢(t,T) ABIAETCA PA3PHIBHON MO MEpeMeH-

HOI1 t u, clleTOBATEILHO, TPOU3BOIHAS %—f(t, T) IpH t = T He CyIIeCTBYeT.
O’ Re(t 0% min(t

CaemoBaTesbHO, e(t, ) =D min(f, 7) He ompejeseHa IpK t = T HA
otor otor

nuis onporo t € R m.e. £(t) Hure He MMeeT ¢.K.-TIPOU3BOIHON. 3aMeTHM,
9T0, UCIOIL3Ysl MOHATHE 0000uLerHot NPouseodHoti, MOKHO 3aINCATh

_ORe,
Rg(t77—) = otor (taT) - D(s(t - T)?

rae 6(z) — penvra-dyskuus dupaka. Takum o6pasom, ¢opMmaibHO
Co g(t) SIBJISIETCSL TAKUM CJIYYaWHBIM TIPOIECCOM, UTO Ré(t,r) =0 opu
mobbix t # 7, a Dg(t) = Rg(t,t) = D 6(0) = 0o. Dro osHauaer, 4TO Ce-
genust CO { (t) nmpemcTaBasitoT COGOW HEKOPPEAMPOBAHHBIE CIIyvIalHbIE
BEJMYAHBI ¢ GECKOHETHOM qucnepceneil. Takoil mpornecc HasbIBaeTcs 6eabim
wymom (cM. m.1.4). m

Ecmn £(t) — rayccoBckasi C®, To ¢ (t) — TakKe TayccoBCKas B CHILY
CJIEALYIOLIErO YTBEPK ICHHUS .

Teopewma 8.4. Ecau {{(t), t € T} — c.x.-dudppepenyupyeman 2ayc-
cosckasn CD, mo f(t) maxoice aeasemcs 2ayccosckoti CP ¢ mamemamue-
crum ootcudaruem u Kosapuayuonrol Pynkyued, onpedeaernvimu 6 (8.3).

HMpuwmep 8.10. dua rayccosckoit CP {£(t), t € R'} ¢ maremaruye-
cKuM oxxuzanneM me (t) = t? n KoBapuanuonnoii byukumeit Re (¢, 7) = 4t
BBIYUC/IATD P{f(Z) > 2},

Pemenne. Ilo Teopeme 8.4 g(t) siBjisieTcst rayccoBckoit CP, mpuaem

_ R
T otor

me(t) = U8 () = 2t,  Relt,r)

i (t,7) =4.
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Iosromy mnpu t € R' ceuenne £(t) mMeeT rayCcoBCKOE DACIpEIE/CHHE
N (2t;4). Cnenosatensuo, £(2) ~ N (4;4) n

. 2 —mg(2
P{{2)>2} =1-— @(L()> —1—&(—1)~1—0,1587 = 0,8413,
D¢(2)
rne P(z) = \/% J et/ ar — dbynxmua Jlamraca (mHTErpan BeposSTHO-

— 00

creit) (cm. mm. 14.6 u 15.1). m

8.3. NurerpupoBanue ciaydaiilHbIx yHkKmii. I[lomarue wmaTE-
rpajia OT CIydaiinolt (pyHKIuu GyJeM Tak»Ke U3ydaTh B JBYX CIEIYIONUX
BAPWAHTAX: HHTETPAJ B CPETHEKBAPATHICCKOM CMBICIE (C.K.-MHTErDAT)
¥ TIOTPAEKTOPHBIN MHTErpaJl.

[ycrs CD £(t) onpenenena na T C RY. Ha orpeske [a, b] C T nocrpo-

UM HeKOoTOpoe pasbmenme a =tg <ty < ... <tp_1 <t, =0, a Ha Kaxk-
JIOM W3 MPOMEXKYTKOB 3TOr0 pa3brmenHusi BbIOEPEM MTPOU3BOJHHYIO TOUKY
T; € [ti—luti)a 1= ]., ceey .

Onpenenenue 8.9. Ecimm upu n — oo u max (t; —t;—1) = 0 cy-
i=1,...,n
MIECTBYeT TIpesiesl B CPeIHEKBAIPATTICCKOM

S et~ ti) S, 8.7)

He 3aBucamuii or cmocoba pasbuenus {t;} u BbbOpa Touek {7;}, TO
CD £(t) masbiBaeTcd c.k.-unmezpupyemol Ha [a,b], a ciaydaiinas Besu-
YWMHA 1) HA3BIBAETCS €€ C.K.-UHmezpasom 10 |a,b] m obosnavaercs

b
WZJE(t)dt-

I ¢.K.-UHTEerpupyeMoCT! UMeeTCsl BeChbMa ITPOCTOH KPUTEPHIi.
b

Teopewma 8.5. Jaa cywecmsosanus C.K.-uHmMe2paa J &(t) dt meoo-

a
ToduMO U 0OCMAMOYUHO, 4MOOYL CYULLCMBOBAAU CACOYIOWLUE UHINEZPANDL

Pumana:

I = ng(t) dt, (8.8)
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ede me(t) = M{&(t)}, Re(t, ) = cov{&(t),&(T)}.
Teopema 8.6. Ecau CP £(t) c.x.-unmezpupyema na T, mo

b

M{Tg(t) dt} = ng(t) dt = I,

a

b b
cov{Jﬁ(t) dt,g(r)} - JRg(t,T) dt, TeT,

a

d

cov{jg(t) dt,Jg(T) dr

(&4

——

bd
- J J Re(t, ) dtdr, [c,d] CT,

D{jg(t) dt} = TTRg(t,T) dtdr = I,.

W3 oupenesenus 8.9 ciemyer, 4TO C.K.-HHTEIPUPOBAHUE SBJISETCS JIU-
HelHBIM mpeobpasoBanueM (t). OTcroga ¢ yIeTOM CBOHCTB C.K.-CXOIIMO-
CTH TayCCOBCKHX CIydaiiHbIX BesmamH (cM. 1. 14.6) momydaem, 9To ecsm

&(t) — rayccoBekag C®, To ¢.K.-MHTErpas Jf(t) dt mpencrapisger coboit
a

rayCCOBCKYIO CIydYailHyl0 BeJIWYHMHYy co cpemauM [; m aucnepcmeit I,
onpenesnenubivu B (8.8), (8.9).

Paccmorpum cBoiicTBa C.K.-MHTErpaJia Ha IpUMepax.

ITpumep 8.11. okazark, uro Besakas CO £(t), c.k.-HeNpepbIBHAS HA
KOHEYHOM MPOMEXKYTKE [a, b, saBisgercd c.K.-uHTErpupyemoii Ha [a, b].

Pemenue. Ecnum £(t) c.x.-HempepoiBHa Ha [a,b], To bynkmus me(t)
HenpepbiBHA Ha [a,b], mostomy I; B (8.8) CcymecTByeT Kak WHTErpas oT
HENPEPBIBHON (DyHKIIUKM O KOHEIHOMY OTPe3Ky. B cmily C.K.-HEIpephIB-
nocru §(t) dyukuust Re(t, 7) neupepoisua nupu t = 7. Ilociennee yciosue
JIOCTATOYHO JIJIst TOr0, 4T00b! R (¢, 7) Gbliia HenpepbIBHOI BCIoAy Ha [a, b] X
X [a,b]. Takum obpasoMm, I TakKe CyIIeCTBYeT W, CleJoBaTelbHO, ()
C.K.-MHTErpupyeMa Ha [a,b] B CHITy yTBEpXKACHUS TEOPEMEI 8.5. W

IIpumep 8.12. IIycts {{(t), t > 0} umeer xapakTepucTurE mg(t) =
= mt, Re(t,s) = Dts, tne D > 0. BeraucauTs MaTeMaTHIecKOe OXKUIaHNe
¥ KOBAPHUAIMMOHHYIO (DYHKIIHUIO CIyvaiiHol pyHKIAN

n(t) = jg(n dr, t>0.
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Pemenue. Ilo ycaosuio me(t), Re(t, 7) nenpepsisubl. CiegoBarennb-
HO, £(t) c.K.-uHTerpupyema Ha J060M KOHeYHOM mpomexyTke [0,t] npu
t > 0. Torna no reopeme 8.6 HaxOMUM:

2

nwu):mnmw}zjmﬂfu»dr:nq}dfzﬁ%{

t

R,(t,s) = cov{Jg(Tl) dry,

0

O——

&(m d’rg} I‘Tcov{f (11),&(m2)} dridre =
00

= iiRg(ﬁ,Tg) dridry, = Diﬁdﬁ iﬁ dry =

Dy (t) = Ry(t,t) = %&4. ]

Juist c.K.-mHTEerpaJia ClIipaBe/InBbl MHOIME CBOHCTBA OOBIYHOIO MHTE-
rpajia OT HeCayJalHbIX (PYHKITHAH.
1) Jlunedinocms unrerpada:

n

J Z arén(t) zi: J (8.10)

rae {ar} — mHecnyuaiinble koadbdunmentol, a {€x(t)} — c.K.-unTErpUpye-
mbre Ha T’ ciaydaiinbie dyHKIUA.
2) QopMyJia UHMEZPUPOBAHUS NO HACTILAM:

t t

[ eme)dr = pE(t) = pto)étto) - [ e(é(rydr,  (8.11)

to to
rne ¢(7) — menpepbiBHO guddepeHnupyeMas HecaydIaliHas (QyHKIWs,

a £(t) — CO, umeromas ¢.K.-HEMPEPHIBHYIO C.K.-TIPOU3BOJIHY 0.
3) Ipaenio dugpdepenyuposarus no eeprremy npedeay: ecam &(t) —
t

c.k.-uenpepeiBHas C®, 1o c.x.-npomssogmaa CD 7n(t) :J§(T) dr npu

0
Kax oM t € T umeer Buj,

i) = % [€(r) dr =€) (P, (8.12)

IMpumep 8.13. Hokazars dopmyay (8.12).
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Pemenue. Ilycrs h > 0, Torma

t+h t t+h
An=n(t+h)—n(t)= [ Er)dr—[erydr= | &r)ar.

Iokazkem, aro M{|An/h — &(t)[*} — 0 npu h — 0.
Eciu meg(t) = 0, To o reopeme 8.6

t+h t+h
M{An2} = J J Re(71,79) dridTe = Re(01,09) B?
t ot
JlUISl HEKOTODBIX 071,09 € [t,t + h]. Ananorwaso, gus o3 € [t,t + h]

t+h
M{An&(t)} = J Re(r,t) dr = Re(03,t) h.

Orciona M{|An/h — £(t)|*} = Re(01,02) — 2Re¢(03,t) + Re(t,t) — 0 upu
h — 0, rak Kak Re¢(o1,02) = Re(t,t), Re(os,t) = Re(t,t) B cuiy toro,
aro o, — tupu h — 0, k = 1,2,3, a ysxnus Re(t, ) HenpepoiHa. ITaxk,
MBI oKasam, 910 (1t 4+ h) — n(t))/h < &(t) upm h — 0.
¢
Ecnu me(t) # 0, To n(t) = JE(T) dr + ng(r) dT ¥ 1o IOKa3zaHHOMY
0 0

n(t) = &(t) + me(t) = £(t). Popmyna (8.12) momHOCTBIO JOKa3aHa. M
Bameuwanme. Ilycts £(t) TakoBa, WTO TOYTH BCE €€ pEATM3AIUM
HHTErpupyeMbl I0 PuMaHy Ha MHOXKecTBe T, T. e.

P{w: cymecTyer maTerpasi Puvama 1t (w) = Jf(t, w) dt} =1.
T
Torma nR SABJIAETCS CIyIaliHOU Benmamuol (T.e. m3mepmmoil yHKImEH
or w). Eciu xe £(t) aBagerca K TOMY 2Ke C.K.-HHTE€IPUPYEMOii, TO IO-
TPaeKTOPHBII HHTErpaJl 17R U C.K.-MHTerpaJ 7 = J &(t) dt coBmanaror ¢ Be-

T
postHOCTBIO 1. ChopMysImpoBaHHOE YTBEPKIAEHUE 3a9aCTYIO ITO3BOJISIET

ABHBIM 06pPa30M BLEIYHCIUTE C.K.-HHTETPAJL.
IIpumep 8.14. CP £(t) 3anana dopmyuoii
&(t) =Upsinvt + Ugcosvt, v>0, t>0,
rie Uy, U; — He3aBUCUMBIE TayCCOBCKUE CIIy YalHbIE BEJIMIUHBI C HYJIEBHIM
cpenauM u guctnepcueir D > 0. HaliTw aBHBIN BHJ C.K.-HHTErpaJja
t
n(t) = jg(T) dr, t>0
0
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U BBIYHC/IUTH €r0 MaTeMarudecKoe oxKunanue my,(t) u qucunepcuto Dy (t).
Pemenune. Ina w € Q rpaekropus C® £(7) umeer Bug,

¢(r,w) = Uy (w) sinvt 4 Us(w) cosvr
n sBasiercs naTerpupyemoit Ha [0, t] dbynkumeit. Ilosromy

t
1 .
B (t,w) = Jg(T, w)dr = ~[U;(w)(1 — cosvt) + Up(w)sinvt], ¢ 0.
14
0
3amernm, 9TO f(t) C.K.-HEMIPEPHIBHA, KAK JIMHEHHAS KOMOWHAIMS HEIpe-
PBIBHBIX HECTYJIalHBIX (DYHKIIANA CO CIyIailHBIMA KO PUIHEHTAME, TMe-
IOIMMHA KOHEYHbIE BTOPbIE MOMEHTbI (CM. npuMep 8.1). B cuny npume-

pa 8.11 c.x.-maTerpan 7(t) CymecTByeT W COBIAJAET C TMOTPAEKTOPHBIM
uaTerpasom 7% (¢, w):

n(t) = %[Ul(l —cosvt) + Uzsinvt] (P-m.u.). (8.13)

Teneps, ucnombsys (8.13), HETPYLHO BLITHCIATE My, (t) u Dy (t):
my(t) = LM{UL} (1 — coswvt) + M{Us} sinvt] = 0,
v
Dy(t) = L [D{U1} (1 — cosvt)?* + D{Us} sin® vt + 2cov{Uy, Uy} x
v

x (1 — cosvt)sinvt] = %[(1 —cosvt)? +sin®vt] = Zy—lj(l — cosvt).

Takum o6pasoMm, npu KaxgoM t > 0 cryvaiinag sesmauna 7)(t) apigercs
rayccobckoil ¢ pacupenenermem N (0;2D(1 — cos 1/15)/1/2), KaK C.K.-HHTE-
rpax ot rayccosckoit CO £(t). m

8.4. IuddpepeHnmaibHble ypaBHEHUsI CO CJIy4YaiiHOI IIpaBoOii
qacTbio. BBejeHHBIE BBINE MTOHATHUS C.K.-IPOU3BOIHON U C.K.-HHTErpaJIa
MO3BOJILIIOT PACCMOTPETH MPODJIEMY KOPPEKTHOI'O OMUCAHUS AUHETH020
dupepenyuanbrozo YpasHerua CO CIYyIaHBIMUA BO3MYIIEHUSIME B TIpa-
BOI JacTu u CHy‘IaﬁHbIMI/I Ha4daJIbHbIMU YCJIOBUAMMU:

i(t) = alyn(t) + bOEW), ¢ 30, (319

n(0) = v, (8.15)

rae 7(t) — c.k.-upomsBoxHas 7)(t), £(t) — c.K.-HempepbIBHas mpu ¢ > 0
caywaiinas dynkmus, a(t), b(t) — HenpepbiBHBIE HeCTy4daitable QyHKIWN,

a V — HEKOTOpad cnyqaﬁHaﬂ BeJIM9HHA.

11 B.M. Muauep u A.P. Ilankos
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Onpenmenenwme 8.10. Cuyuaiitmaa bymkmus 7(t), t > 0 asrgerca
pemenueM ypasHenus (8.14) ¢ HadasbHbIM ycimoBueM (8.15), ecam npu
KaxxkjoM t > 0 BBIIIOJIHEHO

t

n(t) = v+ j a(r)n(r) dr + j b(r)&(r) dr, (8.16)

rae B npaBoil wactu (8.16) Bce MHTErpaJibl MOHWMAIOTCS B C.K.-CMBICIIE.
st siBHOTO MOCTpOeHMsT pemenusi (8.16) BBeJEM BCIOMOTaTEJLHYTO
Hecmyvaiinyio dbyakmuio 6(t):

0(t) = a(t)0(t), t
(0) =1

V

0 (8.17)

Nssecrno, qaro 6(t) us (8.17) rakosa, uro 0(t) # 0 upu mobom t > 0,
ecnu a(t) Kycouno HenpepbiBHa. Ciiepyromuili npuMep HOKa3bIBAET, KaK
BBHIVIAAT ObIee pemenune ypasHenns (8.14).

IIpumep 8.15. Jokazarh, 9T0 ciaydaiinas pyHKITAI

n(t) = 9(t)1/+H(t)JO_l(T)b(T)E(T) dr, (8.18)

rae 0(t) — pemmenune ypasuenus (8.17), ymosmersopsier ypapaeruio (8.14).
Pemenwne. [na moKasaTeabCTBa BBIYUCIAM C.K.-TPOU3BOIHYIO 7)(t)

byuxmuu 7(t), onpenenennoit B (8.18), NOMB3ysACH NOMYIEHHBIMA B IIpE-

JBIIYIIIX OyHKTaX CBOMCTBAME OIIEPAIHH C.K.-IudpdepeHnapoBaHns:

t

i) = 5 [ v+ 00) [0 (Mp(r)E(r) dr | =

0

t

[0 (rb(r)E(r) dr .

0

&l

= 0(t) v+ 6(t) j 0L (7)b(T)E(T) dr + 6(t)

ITpumensisi npaBuio quddepeHInpoBaHus C.K.-HHTerpaja 1o BepXHEMY
npegeiy (8.12) ¢ yuerom 6(t) = a(t)6(t), nonygaem

i) = a(t) 9w + 0(8) [ 97 (Ob(r)¢(r) dr] +

+0)0 ™ (H)b()E() = a(t)n(t) + b(HE(L).
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Takum obpaszom, 7n(t) ymosmersopsier (8.14) mpm Bcex t > 0. Ocramoch
IPOBEPUTH BHINOJIHEHNEe HadasbHoro yetosus: 1(0) = 8(0)v = v, mocKoab-
Ky 6(0) =1 B cnay (8.17). Urak, n(t), onpenenennas B (8.18), sBisiercs
pemenueM 3aga4u (8.14)—(8.16), 9To u TpeboBaIOCH HOKA3ATH. W
Beipaxkenne (8.18) mo3possieT BHIUCATH SBHBIN AHAJIATHYECKUIT BU,
permennst ypaBHerusi (8.14) Bo MHOTMX NPaKTWYIECKH BayKHBIX CITy9dasX.
IIpumep 8.16. C® n(t), t > 0 yaoBIETBOPSET YPABHEHUIO

n(t) =en(t) +¢, n(0) =v, (8.19)

rae &, v 0bpa3yIor rayccoBCkuil ciyuaiinbiii BekTop, npudem me = M{{},
m, = M{v}, D = D{¢}, D, = D{v}, p = cov{{, v}. Haiitu 3axon pac-
npejesenus Ciydaitnoil Besuuunst 1(t) upu aobom ¢ > 0.

Pemenwne. B mansoM ciydae mis 0(t) mveem

0(t) = ab(t),  0(0) =1,
nosromy 6(t) = e*'. Obuee pemenne (8.18) ypasuenus (8.19):

t t

n(t) = ev+ e“tje_’”f dr = e®'v 4 e J e dr = e™v+ g (e* —1).
0 0

Takum o6paszom, 7(t) — rayccoBcKas cIyvaiiHas BeJIMINHA, KAK JHHEHHOE

npeobpasoBaHue TayCCOBCKOTO ciydaifnoro sekropa {v,&}*, r.e. n(t) ~

~ N (my(t); Dy(t)), rae mapamerpst my,(t) u D, (t) onpeaensrorca cuemy-

FOIIIM 00pPa30M:

(1) = M{n(t)} = e, + ™ (e —1),
Dy(t) = D{n(t)} = 21D, + DF (et —1)° 4 22 (¢ oty w

BaMedanme. PaccMOTPEM aCHMITOTHYECKOE IIOBEIECHHUE DEIIeHUS
ypasuerng (8.19) mpu ¢t — oco. Ecm a < 0, To

n(t) —> = nupum t— oo,

cK. €&
|

nockonbKy €y~ 0 u & (e — 1) /o == ¢/|al. Takum obpasom,
muddepennmanbaag cucreMa (8.19) BBICTYIAeT MO OTHOMIEHUIO K BXOJ-
HOMy curHaiy & Kak ycmumreab ¢ kosbdunuenrom ycnienns k = 1/|al,
ecn BpeMd t JIOCTATOYHO BEJIHKO.

BamernM, aTo B ciayaae, kKorma CD £(t) mMeeT KyCOTHO HEMPEPHIBHBIE
(cemoBaTesbHO, HHTErpUPYeMble) TpaeKTopuu, dopmyia (8.18) moxer

11%
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PaCCMATPHBATHCS KAK MOTPAEKTOPHOE pemenne ypasHerms (8.14), T.e.
JIJIsL TIOYTH BCeX w € ) BBIIOIHEHO

t

n(t,w) = 0(t)v(w) + O(t)Je_l(T)b(T)f(T, w)dr. (8.20)

0

Dopmyia (8.20) 3amaeT «IydYoK» pead3aliil PeIIeHHH ypaBHEHUs
(8.14), KOTOpPBIIt MOKET GBITH IOy 9€H, HAIIPAMED, HEMOCPEICTBEHHBIM Pe-
meHneM OOBIKHOBEHHBIX MuddepeHINaIbHBIX YPABHEHH, OMACHIBAIOIIIX
KazK/yI0 TPAeKTOPUIO:

{ i(t,w) = a()n(t,w) + b(t)&(t,w),
n(0,w) = v(w).

Paccmorpum Tenmeps BEKTOPHBIN ciaywail, korma cucrema (8.14) cocro-
T U3 N JuHeHbIX quddepeHnnaIbHbIX YPaBHEHTII:

{ i(t) = A()n(t) + B($)E®), ¢ >0,

8.21
o) = (520
rae n(t) — c.k.-npomsBogHas n-mepHoii CP® n(t), £(t) — m-mepHas
c.k.-aenpepbiBHass CP, v — n-mepubiit CB, a marpuunbie QyHKIEH
A(t) € R**™ | B(t) € R™™™ umeror HeciaydaiiHble KYCOYHO HEIPEPHIBHbIE
KOMIIOHEHTHI.

O6uee pemenne ypasaenus (8.21) umeer Buj,

n(t) = O(t)v + O(t) J 0 Y (r)B(r)&(T) dr, (8.22)

rne O(t) — mampuunas pynryus Kowu, yIOBIETBOPAIOMAS CHCTEME
OTHOPOAHBIX MudHepeHnnaIbHBIX YPaBHEHTT

©~1(t) — maTpuma, obpaTtras K O(t). UnTerpas B mpasoit vactu (8.22) mo-
HAMAETCS B C.K.-CMBICJIE U TPAMEHSAETCS K CIydaifHONl BEKTOPHOM TOIBIH-
TerpasbHOil (byHKIUM TOKOMIOHEHTHO. 3ameruym, uro O~ 1(t) cymecrsyer
npu KaxxaoM ¢ > 0, ecin A(t) nMeeT KyCOIHO HeNpepPBIBHBIE KOMIIOHEHTHI.

Ipumep 8.17. Boruucaurs MareMarudecKoe OxKupanue my(t) u Ko-
BapuanuoHuyio Marpuiy K, (t) pemenus 7(t) cucremst (8.21), cantas, IT0
npu kKaxaoM t > 0 caygaitaeie Besmannsl v, £(t) ABAAIOTCS HEKOPPETUPO-
BaHHBIMH, a PyHKIUA Mg (t), Re(t1,t2) H3BECTHDL.
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Pemenwe. Ilpuvennm k o6emm gactam (8.22) omeparop maTeMaTn-
YECKOTO OKHIAHUA:

t

my (8) = M{n(t)} = M{© (1)} + ©(t) M{[ 071 () B(r)¢(r) dr | =

0

= O(t)m, + @(t)J@*l(T)B(T)mg(T) dr.

W3 mocieHero COOTHONIEHNUS CIEAYET, ITO My, (t) ABJIIeTCS pelleHreM
CHCTEeMBI OOBIKHOBEHHBIX MudPepeHNUAIbHBIX YpaBHEHTI

ity () = A(t)my (t) + B(t)me(t)

C HadaJIbHBIM yCIOBHEM My, (0) = m,,.
Ananorununo, pist K, (t) = cov{n(t),n(t)} ¢ yuerom nekoppesnposan-
Hocru v u £(t), t > 0 nomydaem

K, (t) = O(t) cov{r,v} ©*(t) +
ol

on[R+ J J 07} (1) B(r)Re(n, m2) B (72) (07 () drads | 7 ().

cov{O®7! (1) B(m)&(m1), 07 (12) B(72)(2) } dridry ©7 (1) =

O+

rme R, = cov{v,v}, a Re(m1,m2) =cov{{(m),{(m2)}. K coxanenuo,
B obmem ciydae marpuna Kp(t) He siBisiercst pemieHneM Kakoro-iamn6o
mudepeHnraIbHOr0 ypaBHEHHUSI.

Ecmu e npegmomoxuts, 4910 Re(T1,72) = V(11)0(72 — 1), THE
V(t) — dbynxnms, 3HAUEHIAME KOTOPOU SIBIISIIOTCS] HEOTPHIATEIHHO-OIIPE-
JleJIeHHBIE MATPHUIBI, TO ToBOpAT, uTo &(t) — m-MepHBIA beavid wym
¢ mampuuetd unmencuerocmetd V(t). Ioncrasus dopmanbuo Re(7i,72)
B BhIpaxkenne qng K, (t), momyaum

K,(t) = O(t) [R, + [0 (1)B(r)V (1) B*(r) (07! (r))"dr|©°(1). (8.23)

MoxkHO moKa3aTh, UCHONB3ysa onpegenenue mMarpunsl O(t) u muadde-
peHIUpys o6e gactu (8.23) mo ¢, 4ro

K, (t) = A(t) K, () + Ky (£)A* () + B(t)V (£) B* (t),
K,(0) = R,,.
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3amernM, OJHAKO, 9YTO HOPABOMOYHOCTH IIPOJEIAHHBIX BBIKJIAJIOK
B paMKax PAaCCMOTPEHHOW TEOPUH C.K.-MHTEIPUPOBAHUS MbI 0DOCHOBATH
HE MOXkeM. D10 Oyjer ciaesaHo jajee, B §11, mocBsuieHHOM Teopuu
croxacTuaeckux audhepeHuaabHbIX ypaBHeHn . B

8.5. 3ajauu AJisi CAaMOCTOSTEIbHOIO pellleHusl.

1. Toka3zars, uto n(t) = p(t)&(t) + ¥(t) — c.x.-HenpepoiBHas CO, ecin ¢(t),
1 (t) — menpepbiBHBIE meTepMuHUpOBaHHbIe QyHKINHU, & &(f) — C.K.-HEIPEpbIB-
nas CO.

2. ITycrs C® £(t) c.K.-HeIpephIBHA Ha KOHEYHOM TpoMmexyTke T = [a,b].
Jokazarb, uro Haiifiercst Takoe koneunoe C, uro M{|£(t)[*} < C pna mo6oro
telT.

3. Ussecrno, ato £(t) = 0 ¢ BepoaTHOCcTHIO 1 ipm KaxkzgoM ¢ € T'. [lokasaTp,
4TO B ITOM Cilyuae Cyliecrsyer Koucrauta ¢ € R, taxas, uro £(t) = ¢ (P-m.n.)
mpu Kaxaom t € T.

4. Haiitu ¢.K.-IIPOM3BOIHYIO §(t) masg CO £(t) = Asin(vt + @), rne A, —
CITydaiiHble BeJIMYMHBLI ¢ KOHEYHBIMH BTOPBIME MOMEHTaMH, a v = const.

Orser. £(t) = Avcos(vt + ¢).

5. [lokazarb, uro u3 c.k.-guddepennupyemoctn CP® (t) cuenyer ee
C.K.-HEeIIPepbIBHOCTD, a 00paTHOE yTBEpXK/eH’e HEBEPHO.

: OR¢ (t,T)

6. lloxasarp, uro R (t,7) = cov{{(t),£(T)} = 59—7-

7. llokazaTb, 94TO NEHTPUPOBAHHAS TayCCOBCKad ciydaiinag dbynkuus £(t)
Re(t,s) = (1+ |t —s|)e™*°l apnserca c.x.-muddepennupyemoii, noKasaTh
He3aBUCHMOCTE cedenuit £(t) u &(¢).

Ykasanmne. Ilokasars, uro R(t,s) = (1 — [t — s|) e lt=sl g Reg(tys) =
=(t—s)e 2l

8. Ilycrs nenrpupoBannas C® £(t) mMeeT KoBapUALMOHHYIO (DYHKIHIO

T
Re(t,7) = o*t. Berancimrs M{n*}, rae n = J'ﬁ(t) sin(wt/T) dt.
0

OrsBer. 02T4/7r2.

9. [Ipusectu npumep C®, KoTOpasi He sBJIAETCH C.K.-HEIPEPbIBHOH Ha OT-
pesKe, HO TeM He MeHee C.K.-HHTerpupyeMa Ha HeM.

Y kazanue. Bocronb3oBarbcs pe3ysbraroM npumepa 8.2.

10. [lokazats, uro ecmu CD £(t) c.k.-muddepenmupyema, a £(t) ¢.K.-Henpe-
PBIBHA, TO i C.K.-HHTerpaJia cupasegiuba dopmysia Hporona—Jleiibuuma:

| e dr =¢(t) —€(t0)  (P-mm).

Ykazanune. Cm. mpumep 8.13.
t

11. Beraucanrs gucnepcuio narerpasa n(t) = J&(T) dr, ecnu CO £(t) umeer

—alt—T|

koBapuanuonnyio dynkuuio Re(t, 7) = De
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OtrBer. Dy(t) = b [t—l— l(efa‘t — 1)]
a a

12. I[Tycrs £(t) = Ut + V, toe U,V — ciydaiifble BeJIMIUHBI ¢ KOHETHBIMA
BrOopbiMU MOMeHTamu. Pemnrh nuddepeHnuaibHoe ypaBHEHHE

n(t) + an(t) = BE(), n(0) =0,

riue o, [ — MOCTOSHHBIE KO3(MDMDUIIMEHTHI.

A (efo‘t—l—toz—l)U—{—

Orser. n(t) = = h
(6%

«

(1—et)V.

§ 9. CranmmonapHble ciydaiiible OyHKITUN

9.1. OcHOBHbIE XapaKTEPUCTUKHU CTAIMOHAPHBIX CJIy4YalHbIX
dyskuii. PaccMoTpuM KOMIIJIEKCHYIO THIBOEPTOBY CiydaiiHyio pyHK-
muio £(t), Tme Bpems ¢ mpoGeraeT MHOXKECTBO BCEX BEIECTBEHHBIX HH-
cen R,

Onpenenenne 9.1. Cnyqaitnas bynxuus {£(t), t € R} naspisaer-
csl CMAYUONAPHOtl 6 WUPOKOM CMYBICAE, €Cin s aobbix t, 7 € R

M{{(8)} = M{£(0)},  cov{{(t+7),&(n)} = cov{£(t),£(0)}. (9-1)

B panbHelimeM craroHapHble B ITHPOKOM CMBbICHe (hyHKIUU Gymem
KPATKO HA3BIBATD CMAUUOHAPHOMU caywatinvmy dynrxyuamu (CCD).
Kpome Toro, He orpaHIYnBast OBIIHOCTH, IpeanonoxuM, aro M{{(t)} = 0.

Ounpenenenune 9.2. Kommnekcuast dynkius

Re(t) = cov{§(t),£(0)}, te R, (9.2)

Ha3bIBAETCA  KOBAPUAUUOHHOT,  PyHKryuetd cmayuoraphotli cayuatinot

Pyrmyuu £(t).
Us (9.1), (9.2) caemyer, 9ro ams mobbx t, s € R

cov{£(t). £(s)} = M{EMWER)} = Re(t — ).

Kosapuanuonnas ¢yukuus Re(t) obinagaer cBoiicrBaMu, KOTOPbIE BbITe-
KaIT HEMOCPEJCTBEHHO U3 ompeesieHns 9.2 u U3 o0IMUX CBONCTB KOBapH-
armuouHOi DyHKIEH (cM. m. 2.2):

1) koBapuaruonHas PYHKIWA ABIAETCH HEOTNPUUATNEADHO-ONPEIEALH-
Hoti, T. €. IJIst II0OBIX 21, ..., 2, € Cuty, ..., t, € R, n > 1, umeer mecro

HEPaBEHCTBO
n o n

Z Z ZiszE(ti — tj) 2 0,

i=1j=1
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2) mucnepcust De CC® {(t) mocrosinma U uMeer BIJ
D¢ = Re(0) = M{[¢(0)]*} > 0;

3) xoBapuanuonnas Gbynrnus Re(t) aBugercsa spmumosod, T.e.

Re(—t) = Re(t) mnsBcex t € R

4) |Re(t)] < Re(0) pst Beex t € RY;

5) |Re(t) — Re(s)|> < 2Re(0)[Re(0) — Re Re(t — s)] mnat Beex t, s € RY;

6) KoBapuanuoHHas (DYHKIHUS HempepbiBHA Berogy Ha R') eciu ona
HenpepbiBHa B To4Ke t = 0.

Tak ke Kak W B ciydae JUCKPETHOIO BpPEMEHW, KOBapHUAIMOHHAS
dyuknusa CCPO umeeT CreKTpAIbLHOE IPEICTABICHAE.,

Teopema 9.1 (Boxuep, Xunuun). Iycmo {{(t), t e R'} — CCP
¢ Henpepwuierotll Kosapuayuornot, @dymryueld Re(t). Toeda natidemca
00HO3HAYHO ONPEENEHHASL BEULLCTNBEHHAA O02PDAHUYEHHAA, MOHOMOHHO
neybuearowan pynxyus Fe(X), X\ € R, nenpepuwsnas cnpasa na R u
F¢(—o00) =0, maxaa, wmo

Re(t) = T eMdFe(N), teRh. (9.3)

Oyuxnus Fg(\), ompenenennas B TeopeMe 9.1, Ha3bIBaeTCI cnex-
mpanvhot dyrryuett CCP £(t). Ecim Fg(A\) npr kaxgom A € R mpen-
craBuUMa B BUJIE

To BellecTBeHHast (DYHKIUS f¢(V) HasbBaeTCs CREKMpasvrol naommo-
cmuvio CCP £(t). B arom ciygae fe(A) = %F{(/\) nouru Beogy Ha RY,

HpUYeM B CHIy MOHOTOHHOCTH Fg¢(M) cmekTpasbHas IIOTHOCTL fg(X)
HeorpunarensbHa. Kpome Toro, us (9.3) crenyer, aro

Re(t) = J eMfe(N)dA, teR, (9.4)
O9TOMY Jucrepcus cranuonapuoit dyuknuu £(t) umeer Buz,

De= | fe(\)dA= Fi(so).
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Sameuanue. Beejennbie Ha3BaHUs Jisl CHEKTPAIbHBIX XapaKTepu-
ctuk Fg(A) 1 fe(A) obbsacasioTesa Tem, aro mapamerp A € R! nveer cvbren
9acTOTHI, a npeacrasiaeHne (9.3), HA3BIBAEMOE CNEKMPAALHBIM PABAOIHCE-
HUEM KOBaAPUAUUOHHOT PYHKUUU, TIOKA3BIBAET PACIpPEIeJIeHne SHEPIun
CTAIMOHAPHOM PYyHKIMM 110 4AaCTOTAM CHEKTPA.

CB3b CHEKTPAJbHBIX XapaKTEPUCTUK ¢ KOBAPUAIMOHHON (hyHKIMeH
CC® omnmcana B cieayromeil Teopeme.

Teopema 9.2. ITycmo {£(t), t € R'} — cmayuonapnaa cayuatinas
Pyrryua c nenpepuisroti xosapuayuonrot pynryuet Re (t). Tozda

1) dan w06z mouex nenpepwsHocmu A, i, A< [ cnexmpasvrol
pyrryuu Fe(X) svinoaneno paserncmeo

—ixt _ —int

1 ..
Fe(n) ~ Fe(\) = - lim |
—-T

2) ecau K08aPUAUUOHHAH PYHKUUA Re (t) unmezpupyema 1a R, m.e.
o0

j |Re(t)| dt < oo, (9.5)
— 00

mo cnexkmpaavras naommnocmov  fe(A) cywecmeyem u onpedeasemca
obpamnvim npeobpasosaruem DPypve KosapuayuorHol dynryuu:

fe(\) = % | e ™Re(t)at. (9.6)

Bameganne. Jusa semecrsennoit CCP £(t) ee xoBapuarus Re(t) —
BEIEeCTBeHHAsT (DYHKIWsI, TPUIEM yCJIOBUE SPMHUTOBOCTH IIPEBPAIIAETCS
B yCJIOBHE YETHOCTH:

Re(—t) = Re(t), teR.

Torma B cuiy (9.6) cueKTpajbHas IWIOTHOCTh IIPUHAMAET BUJL

fe(A) =

3=

J cos At Re(t)dt, A€R!,
0

nosromy fe(A) raxake siBisiercst yernoit pynkuueit, r.e. fe(X) = fe(=A), a
crekrpasnbHas GyHruus Fg(\) nMeeT cHMMeTPHYHbIE OTHOCUTEIBHO HyJIst
IpUpAaIEHUs:

Fe(p) — Fe(A) = Fe(—A) — Fe(—p), A< p.
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B sTom ciyaae dopmymna (9.4) npuamMaer Bu,

Re(t) =2 j cos Mt fe(A)dX, teR'. (9.7)
0

Ucnonp3yss moHsTre HMHTErpasia 0 OPTOrOHAJIBHONW CTOXACTHIECKOMN
Mepe (cM. 1. 14.8), MOXKHO MONyYUTH CHEKTPAJIbHOE IpEJCTABICHHEe st
CTAITMOHAPHON ciyvIaiiHoil PyHKIINN, AHAJTOTUIHOE PA3IOKEHUIO JIJIs CTa-
IIUOHAPHOH MoC/IeJOBaTeJIbHOCTH.

Teopema 9.3. IIyecmo {£(t), te R} — CC@ ¢ xosapuayuonnot
pynryuett Re(t), donycraroweds cnexmpanvroe pasaooicenue (9.3). To-
2da cywecmsyem maxas OPMOZOHAALHAA CIMOTACIUNECKAA mepa Ze (dN),
onpedenenras na bopeaescroti o-anzebpe B(RL), wmo umeem mecmo nped-
cMasAeHue

£(t) = T e Ze(dN), teR!, (9.8)

npu smom das a06ozo bopeaesckozo muoocecmea A € B(R')

M{|Z¢(8)]?} = [ dFe(N). (9.9)
A

Bameuanue. Ecim {(t) umeer crnexrpasibuyio mioraocts fe(A), To
dopmyna (9.9) npurumaer Buz,

M{|Z(A)P} = | fe(Vdr, A eBR).

9.2. IIpumepbr CC®P. Ilpusemem mpumepbl HEKOTOPBIX HamboJee
gacTo Berpedatomuxca CC®, moscHAONME BBeJeHHBIE BHIME OIIpejIese-
HUS U MOJICJIH.

IIpumep 9.1. Cuekrpanbras mwiorHocTh Bermectsenuoi CCD £(t)
HMeeT BHJ,

2
ey =] an A<
0 mpm |Al> Ao,

rae Ao > 0. Boramenurs koBapuanuonnyo GyHkumo u gucnepcuto £(t).
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Pemenune. B cuiy 9eTHOCTH CIEKTpaJbHON IIOTHOCTH IO (POPMY-
ae (9.7) poa t # 0 umeem

oo 2)\0 2
Re(t) =2 J cos Mt fe(A) dA = Z- j cos \tdA = L sin Aot;
0 0
2 Ao 2
_ _a oo
Dg = Re(0) = Z Jd)\— 20,
0

Sameuganune OTMeTnM, 9T0 KOBaApUAMOHHA PYHKIU 0OpAIaeTCs
B HyJIb B TOUKax Ty = 7k/Ag, k € Z. Dro o3Hauaer, 4ro cedenus &(t),
&(t + 1) — mekoppenmposanubie. Ecim A mocrarouno semmko, To £(t)
HA3BIBAIOT WUPOKONOAOCHLM OEABLM WYMOM B ACIOIL3YIOT JJIs ANIPOK-
cumanum 6eJI0To IryMa ¢ HEIPEPBIBHBIM BpeMeHeM (cM. nasee mpamep 9.3).

IIpumep 9.2. CymecTByeT Ju CcTalMoHApHasg ClydaiiHad OyHK-
nus &(t), nMeromas KOBapHaAMOHHY 0 (DbyHKIUIO

o? upu |t| < to,
Re(t) = {

0 opm [t| > to,

roe o > 0, tg > 07

Pemenne. Ilpeamomoxkmm, aro takag CCP cymecrByer. Tak Kak
ee KoBapualuoHHag dbyHKuus yjaosierBopser (9.5), £(t) momxkaa uMernb
CIIEKTPaJIbHYIO [JIOTHOCTh

0o to
_ L[ mine _ L
fe(A) = 5 J e "V Re(t)dt = — Jcos)\tdt— = sin Atg.
—00 0

Teneps Bunno, uro yciosue fe¢(A) > 0 e BblmoaneHo, mosromy fe(A) ne
MOXKeT OBITh CIIEKTPAJIbHOM TMJI0THOCTHIO. Takum obpazom, CCD ¢ 3aman-
HOIT KOBapmanunoHHO# (byHKIMeH He cymecTByer. W

IIpumep 9.3. B min. I obcyxRaanoch MOHATHE CMALUOHAPHO20 6EA020
wyma Kak npornecca £(t), IMEmEero KOBapuanuoHHY0 QYHKIIO

Re(t) = a?5(t).

BbIUucauTh CneKTpaiabHyIo IIOTHOCTD Jgist E(t).
Pemenue. @opmanbao npuMmensisi mpeobpaszoBanne Pypbe K IeIbTa-
dyHKIIUH, TOTyIaeM

o0 2

J- e Ma25(t) dt = L mivg2l 2 AeR. m
27 2T

1
2T =0

fe(A) =

— 00
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Sameuanue. B nanaom maparpade Mbl OymeM gaJiee UCIOIb30BATh
HOHATHE CIMAYUUOHAPHO20 6EN020 WYMA KAK TIPOIECCa, IMEIOIIEro MOCTOSH-
HYIO CHEKTPAJIbHYIO NJIOTHOCTb BO BCEM JMANA30HE 4aCTOT —00 < A < 00.

IIpumep 9.4. Koapuanumonnas dbyuknus Re(t) CCP £(t) umeer Buz,

Re(t) = De el

rae D > 0, a > 0. ITokasark, uro &(t) MMeeT CIEKTPAIbHYIO ILIOTHOCTH,
¥ BBIYUCIIHUTD €€.

Pemenue. ®ynxnus Re(t) yooBleTBOpSeT yCIOBUIO HHTEIPHPYEMO-
cru (9.5), TOITOMY CymECTBYeT CIEKTPaJbHAasA MIOTHOCTh

-t T oo _D T o—ine—altl gy
fe) = 5 J MR (t) dt = 5 j e dt =
_ 200 —iM—at | _iXt—at _ 2( 1 1 ) - Da
_271',[(6 Te )dt_27r i)\+a+—i)\+oz _7r(oz2+)\2)'.

0

Sameganune. [lapamerp o xapakTepu3yeT CKOPOCTb yMEHBITECHUS
KODDPEJIAIME MeXKJly CEeUeHUsIMM, MOCKOJIbKY npu t >> 1/a BeImOMHSIETCS
R¢(t) ~ 0. Eciu cedenus: mporecca He KOPpeIUpYIOT HIpH GJIM3KUX 3HA-
geHmax t, t', TO Takoil IMpomecc MoXKeT GBITh XOPOIeil MOJeIbio 6es1oro
myma. HeticrBurenbuo, ecmum D u « cTpeMaATca K OECKOHEIHOCTH TakK,
aro D/a — 02 > 0, To cmekTpajgbHasg MIOTHOCTH f¢(\) npubiamkaercs
K IHOCTOAHHOU CIEKTPaJIbHOU IJIOTHOCTHA o? / 7T BO BCEM JUalla30He 4acToT
—00 < A < 0.

[Ipumep 9.5. Mycrs £(t) = £(0) g(t), rae M{£(0)} = 0, D{£(0)} =1
u g(t) — HekoTOpag KOMIUIEKCHas HecitydaliHasg GyHkums. [Ipu kakux
ycioBusix Ha ¢(t) ciaydaitabiii nporece £(t) crammonapen? OnpemenuTs
KOBAPUAMUOHHYIO (DYHKIUIO TAKOI'O IIPOIECCA.

Pemenue. U3 ycioBusi CTAIMOHAPHOCTH TMOJIy9aeM COOTHOIIIEHUE

g(t)g(s) = g(t — s)g(0),

oTKyga (econm mcmonp3oBarh mpencrasienme bynkman g(t) = p(t) e )
BBITEKAET, ITO

p(t) = 1g(0)] =1, @(t) — @t —5) = @(s) — ¢(0).
Ecnn npeamonoxurs, aro ¢(t) nuddepernupyema B Touke t = 0, TO

d d
Loty = So]_ =20,
OTKyJa CjlellyeT, 4TO )

g(t) — ez)\ot‘
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[TosTomy Kopapuanuonnas dyuxiusa mporecca &(t) = £(0) ef*o! npunuma-
eT BUJ,
RE(t) =Mt m

[Ipumep cranuoHapHON CydaiiHOi DYHKIMA MOYXKHO TOCTPOUTD, 33/1aB
ee HeITOCPEeICTBEHHOE PA3JIoyKeHNe Mo rapMoHmdeckuM dynrnusamM. Cirexy-
FOIUil TpUMeD ABJIAeTCs 00ODIEHNEM IIPEIBLILYIIEro.

IIpumep 9.6. Paccmorpum caygaitnyio dpyHKITUIO

oo
E(t)=>" zee™t te R,
k=1

rae —oo < A\ < 0O — Hec/IydaifHble pa3jIndHble YHUCIa, a 2 — HEKOppe-
JIMPOBAHHBIE CTy9JaifHble Benmmaunbl, Takme, 9to M{zp} =0 n

i M{|z[*} < oo. (9.10)
k=1

IMokazare, aro £(t) cranmmoHApHA, ONPENENUTH €€ KOBADUAIMOHHYIO
bYHKINIO U OCTPOUTH €€ CIEKTPAIbLHOE PA3JIOXKEHUE.

o0
Pemenume. Panx {(t) = > 2pe™¢ cxomuTes B CpemHEeKBaIpaTHIC-
k=1
CKOM cMBIciTe Juig mmoboro t € R B cmy yenosua (9.10). U3 ycuoBus
[EHTPUPOBAHHOCTH W HEKOPPEJIMPOBAHHOCTH BeJWdIWH {zp} moIydaem

M{{(t)} =0 u

cov{£(t),£(s)} = M{ 3" zpe™ Y me N} =

k=1 =1

8

oo
=2
k=1

oo
M{zp,Z;} e!Owt=A) = §™ g2 eiAk(t=s)
k=1

=1

rie of = M{|z;[?}. Taxnm obpasom, ciyuaiinas gynkius &(t) spisercs
CTaImOHAPHOH, a ee KOBapUATMOHHAS (DYHKIAS UMEET BH/L

Re(t) = ope ™t (9.11)
k=1

Coornomrenne (9.11) 3amaeT cleKTpaJabHOe pa3iozxkenue 1 Re(t) u ompe-
JIeJISIET COOTBETCTBYOILYIO CIIEKTPAIBHY 0 DYHKIIIIO

Fe(N)= Y ok

k: A<
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Oyukius Fg(\) — KyCOYHO HENPEpPBbIBHAs CO CKAYKaMH (B TOYKAX Ag),
pasubivu Fe(A,) — Fe(Ay—) = 07,k = 1,2, ... Bamerum rakxe, 4ro ¢Hop-
Myna, sagaomasa ¢(t) B yCIOBAM JAHHOTO TIPAMEpA, OMHUCHIBAET CIIEK-
TpasibHOe pasioxenue £(t) Buma (9.8), rjie oproroHasJbHas CTOXaCTHYE-
CKasg Mepa ompejesserca pbipakenueMm Zg(B)= > zp s smo60ro

mHuoxecrsa B € B(R!). m k:AxeB

Crenyromuil mpuMep ONUCHIBAET MO/I€JIb, KOTOPasi 9aCTO UCIOIb3yeT-
Cd B TEOPWH CJIyYailHBIX TPOIECCOB, CBA3aHHBIX C Hepemadeil nHMOpPMa-
W7, MOJEJISIMA HAJIE?KHOCTH U MaCCOBOTO OOCIIYKUBAHUSI.

IIpumep 9.7. llycte 0 =19 < 71 < T2 £ ... — CaydallHbIe MOMEHTHI
BpEMEHU, 06pa3yolIne NYaccoH08CKUt NomMox MHTEHCUBHOCTH Ay > 0, T. €.
{Tk+1 — Tk, £ = 0,1,2, ...} HE3ABUCWMBI U PACTIPEIEIIEHBI MO SKCIIOHEH-
[MAJIBHOMY 3aKOHY C TapaMmeTpoM Ag. Cuyudaiinas dbyskuus £(t) mmeer

CJIeIYIOILY IO CTPYKTYPY:
f(t)ZVk, npu tE[Tk,Tk+1), k=0,1,2, ...,

roe {Vik} — mnociaenoBaTelbHOCTH IEHTPUPOBAHHBIX HEKOPPEJIMPOBAH-
HBIX CJy9IalHBIX BEJMINH ¢ opguHakoBbivu aucnepcnsimu D{V;} = D > 0.
[Ipenuonoxkum Takxke, 4ro Beaudubl {Vi} He 3aBUCAT OT MOMEHTOB
spemenn {7;}. ITokazars, uyro ciaydaiinas dynkuus £(t) sasisiercs cra-
IIMOHAPHOM, U BEIACIATD Re(t), fe(N).

Pemenne. IlyacconoBckmii moTOK OymeT moapobHO onmcaH B 1. 12.1.
31ech 2Ke HaAM TOHAIO0OWTCs Cileaylomee ero cBoiictBo: ecim X — Ciy-
qaffHOe YHCIO TOYEK NOTOKA {7}, NONABIIUX B MPOMEXKYTOK |[S,t),
rme 0 < s<t, to X ummeer pacnpenesnenne llyaccorma ¢ mapamerpom
0= Xo|t — sl

§med
m! ’

P{X =m}= m=20,1,2, ...

Hna dukcuposannoro ¢ > 0 cobbrrua Hy(t) = {t € [, 7k4+1)}, k =
=0,1,2, ..., 06pa3yror cucmemy sepoammocmuuir 2unomes (cM. 1. 14.1).
Torpa, mpumensst GOPMyYIIy MOIHOIO MATEMATHIECKOrO OXKUAHUSA, TOIY-
qaeM

M{€(0)} = >° M{®) | Hult)} P{HL ()} =

= S M{Vi | Hi(0)) PLH(0)} = 5 M{Vi} P{HL(1)} = 0.
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Hna sapannbix 0 < s < t cobbrrna { Hg(s)H;(t), k, 1 =0,1,2, ...} — tak-
JKe CHCTEMa BEePOSITHOCTHBIX TUIIOTES, II03TOMY

cov{{(t),£(s)} = M{£(£)E(s)} =
= 3° 3 MUEE(s) | Hils) (1)) P{Hi () (D)}
k=01=0

rme npu k =1

M{E(t)E(s) | Hy(s)Hr(t)} = M{V; | Hi(s)Hy(t)} = M{V;?} = D,
anpu k # 1

M{E(t)E(s) | H(s)Hi(t)} = M{ViVi | Hi(s)Hi(t)} = M{V,;Vi} = 0.
Torma cov{£(t),&(s)} = DP{H}, rue cobbirue H umeer Bug,

H = Ej Hy(s)Hy(t) = {7 ¢ [s,t) an upn xakom k > 1} = {X = 0}.

k=0

CaepoBarenbho, cov{£(t),&(s)} = De ot =5l = Re(t — s). Takum 06-
pasom, £(t) — CCD ¢ kosapmanmonnoii dymxmueii Re(t) = De Moltl u
_ DXo
T or(A2 4+ A2)

Bameganue. Ecn B yoroBuax npamepa 9.7 Bemmaunst { Vi } nmeror
pacupeaenenue P{V}, = 1} = P{V}, = —1} = 1/2, ro cayuaiinbLii npouecc
&(t) maspIBAIOT MeEnezpaPHOLM CUZHAAOM.

CIeKTPalbHON IIIOTHOCTBIO f¢ () (B cuny nmpumepa 9.4). ®

9.3. JIuneiinbie npeobpazoBauus CCP. IIpeacraBum cebe HEKO-
TOpyIO cucrtemy S, OCYMIECTBJSIONIYIO TPEOOPA30BaHUE CHUIHAJIOB, T.€.
dyuKumii, 3aBucamux ot BpeMenu. OyHKIMsA, KOTOpas IO0JKHA OBITH
npeobpa3oBaHa, Ha3bIBAETCH 6L000M, a (PYHKIUs, KOTOPas IIOJLy4aercs
B pe3yJibTare Mpeobpa30BaHusl, HAZBIBAETCA 6bix0d0oMm cucTeMbl S. Beskast
cucreMa 3aJaercsi Kjaccom L J0nycTuMbix (DyHKIUil HA BXOJE U olepa-
ropom L(X) =Y, rme X — nomycrumbrit Bxom, a Y — cooTBeTCTBYOIHiX
BBIXOJI, CHCTEMBI.

Onpenenenune 9.3. Cucrema Ha3bIBACTCI AUHETHOU, €CITH

1) xiacc £ ecThb JMHEHHOE TPOCTPAHCTBO;

2) oneparop L ABIAETCA JWHEHHBIM, T.€. yJOBIETBOPSAET MPUHITAITY
CYTEPIO3UIAN:

L(aX, + BX3) = aL(X;) + BL(X2) VYa,B R, X, X, € L.

Omnepatop L Ha3bIBAIOT TaKXKe AUHETHbIM TPe0dPA3068aGHUEM.
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ITycte CC® £(t) mmeer cmekTpasbHOe pasioxkenue (9.8) B Bune un-
Terpaja IO OPTOTOHAJBHO cToXacTHIecKoi Mepe Zg(dA), a Fe(\) — ee
cnekTpasbHas dyHkmus. IlycTh TakKe 3a7aHa HEKOTOPAst KOMILIEKCHAST
dbynkmua ®(N), A € R!, taxag, aro

T |B(\)|2 dFe()) < oo. (9.12)

Onpenenenne 9.4. Ecmu cryqaiinas dbynkmua {((t), t € R'} no-
IyCKaeT IIPEJICTABJICHUE

C(t) = j eMB(N) Ze(dN), (9.13)

rae () yaoeaerBopsier yciopuio (9.12), To roBopsr, uro ((t) mosydeHa
u3 £(t) ¢ moMompBIo cmayuonaprozo aunetinozo npeobpasosarus. Pynkius
®(A) B (9.13) HasbIBaeTCH wacmomnoti Tapakmepucmukot 3Toro npeodbpa-
30BaHHS.

HenocpeacTBeHHBIMA BBIYUCIEHUSIMA HETPYIHO yOEIUTHCS, 9TO

D¢ = J [B(N)[2 dFe(N), (9.14)
Fe()) = J |B(v)|> dFe(v), A€R'. (9.15)

Ecin ke CCD nmeer crekTpaibHyio mioTHoctb fe(A), o ((t) raxxe
HMeeT CIeKTPAIbHYIO IIIOTHOCTD f¢(A), mpudem

fe) =12V fe(n), AR (9.16)

Ecmu dynxuus ®(N) yposnersopsier (9.12), To unpouecc ((t) rak-
JKe ABJIAETCA CTAMOHAPHBIM, TpmdeM cooTHomernue (9.13) samaer ero
CIIEKTpaJbHOE TpejcTaBienue. VI3 CBOMCTB CTOXaCTUYECKOrO MHTErpaJa
(cm. . 14.9) curepyer, uro KoBapuanuonHas ¢yHnkuus npouecca ((t) paBaa

Re(t) = cov{C(t),CO)} = | eMBO)PaR(N).  (917)

— 00

BaMedaHme. AHAJOTMYHO CJIydYard IUCKPETHOIO BpEMeHH (CM.
1. 3.3), MOXKHO MOKa3aTh, 9TO i Begkoro t € R mpomece ((t), ymosie-
rBopsatomuii (9.13), aBuserca nmubo nuHeHHON KOMOMHAIME HEKOTODBIX
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ceaennit CCO ¢(t), mmbo c.K.-mpemesoM Takux KoMOmHAImil. DTUM u
0ObACHAETCA HCIOIb30BaHAe TEPMUHA «JIMHEHOe Mpeo0pasoBaHue» i
o6osnauernus (9.13). 3amernm TakKe, 9TO ecin JMHEHHOMY Tpeobpa3oBa-
HUIO TIOJIBEPTAETCA TayCCOBCKas cnydaitnaa dbynkuus &(t), a pesyIbTaToMm
Npeobpa30BaHUs SABJISAETCS BEIECTBeHHAs Cirydaitnas ynkmms ((t), To
¢(t) — Tak>kKe rayccoBcKad.

B npukaIagHbIX 3aja49aX JHHEHHbIe Tpeodpa3oBaHs 0OLIYHO 3aaf0T-
ca me B wacrorHoit dopme (9.13), a Bo Bpemennoii. [Ipusenennbie HUXKE
OpUMephl MOKA3BIBAIOT, KAK yCTAHABJIMBAETCA COOTBETCTBYIOMIAA CBA3b
MEXKJy STUMH OINUCAHUAME, & TaKKe IIOACHAIOTCA COOTHOINCHUS MEXKILY
BPEMEHHBLIMH B 9YACTOTHLIMH XapaKTEePHCTHKAMHU JIMHEHHBIX CTAI[HOHAD-
HBIX IIpeobpa30BaHMIl.

IMpumep 9.8. Ilycrs npouecce ((t) nonyuen us £(t) nupeobpazoBanueM
capura 1o Bpemenu ua T € RY, T.e.

C(t)=€Et+T), teRh (9.18)

Iokazare, uro (9.18) — crammomapmoe JumHE(HOE HpeobpazoBaHUE, W
HafiTH ero 9acTOTHYIO XapaKTEePHUCTHKY.
Pemenwe. B cuny cnekrpamsroro npejacrasienns (9.8)

o0

) =€+ T) = | XD Zg(dn),
O3TOMY (PYHKITAS @(/\) = ¢"*T ecrp wacroTHas XapaKTEepPUCTUKA 3TOTO

npeobpa3oBatusi. W
IMpumep 9.9. IIycrs 3amana dbyukuus h(t), Takas, 910

T h(t)| dt < oo. (9.19)

— 00

[TokasaTh, 9TO C.K.-HHTerpaibHoe Tpeobpasoparne CCP {£(s), s € R}

C(t) = J h(t — s)&(s)ds, teR, (9.20)

— 00

SIBJISIETCST JINHEHHBIM CTAIMOHAPHBIM TIpeobpasosanmeM, n Haiitm P(N).
Pemenune. Ilokaxem, uaro {(t) — runbbepToB npouecc:

M{¢(t)]?} = j j h(t — s1)Re(s1 — s2)h(t — 52) dsydsy <

12 B.M. Muauep u A.P. Ilankos
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IMosromy M{((t)} = J h(t — s) me ds = 0, Tak Kax mg = 0.

Ecmm £(s) = T e Ze(dN), To
C(t) = T h(tfs)(T e“‘SZg(d/\)> ds = T e D(N) Ze(dN),

h(s)e~™* ds, mpmaem

=
[e}
hcd
>
I

g —38

J [B(N)[? dFe(A) = M{ ()} < oo.

Caenosarenbro, (9.20) — cranumoHapHOe JHHEHOe TpeobpasoBaHUE
C YKa3aHHOW 9acTOTHOW xapakrepuctukoii ®(A). m

Bameuanue. CrannonapHoe nuHelHoe mpeobpasoBanue (9.20) mmu-
POKO HKCIIOJIb3YETC IPU PEUIeHUM PAa3HOOOPAa3HbIX IPUKJIAIHbIX 3334,
CBA3aHHBIX ¢ 00paboTkoil uudopmanuu. IIpu stom h(t) 06bIYHO Ha3bIBA-
ercst 8eco6oll Pynryuet, NpeodbPa30BAHU WIIH UMNYADCHOIM OMEAUKOM.

IIpumep 9.10. Ilycrs mpomecc £(t) c.k.-muddepenupyem. Haiitn

9JACTOTHYIO XapaKTEPUCTHUKY IpeobpasoBanms &(t) — af (t) = £(t) u xo-

BapHAIIOHHYIO (yHKIIO IIporecca & (t).

Pemenune. U3 obmux ycraosuit mudpepeHnupyeMOCTr B CpeIHEM
KBaJIpaTHIeCKOM cieayeT (cM. 11.8.2), 9TO el CTAIMOHAPHBIN CIrydaii-
82R§ (t — S)

HBII Tporecc c.K.-auddepeHnupyeM, TO CyIIeCTByeT 99
S

t=s=1

1"
ot moboro 7 € R, Tlocmeaaee paBHOCHIILHO CyMIECTBOBAHEIO R, (0), uro,
B CBOIO 0Yepe/ib, SKBUBAJIECHTHO YCIOBHIO

~R;(0) = T A2dFe()) < oo. (9.21)

Bocnonb3oBaBmuch pesysipraroM mpumepa 9.8, mosydaem

w - | WT—leMt Ze(d)). (9.22)
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CpennekBaaparndecKue Ipeaesbl npu h — 0 B JIeBOil W mpaBoil 9acTax
coorrHOmenNs (9.22) CyMECTBYIOT B CAITy TIPETIONOKeHus: 06 ¢.K.-madde-
permmpyemoctu £(t) n ycnosns (9.21). Wraxk,

£(t) = T ix e Ze(dN). (9.23)

Taxum obpasom, mponecc &(t) momyuen u3 mpouecca £(t) ¢ momo-
b0 JIMHEHHOTO Ipeobpa3oBaHud, HMEOIIEero 9acTOTHYIO0 XapaKTepUCTH-
Ky ®(\) =iX. B cuy yenoeus (9.21) caydaitHblii mpomecce E(t) SIBJISIETCST
CTAIMOHAPHBIM, UMEET M{§ (t)} = 0 1 KOBapUAMOHHYIO (DYHKIUIO

Re(t) = cov{£(t),£(0)} = J ¢MAZAF()). m

IMpumep 9.11. IlpennonokuMm, 9TO CTAnUOHApHBIH mpomecc Y (t)
n pa3 c.K.-guddepennupyem. Mbl XoTum HailTH ™M pa3 c.K.-auddepeHim-
pyemsiit mporece X (t), cBsasanusblii ¢ Y (t) aunednowm dudheperyuansroum
YPABHEHUEM C MOCTMOAHHBMUY KodpPuyuermamu

S0, XD (1) =3 ar YW (1), (9.24)
j=0 k=0

rae ak, b; — 3ajaHHBIe KOHCTAHTHL. TpebyeTcs ONpeaeNuTh yCIOBH, IPH
KOTOPBIX X (t) — CTaMOHAPHBIN CiydaillHblil Iponece, u HailTu 4aCTOTHYIO
XapaKTepPUCTUKY OpeobpasoBanus Y (t) — X(t), onpemensemoro (9.24).

Pemenwme. Haiinem npeacraBiaenwe gus X (t) B Buge amHeiHOrO
npeobpazoBanus mporecca Y (t) ¢ HEKOTOPOH 9acTOTHOU XapaKTepUCTH-

koit ®(N\):

X(t) = T eMB(N) Zy (dN),

rne Zy(d\) — oproroHasbHas CTOXaCTWYeCKas Mepa, JAmasi PasJo-
xkerme Y (t). Vcnonb3ya chneKTpajbHOE ITIpeJICTABIEHUE sl ONEePaTopa
muddepennuposanus (9.23), momyvaem

X® (1) = T eMENFB(N) Zy (dN), YE (1) = T eMGENF Zy (dN),

12%
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OTKYJa
i b; X9 (t) = T eMB(iIN)®(N\) Zy (dN),
ijaky*“(wzz T eMA(IN) Zy (dN),

k=0

— 00

rae A(z) m B(z) — anrefpanveckne MHOTOUIEHBI BAIA
n m )
Alz) = > apz", B(z) = > b;2’.

k=0 j=0

IIpexnonoxum, aTo MuOrowieH B(z) He mMeeT UMCTO MHUMBIX KODHEH,
TOT/1a
A(iN)
P\ = .
M) B(i))

ITo mocrpoernto X (t) CymecTByeT W sIBJISIETCSI CTAIIMOHAPHBIM, €CJIH €ro
JIICTIepCHs KOHEJHa, T. €.

o0 2
21 _ A(i))
M{|X (1)} = J ‘B(m dFy(\) < 0.
Ecin nponece Y (t) nuMmeer cnekTpaibHy0 MIOTHOCTH fy (), To mpomecc
2
X (t) TakKe UMeeT CHEKTPAIbHYIO IIIOTHOCTD fx (A) = g%zi; fr(A). m
i

IIpumep 9.12. IlycTh muHeliHAaA cUCTeMa ONMUCHIBAETCH yPaBHEHUEM
a1 X(t) +aoX (t) =Y (),

rae BxogHO# curnasn Y (t) — cranmorapHBIl mponece, nveromui my = 0
Da
m(a? + A%)

IUIOTHOCTH W KOBApMAIMOHHYIO (byHKIuio nponecca X (t).
Pemenne. Cpennee sHadenne nponecca myx = 0. YacToTHas xapax-
TE€PHUCTUKA U KBAJPAT €€ MOJLYJis UMEIOT BUJL,

B(\) =

U CHEKTPAJIBHYIO IWIOTHOCTH fy (A) = . HaiitTu cunexrpaibnyio

1
ao + i)\al ’

2 1
P =
Cuexrpasubras m10THOCTS npouecca X (t) caemyer us (9.16):

Do
(A = m(a? + A2)(ad + a2)2)’

fx
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Kosapnanmonnas dbyukuus nponecca X (t) npu a < ag/a; ectsb

oo

Rx(t) = j e fx (A) dh = Ge ol [ch (Bot) + %sh (Boltl) | »
rae
. P — Lfa _ ___ D
O(O—2|:a+a1i|, /80_2{(“ a], G_ao(aal—i—ao)'

Iostomy Dx = Rx(0) = G — aucnepcus nponecca X (t). m

Bameganue. Eciu B (9.20) h(t) = 0 npu ¢ < 0, To amueiinoe npeos-
pa30BaHMe Ha3bIBAETCH (pusuiecky peasusyemoim (Puibmpom), IOCKOIb-
Ky B 9TOM CJIy49ae BBIXOAHOW curHad ((t) 3aBHCAT JIMIIb OT IIPOILITBIX
3HaveHnil BXogHOroO curHasia &(s) mpu s < t.

Paccmorpum npumep duiibrpa, 0b6eciiednBaioniero «3KCIIOHEHINa/ b
Hoe 3a0bIBaHKe» IPONLIOH HH(MOPMAIHH.

IIpumep 9.13. Ilycrsp 3amana BecoBasi byHKIUs JUHEHHOTO MPe0O-
pasoBanug (9.20)

1 -yr >
h(t) = T e npu t =0,
0 npu t <0,

rae T' > 0 — mapamerp, OIpeJesAoNnnil CKOPOCTh «3abbiBaHUs». BxoaHOM

curnas Y (t) mMeeT CIeKTpasbHY0 IIOTHOCTD fy (A) = %. Haiitu
m(a

CIIEKTPAJIbHYIO IIJIOTHOCTH U JUCIEPCUIO0 BBIXOJIHOI'O CUTHAJIA
oo
X(t) = J h(t — s)Y (s) ds.
— 00

Pemenune. W3 npumepa 9.9 ciemxyer

o0

(N = J h(s)e ** ds = J left(l/TJri/\) dt — 1

T 14T
0

CuekrpasnpHas MWIOTHOCTH nponecca X (t) umeer Buj

Fx ) = RSN = 77 * Trare

[Ipumensisi pesysnbrar npumepa 9.12 npu ag = 1, a; = T, noaygaem

D

Dx = Rx(0) = (.
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Bamewanme. [Iponece £(t) ecTb pe3ysbTAT TPOXOXKIECHNS CTAHIADT-
HOro 6Geyoro mryma 4epes (pU3WYECKU peaju3yeMblii JUHEHHBIH (hbHIbTp
C MMILYJIbCHBIM OTKJIMKOM h(t), ecu CuekTpasbHasi MIOTHOCTH LPOLECCa
&(t) momyckaer mpejcraBieHne

Fe(N) = o2V, (9.25)
rae (\) = Th(t)efi)‘t dt, T |h(t)|dt < 0.

HeticTBuTeIbHO, TaKOW CIEKTPAJBHON IUIOTHOCTHIO 00J/13/1a€T Mpo-
necc £(t), KOTOPBI MOMY9IeH IpU TPOXOXKACHAN Ie€pe3 (PUIBTD ¢ 9acTOT-
Ho#t xapakTepucTHKOi ®(\) cranmoHapHOro mporecca v(t) ¢ HOCTOSHHOR
CIIEKTPALHOU IWIOTHOCTHIO, paBHOi 1/2m. B cmry npumepa 9.3 mpomecc
v(t) sBASeTCa CTAHIAPTHBIM GesibiM mymMoMm (T.e. o2 = 1).

YcioBue BO3MOXKHOCTH [PEJICTABJIEHUS HEKOTOPOrO CTAIMOHAPHOIO
mpolecca B BHJIE Pe3yJIbTaTa IIPOXOXKJIEHUs 6eJIoro myMa depes (pusu-
9eCKH peasn3dyembiil (puIbTp onpesesnsieTcs cieayomneii Teopemoii.

Teopema 9.4. Jan mozo wmobv, neompuyamenvnas Pynryus f(A)
donycxranra npedemasaenue (9.25), neobrodumo u docmamowno, wmobov
BHINOAHANOCH YCAOBUE

T In f(A
| 1n+—()\2)d>\ > —o0. (9.26)

— 00

B zakmiodenne paccMOTPUM J1Ba TPUMEPA MCIIOJIb30BAHNST TEOPUHU CTa~
[IMOHAPHBIX JIMHEHHBIX Tpeobpa3oBaHUil B 3a1ad9ax 00pabOTKU CHTHAJIOB.
Jeno B TOM, 94TO MHOI'ME ONEPALMU YUCIEHHON 00pabOTKU CHUI'HAJIOB MO-
ryT OBITH CBEJEHBI K JUHEHHBIM CTAI[HOHAPHBIM MpeobpaszoBanusaM. Kcim
BXO/HOW CUTHAJI MOXKHO IIPEJCTABUTH KAK CyMMY HEKOTOPOTO JI€TEPMUHMU-
POBAHHOTO TIpomecca (MOJIE3HOTO CHTHAJA) U CTAIMOHAPHOTO CITyIaifHOTO
nporecca (IIyMa), To pe3ysabTaT 06pabOTKH TaK¥Ke eCTh CyMMa MOJIE3HOTO
BBIXO/JHOT'O CHT'HAJIA U IIyMa, & €r0 XapaKTEPHUCTUKH MOXKHO OIIPEIEJIATH
C TOMOIIBIO JaHHOI Teopuu. B KadecTBe mepBoro mpuMmepa pacCMOTPUM
3a7a9y IUCACHHOTO AudPepeHnmpPOBaHN.

[Ipumep 9.14. Ilycts ciayuaitnas byHKIISA

Y(t) = f(t) +£(),

rne f(t) — mexoropasa mecmyuaitnas muddepennupyemas dbynknus (mo-
Jie3HbIi curnadn), a £(t) — nearpupoBannas CCP (momexa) ¢ gucnepcuei
D¢ = 0% u nocrostnuoii Ha [— Ao, Ag] CIEKTPAJILHOI MIOTHOCTHIO

2

g
=] % <
0 npu A > Ao,
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nozBepraercd auciaeHHoMy auddepennupoBanuio ¢ marom h > 0:

Y(t+h) - Y(t)

X(t) = )

(9.27)

Beraucnurs mx (t), Dx (t) npn h — 0.
Pemenue. B cuny nuneitnoctu npeobpasoBanug (9.27)

X(t) = f(Hh,z_f(t) + g(th_g(t) = Xi(t) + X2(),

e IepBblil CATrHAJ dBJIAeTCA JEeTePMUHUPOBAHHBIM, & BTOPOU Ciydaii-
HBIM, IPUYEM

_ §it+h)—&) | _ M{g(t+n)} —M{@)} _
M{X,(t)} = M{ . } - . = 0.

ITosromy

mx(t) =M{x (1)} = =IO L f ) npn w0,

a Dx(t) = Dx,(t), tak kak Dx, (t) = 0.
IIponece X5(t) ecTh pe3ymbraT IWHEHHOrO MPEOOPA30BAHUS CTAIHO-
HapHOTO Ciy9aitroro myma &(t). Bocmonb30BaBImmch €ro creKTpaIbHBIM
o0

upecrasienuem &(t) = J- e Ze(dN), momyaaem

— 00

Xo(t) = SLED €0 _ [ ) = [ e ze(an),

— 00

rae gacrorHas xapakrepucruka ®(A) npeobpasosanus (9.27) m kBagpar
ee MOJLyJisl IMEIOT BIJ

iAh
B(3) = © , L ppp= 2 hc2os)\h).
IMosromy fx,(A) = W fe(\) — cmexTpasbHAsS IIOTHOCTD IIPO-
necca Xo(t). Torma
Dx, = Dx = T 201 = cos M) ¢ 3y gy = 27 T(l ~cos Ah) d =
2 3 h? Aoh? !

_ 20° sin(Aoh) o*\3
——<1 b — 3 npu h — 0. m
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Sameuanune. Takum obpaszom, mpu uuciaeHHOM guMpHEpEeHITIPOBa-
HUU JIUCTIEPCHUS IIyMa BBIXOJHOTO CUTHAJIA MAJIO 3aBUCHT OT Iara aud-
depennupoBanus h, a OUpeJEsiercs B OCHOBHOM IIUPUHON Ao crekrpa
MIOMEXHW BO BXOJIHOM CHTHaJie. Bojee Toro, jJaxke OpU OYeHb MAaJIOf JuC-
nepcuu 0'2 9TOU IOMEXH JucnepCuyd BbIXOJHOI'O CUT'HaAJIa MO2KET 6I>IT])
BosbImIOl, ecin moMeXa — IMUPOKOIOIOCHBIH Gesblit mym (T.e. Ag >> 1).
[Momy4uennbIit pe3yabTar 0O6bICHIET HeyJadHble MONBITKA Tpoauddepen-
[UPOBATh CUTHAJ IPEXK/Ie, YeM OH OT(MDUIHTPOBAH OT TOMEXHU.

IIpumep 9.15. Cruensmas cucreMa paaroOJIOKATOPa OMUCHIBAETCS
yPaBHEHUEM

() = ke(t), k>0, (9.28)

rue (t) = x(t) —y(t) +v(t) — paccornacosanue; y(t) — BBIXOQHON CUrHAU;
z(t) = Vo + Vit + Vot? — nomesnwrit curnan, Vo, Vi, Vo — HeszaBucumble
rayCcoBCKEe CIy9ailHble BeJUIHHLI ¢ HapaMeTpaMu mg = 4-10% m, my =
=my =0, o9 = 10* M, 01 = 150M/c, 02 = 2m/c?; v(t) — rayccosckas
CTaIOHApHAs NOMEXa, He KOPPEeJUPYIONas ¢ CUTHAIOM Z(t) 1 MMeromast
mapamerpsl m, = 0 u Ry(7) = Ae ", pne A = 360M2, o = 50¢;
k =25c¢~! — xoacpdunuenr ycuaenus.

Tpebyerca HaliTH MaTeMaTHIeCKOe OKHIAHWME M CpelHee KBaJlpaTH-
YeCcKoe OTKJIOHEHHEe TOTPENIHOCTH BOCIPOU3BEIECHHUA CIeIAIIeil CHcTeMoi
nosiesHoro curaasna (t).

Pemenwme. Ilycrs S(t) = z(t) —y(t) — cuyqaiinas omubKa Bocpons-

Benenus (t). Torna o g = M{S2 (t)}1/2 — nckomas BesmanHa. 13 (9.28)
C y41erom BeIpaxkeHns mist €(t) ciaemyer

() +y() = (1) + v(t). (9.29)

W3 npexppigymmx npumepos caepyer, ato (9.29) onuchiBaer nuHEHHYIO
cranponaphyto cucremy. Ilycrs y(t) = y1(t) + A(t), rae y1(t) onuceiBaer
NPOXOXKJEHNE Yepe3 CUCTeMY Tosie3Horo curaana z(t), a A(t) — mpoxo-

)kjenne nomexu v(t). OdeBuaHO, %yl (t) + y1(t) = z(t), orkyma y1(t) =
=cp+cit+ cth, e

co=Vo—Vi/k+2W/k* 1 =Vi—2Vh/k, co=Va.

IMycrs Ax(t) = z(t) — y1(t) — uckakenue cucremoii MONE3HOrO CUrHANA,
Torga

Aty =+ 22 (1- 7). (9.30)

2 2 2
U3 (9.30) crenyer, aro M{Az(t)} = 0, D{Axz(t)} = Z—; + % (t - %) =
= 36 + 0,0256 (t — 0,04)% ~ 36 M? (T. e. c1abo 3aBUCUT OT ).
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Berancnum reneps aucnepenio «octatka ot momexu» A(t). Hacrormas

XapaKTepHCTHKa npeobpasoBanns (9.28): O(N)
Aa

m(a? + A2)

CleKTpalibHasg mWIoTHOCTh A(t) uMeeT Bu,

= ]{:—‘,—Li)n a CIIEeKTpaJibHad

wioTHOCTD ToMexu v(t) paBHa fi,(A) = . Orcroma caempyer, 9410

Aak?

_ 2 _
fA()‘) - |¢'(/\)| fv()‘) - 7r(a2 +)\2)(k2 +)\2)'

[ToaTomy

1.

Aak? T A  Aak?
(@2 +22) (k2 +X2)  «

™

Dy=D{AM} = | faNdr=

— 00

s Bbraucsienne uaTerpasa I Bocmnosiblyemcst hbopmysamu u3 1. 15.2:

_ T e
I= J h(iX)h(—i\) dA,

rme g(z) = 1, h(z) = 22 + (a + k)z + ak, npuaem muorownen h(z) —
YCTONYMBBIN, T.€. €ro KOPHH JIeKAT B JIeBo# moiymiockoctr. OTciona
ag=1,a1 =a+k, ay = ak, by =0, by = 1, ciiejioBareiIbHO,

a0b1 — azbo ™

I=m apa1as - (a+ k)ak

uD, = aA——{—kk = 100 m2. Ouesuano Takske, uro M{A(t)} = 0.
Nrax, mg = M{z(t) — y(t)} = 0, nosromy B crily HEKOppeIUPOBAH-
Hoctu nponeccoB Az (t) u A(t) nonydaem

052 =D{z(t) —y(t)} = D{Az(t)} + D, ~ 136 M2,

Taxum obpaszoMm, o g~ 11,7M — cpenHss KBaJpaTmdeckas IIOTPemI-
HOCTB PabOThI Cilendmieil cucTeMbl. W

9.4. 3amaum aJid CAaMOCTOSITEJIBHOTO PelIeHUs .
1. ITokasare, uro CC® {£(t), t € R'} c.K.-HempepbIBHA, ec/iE HEIPEPHIBHA
ee xoBapuauuonnasa pynkuus Re(t).

2. Haitru me(t), Re(t), fe(X), econ £(t) — TeserpadHblii curaas.
_ 2Xo
Orser. me(t) =0, Re(t) = e~ 2oltl A)=———.
(1) = 0, Be(t) s
3. Ina nponecca ((t), BBeieHHOrO B onpeenennn 9.4, IOKa3aTh CTAIOHAD-
HOCTh W BBIBeCTH cooTHomrernue (9.17) mist koBapnannonnoil GbyHKIuN.
VYkazaune. Bocnomp3oBaTbcsi CBOHCTBAMA CTOXACTHIECKOTO MHTErDAJIA.
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4. Toxkasarb, 94T0 ecnu BolnosiHeHo ycuosue (9.21), To npaBas 4acTb BbIpa-
xerus (9.22) CXOMUTCA B CPeAHEKBAIPATHIECKOM cMbIcie pu h — () K mpaBoit
gacru coornomenus (9.23).

5. ITycrs £(t) — HEeHTPUPOBAHHBIN CTAIIOHAPHBII IPOLECC, & (0 — HEKOTOPOE
neiicTBuTeIbHOE YHCIO. [TokazaTs, uro nponece ((t) = e'**¢(t) Taxxe apasercs
cranuoHapHbIM. fBasierca su crauumonapubiM upouecc &(t) cos at?

Orser. dBnsierca Tonbko npu o = 0.

N
6. Ilycts £(t) = > & (t) — cymma CCD & (), DOMyCKAOMMX CHEKTPAJIb-
k=1

HOE IPEeACTABJIEHHE CO croxacrmieckumu mepamu Zi(dN). Ilokasars, aTo nis
nponecca £(t) TakXKe MMeeT MeCTO CIHEKTPAJIbHOE IMPEACTABIEHHE C HEKOTO-
poit croxacrmuaeckoit mepoit Z(d\). Eciu mponeccosr £ (t) aBasAmOTCA mOMapHO
HEKOPPEJIMPOBAHHBIMY, MOKA3aTh, ITO CIEKTPAJbHOE PACIpPEIeIeHre MTPOIEeCcca
&(t) paBro cymme cnekrpasnbubix pacupeaenenuniit CCP & (t). Ilpusectn npu-
Mep, MOKa3bIBAIOMIHMIA, ITO JJIsi KOPPEJINPOBAHHBIX MPOIECCOB 9TO YTBEPKICHHUE
HEBEPHO.
o0
7. CCD {(t) umeer cnekrpasnbuoe upeacrasnenue &(t) = I e Ze(dN).
S — o0
ITycre rakxe ((t) = I e NED(N) Ze (), rae g(\) — HekoTopast pelicTBuTe b
—oo
Hast pyrkus, a (\) ymosiersopsier ycnosuio (9.12). Halitu KoBapHalOHHY O
dynkuuio npouecca ((t). Byger nu on cranmonapubim?
oo

Orser. R¢(t) = J eI p(N) 2 dFe()), rne F¢(\) — cuekrpaibHas
dbyrrnus CCP £(t). o
8. YacrorHas xapakrepucruka ®(\) snHeRHOrO Ipeo6Gpa30BaHNs UMeET BIJL
1, eam a<|A <D,
() =

0 B IPOTHBHOM cCiIydae,

rae b > a > 0. Haiitn BecoByto dbynkumio h(t) sToro npeobpa3oBanms u auc-
nepcuio BBIXOZHOTO curHasia £(t), ecam Ha BXOJ mocTymaer Gesblit myMm v(t)
¢ xosapuamueit R, (t) = o25(t).

sin bt — sin at 2b—a

Orser. h(t) = — D=0
m

™

9. Ilokasars, uro dyskuus, C(t), Takas, aro C(t) =1 — |t|/to upu [t| < to
u C(t) =0 upu |t| > to, aBisierca koBapuauuoHHoW QyHKUMEH HEKOTOPOro
cranuoHapHOro nponecca. HafiTn ero cneKTpasbHyIo IIOTHOCTb.

1 — cos Atg

Orser. fe(N) = v

10. Oupenenutrp, ABAAIOTCA JK CleAyompe QyHKIUE KOBAPUAIMOHHBIME
GYyHKIUAMA HEKOTOPBIX CTAIIOHAPHBIX IIPONECCOB, M, €CIU SBJAIOTCH, HaflThn
UX CIEKTPAJIbHBIE ILIOTHOCTH:

1) C(t) = o’exp{—alt|} cos Bt, «a > 0;

2) C(t) = oPexpl—alt]} (1 +alt]), > 0;

3) C(t) = Pexp{—alt]} (1 +alt] + %) a0
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4) C(t) = o’exp{—alt|} (cos Bt — %sinﬁh‘\)v a>0;
5) C(t) = o%exp{—alt|} (cos Bt + %sin,@’hﬁ\), a > 0;

«

6) C(t) = o’exp{—alt|} (ch ft + 5 shplt]), a>p.

Ykazaunue. Haiitn npeobpasosanme @ypoe dbyuxumii C(t). ITockombky
npeoGpaszoBanus Pypbe I Beex (PyHKIOUIT ABIAIOTCA HEOTPHUIATEILHBLIMEA T
uHTErpupyeMbiMu (bYHKIUAME, TO 1O Teopeme 9.1 OHM ABJISAIOTCH KOBapPUAIU-
OHHBIMH (PYHKIUSMHA HEKOTOPHIX CTAIlMOHAPHBIX CIyYalHBIX TPOIECCOB.

OrsBer. )
[eaate’ 1 1
1)f§()\)=¥ a2+(,3+A)2+a2+(B—A)2 ;
2o 202
2) fe(N) = e
2o 8at
3) fe(N) = T' m;
2 222
4) fe(A) = P (X2 1 a2 4 g2)2 —452)\2;
o 2(a? + B2)
5) fe(A) = 7 (A2t a2 - p2)2 +4o¢2ﬂ2;
6) feh) = 22 2o )

T [(a—B)2 + N[(a+ B)2 + A2
11. deasierca s c.k.-guddepenmupyemoit CCP £(t) co cmekTpasnbHOI
MJIOTHOCTBIO:

DIV = i
2) FN) = | gz — s
R AR CE O |

rae a >0, 8 > 0.
Orser. 1) HeT; 2) Her
12. ITycts koBapuanuonHas (GyHKIus CTanuOHAPHOro mpouecca & (t) 6ecko-
HewdHoe 4HciIo pa3 muddepennupyema. [lokazars, aro Torga:
oo

1) JAZ"ng()\)<oo Vn > 0;

— 00

2 et+7) =3 e o)
k=0

Ykazaunue. Ucnomp3osars (9.21) m mokasare m. 1. dasmee, mcmonb3ys
o0

CIIEKTPAJIbHOE TIpeJIcTaBJeHne nponecca (1) = J et Z¢(d)), mokaszars, 91O
(o] . — 00

W (1) = I (i\)Fe™t Ze(d)). Barem sammcaTh CHeKTPaIbHOE PAJIOKEHHE TS
— 00

mpomnecca £(t 4 T) U BOCIIONB30BATHCH PA3JIOKEHIEM €'

B pay Teitopa.
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§ 10. Canyuaiinbie PYyHKIIMU C OPTOrOHAJIbHBIMU U
HE3aBUCUMBIMHU IIPUPAIEHUAMU

10.1. OcHoOBHbIE TOHSITUSI W ompeaelieHUs. [IpeamonoxumM, 91O
{&(t), t > 0} — mekoTOpast BemecTBeHHAs TMILOEPTOBA Cayvalinas dyHK-
A, T. €. M{E(t)2} < oo mgist Beex t > 0.

Onpenmenenme 10.1. IIpupawenuem CO £(t) ma mpomexyrke (i, s],
rne 0 < ¢ < s, Ha3bIBaeTCd caydailHad BeJIUYINHA

A&(t,5) = £(s) — £(1). (10.1)

Onpenpenenne 10.2. CO £(t) Ha3BIBAETCT NPOUECCOM € OPMO20-
HAALHBMU TEPUPGUEHUAMY, €CIIA JJIS IPOU3BOJIbHBIX MOMEHTOB BPEMEHHI
0 < t1 <ty < t3 < t4 BHINOITHSAETCS COOTHOIIIEHNE

COV{Ag(tl,tg),AE(tg,t4)} =0. (102)

Nsgecrro (cm. 1m.14.7), 910 KOBapMammsi JAByX CIy9ailHBIX BEJIWINH
WMeeT CMBICT CKaJIIpHOro mpousBeleHus. llosToMy ycmoBme HeKoppe-
sgupoBaHHOCTH mpuparieHnii (10.2) o6bIYHO HA3BIBAIOT YCIOBHEM UX Op-
MO2OHAABHOCTU, T. €. PABEHCTBA HYJIO CKAJAPHOIO IPOU3BEICHUA ITUX
npupamiennii. 3amernM Takxke, aro u3 (10.2) B obmieM ciaydae He ClIeayeT
HE3aBUCUMOCTDb COOTBETCTBYIOIINUX IIPUPAIIEHU.

Bamewanme. U3 (10.1), (10.2) caexyer, aro C® &(t) = £(t) — £(0)
TAKXKe SBJISETCA MPOIECCOM C OPTOTOHAJIBHBIME TIpupameHusMu. Jleii-

CTBUTEJILHO, Jist Jitoboro mpoMexyTka (t,s] A&(t,s) = AL(t, s), T.e. Bce
cBoiicTBa mpmpamenunit mpomecca &(t) ABTOMATHYECKH IEPEHOCATCA HA

npupamenns npornecca £(t). Iloaromy 6e3 moTepn OGIHOCTH H3JIOKEHUS
nasee npemnosnaraercs, aro (0) = 0. B arom ciryvae ropopsit, 9To npomecc
&(t) suzodum us nyas.

Oxa3zbIBaeTCs, 9TO YCIOBHE OPTOTOHAJILHOCTH IIPUPAMICHHH IIpoIecca
&(t) osmauaer, uro koBapuanuonnas (yukius Re(t,s) uMeer HEKOTOPYIO
CHeNUAIIbHYI0 CTPYKTYpY. Usyaum crpoenne dbyuruun Re(t, s) npu ycio-
Buw, 9T0 £ (t) — NEeHTPUPOBAHHBIN BEECTBEHHBIA TPOIECC ¢ OPTOTOHAb-
HBIMHU IPUPAIEHAAMEA U JUCIepcheit

De(t) = M{&(t)*}, t=0. (10.3)

[Ipenuonoxum Takxke, uro &(t) sBigercd C.K.-HENPEPBIBHBIM. B 3ToM
ciyqae Dg(t) — nenpepbisras dynkuums (cm. m.8.1).

Mpumep 10.1. Jokasars, uro dyuknus De(t) aBisercs MOHOTOHHO
HeyOBbIBaIOIIEH.
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Pemenwme. Ilycts s > 0. Torma mos mo6oro ¢t > 0 ¢ yaerom £(0) = 0

De(t+s) = D{E(t +5)} = D{(E(t + 5) — £(1)) + (£(t) — £(0))} =
=D{A&(t, t + s) + AE(0,t)} = D{AL(0,t)} +
+2cov{A{(0,t), Al(t,t + s)} + D{AL(t,t +s)}.

YuaursiBasi, aro npupaimenust AE(0,t) u AE(t, ¢+ s) OpTOroHAIBHBL, U
to, ato AL(0,t) = &(t), momyaaem

De(t +5) = D{£()} + D{AL(E,t + )} > D{E(t)} = De(t),

9TO M TpeboBaJIOCh T0Ka3aTh. M

Paccmorpum koBapumanuonnyio dbynkuuio Re(t, 7) = cov{{(t),{(T)}
C® {(t). Ussectno, uro Dg(t) = Re(t,t) masa Beex t > 0. Cremyromuii
IpHEMep IIOKA3bIBAET, 9TO JJIs IPOIECCOB C OPTOrOHAJBHBIMU IIPHPAIIE-
HUAMH UMeeT MECTO U 0OpaTHOe yTBEepXKICHHEe, a HMEHHO: KOBAPUAIMOH-
nast bynkuus Re(t,7) moxer ObiTh Bbpaxena depes jpucnepcuio De(t)
(B 0bmmiem cirydae 310 He Tak!).

IIpumep 10.2. Tokazars, 9TO I8 TPOU3BOJHHOTO IIPOIECCA C OPTO-
rOHAJTBHBIME TpHupamernsyu & () u mobbix t, s > 0 cipaBeIABO COOTHO-
TIeHwIe

R, (t,s) = D, (min(t, s)). (10.4)

Pemenwue. Ilo-mpexuemy 6yneMm caurars, 4T0 me(t) =0 un {(0) = 0.
Ecmm t < s, TO

Re(t,s) = cov{{(#),£(s)} = cov{{(t), £(s) — £(t) +&(1)} =
= cov{{(t),£(t)} + cov{AL(0,1), AL(t, s)} = cov{{(t),£(H)} = De(t).

Ecnu xe t > s, To anamornuno HaxoguM Re(t,s) = De¢(s). Iomydenmnsie
Pe3yabTaThl MOXKHO 3AIIUCATDH OJHON (POPMYJIOit:

Re(t,s) = D¢(min(t,s)). m

N3 (10.2)—(10.4) cnenyer, uro npu s > t npupamenue AE(t, s) sBis-
eTCd UEeHTPUPOBAHHON CiIydailHON BEeJMYUHOU C Jucnepcuein

D{AL(t,s)} = De(s) — De()-

[Tocaenutoro dopmyity st TpOM3BOABHBIX t, § 2> 0 MOXKHO MPEJICTABUTH
B HECKOJILKO 6osee obIieM BHJE:

D{&(t) - £(s)} = De(max(t, ) — De(min(t, ). (10.5)
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Bameganue. [IockonbKy aJsi C.K.~-HEIIPEPBIBHOCTH [IEHTPUPOBAHHO-
ro npounecca &(t) B Touke ty HEODXOAMMO U JOCTATOYHO, 4TOOBI KOBa-
puanuonnas dbynkuus Re(ti,tz) Gbuia nenpepsisaa B Touke (to,tp), TO
C.K.~HEMPEPBIBHOCTH IPOU3BOJIBHOTO MPOIECCA ¢ OPTOTOHAJBHBIMHE TPAPa-
LEHUSIMU PABHOCHIIbHA HenpepbiBHOCTH Dy De(t).

BecbMa BaKHBIM 9aCTHBIM CIy9aeM IPOIECCOB C OPTOTOHAJIBHBIME
NPUPAMNEHUSIME SBJIAIOTCS IPOIECCH ¢ HE3ABUCHMBIME TPUPAINECHUSMU.

Onpenenenune 10.3. Cayvaiinag byukuua {£(t), ¢ > 0} HazbI-
BaETCH NPOUECCOM C HEZABUCUMbBLMU NPUPGUWEHUAMU, €CIIU JJIA JIEOOBIX
moMeHTOB 0 < £ <ty < ... < ty, n = 1 caydaitable BeIUINHBI

5(0)7 A§(07t1)7 Ag(tht?)v tey Ag(tnflvtn)

HE3aBUCUMBI B COBOKyHHOCTH.

Bameuanus. 1) Ouesuapo, uro B ciyuae M{&2(t)} < co mpu
Bcex t > 0 mpoIecc ¢ He3aBUCHMBIME HPHPAINEHUSMHI SABJSIETCA TaKXKe
MIPOIIECCOM C OPTOTOHAJbHBIMEU TpupalieHusivu. OOpaTHOoe yTBEPKIeHIE
B 0bmeM cilydae HeCIpaBeJJIuBO, OJHAKO BCAKHII TayCCOBCKHIL IIPO-
necc ¢ OPTOroHaJIbHBIMU NPUPAIIECHUAMU TaAKXKE ABJIACTCA U IIPOIECCOM
¢ He3aBUCUMBIME UpupameHusamu (B upeanonoxenuu, dro £(0) = 0).
JeficTBATENbHO, 15T TAyCCOBCKOTO nponecca &(t) BeamanHb

AL(0,t1), AL(t1,t2)y «.vy Al(tn_1,tn)

00pa3yIoT rayCCOBCKUN CIIy9IalHBIN BEKTOP C HEKOPPEJINPOBAHHBIMEU KOM-
MOHEHTAMU U, CJIEJOBATEIHHO, STU BEJIMIMHBI HE3aBUCUMBI B COBOKYITHO-
cru (cm. m. 14.6).

2) MoOXKHO J0Ka3aTh, YTO BCAKHH IMPOIECC C HE3ABHCHUMBIMH IIPH-
PAILEHUSIMA SABIAETC MAPKOSCKUM npoueccom. OIHAKO JJIs MPOIECCOB
C HEKOPPEJIUPOBAHHBIMU MPUPAIIEHUSIMHA B ODIIEM CJIy4Yae 3TO yTBEPKIe-
HUEe HeClIpaBeAJInBO.

Cuteryfomuii nprMep 10Ka3bIBAET BaXKHOCTH MOHSTHUSI [IPOLECCa C Op-
TOTOHAJIBHBIMY MPUPAIIEHUSIMEA JIJIsT CTOXACTUIECKOr0 aHAM3a BOObIe u
TEOPUN CTAIMOHAPHBIX MPOIECCOB — B YaCTHOCTH.

IIpumep 10.3. [Tokazars, 9TO C TOMOIIHIO EHTPUPOBAHHOTO C.K.-HE-
npepbIBHOTO mporecca E(t) ¢ OpTOroHaJIbHBIMU IIPUPALIECHUIMHE, 3a/IaHHO-
ro ua [0,T] CR!, £(0) = 0, MOXKHO 331aTh OPTOTOHAJIBHYIO CTOXACTHYE-
CKy10 Mepy Ha GopesieBckoii o-anrebpe nogmuoxecrs [0, 1.

Pemenue. Ilycts & — ajarebpa, MOPOXKIECHHAS MTPOMEKYTKAMU
A = (s,t) orpeska [0,7] (cm. m. 13.3). Ilokaxem, uro bynkmua =°(-),
olpeiesIeHHAsl IO TPABUITY

EO(A) = Af(t, S) = g(s) - f(t), A= <Sut> ) (10'6)

00JtaJaeT BCEMU CBOMCTBAMH JIEMEHTAPHOU OPTOrOHAJILHON CTOXAacTHIe-
ckoit Mepol Ha & (cM. m. 14.8).



§ 10] CJIVIAUHBIE ®YHKIIUNA C OPTOTOHAJIBHBIMU MPUPAIIEHUSAMA 191

HelicTBUTEIBHO,
M{E"(A)} = M{A¢(t,5)} =0,
M{=(A)?} = D{AE(t, 5)} = De(s) — De(t) < .
Ecm A; = (t,7), Ao = (7,8), AiNAy =2 mw Ay UAy = (¢, s), TO
EOA; UA,) =&(s) — £(t) = AL(t,T) + AL(T,5) = E°(A1) + E°(Ay).
Haxkonen, Z°(-) obsajiaer cBOHCTBOM OPTOrOHATLHOCTH:
M{Z"(A1) E%(A2)} = cov{A&(t1, 1), A(ta, 52)} =0

st mobbix Ay = (tq, s1), Ag = (2, s2), Takmx, aro A; N Ay = &. B cn-
JIy TOro, 4To JIoboe MHOXKecTBO A € £y MOXKHO NpeJCTaBUTL B BHJE
n

A= ] Ay, tme n < oo, a {Ax} — Hemepecekaioluecs TPOMEXKYTKH,
k=1

paccMoTpennbie cpoficTsa dbynknuu Z°(-) cpaBe BB 1T JFOOBIX MHO-
n

xect u3 &, e nonoxuts Z0(A) = 37 E0(Ag).
k=1
IMycrs dynknus mg(-) OTIPEJIEJIEHA HA, MTPOMEXKYTKAX COOTHOIIEHUEM

m(A) = M{E%(A)?} = De(s) — De(t), A= (t,s). (10.7)

Hucnepcust D¢(t) MomoTonHO He yobiBaeT (cM. mpumep 10.1), sBisercs
HenpepsIBHO# (B cuity ¢.k.-nenpepsisaoctu £(t)), a rakxke D¢(0) = 0, rak
kak £(0) = 0. Cuemosarembro, D¢(t) — dyHkuus pacmpeneieHns (cM.
onpenesenne 13.9), a mg(-) — HOpOXK/IeHHAas €0 Mepa.

ITycrs {A,} — Tmakas mOCIEmOBATENHLHOCTH MHOXKECTB W3 &y, UTO
A, | @ opu n — oo (em. m. 14.8), Torga

M{EO(AH)Z} = mg(An) —0 mpu n — oo

B CHJLy HEIPEPBIBHOCTH <B HYyJEe» MepbI mg(-). Urax, Z°(-) — smemenTap-
Has OpTOroHaJIbHAsl CToXacTuyeckas mepa Ha &y, a mg(-) — ee CTPYKTYyPp-
Hasg pyHKIHA.

Teneps Z°(-) MoxKeT GBITH MPOJOMAKEHA JI0 OPTOTOHAIBLHO CTOXACTH-
geckoit meper =(-) (cM. 1. 14.8), onpenenennoil Ha GOpesIeBCKOil o-amrebpe
B([0,T]), koropas siBisieTcsi MEHIMAJbHOI 0-airebpoii, comepxameit &,
r.e. B(|0,T]) = o(&) (cm. m.13.3). m

B manbHelimeM cToxacTHYecKnit MATErpas mo Mepe Z(+), opoXKJeHHOi
ciyuaitnoit dynkuueit £ (t) C OPTOTOHAJBHBIMU MPUPAIIEHUSIME, OyaeM
3AIHCBIBATD CJIELYIOIUM OOPa30oM:

T T

I(p) = [ p(t) 2(dt) = [ o(t) d&(t), (10.8)

0 0
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rae ¢(t), t € [0,T], — mecaywaitnas QyHKIHMs, TAKAS, TTO

J o(£)]? dD¢(t) < oo (10.9)

I3 06mux cBOHCTB MHTerpaJa Mo CToXacTudeckoil Mepe (cM. 1. 14.9)
¢ yuerom (10.7) nosyuaem

T

M{Z(p)} = M{ [ e(t) dé ()} =0, (10.10)
D{I(p)} = M{\th) ()| } = T PP dDe(t).  (10.11)

T
Hakonen, ecin I(¢) = Jw(t) dg(t), rme ¥(t), t € [0,T], — mecnyqaiinaa

0
dbyHKIEs, TakXKe yIoBIeTBOpsOMasa yeiosuio (10.9), To

T

cov{I(p), 1)} = [ ¢(t)(t) D¢ t).

0

Ecan onpenesnts nponece 7(t) KaK MHTErpaJl ¢ epeMeHHBIM BEPXHUM

opeaesaom:
t

n(t) = [e(r) de(r), <1,

TO HETPYJHO NPOBEPHTH, UTO 7)(t) MMeeT OPTOTrOHAJBHBIE PHUPAIIEHHS,
OTKY/1a

min(t,s)
Ry (t,s) = cov{n(t),n(s)} = J |(7)|* dD¢(r) = Dy(min(t, 5)).

Mo>kHO 1OKa3aTh, 9TO B PACCMATPUBAEMOM CJIydae CIPABEJJINB aHA-
gor gopmyave (8.11) unmezpuposarus no wacmam Ijs C.K.-HHTErPAJA:

| ot de(t) = o(TET) - [ e()e(r) d. (10.12)

rie p(t) — dynkys, HenpepbiBHO auddepennupyemas Ha orpeske [0, 7).
Ormernm, uro seBas wacTb pasencTBa (10.12) comepxkuT croxacTmde-
CKU#l mHTerpaJl (OT HecJIyJaiinoi (byHKuI/H/I), TOorjJa Kak, B IIpaBO# 4acTu
IPUCYTCTBYET WHTErPAT B CPETHEKBAIPATHIECKOM (OT C.K.-HEIPEPHIBHON
ciyvaitaoit dbyHkumn).
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10.2. OgHOpOAHBIE MPOIIECCHI C OPTOrOHAJIBHBIMHU IIpUpaIlie-
Huamu. Ilycrs {{(t), t > 0} — Bbixopsdumii U3 HyJIs BEIIECTBEHHBIN
[IPOLIECC C OPTOI'OHAJIBHBIMY [IPUPALICHUSIMHY.

Onpenenenne 10.4. Iponecc &(t) HasbBaeTCst 00HOPOOHbLM, €CITH
Jtst o6bIx ¢, s > 0 3akoH pacnpenenenns npupamennsa AE(t,t + s) 3aBu-
CHT TOJIBKO OT $, T. €. COBIIAJIAET C 3aKOHOM pacIpejiesieHus cederns £(s).

OxkazbiBaeTcsi, 9TO TpebOBaHWE OTHOPOIHOCTH IO3BOJISET MOJIYIUTH
aBHbl Bug Gyukuuil Re(t,s) u De(t).

IIpumep 10.4. Ilokazarb, 9TO HPOU3BOJBHBIN C.K.-HEIIPEPHIBHDBIN
HEBBIPOXKIEHHBIN OfHOPOIHbIH npouece £(t) ¢ OPTOrOHAJBHBIMU IPUPA-
MEHUSIMU UMEEeT CJIEYIONe XapaKTePUCTUKY:

De(t) =0’t, o >0, (10.13)
Re(t,s) = o min(t, s), (10.14)
D{e(s) ()} = ot 5. (10.15)

Pemenune. W3 mpumepa 10.1 ciaemyer, uro mjs Jjobwix t,s > 0
BBIIIOJTHEHO PaBEHCTBO

De(t+5) = De(t) + D{AE(L, £+ 5)}
C yuerom ogropomuocTu nponecca &(t) n ycaosus £(0) = 0 nmeem
D{AL(t,t + 5)} = D{A(0,5)} = D{&(s)} = De(s).

Urak, De(t+ s) = De(t) + D¢(s) nma mobbix t,s > 0, IpudeM B CHIy
saMedanus mocie npumMepa 10.2 dyukmusa De(t) menpepsisra. ITomyden-
HOe ypaBHEHHE HMeeT eJUHCTBEHHOE DelleHHe Ha KJIAcCe HEIPEPBIBHBIX
dyHKIIII:

De¢(t) =a*t, o*>>0.

Ecmu £(t) — mesblpoxkmennerii mpormecc (T.e. Dg(t) >0 mma Hekoro-
poro t>0), To o2 > 0. Urak, pasencrso (10.13) mokazamo. Popmy-
abr (10.14) u (10.15) crrexyroT HEMOCPENCTBEHHO M3 OOMUX COOTHONIEHMH
(10.4), (10.5) ¢ yaerom (10.13). =

Bameuganue. Koncranry o2 B (10.13) OOBIYHO HA3BIBAIOT UHMEH-
cuenocmuio iporiecca &(t). Ecmu xxe 02 = 1, To nponecc £(t) nasbiBaercs
cmandapmisim WA TIPOIECCOM € €IUHIYHON HHTEHCHBHOCTHIO. 3aMETHM
TaKzKe, 4TO CIpyKTypHas (yHkims me(A) croxacrudeckoir Mepsl Z(A),
MOCTPOEHHOI MO CTAaHAAPTHOMY opHOpomHoMy mpomneccy &(t) (cm. mpm-
mep 10.3), coBnazmaer ¢ obbranoit mepoit Jlebera:

me(dt) = dt, (10.16)
qTo cieayer HemocpeacrBenno u3z (10.7) u (10.13).

13 B.M. Muauep u A.P. Ilankos
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Paccmorpum mpumep o fHOPOZHOrO mpoIecca ¢ He3aBUCHMBIME IPUPA-
MeHUAMH, KOTOPBI IMeeT BaKHOe 3Ha4YeHUe IIPU PENIeHNU ITPUKJIATHBIX
3a/1a49, CBA3aHHBIX C Teopuell HaIe?KHOCTU M Teopuell cucreM MacCOBOI'O
obcyxxuBanug (cMm. §12).

Onpenmenenme 10.5. Oxnropomnuwiit nponece {n(t), t > 0} ¢ nesapn-
CAMBIMU IPUPAIIEHUAMA HA3BIBAETCA NYACCOHOBCKUM, €CIIH IPU KaXKJIOM
t > 0 ceuenne n(t) nmeer pacnpezesnenne I[Tyaccona ¢ mapameTpom At, e
A>0:

Pl = k= A% e=xe g1 (10.17)
7] - - k' ’ - g Ly Sy - .

W3 onpenenennst 10.5 u 06mux CBOMCTB MPOIECCOB C OPTOrOHAJIHHBIMEA
MPUPAITEHUAMEA CJIETYET:

my(t) = At, D,(t) = Xt, t=0;

_ k
Pin(s) —n(t) =k} = XD o0 ocics k=012,

D{n(s) —nt)} = At —s| t,s>0.

ITyaccoHOBCKHiT IpoLecc UMeeT CIIelyomuil pU3nIecKuil CMBICT: U
BCsiKOM ¢ > 0 BestmunHa 7)(t) IUCIEHHO PaBHA KOJIMIECTBY COOBITHIA M3 IPO-
crefimero motoka maTeHCHBHOCTH A (CM. 1. 12.1), mpomsomemmux K Mo-
MenTy t. Takum o6pa3oM, peald3alyy IIyaCCOHOBCKOTO MPOIECCa UMEIOT
BHJ KyCOYHO HOCTOAHHBIX (PYHKIMI, I3MEHSIOMUXCA CKAYKOM Ha, eIUHHAILY
(BBepX) B CilydaiiHble MOMEHTHI BpeMeHH {71, T2, ...}, COOTBETCTBYIOIINE
NOSIBJIEHAAM O9YEPEeJHBIX COObITHH m3 morToka. Ilostomy n(t) oTHOCHTCS
K KJIACCY CHUMAIOUUT CAYUATHBLT NPOUECCOS.

ITycrs reneps va T = [0, 4+00) 3amana geTepMuHEPOBaHHAS QYHKIMS
v(t) > 0, KoTopas IpeAnoIaraeTcsa HHTerpupyeMoi 1o Jlebery Ha KaxKaoM
KOHEYHOM npomexkyTke. [Tycrsh rakaxke

at) = JV(T) dr, (10.18)

a{n(t), t >

0 MIPOIECC ¢ HE3aBUCHMBIMU MPUPAITEHASTIME, TaKO, ITO
s Becex 0 <

<swuk=0,1, ... BoIDOJHEHO

}
t

P{An(t,s) = k} = (“(S)ziva(we—ww—a(t»_

B srom ciywae 7(t) HA3BIBAIOT HE0JHOPOOHBIM NYACCOHOBCKUM TPO-
yeccom, a dbysrumo v(t) — uwmencusnocmovio. U3 onpenenenns 10.5

HEMEIJICHHO CJIEAYET, 9TO OJHOPOIHBIN IIyACCOHOBCKHII IIPOLECC MMEEeT
[OCTOSIHHY IO MHTEHCUBHOCTH V() = A > 0.
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W13 coiicts pacupenenenns [lyaccona ciemyer, 910
ma(t) = Dy(t) = alt),  Ry(t.7) = amin(t, 7).

U3 onpenenenus (10.18) a(t) crenyer, aro D, (t) HenpepoiBHa Ha T', mosTo-
My 7)(t) — C.K.-HENPEPBIBHBIH POIECC ¢ OPTOTOHAJNBHBIMHA TPUPAIIECHASIMH
(cm. mpumep 10.2).

Heoumuopoublii nyacCOHOBCKHUIT NPOLECC HECIOKHO NPEeoOpa3oBaTh
B OJHOPOIHEIl, O YeM CBHAETEIbCTBYET CIIeLyOMUil IpaMep.

IIpumep 10.5. ITokazarh, 9TO C MOMOIIHIO HECIydIallHON 3aMEHbI
BpPEMEHH HEOJHOPOIHBIN MyacCOHOBCKHII MPONECC MOXKHO IIPeoOpa3oBaTh
B OJHOPOJHEI IMyacCOHOBCKHII ¢ MHTEHCUBHOCTBIO A = 1.

Pemenwue. B cuny ycaosua v(7) > 0 3akmogaem, 910 a(t) — crporo
MOHOTOHHO Bospacratomas Gyrkmus, a(0) = 0. O6o3naunm depes b(t)
dbyurmumio, o6parayio x a(t): a(b(t)) =t. Pynkuus b(t) onpemenena Ha mo-
ayurTepsade [0, a(+00)) equHCcTBeHHEBIM 06pa3oM. Beeem npornece 7(t) =
=n(b(t)), rorma pna 0 < ¢ < s < a(+00) umeem

P{ij(s) = n(t) = k} = P{n(b(s)) — n(b(t)) = k} =

k k
— [a(b(s)) k!a(b(t))] exp{—[a(b(s)) _ a(b(t))]} _ (s k!t) e—(5=1)
Takum 06pazoM, 7(t) — OZHOPOAHBIN MyaCCOHOBCKUIA IPOLECC eANHUIHON
nHTEeHCHBHOCTH B cmity onpegenerus 10.5. Ilosyaennoe mpeobpasosanue
BPEMEHH II03BOJIIET CBOJAMTL pEHIeHME 3aJad JJId HEeOJHODPOJHOIO IIyac-
COHOBCKOI'O MPOLECCa K COOTBETCTBYIOIIUM PEIICHUSIM JJIT OJHOPOIHOTO
mnporecca. W
B xonre 0. 10.1 6bLI oNpeiesieH CTOXACTUIECKUH HHTErPAJI 110 IeHTPH-
posarHOMY mpomeccy £(t) ¢ oproronanbabivm npupamerusaym (€(0) = 0).

IIycts %(t) = n(t) — a(t), toe n(t) — HEOXHOPOAHBII MyaCCOHOBCKHIH MPO-
necc naTeHcnBHOCTH V(t). Torma MOXKHO TTOKa3aTh, 9TO JJIs 060 Hempe-
poiBHO# Ha [0,T] dyukuun (t) BbITOIHEHO

J@(T) dn(r) = 3" e(m) — J¢(T)u(r) dr, t>0, (10.19)

0 Tt 0

rae {7x } — coyuaiinsle MmomentTsl ckauxos upouecca 7)(t). Croxacrudeckas
OPTOrOHAJIbHAS Mepa, HOPOXKJCHHAS IEHTPHPOBAHHBIM IIyaCCOHOBCKHM

IIPOIIECCOM %(t), HasbIBaeTCd nyacconosckol mepot. U3 (10.19) cuenyer,
YTO CTOXACTUYECKUN MHTErpajl OT HECHyJIalHON (DYHKIUU 1O ITyacCOHOB-
CKOIl M€pe MOYKHO BBIYHAC/IUTH aHAJIUTUIECKU.

B 3akioueHne BBISICHUM, MOYKET JIM KAKOH-HUOYIH TPOIECC ¢ HEKOP-
PETHPOBAHHBIMUI MPUPAIEHUIME OBITH U DEPEHIIPYEMBIM.

IMpumep 10.6. ITokazaTh, YTO HEBBIPOKIEHHBIH OTHOPOIHBIN MPO-
necc £(t) ¢ OPTOrOHAJLHBIMA TPUPAIIEHASME HE HMEET C.K.-TPOU3BOHOMN
HU B ojHOU TouKe t > 0.

13*
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Pemenwe. Ilpexnomoxkum, ato c.k.-mpoussopnas v(t) = £(t) cyme-
82R5 (t,7)
otor
HsIsl NPOM3BOAHAS 110 Teopeme 8.3 noyKHA ObITh KOHEIHOH npm t = 7.
Honbrtaemesa Boraucauts R, (t,7) ¢ yaerom, ato Re(t,7) = o min(t, 7).

OueBuiHO, 9TO

creyer. Torma R, (t,7) = cov{v(t),v(r)} = , IpAUYIeM TOCJIET-

ORe(t,7) _ on, _J 1, =0,
—5 =0 I(r—t), rme H(a;)—{ 0. z<0.

Torma R, (t,7) = 837' (o2I(r — t)) = o?6(r — t), toe 0 >0, a d(z) ectp

nenbra-pynknus dupaxa. Orciona, R, (t,t) = 026(0) = oo, T.e. £(t) ne
WMeeT C.K.-IIPOU3BOJHON B OOBITHOM CMBICJIE HA B OJHON Todke ¢ > 0. W

BaMedganue. PesyabTar, npupelenubii B npumepe 10.6, Gyayqn
HEraTHBHBIM, HMEET TeM He MEHee BaXKHbIe MOCJAeACTBHsA. IlycTb mpo-
necc v(t) TakoB, uto m,(t) =0, a R,(t,7) = 0%§(t — 7). B cmay Toro
aro §(t — 7) =0 npum ¢t # 7, MOXKHO 3aKJIOYATH, 9T0 v(t) obmamaer Tem
CBOMCTBOM, 9TO JIIOOBIE €ro cedeHns, CKOJIb YTOIHO OJIU3KHE 10 BPpEeMEHH,
ABJISIOTCS HEKOpPPeJUpoBaHHbIMU. Takoil 1mpouecc y»Ke Berpedalicss Ham
pasbine — 310 benptii myMm. K coxanenuto, D, (t) = R, (t,t) = co u, cie-
JIOBATEJILHO, TaKOU npouecc dbusuuecku nepeasmsyem. OIHAKO PE3yJIbTaT
npuMepa 10.6 MoKas3bIBaeT, KakK GeJIblil Iy M MOSBJIAETCHA NPAKTHIECKH: 3TO
€CTh PE3YJIbTAT MONBITKY TPOoanddepeHTnpPOBaTH HEKOTOPYIO CIIy YalHY IO
dYHKIIUIO ¢ OPTOrOHAJLHBIME IpuparieHusMu. Haobopor, cam mporecc
C OPTOrOHAJLHBIMA MPHPAINEHASIMH MOXKHO (pOPMAaJbHO TPAKTOBATh KaK
C.K.-HHTErpaJl OT GEJIoro Hryma:

Oka3bIBaeTCs, 9TO MOCAETHEMY BBIPAXKEHHUIO MOXKHO IPUIATH AKKypaT-
HBII MaTeMaTH9IeCcKnii CMbICH, 9TO Oymer chenano B § 11.

10.3. MapruHrans: (HenpepbiBHOe Bpemsi). B §7 paccmarpm-
BaJINCh CIIydaifHble MOCIEJIOBATEIBHOCTH, SBJSIONNECS MapPTHHTAJIAMA
C JIMCKPETHBbIM BpeMeHeM. B JIJaHHOM IyHKTE Mbl PaclpOCTPAHUM 3TO
MIOHATHE Ha CIydaifHble (DyHKIMH U PACCMOTPUM MAPMUH2AADL C HETPE-
DOIEHBLM GDEMEHEM, KOTOPBIE TECHO CBA3AHBI C MPOIECCAMM, NMEIOIAMA
OPTOrOHAJILHBIE W HE3ABUCHMBIE IIPUPAIICHHUS.

ITpeamonoXuM, 9To Ha BEpOSTHOCTHOM mpoctpaHcTBe {Q, F, P} 3ana-
HO HEKOTOpoe cemeiicTo o-anrebp {F;}, t > 0.

Onpenenenne 10.6. Cemeiicto {F;} Ha3BIBAETCH NOMOKOM O -G
2eop ma {Q, F,P}, ecoim F; C F npum kaxaom t > 0, npuaem

a) Ft C Fg,ecmmn 0 < t < s
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6) cemeiicto {F;} HenmpepbIBHO CrpaBa, T. €.

ft:]:tJr:ﬂfs: t>0

s>t

Bameuanue. Ecin {£(t), t > 0} — cinyqaitnas GyHKI@s, onpeieseH-
nag va {Q,F,P}, a ff = o{&(u), 0 < u < t} — o-aurebpa, MOPOKEH-
Hasl BCEBO3MOXKHBIMM KOHeWHBbIMEM HaGopamm ceuenmnit {&(tx), tx € [0,¢],
k=1, ...,n}, 0 cemeiicTBoO {ff} YJIOBJIETBOPSET TPeGOBAHUIO &) OIPEIe-
sterus 10.6 mo mocrpoenuto. Ecin ke mononmaunTh .7-'05 COOBITUSIMU HYJIEBOM

BepoaTHOCTH P 1 nonoxurs Fp = .7-'54_, TO mosydenHoe cemeiicto {F:}
OyZeT yAOBIETBOPATH TAKXKE W YCIOBHUIO 0) W, CJI€IOBATEIBHO, Oymer
norokoM o-anrebp. [lanee mpeamosaraercs, 9TO yKa3aHHbBIE IeHCTBHL
BBIIOJIHEHDI, a 107 TOTOKOM {Fr} TOApasyMeBaeTCss <ICIpABICHHBI>
BapuanT {F;}.

Onpenenenne 10.7. Eciim npu KaxkzgoM ¢ > 0 ciydaifHast BenanHa
&(t) mamepuma orrOocETenbHO Fy, TO coywaiinas dbymkuusa {£(t), t > 0}
HA3BIBAETCH C02AaC08aHHOT, ¢ momoxom o-anzebp {F:} (wmm Fi-coeaaco-
8anHOT).

ITycrs {£(t), t > 0} cormacoBana ¢ morokoM {F;} ®, KpoMe TOro,
M{[£(®)]} < oo

Onpenenenune 10.8. Cayvaiinas dbyuxuusa £(t) HazpiBaeTCs:

a) mapmunzasom oraocurensuo {F;}, ecuu

M{{(s) | F:} =&(t) (P-m.m.) upm s >t
6) cybmapmunearom oraocurensuo {F;}, ecnn
M{{(s) | 1} 2 £()  (P-mm) mpu s > ¢

B) cynepmapmunzarom orHocuTenbHo {Fi}, ecmm {—¢(t), Fr} — cy6-
MapTHHTAJL.

Bameuanne. Ecm &(t) apaserca maprunranom oraocnTensno { Fy ),

TO CIIOBA «OTHOCUTE/ILHO 1OTOKA {Ff }» 3a4acTylo Gy/LyT OLyCKAThCs.
ITpuBeseM nprMepbl MAPTHHTAJIOB C HEIPEPHIBHEIM BPEMEHEM.
IIpumep 10.7. Iycre va {Q, F,P} 3aman norok o-anrebp {F;} u

ciydaifHas BeJUYHHA, 1), IMEIOIasd KOHEIHOEe MATEMATHIECKOEe OXKHIAHHE.

ITokaszark, yto caydaiinas Gyakmus £(t) = M{n | 7}, t > 0, saBasercs

MAapTHHIAJIOM OTHOCHTENbHO {F}.

Pemenwme. Ilo ycnoeuto M{|n|} < oo, mosromy just mo6oro ¢ > 0
OLPeAEeseHo ycioBrOe Maremarnieckoe oxunanue E(t) = M{n | F;}, upu-
qem £(t) mamepuma oTHOCHTENBHO F3. TaknuM o6pasom, crydaiinas QpyHK-
nys £(t) Fy-cormacosana. Jlasee, ncnonb3ysi CBOMCTBA yCIOBHOTO MaTeMa-
THIECKOTO OXKHJaHWs W HepaBeHCTBO encema (cm.m.14.5), momygaem

ML)} = M{IM{n | Fe} [} < M{M{[n| | F¢}} < M{[n|} < oo.
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Tenepp ocTamoch NpoBepuTh ycaosme a) ompexesnenus 10.8. Ilycrts
0 <t < s, rorma ¢ yuerom F; C F, umeem

M{&(s) | 72} = M{M{n | 7.} | 71} = M{n | 72} = £(1).

Urak, {(t) — MapTHHraI OTHOCUTENBHO {F}} B CUILy ONpejesieHus. W
IIpumep 10.8. Iycts {£(t), t > 0} — mapruaran orrocurenbro {F; },
a g(x) — BoimykJas Ban3 dyukmus, npudeM M{|g(£(¢))|} < oo. IlokazaTs,
aro v(t) = g(&(t)), t > 0, aBnaerca cyGmapruaragoM oOTHOCHTEABHO { F}.
Pemenne. PesynbraT ciielyeT HENOCPEICTBEHHO M3 HEPABEHCTBA
Uencena (upu ¢ < ):

M{v(s) | Fo} = M{g(&(s)) | Fe} > g(M{E(s) | Fe}) = g(£(1) = v(t).

B wacraocTH, eciim £(t) — maprumran, to caywaiineie dynkoum |£(t)],
[E@)|P (p > 1), £F(t), rae 2T = max(z,0), 6yayT cybMapTHHTAIAMA TP
YCIIOBUH, 9TO OHA MMEIOT KOHEYHBIE MATeMATHIECKUE OKMJIaHUS. M

CBolicTBa MapTHHrajJIoB U cyOMapTuHrajgoB. Hwmxe npesamnosna-
raercs, aro {£(t), t > 0} gBusgercda MapTUHIAJIOM WM CyOMapTHHIAJIOM
OTHOCHTEJIBHO (PUKCUPOBAHHOTO OTOKA o-aire6p {F;}.

1) Oyuruua £(t) aBiasgercda MapTUHTAJIOM, €Ciau Jjs s >t > 0

Jf(s,w) P (dw) = Jg(t,w)P(dw), (10.20)

A A

7 cyOMapTUHIAJIOM, €CIu

Jf(s,w)P(dw) > jg(t,w) P (dw) (10.21)

A A

aas goboro cobbrrua A € Fy.

2) Eciu &(t) — maprunran, ro M{{(t)} = const, a ecim £(t) — cy06-
maprunran (cynepmaprunran), To M{&(t)} — neyObBatomas (reBo3pa-
cratomas) QyHKIAI.

3) Ecam £(t) — cybmaprunrasm, To s toro arobst &(t) 611 MapTHH-
rasoM, Heobxoammo u goctaroano, aTobsr M{&(t)} = const.

4) Hepasencmeo Koamozoposa das mapmunzanos. Ecin {£(t), t > 0
o6pa3yeT MApTHHTAJ C HEIPEPBIBHBIMY CIIpaBa TpaekTopusavu, M{{(t)} =
= mg, g(x) — HeoTpHaTenbHas BeOyKIad ynknus, a A C [0, +00), To
nist Jiroboro € > 0

P{flelgg(é(t)) >e} < sup M{g(&(t))} /e

)

B gacrtHOCTH, CripaBe/IMB yCUJIEHHBI BapUAHT HEPABEHCTBA, UeObIiena:

P{félAp\f(t)—msl e} < SupD{£ (1)} /€*.
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Ecmm £(t) — HeOoTpUIATENBHBIN CyOMAPTHHTAN, TPAEKTOPUE KOTOPOTO
HenpepbiBHBL cipaBa, a A C [0, +00), To mig moboro € > 0

P{ngpﬁ(t) >e} < sup M{£(t)} /e

5) ITycre {£(t), t > 0} — cyOmapTuHrasn, TPaeKTOPUH KOTOPOTO HEmpe-

PBIBHBI cripaBa, u sup M{|{(¢)|} < oo. Torma ¢ BepositHOCTBIO 1 CylIecTBy-
(2]
er Tpejes ) = tl—l)rgo &(t), mpuaem M{|n|} < oo.

Sameganune. VI3 mociemsuero cBoiicTBa Ciaeayer, B 9aCTHOCTH, ITO
BCAKHH HENPEpBIBHBIA HeOTpHUIaTeNbHbI cynepmaprunrai {£(t), ¢ > 0}
(ero maremaTmvIeCKOe OXKMJAHWE PABHOMEDHO OIDAHWIEHO) B HEKOTOPOM
CMBICTIE BBIPOXKIaeTcd. J1efiCTBUTEIbHO, OYTH KasKIasd TPAeKTOPUS 3TO-
ro npomuecca npu t —» 00 CXOAMTCH K HEKOTOPOMY KOHEYHOMY HDPEIEJLy
(B obmeM ciryuae TpeNesbl PA3iUIHBI s PA3NUIHBIX TPACKTODHii).
AHaJlormYHOE CBOMCTBO MMEET MeCTO TaKKe H I HeMOJIOKHTEJIHHOIO
cybmapTuHTaIa.

Caenyromuii IpuMep IOSACHSET CBA3b MAPTHHTAJIOB M IIPOIECCOB
C HE3aBUCUMBIME IIPUPAIICHAIMH.

IIpumep 10.9. IIycrs {£(t), t > 0} — cayuqaiinas GyHKIUS ¢ He3a-
BHCHMBIMU [IPHPAINEHAAMHI M IOCTOSHHBIM MATEMATHICCKUM OKHJAHAEM.
Iokasars, uTo £(t) SBISETCH MADPTHHIAIOM OTHOCHTETBHO MOTOKa {FF ),
ecim £(0) = 0.

Pemenune. Ilycte A&(t,s) =&(s) — &(t) mna 0 <t < s. ITokaxewm,
aro A¢(t, s) me 3aBucutT oT o-anre6psr Fp. g 3TOr0 JOCTATOYHO JOKA-
3aTh HE3aBUCAMOCTb YKa3aHHOI'O IPUPAIEHAs OT IPOU3BOILHOTO Habopa
cevenuit

§(t1), - (), (10.22)

rne 0 =ty <t <...<t, <t Iockonbky ceuenns (10.22) moxkuO npes-
CTaBUTb B BUJE JIMHEHHOro Ipeobpa3oBaHus IpUpaIleHuii

AE(to,t1)s vy AE(En—1,tn), (10.23)

TO TpebyeMoe yTBEpKIEHUE Clle/lyeT U3 Toro, 4ro npupamenus (10.23) ue
saBucaT ot AL(t, $) no ycaoBmio.

Teneps B crity HesaBucumoctn A¢(t, s) or ff n nocrostucrBa M{&(s)}
HaXO0JUM

M{&(s) | FE} = M{E(t) + Ag(t,s) | FE) =
=M{E(t) | F2}+M{AE(t ) | FF} = €(t) + M{AE(t, )} =
= £(t) + M{&(s)} — M{E(t)} = £(¢),
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e £(t) = M{£(t) | .7-'5}, Tax Kak £(t) m3mepuma oTHOCHTENBHO Fr (M.
CBOMCTBA yCJIOBHOIO MATEMATHUYECKOTO OXKMJaHUsA B 1. 14.5). YVaursiBas,
aro M{|{(t)|} < oo mo ycmoBumto, momydaem, 9to &(t) — MapTHHra1. W

BBe/ieHHBI# B IpebIIyIIeM IyHKTe IyacCOHOBCKUI MPOIECC IaeT HaM
CoZeprKaTeNIbHbIH IprMep CyOMapTHHIAIA.

IIpumep 10.10. ITokazarh, ITO OTHOPOAHBIH TTyaCCOHOBCKUII ITPOIIECC
n(t) sengerca cybmaprmaramom orrocureasno {F,'} m momyckaer mpen-
CTaBJIeHUE BUIA

n(t) = () + A(?), (10.24)

rae v(t) — mapruaran ornocurenasuo { F,'}, a A(t) — merepMuHEpOBaHHAS
dyHKIHAS.

Pemenme. Cormnacro onpenenennto 10.5 npmpamenne n(s) — n(t),
s > t, HeorpuaTeasHo, npudeM M{|n(t)|} < co. CremoBarenbHo,

M{n(s) | 7'} = n(t) = M{n(s) = n(t) | 7'} > 0

YTO JOKA3BIBAET CyOMapTHHTAIBHOCTD mporecca 7)(t).

IMockomsxy M{n(t)} = At, To mpomecc y(t) = n(t) — A\t aBasiercs nen-
rpupoBarHo#i C® ¢ HesaBUCHMBIME TpupamieHusmu, npudem v(0) = 0.
Ilostomy B cmmy pesymbrata mpumepa 10.9 () mpencrasaser coboii
MapTuHTasn orHocuTenbio {F, }. Tak xak F,; = F,' npm mobom t > 0,
to (t) — maprmaran ormocuresbHo mortoka {F;'}. Takum oGpasom,
Tpebyemoe npejacTaBienue umeer sug (10.24), rae

vt =n(t),  A®)=M{n{t)}=At. m

Bameuanwue. Ilpencrapienne (10.24) cybmaprurrana 7)(t) aHaio-
ruaao pasnoxennioo Jy6a (7.2) (mist cyOMApTHHIAIOB C IUCKPETHBIM
BpEMEHEM ), oIy 9eHHOMY B 1. 7.1. [Ipn aTOM meTepMuHUpOBaHHAsT HEYOBI-
Batomas Gynkmus A(t) (A(0) = 0) maseiBaeTcs Komnencamopom CyoMap-
TuHransa 1)(t).

Ianee GyeM IpeaoaraTb, 9T0 TPA€KTOPUH ILyaCCOHOBCKOTO IIPOIEC-
ca HeIPEPHIBHBI CIPaBa.

IIpumep 10.11. B ycaoBusix npumepa 10.10 onerunrh

P{sup [n(t)—M|>¢c} mma T=1r=2¢e=4.
te[0,T]

Pemenune. U3 npumepa 10.10 caexyer, aro (t) — neHTpupoBaHHbBLi
HenpepbiBHblil cupaa Maprunran, upudem M{y2(t)} = D{n(t)} = At,
tak kak CB 7(t) mmeer pacnpenenernne Ilyaccona ¢ mapamerpom g = At.
Tenepb Bocnonb3yemcst HepaBeHCTBOM Kommoropoga:

t M AT
P{ sup |n(t)—At| >¢} < 2( ) _ p 5 =755
te[0,T) tejo,1] € tefo,T] € €
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Orciona pu T' = 1, A = 2, ¢ = 4 monydaeMm

P{ sup |n(t) — M| >¢} <
t€[0,T

=0,125.

00| =

[Tocegaee o3HAYaET, 9TO ¢ BEPOATHOCTHIO, He MeHbimeil 0,875, Makcwh-
MAJIbHOE OTKJIOHEHWE PEATbHOTO IHUCIIa CKAIKOB Ipomecca 1)(t) oT oxuma-
eMoro umcia my,(t) = 2t na npomexyTtke Bpemenu [0, 1] 6ymer me Gonbe
qeThipex. W

IIyctb Teneps &(t) — meHETpEpOBaHHAS THIILOEPTOBA CITyJaifHast PyHK-
mus (r.e. M{|¢(t)]?} < o0), aBasOmAsCcs MaPTHHIAIOM OTHOCHTENLHO
noroka o-anre6p {F; }. Taxoii mporecc Mbr 6y1eM HA3BIBATD K6aAOPAMUYHO-
UHME2PUPYEMBLM  MAPMUH2AA0M. MeXKIy MapTHHTAJaMH 3TOTO THIA H
nponeccaMu C OPTOrOHAJIbHBIMU MPUPAINECHUAMU UMEETCA TeCHad CBA3b,
0 9eM CBHJETEJBbCTBYET CJIEAYIOMHil TpUMEp.

IIpumep 10.12. lokazarh, 4T0 JI0O0i KBaIPATUIHO-UHTETPUPYE-
MBIii MapTHHIAJ ABJSETCH IIPONECCOM ¢ OPTOTOHAJBHLIME IPHPAIIEHHU-
AMMU.

Pemenne. Ilycts 0 <ty <ty < t3 < ty4, TODIA

M{AE(t1,t2) A&(ts, ta) } = M{M{AL(t1,t2) AL(t3, ta) | Fiy}} =

= M{A(t1, t2) M{AL(t3,t4) | Fiy}} =0,

IJle TIPEeAoCIeHee PaBeHCTBO CIPAaBEJJINBO B CHJIy TOTO, UTO MPHPa-
menne AE(t1,t2) m3amepumo oTHOCHTENBHO Fp,, & MOCTEAHEE — B CHILY
M{A&(ts,ta) | Fiy} = 0, Kak mokasano B npumepe 10.9. Takum oGpasom,
¢ yaerom M{AE(t, s)} = 0 momywgaem cov{AL(t1,ts), Al(ts,t4)} =0, T. €.
&(t) — mpormecc ¢ OPTOrOHAILHBIMA TPUPAIIECHASME. W

Bameuanue. Eciu neHTpUpOBaHHbIN BLIXOAANIMI U3 HyJIsl MAPTUH-
rajl SBJIAETCH 2aYCCOSCKUM, TO OH KBaJIPATHYHO MHTETPHPYEM M HMEET
OPTOTOHAJILHBIE NPUPAIIEHUs, KOTOPBIE (B CHJLy TayCCOBOCTH) SIBJISTFOTCST
He3aBUCHMBIMEA. TakuM 06pa3oM, BCAKHIA TayCCOBCKUIT MapTHHIAA MMEET
HesaBucuMble npupainenusd. HaoGopor, Beakuil NEHTPUPOBAHHBIA BBIXO-
JAIAA U3 HyJis TayCCOBCKHUII IIPOIECC ¢ HE3aBUCHMBIMY IIPUPANICHHAMHE
ABIAETCS KBAJAPATAIHO-UHTEIPAPYEMBIM TayCCOBCKAM MAPTHHTAJIOM.

i KBaipaTHIHO-MHTErPHPYEMbIX MAPTUHIAJIOB CIPABEJIAB AHAJIOT
pasnoxkenns (7.5), KOTOpoe BBINISAUT HAKOOJIee IPOCTO, eCIIH PACCMATDH-
BaeTCA MapPTHHIAJ C HE3aBUCUMBIME IIPUPANICHHIAM.

Teopema 10.1. Iyemw &(t) — xeadpamuuno-urmezpupyemord
MAPMUH2AA € HE3ABUCUMBMU Npupawerusmu. Tozda cybmapmunzan
n(t) = £2(t) donyckaem eduncmeennoe pasaoscenue

n(t) = M(t) + (&), » (10.25)

2de M(t) — mapmunzans ommocumenvno nomoxa {Fe}, a €), — neyboi-
sarouias demepmunuposarnas Gynryua (maras, wmo (§), = 0).
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Qyukius (§), HasbIBaercs keadpamuyeckol raparmepucmurot, map-
munzana &(t).

IMpumep 10.13. Iycrs {£(t), t > 0} — KBagpaTU4HO-HHTErpHUDPYE-
MBI MapTHHrAL (0THOCHTEBHO {FF}) ¢ He3ABHCHMBIMI IPUPAICHHAMIE,
£(0) = 0. TTokazars, aro (§), = D¢(t).

Pemenue. Boraucinm M{EZ(S) —£2(t) | ff} npu s > t. Ucmonb-

3y4d HE3aBUCHUMOCTb B COBOKYITHOCTHA C.TIy‘Ia.fIHbIX BeJINYUH
Ag(t,s),  AgL(0,t), £(0),

MAapTHHTAJILHOE CBOHCTBO M{Af(t,s) ‘.7-'5} =0 ®m pe3ysbTAT HpHME-

pa 10.2, nonyqaem
M{€3(s) - €2(t) | 7} = M{(6s) — €()(ECs) +€(0) | FE =
= M{A&(t, 5)[AL(t5) +28¢(0,1) + 26 (0)] | 7} =

= M{(A&(t9)* | FE = M{(AL(t,9))?} = De(s) — De(t).

Takum obpazom, nponecc M (t) = &2(t) — De(t) ynosrerBopsieT MapTHH-
rasbHoMy cpoiictsy, a M{|M (t)|} < oo B cnny M{&*(t)} < co. m
EcTecTBeHHBIM 0606IIEHAEM OJHOPOJHOTO MyacCOHOBCKOTO HPOIECCa
n(t), y KOTOpOro BCe CKAYKH pPaBHBI 1, gBigerca obobwennviti nyac-
conoeckuti npouecc H(t), ckaukm KOTOpOro 06pasylOT COBOKYIHOCTH
HE3aBUCUMbBIX CIIy9daifHbIx BesmaunH {; }, He 3aBucamux Takxke u ot 1(t):

(t)
H(t) =S &, t>0.
=1

Takwum obpaszom, & = AH(r;) — Besmumna ckaaka mpomecca H(t) B mo-
MEHT T;, COOTBETCTBYIOIMIi i-My CKauKy mporecca 7)(t) Ha mpoMexKyTKe
[0,t], tne s =1, ...,n(t). Bymem cautars, 9To 3amaHbl napamempo, 0606-
MIEHHOTO IIyaCCOHOBCKOT'O IIPOIECCa:

)‘7 M:M{gl}7 D:D{gl}ﬂ

rae A > 0 — HHTEHCHBHOCTD IIyacCOHOBCKOro mporecca 1)(t).

IIpumep 10.14. ITycrs H(t) — 060bIIEeHHBIH TyacCOHOBCKHH IIPOIECC
¢ mapamerpamu (A, p, D). Hafitn ero marematmaeckoe oxKumanme u guc-
MEPCHIO.



§ 10] CJIVIAUHBIE ®YHKIIUNA C OPTOTOHAJIBHBIMU MPUPAIIEHUSAMA 203

Pemenne. Ilo ¢popmysie moTHOrO MaTEMATHIECKOTO OXKUIAHMS, HC-
HOJIb3Ys HE3ABUCUMOCTDb CKadkoB {&;} or n(t), Haxoqum

M{H(#)} = i M{H(?) [ n(t) = n} P{n(t) = n} =

20 = PO =) = 3= M{3 6 P00 =) =

= 3 muP () = n} = i M{(0)} = px.

AHajlorngHO TIOSTy9YaeM BBIpaXKeHUe JIJIst M{H2 (t)}:

M{H (1)} = 3° M{E(2) | n(t) = n}P{n(t) = n} =

n

= > M{(C &)’ }P{(t) =n) = Y- {nD + ()} (1) = n} =

n=1 =1 n=1

=M{n(t)} D +M{n*(t)} u* = XD + (Xt + (A\t)*)p?,

rje yduTeHo M{(Xj: 61)2} = zj: D{¢} + (i M{fi}>2. OkoHYATEIBHO
HAXOIUM Bmpa)KeHzI;e JIst D{IEI_(t)}: "
M{HE(1)} - (M{H()})? = MD+ M-+ (%) = (Mgo)? = (D-+2) 00, m

Cuemytomuii mpuMep MOKa3bIBAET, ITO OOOOIEHHBIH ITyacCOHOBCKHM
IPOLECC MMeeT HEe3aBUCUMBbIE IIPUPALEeHUs .

IIpumep 10.15. lokazaTh, 970 0600IEHHBIN TyaCCOHOBCKUIA IIPOIIECC
H(t) ¢ mapamerpamu (A, i, D) nMeer He3aBUCHMBIE TIPUPAIIECHS.

Pemenue. Ilycts tg =0<t; <...<t,. Hokaxewm, 9r0 npupaiie-
mug AH; = H(t;) — H(tj_1),j = 1, ..., n, HesaBucEMSBL. 11 9TOrO HOCTA-
TOYHO JI0KA3aTh PABEHCTBO

U(zyy ooy 2n) =U1(21) .- Uplzn), (10.26)

rae ¥(z1, ...,2,) — XapaKTepucTHIecKasd DYyHKIW CIydaiiHOTO BEKTOPA
{AHy, ...,AH,}*, a ¥;(z;) — xapakrepucrudeckue QyHKIHE CIydaii-
ubix Bemaue AHj;, 7 =1, ..., n (cm. m 14.3). Wrax,

Wer, o) = M{exp (13 58 ) } = Mltaten), - m(e)

(10.27)
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rae dbyskuusa (my, ..., m,) OUPEIETAETCA BBIPAYKEHAEM

o(my, ...,my) = {exp( zi: AH]') ‘ n(ty) = my, ...,n(tn) = mn}

(10.28)
JUIsl HATYPAJIbHBIX apryMeHTOB my < ... < My,. Mcnone3ys ob6o3HadeHne
AHj(m) = > &, B culy HesaBUCHMOCTH CKadkoB {§;} oT 7(t) u Hesa-
my 1 <i<m
sucumoctu Benuane {AH;(m), j =1, ...,n} Haxomum

e(my, ...,my,) = {exp( ZZJAH )}

n

H M{exp(iz;AH;(m))} = H We(zj)™i—mi-t (10.29)

rae We(z;) — xapakrepucrudeckass QyHKIHs ClydailHOR BesuduHbl ;.
Teneps n3 (10.27)—(10.29) ¢ y4eTOM HE3aBHCHMOCTH TPUPAIIEHUN Myac-
COHOBCKOTO mporecca 7(t) moryaaem

(21, ... 20 {H\yg NGRS n)}:
= H M{\I/g(zj)(”(tj)_rl(tj—l))}. (1030)

[ToBropss 10CIOBHO mpojeaHnble BhIKIaAKY A Gyuknun ¥;(z;), Ha-
XOJIUM

() M{\p& (n(tj) n(t;- 1))} (10.31)

Tenepn Tpebyemoe pasencrso (10.26) cremyer uz (10.30) u (10.31). =
C momomipbio 0606IMIEHHOTO ITyacCOHOBCKOTO MPOIEcca MOXKHO OIpPeIe-
JIUTh BasKHbIA KJIACC KBaJpaTUYHO-UHTEIPUPYEMbIX MapPTUHIAJIOB.
Teopema 10.2. [Iyemo H(t) — obobwernnwid nyacconosckud npoyece
¢ napamempamu (A, p, D). Tozda npoyecc

H(t) = H(t) — pt

ecmv K6adPAMUYHO-URTNEZPUPYEMBIT, MAPMUH2AA € KBGOPAMUYECKOT Ta-

paxmepucmurot
o

(H), = (D + p?)At.



§ 10] CJIVIAUHBIE ®YHKIIUNA C OPTOTOHAJIBHBIMU MPUPAIIEHUSAMA 205

Eme ogun kiacc KBagpaTuIHO-HHTEIPUPYEMBIX MAPTUHIAIOB MOXKHO
MOCTPOUTH CIIEIYIOMIM 0O6pa30M.

IIpumep 10.16. IlycTh 3amaHa TOCIIEIOBATEIHLHOCTh HE3ABUCHMBIX
cay4vaiiupix BesmanH {0;}, Taknx, aro M{é;} =0 u M{(SZQ} < o0o. Ilycrs
TaKKe 33/laHa JeTePMUHUPOBaHHAs BO3PACTAIONIAs MOCIEI0BATEILHOCTD
momenToB Bpemenn {7;}. IIpn kaknx ycioBusix mpomece

£t) = Z d;

T <t

ABJISAETCA KBAJAPATHIHO-HHTETPUPYEMBIM MAPTUHTAIOM !

Pemenne. Ha xkaxgom wunrepsane |[0,t], TakoMm, 9TO HUmCIO
N(t) = sup{i: 7; < t} xomeuno, mpomecc £(t) siBasieTcs KBaAPaTHIHO-
MHTErPUPYEMbIM MapPTUHTAJIOM € KBa[PATHIECKON XapaKTePUCTHKOM

N(#)
<§>t = Z: M{‘szz}

Eciu xxe N (t) = 0o, 10 £(t) — KBaAPATUIHO-UHTETPUPYEMbIii MAPTUHIAL,

o0
eciu ZM{(S?} <o0o. H
i=1
3amewanmne. [locrpoerne mponecca &(t) 09eHh HAMOMUHAET TOCTPO-
eHre OOOBIIEHHOTro IIyaCCOHOBCKOIO MpOIecca ¢ TOH JIMMIb pPasHHIEH,
YTO y MOCJIEJHEro CKAYKH MPOUCXOAAT B CIydailHble MOMEHTHI BPEMEHH.
TpaekTopur 0OGOHX MPOLECCOB TAKXKE BECbMa MOXOXKH U INPEJCTABISIOT
co0o#t KyCOYHO TMOCTOSHHBIE HENpepbiBHbIE cripaBa dyukmuu. OmgHAKO UX
KBaJ[PaTHIECKHAE XaPAKTEPUCTHKH OTJIHYAIOTCH PaIAKAJILHBIM 00pPa30M.
Ksagparnyeckas XapaKTepUCTHKa 0606IIEHHOTO MTyacCOHOBCKOTO TTPOIIEC-
ca HeImpepbIBHA, OTKY/Ia CIIEYeT €ro C.K.-HEIPEPHIBHOCTL B KaXKIO# TOY-
ke. KBanparudeckaa xapakrepucTuka nponecca &(t) pasphiBHA BO BCEX
Toukax {7;}, TJ€ HUCHOBITBIBAIOT PA3PHIB TPACKTOPHH CAMOTO MPOIECCa.

10.4. BuHepoBcKwuii mmponecc. /JlaHHBI IyHKT MBI TIOCBATAM H3Y-
YEeHUIO CBOMCTB Hambojee BaXKHOTO HPOIEecca, MPHHAJJIEXKAIIET0 ceMeli-
CTBY CJIy9aiiHbIX (DYHKIHIT ¢ OPTOrOHAJIBHBIMA IPHPAIICHUSIMH.

Onpenmenenme 10.9. Cnywaitnaa dynkmus {w(t),t > 0} naspBaer-
CA GUMEPOBCKUM NPOUECCOM, ECITH:

2) w(0) = 0, M{uw(t)} = 0;

6) w(t) — OmMHOPOAHBIH MPOIECC C HE3ABUCMMBIMY IIPUPAIIEHUSIMU;

B) w(t) — rayccoBckwmii mpornecc.

VI3 npuBeseHHOro ONpee/IeHUs Cpasy CJIEAYeT, 9TO IpH JoboM ¢t > 0
ceuenme w(t) mmeer pactpegenenne N (0; 0%t), a npupamenne Aw(t, s) —
pacnpenernernue N (0; o2|t—s|), rae N'(a; D) — rayccoBcKoe pacmpe/esenne
CO CPeJHUM a U jgucnepcueil D. YKazaHHBIE XapaKTE€PUCTHKHA MO3BOJSIOT
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PaCCYNTBHIBATH BEPOATHOCTH HEKOTOPBIX HPOCTBIX COOBITUH, CBA3AHHBIX
C BUHEPOBCKHM IIPOIECCOM.

ITpumep 10.17. ITycrs w(t) — BUHEPOBCKMIT MPONECC C WHTEHCHB-
HOCTBIO 02 > 0. BBIYHCIUTL BepoATHOCTH TOrO, 4TO B MoMeHT 1' > 0
Tpaekropusi w(t) okaxkercs Bbime yposus ¢ (1.e. P{w(T) > z}).

Pemenue. Ilo ycrosmo M{w(t)} =0, a D,,(t) = o*t, mostomy w(t)
nmeer pacmpenerenne N (0;0%t). Orcrona semmanna w(t) = w—\;i uMeer

g

cranmapTHOe rayccobckoe pactpepesnerne N (0;1). CremosarensHo,

P{w(T) > ¢} = P{@E(T) > ﬁ} —1-9 <$> ,

z

rne P(z) = — J et/2ar — dbyukmus pacupenenenns CB w(T)
v |
(bynknus Jlanmaca).
B uacrnocrn, P{|w(t)| < 30v/t} = &(3) — &(—3) ~ 0,997 mus Bes-
Koro t > 0, T.e. BBIXOJl TPAGKTOPHH BHHEPOBCKOI'O IPOLECCA 38 MPEIeIbl
obmactu |z| < 30/t ManoseposTen (cm. puc. 10.1). m

30Vt

Puc. 10.1

OxkasbiBaercs, 9To w(t) 0b1a aeT MHOTMMA HHTEPECHBIMA CBORCTBAMI,
KOTOPBIE MBI IPHBEIEM 0€3 JI0Ka3aTeIbCTBA.

1) BuHepOBCKHil IPOIECC SABISETCS MAPKOBCKUM TIPOIECCOM.

2) Ilourn BCe TPAGKTOPHUW BUHEPOBCKOTO IMPOIECCA — HEMPEPHLIEHBLE
dyukuuu (puc. 10.1).
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3) Iourm Bce TPaEKTOPMU BHHEPOBCKOTO TIpoTecca ke dupdepenyupy-
emv, HE B OJHON TOYKe.

4) C BeposiTHOCTHIO 1 Ha JO60OM KOHEYHOM OTpe3Ke [t, s, t < s, Tpa-
€KTOPHUsI BUHEPOBCKOTO MPOTECCA UMEET HEOZPAHUYEHHYIO BAPUALUIO.

5) BurepoBCKHii TIPOIECC ONMWUCBIBAET CUMMEMPUYHOE baydicdarue
YACTHIBL 10 JelcTBUTENbHON npaMoil (w(t) — KOOpJUHATA 9aCTUIBL B MO-
MeHT t > 0):

1
P{w(t) > 0} =P{w(t) < 0} = 5 upu t> 0.
Bousee roro, eciiu 7, — cily4aliHbIii MOMEHT IIEPBOI'O [I€PECEYEHUs TPACK-
rTopueit w(t) ypoBHH T, TO HajbHellee GIyKIaHAE TAKKE CAMMETPUIHO:

Plw(t) > | 7o <t} =Plw(t) < |7, <t} = % (10.32)

6) Iycrs {pk(t)}2,; — opronopmupoBannbLii 6a3uc ruabdeproBa HpPo-
crpanctBa L3[0,7] dyrknmii, KBaapaTHIHO-NUHTErPAPYEMBIX Ha OTPE3KE
(0,7, a {Vi}2, — rayccoBckuil cran apTHBLA JUCKPETHLIH Geblil mryM.
Torna mporecc

wit) =3 Vi [er(rydr, teloT) (10.33)

SIBJISETCS CTAHJAPTHBIM BEHEpOBCKEM mporeccoMm Ha [0,7] (cxommmocTs
psaga B (10.33) moHMMAETCs B C.K.-CMBICIIE).

7) Buneposckwuii nporecc w(t) ABIAETCS HEMPEPHIBHBIM TayCCOBCKAM
KBaJIpaTHIHO-HHTETPAPYEMBIM MaPTHHIAJIOM ¢ KBaIPaTHIECKO XapaKTe-
pucrukoit (w), = Dy, (t) = ot

IIpuBeseHHEbIE CBOWCTBA BUHEPOBCKOTO Mpornecca w(t) TO3BOIAIOT HC-
CJ1eI0BaTh 60JIee CJOXKHBIE er0 XapaKTepUCTUKH.

IIycte © > 0 — 3amamroe unciao. O6o3HAYAM Yepe3 T, CIIydaiiHbIi
MOMEHT IEepBOro IIe€PeCeYeHUs yPOBHS & TPACKTOPUEll BUHEPOBCKOTO MIPO-
necca w(t), ymoMsHyTHI B CBOHCTBE 5:

T, = inf{t > 0: w(t) > z}. (10.34)

Paccmorpum BepositHocTHbie xapakrepuctuku CB 7.

IIpumep 10.18. Haiitu 3akon pacnpenenerus CB 7,, onpemensemoii
coorrHomenueMm (10.34). BoisicHuTh, a0060f U ypoBeHb x OymeT mpe-
onoser. Eciu ga, TO CKOJIBKO B CpEJHEM NIPHUIETCS OXKHJATH MOMEHTA
HACTYTIJIEHUS STOTO COOBITHS !

Pemenwme. Ilycrs t > 0 Takoso, aro w(t) > = > 0. B cuiny Henpepsis-
Hocth w(t) (CM. CBOMCTBO 2) 3TO BO3MOXKHO, TOJIBKO €CJIH J0 MOMEHTa t
tpaekropus {w(7), T > 0} y»Ke mepecekia ypoBeHb T, T. €. IPOR3OIILIO CO-
obirue {7, < t}. Takum obpasom, ciaydaiinoe cobbrrue {w(t) > x} Bieder
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{7z < t}, nosromy {w(t) > z} N {r, <t} = {w(t) > z}. C ygerom sroro,
uconb3ys GOPMyITy yMHOXKEHHsI BEPOATHOCTE!, MOTydaeM

P{w(t) >z} = P{w(t) > z, 7, <t} =P{w(t) >z |7 <t} P{r, <t}.
Urak,
Pl{w(t) > z | 7 <t} = P{w(t) >z} /P{r, < t}. (10.35)

U3 cpoiicTBa cHMMETpUE BHHEPOBCKOTO TPOIECCa (CM. CBOWCTBO 5)
n coorHomenusi (10.32) cienyer, uro seBas wacts (10.35) pasHa 1/2.
[Tosromy

P{r <t} =2P{w(t) >z}, (10.36)

roe P{r, <t} = F, (t) — uckomasa byukuus pacupegenenus CB 7,

npuaem u3 npumepa 10.17 cremyer, aro P{w(t) >z} =1 - & <%>
o

Takum obpaszom,

F, (t)=2 <1 .y <ai\/i>> = %Izﬂe—zzﬁ dz. (10.37)

W3 (10.37) caenyer, uro F,_(t) — nenpepsisro quddepennupyemast GyHk-
mus, T.e. CB 7, uMeer HempepLIBHYIO IJIOTHOCTL BEPOATHOCTH:

’

fr.(t) = F._(t) EAC AU} (10.38)

T
=—c¢
V2rot3/?

Coornomrenns (10.37) u (10.38) mo3BONAIOT CAEIATH CIEAYIONIUE BbI-
BOJIBI:

a) P{r, < oo} = 1 mpm mobom xorearnOM T > 0, T. €. TPAGKTOPUSA BU-
HEPOBCKOT'O MPOIIECCa PaHO WK MO3IHO [epecedeT CKOJIb YTOMHO BBICOKMIA
b6apbep x;

o0
6) M{r,} = J tfr, (t)dt = oo, T.e. cpeHee BpeMs OXKUIAHUS ITOrO
0
nepecedeHusi 6ECKOHEYHO BEJIMKO. M

B 3aBepmierne paccMoTpuM NpUMep, WLTIOCTPUPYIOMIANA CBA3b BU-
HEPOBCKOTO MPOIECCa € HEKOTOPOH IMOC/IeI0BATEILHOCTHIO CJIyIaiiHbIX
OIyKIAHUN YJaCTUIBI IO JUCKPETHBIM TOYKAM BEIECTBEHHON MIpAMOii.
B wacTHOCTH, MBI BBISICHIM TIPUYWHY, ITO0 KOTOPOH BHHEPOBCKHUI MTPOIECC
OKA3bIBAETCS I'ayCCOBCKUM.

ITpumep 10.19. ITokasaTk, 9T0 BHHEPOBCKHUi mponecc w(t) MOXKHO
PacCMaTpPUBATH KAK IIPEJIeJI IOCJIEI0BATEIbHOCTH CIIy YAl HBIX OJIyKIaHmii
Ha OPAMOW.
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Pemenne. Ilox muckperHbIM CiydailHBIM OJIyKIaHHEM HA IIPs-
Moit GymeM MOHMMATH CIy9aifHylo MociemoBaTenbHocTh {w,(T), 7 =0,
At,2At, ... ,nAt}, toe t >0, At =t/n, n>>1, obmamaouyo ciemsyo-
IMAM CBONCTBOM: €CJIM TOYKA B MOMEHT T HMEET KOODAMHATY Wy (T), TO
B caeytommii MoMeHT T + At oHa mepexoquT Jubo B TOUKY Wy (T) + Aw,
aub0 B TOUKY wWn(T) — Aw, rme Aw >0 — (IpocTpaHCTBEHHBIN) mIar
Oy KJaHUS, a caMo OJIy>KJIaHue CAMMETPUIHO, T. €.

P{w, (T + At) = w, (1) + Aw} =
=P{w, (7 + At) = w, (1) — Aw} =1/2. (10.39)
IIycts w,(0) = 0 — madasbHast KoOpAWHATA OIIyKIAIOMEl TOIKHA U
K MOMEHTY BpeMeHH t ciesano n = t/At maros. Torma wy,(t) = i Wk,
k=1

rae {wnpk} — coorBercrBytomme ciaydvaiinbie maru. [To nocrpoenuio ciy-
vafiHble BeanauHbl {W,) } HE3ABUCHUMBI B COBOKYITHOCTH 1

P{wnr = Aw} = P{lwp, = —Aw} =1/2.

Orcroma M{w,;} = 0, a D{w,;} = (Aw)?2. Hostomy w, (t) umeer cremy-
IOlIMe XapaKTePUCTUKI:

M{uw, (1)} = ; M{uwn} = 0;

(Aw)*

D{wn(t)} = zij D{w.i} = naw?® = {82

Bynem caurats t bukcupoBanabiM, a At 1 Aw ycTpeMuM K HYJIIO TaK, ITO-

Aw)? t
OBl % = 02 = const > 0, npuuem n = N — 00. Paccmorpum npejien
~ W (t)
(o pacnpesieIeHnIo) MOCIeJOBATEILHOCTH Wy, (t) = oL U3 menTpan-
g

HO#t penenprOit Teopembl (cM. . 14.6) ciemyer, aro
P{w,(t) <z} - @(z) wmpu n — oo,

T. €. NpeJieNibHAs BesmanHa W(t) MMeeT CTaHIAPTHOE rayCCOBCKOE Pacipe-
neenne. Herpyamo mokasarb, 4ro jist Besakoro nabopa aucen {Ag}p

m
u momenTos Bpemenn 0 <ty <ty <. <ty <t CB & = > M (tr)
k=1
TaK?Ke B MPEJEJIe NMEET TayCCOBCKOE PACIPEEJIEHIE. DTO O3HATAET, ITO
w(t) gaBageTcs TayCCOBCKON ciydaiiHoli (yHKIHUeH, a CIeJoBaTEeNbHO,
w(t) = w(t)ov/t — rakxke rayccosckas dbynknus, npuaem M{w(t)} =0,
D{w(t)} = o%t, w(0) = 0, a OAHOPOTHOCTH U HE3ABUCUMOCTD PHPAITIEHM{

14 B.M. Muauep u A.P. Ilankos
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nponecca w(t) cremyor m3 cmocoba mocrpoenust Gayxmammit {wy,(t)}.
Takum 06paszom, w(t) — BUHEPOBCKHiT TIPOTECC ¢ KHTEHCHBHOCTLIO 072 > (),

V3 moJTy9eHHOr0 pesyJibTaTa ClelyeT CIIocod (PU3MIecKoll HHTepIpeTa-
MM BUHEPOBCKOTO nporecca w(t): ecam Ha mpomexyTke [0, t] Touka memaer
ciydaifHbIe IIArd ¢ KHTEPBAJIOM BpeMeHu At, a BeJIMIrMHA [Iara pasHa Aw,
TO TIPW YCJIOBUHM, 9TO NIATOB COBEPINAETCA MHOTO, T.e. n = t/At Beauko,
MOZKHO CauTaTh, 9T0 {wy, (7) ~ w(7), 7 € [0,¢]}. IIpm 9TOM MHTEHCHBHOCTD
nporecca 6Iy:KIaHus onpesenserca semmaunoit o2 = (Aw)?/At. Ode-
BEHO, 9TO eciu (Aw)? = At, To B HpejiesTe MBI IOJY9HM CTaHIAPTHBINR
BHHEPOBCKHil Iporecc. M

10.5. Samaum 4JIsi CAaMOCTOSITEJIBHOIO PEIIEeHMSI.

1. ITycrp &(t) — mpomecc ¢ OPTOrOHAJIHHBIME TPHPANICHUSIME, AMEIOIunii
MaTeMaTHIecKoe oxunanue me (t). Jokasars, aro nponecc n(t) = £(t) — me(t)—
—(&(0) — m¢(0)) — LEHTPUPOBAHHBI U HMEET OPTOrOHAJIBHBIE [IPUPAIICHHUS.

2. Ilycre &1(t) m &2(t) — He3aBucumble Cirydaiinble QyHKIMH C HE3ABH-
cumbiMu npupamierusiMu. Jlokaszars, uro £(t) = &1(t) + &2(t) Takxke mmeer
HE3aBUCHMbBIE PUPAIIECHHUS.

3. Ilycrs {&(t), Fi},t > 0, — cybmaprunrad, a f(x) — HenpepbiBHAS 1 MOHO-
TOHHO HeyObIBaloast BblyKJiast BHu3 dbyakuus u M{|f(£(t))|} < oco. IlokaszaTs,
aro {f(&(¢)), Ft}, t > 0, — Takeke cyOmapruuras.

4. Jloka3aTb cBoiicTBa 1-3 MapTuHTaoB 1 cybMapTuHrasoB u3 m. 10.3.

5. JlokazaTb Teopemy 10.2.

VYkazanue. Bocionb3oBarbcsi pedyabraramu mpumepos 10.13-10.15.

6. Ilycro &1(t), &2(t) — kBagpaTMIHO-UHTErPUPYEMbIE MAPTHHIAJBI OTHO-
curesibHO Hekotoporo moroka {F;}. Ilokasars, uro &1(t) + &2(t) — rakxke
KBa/PaTUYHO-UHTErPUPYEMbLil MapTUHIrana ornocuTeapHo {F:}.

7. Ilycrs &€(t) — OXHOPOAHBIN MpoLECC ¢ HE3ABHCHMBIMH MPUPAIIECHUSIMH,
BbIxOAAmui u3 vy, a Ve (A; t) — ero oqHOMEpHAs XaPAKTEPUCTHIECKAs DYHK-
nus. /loka3aTh paBeHCTBO

Te(A; t+8) = We(A; 1)Te(N; s), t,5>0.

Ykazanue. Boconb3oBaTbest TeM, YTO XapaKTepUCTHUECKasi (DYHKI[US
CYyMMBbI HE3aBHCUMBIX CJIyYaiHbIX BEJMYMH DAaBHA [IPOU3BEIEHHIO MX XapaKTe-
PHUCTHYECKUX (DYHKITHIA.

t

8. Ilycrs n(t) = JT dw(T), rae w(T) — cranaApPTHBIA BUHEPOBCKUIT Ipouecc.

0
Berancnnts my,(t) u D, (t).
OrBet. my(t) =0, Dy(t) =t>/3.
9. JToka3aTh, 9TO CTAHJAPTHBII BUHEPOBCKHII ponecc w(t) C.K.-MHTErpupy-
¢
em Ha [0,t], m Haiitu Ry(t,s), rme n(t) = Jw(T) dr.
0
Orser. R,(t,s) =a*(3b— a)/6, rue a = min(t, s), b = max(t, s).
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10. ITycrb n(t) = m[ax] w(T), toe w(T) — crangapTHBIA BUHEPOBCKUIA HPO-
TE[0,t

necc. Haiitn 3akon pacnpeaenenus ciaygaitnoit Besmannst 77(t) npu mo6om ¢ > 0.
Ykaszaune. Yuects P{n(t) > z} = P{r, < ¢} u ucnonszosars peleHne
npumepa 10.18.
bumep 2]V

2
Ourser. Fyy(z) =+/2/n J e /2 gz,
0
11. Jokaszarp, aro ecau {w(t), ¢ > 0} — BuHEpPOBCKmil mpomecc, TO aJist

n—
Besikoro € > 0 umeer mecro cxopumocts P{ > [w(tky1) — w(te)| > e} — 1 upn
k=0
mI?X \tk+1 — tk\ —0,rne0=t <t1 <...<tp, =1 (HeorpaHquHHOCTL BapHa-
LM BUHEPOBCKOTO MPOIecca Ha KOHEUHOM MHTEpBAJIe).
Yka3anue. Boraucnntb MaTeMaTndecKoe OXKUIAHUE ¢ U JUCIEPCHIO YKa-
3aHHOI CyMMBI 1, BOCIOJIB30BABIINCH HEPABEHCTBOM UebbIIeBa, MOKa3aTh, ITO
n—1
P{a— > |w(tks1) —w(te)| 2 a—e} = 0.
k=0
12. /loka3arb, 4TO BUHEPOBCKUH IIPOLECC ABJISETCS MaPKOBCKHUM.
Ykazauune. [IpoBepuTh BBINOTHEHUE YCIOBHST MapKOBOCTH JJIsl [ayCCOB-
CKOro mporecca u3 mnpumepa 2.12.
13. [Joka3aTh, 9TO BUHEPOBCKUIl MPOIECC SIBJISIETCS KBaAPATHIHO-HHTEIDH-
PYEMBIM MapTHHTAJIOM, U HAWTHU €ro KBaJIPATHIECKYIO XapAKTEPUCTHUKY.
Orser. (w), = o’t.
14. ITycrs {£(t), t > 0} — myacCoHOBCKMIT IPOLECC C MHTEHCUBHOCTBIO A > 0.
[Tokasars, uro mpu At | 0 BBIIOJHEHO:

P{E(t+ At) — £(t) = 0} = 1 — AAL + o(At),
P{E(t+ At) — £(t) = 1} = AAL+o(At),  P{E(t+ At) — £(t) > 1} = o(At).

Vkaszanme. Yaecrs, uro e =1 — Az + o(x).

15. ITycrs {£(t), t > 0} — c.k.-HENpPEPBIBHBIA OAHOPOAHBI IpPOLECC C Op-
t

TOrOHAJIbHBIMY IpUpameHuamu, a Gynkuusa ¢(7) Takosa, ITo f(pz () dr < o0
t 0
mia Beex ¢t > 0. okasars, aro mponecc 7(t) = Jap('r) d¢(7) aBngerca c.K.-He-

IIPEPBIBHBIM [IPOIECCOM C OPTOTOHAJbHBIMA npn;g)ameHHﬂMI/I.

16. ITycrp w(t) — cranpaprubiii Buneposckuil upouecc. Ilokasarb, uro
npornecc

n(t) = expfw(t) —t/2} — 1

[EHTPAPOBAHHBIN U MMEET OPTOrOHAJBHBIE IIPAPAIIEHUS.

VYkaszauue. Bocunonb3oBarbcs TeMm, 4To M{eg} =eP/? gna &~ N(0; D).

17. ITycre n(t) — 0AHOPOAHDIH IIyaCCOHOBCKMIT IIPOLECC ¢ UHTEHCUBHOCTHIO
A > 0. Ilokasars, aro £(t) = exp{n(t) — at} — cyGMapTHHraJ OTHOCHTEIBHO
noroka {F;'}, ecm a < (e — 1).

Ykaszaune. Boranconrs M{£(s) | F;'} nna s > ¢, npeaBapuTenapHO JT0Ka-
3aB, 4To B ycsoBusax 3agaan M{exp{n(s) —n(t) —a(s—t)}} > 1.

14*
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§ 11. Croxactuuyeckue auddepeHnnaIbHbIE
YpaBHEHUSI

11.1. Croxactudeckuii mHTerpaj WTo. Beime Mbl mo3HakoMmu-
JIACH C MOHATHEM CTOXaCTUIECKOTO MHTErpaJia OT HeclTyJaiiHol (pyHKImun
[0 CTOXACTHYECKON Mepe, MOPOXKJIEHHON IIPOMECCOM ¢ OPTOTOHAJILHBIMA
NIpUpAIeHuAMHA. Terephb MBI pACIIHPUM 3TO NOHATHE W PACCMOTPHM CTOXA-
CTHYECKUE WHTErPAJIbI OT CIIYIailHBIX (PYHKIHI 110 CTOXaCTHIECKON Mepe,
MTOPOKIEHHON BUHEPOBCKHUM IIPOIIECCOM.

IIycre cranmapTHBI BuHEpOBCKHMil nporece w(t), t € [0,7] = A zaman
Ha BepogTHOcTHOM pocTpancTse {Q, F, P}. Ilycrs Takxke B — o-anrebpa
OOpeJIeBCKUX MHOXKECTB Ha JIefiCTBUTEILHONH OCH.

Bribepem HekoTopoe t € A u BBemeMm o-anrebpy cobwiTuit Fy, mopo-
KIEHHYIO ciryuaitroit dynxnmeit {w(s), s < t}.

Onpegnenenne 11.1. Cucrema cobbrTmit Fy, ABIAIOMASCT HANMEHD-
meit o-anreGpoi, comepxameil Bce coboirus supa {w(s) € B} Vs < t,
V B € B, nasbBaercs o-aazebpot, noposcdennots {w(s), s < t}. Hua Fy
Oyzaem ucnonp3osaTh obosnavenne Fy = o{w(s), s € [0,]}.

Bameuanwus. 1) OueBnaro, 9To no onpenenenuto Fy C F npu ao6oM
t < T (rax kak F cogepxur Bce cobbirus Buna {w(t) € B} upu B € B).
Kpome Toro, ecmtm 0 < s <t <71, To Fs CF;, 9TO TaKKe OUYEBUIHO.
B sTom ciywae rosopar, uro {F;, t € A} — nomox o-aazebp.

2) o-anrebpa F; uMeer scHbIH (bU3NIECKUH CMBICT: B F; COIEPKATCS
BCe COOBITUSA, O HACTYIIEHUU KOTOPBIX MOXKHO y3HATbH, HAOJIIOIast IIPOLIECC
{w(s)} Ha mpomexyTKe [0, t] (ecTecTBeHHO, PeUb UAET O COOBITHSX, COIED-
JKAIUXCST B MHOXKeCTBe F WM, CJIel0BATENLHO, NMEIOMUX BEPOSITHOCTD ).

Onpenenenwne 11.2. Cayuaitnas dynkmuus {f(¢), t € A} Has3bI-
BaeTca Heynpesicdaroweti orHOCHTENBHO Tpomecca {w(t), t € A}, ecim
npu moboM ¢t € A ciyvaiinas Bennanta f(t) sBisercsa Fp-u3MepuMoii (T. e.
{f(t) € B} € F; ana scaxoro B € B).

Jljis Hadgajia MBI ONPEJE]UM CTOXACTHIECKHI WHTETrpaJ 10 BUHEPOB-
ckoii Mepe Ha KoHewHOM HHTepBase A = [0, 7] mua cryqaiiaeix byaKImit
f(t) cnenmanbpHOrO Buja — MPOCTHIX DYHKIWIA.

IIycts maTepBan A pasbur ma mpomexytku {Ag}, k=1, ...,n: A =
n
= U Ak, riae Al = [tl,tg], Ag = (tz,tg], ey An = (tnathrl]-
k=1

Onpenenenwne 11.3. Cunyuaiinas dyuruus f(t) HasbBaeTcs npo-
cmot, ecim OHa WMeEeT B/,

F6) =3 &dar(t), teA, (11.1)
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rne Ia, (t) — mEAEKATOD TPOMEXKYTKA Ay, T. €.

(0 1, ecmm t€ Ag,
Ia, (t) =
: 0, ecmm t¢ Ay,

npudeM £ — ClIydaiiHble BEJMIUHBI, TaKWe, ITO M{|§k|2} = Dy < 0.

Bameuanme. I3 onpenenennsa 11.3 cunemyer, aro dbynxmma f(t) —
HeyIpeXxJalolasi, eciu § u3MepuMa oTHocuTenbHo Fy , k = 1, ..., n.
Heficteurensro, ecmu t € Ay, 1o f(t) = & m3mepuma oTHOCHTENBHO Fy)\
HO t, < t u mostomy Fy, C Fy, T.e. f(t) siBasiercss Fy-m3MepuMOii.

Ounpenenenne 11.4. Cmoxacmuveckum urmMe2pasom OT TPOCTOMN
Heynpexgatomieit pynkuuu f(t) no Bureposckomy npouecey {w(t), t € A}
HA3bIBAETCA CIIydailHAS BEJMYUHA,

1) = [ £ du(t) = 3 G, (112)

A

rae Awy = w(tg41) — w(ty) — Opupalenue BUHEPOBCKOro npouecca w(t)
Ha HpOMEXYTKE Ag.

PaccMoTpuM HEKOTOpBIE CBOiicTBa cToxacTmdeckoro maTerpasa I(f)
OT mpocToii Heynmpexkaatomeil Gynaxkuum f(t).

IIpumep 11.1. Hokasars, uaro I(f) obmamaer ciemyrommmu CBOii-
CTBAMM:

1) I(ay fi + asfe) = anI(f1) + azl(f2), ecim oy, g — Hecaywaitubie
qucia, a fi(t), f2(t) — npocrsle Heynpexgaromue QyHKIUY;

2) M{I(f)} = 0;

8) M{[I(NP} = | M{If ()} dt < oc.

A

Pemenwme. Ecmn fi(t), f2(t) — npocteie cyqaitabre bynknun, mpu-
geM fi1(t), f2(t) u3MepuMmbl oTHOCHTENBHO Fy, TO STHMH XKe CBOHCTBAMHI
obmamaer Takxke nx JuHeiHaa kombunamys f(t) = aj fi(t) + azfa(t), T €.
f(t) — mpocrag meympexmaomas ynknusa. Temeps cBoiictso 1 cremyer
HenocpecTBerHo u3 (11.2) m nmmeliHOCTH Onmepanuy CyMMUPOBAHUS.

Hanee M{I(f)} = z": M{¢{Awg}, rae

k=1

M{&Awy} = M{M{{Awy, | Fi, }} =
= M{ko{Awk | ftk}} = M{Ek}M{Awk} = 0.
31ecs yuareno, uro Awy He 3aBUCHT OT Fy, IO CBOICTBY HE3aBUCHMOCTH

npupamenunii Buaeposckoro mponecca, M{w(t)} =0 u & w3mepuma or-
HocuTesbHO Fy, . OTCIOma ColeiyeT CcpaBeyinBoCTh CBOMCTBA 2.
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Amnasioruvno,
M{‘gkAka} = M{‘£k|2} M{‘AU)MZ} = Dk(tk+1 - tk).
Ecmu k < I, to M{&Aw fidw} = M{&Aw fi} M{Aw;} = 0, aro

Tak2Ke BepHO u 1y k > [. CiemoBaresbHO,

M{I(f)P} = 3" Diltess — ) =

k=1

= X:L: M{\fk\z} (tk+1 - tk) = JM{|f(t)‘2} dt.

A

TaxuM 06pa3oM, CBOHCTBO 3 TaK»Ke BBLINOJIHEHO. M

i mOCTPOEHHs CTOXACTHYECKOrO HHTErpaJia OT 6osiee CIOXKHBIX
Heynpexnaomux GyHaknumit f(t) HaM TOHaIOBUTCA CIleIyomee yTBEPK-
JICHHE.

Teopewma 11.1. Hycmoe {f(t),t € A} — c.x.-nenpepvieHa GYHKUUA.

1) Ecau f(t) — meynpesrcdamrowasn, mo natidemcs nocaedosamenn-
nocmsb npocmux neynpesicoarowux gynruud { fr(t)}, maxasn, wmo

JM{|f(t)—fn(t)\2}dt—>0 npu 1 — oco. (11.3)

2) Hmeem mecmo c.x.-cTodumocmv nociedosamesvsHOCmy CmoTacmu-
weckux unmezpaaos 1(fp):

I(fn) =55 I(f) npu n— oo. (11.4)

Tenepb MBI MOXKeM ONpeneuTh uarerpat ot f(t), t € A.
Onpenmenenme 11.5. Cuyuaiinas semmunua I(f) = J f(¢t) dw(t),
A
onpeznenennas B (11.4), HasblBaeTca cmozacmuieckum urnmezpasom Umo
oT ciywaiinoit meynpexnaomeit Gynxkmun f(t).

N3 (11.3), (11.4) u cBoiicTB c.K.-cxogumoctn (cM. 11.14.4) crenyer,
aro I(f) mua f(t) obmero Buma Takxke obmamaer cpoiicteamm 1-3 (cm.
npumep 11.1). Bamernm, 9To onpeseserne 11.5 KOPPEKTHO B TOM CMBICIIE,
aro npeaen I(f) saBucut smms ot f(t) m He 3aBUCAT OT KOHKPETHOT'O BbI-
6opa nocsenoBarenbaoctu { fr,(t)} npocrbix Heynpexnaommx GOyHKIUH,
annmpokcnvupytomunx f(t) B cmbicie coornomennst (11.3).

Teopema 11.2. Ecau {f(t), t € A} — c.x.-nenpepusnan Pymnr-
yus, 3adarnasn Ha Korewnom npomescymre A = [0, T] u neynpestcoarouasn
ommnocumenvro nomoka o-anzebp {Fi}, ede Fy = o{w(s), s € [0,t]}, mo

cmozacmuueckut unmeepaa I(f) = Jf(t) dw(t) cywecmeyem u obaada-

A
em ceoticmeamu 1-3, npusedennvimu 6 npumepe 11.1.
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Sameuanune. be3 orpanmdeHus OOIMHOCTH MOXKHO CYHUTATb, UTO
M{f(t)} =0 na [0,T], Tak KaK B OIPOTHBHOM CJIydae

[e]

I(f) = I(mys) + I(f),

roe my(t) = M{f(t)}, a f(t) = f(t) — ms(t) — menTpupoBanHas cIydaii-
nast pynkuusi. [Ipu srom I(my) ecrs maTerpast or Heciy Yaifnoi dyHKipn
10 OPTOTOHAJIBHOI cTOXacTHYecKoi Mepe (cM. 1. 14.9), a I(f) — uHTerpan

Uro. Iocnennee o3magaet, aTo BMeCTO C.K.-HempepbiBHOCTH CP f(t) MBI

o
MOXKeM TpeGoBaTh ¢.K.-HelpepblBHOCTD jmib f(t). IIpu sTrom MaTemaru-
yeckoe oxkujanue my¢(t) Moxker ObITh KyCOYHO HenpepbiBHO dyHKImeit
(HAIIOMHEM, 9TO C.K.-HEIPEPBIBHOCTD f(t) BiledeT HeIpPepBIBHOCTD MM f(t)
(cm. m.8.1)).

Narerpan I(f) mas c.x.-menpepbiBroit Ha A = [0,7] dynkmun f(t)

MOZKHO BBECTH U IHo-Apyromy. Ilycts A = U A, — pasbuenue HHTep-
k=1

Baja A Ha n MOABIHTePBaJOB Ay oguHakoBoil miuuHbl h = T/n. Ilycts

{tk}ZIi — TouKM pazbuenns, Toraa tgyi — tgy = h. ObosHaTNM

I(f) = i f(tk)Awg, (11.5)
k=1

rae Awy, — mpupaiieHue mporecca w(t) Ha TpoMexyTre Ag.

Teopema 11.3. IIycmov evinoanens, ycaosus meopemo, 11.2, moezda
I(f) =55 I(f) npu n— oo, 2de I(f) — unmeepan Hmo, a I,(f) —
unmezpasvrvie cymmos suda (11.5).

Bamernm, wro mpencrasienme (11.5) 3agactyio Gomee yno6HO s
MPAKTUIECKUX BBIYUCIEHUT. PaccMOTPHM MCHONIB30BaHAE MHTETPAJTBHBIX
cymm (11.5) Ha npumepe.

IIpumep 11.2. Jokazarh, 9TO

[w(t) dw(t) - S (T) = T). (11.6)

Pemenne. 3amernm cpasy, ato Awy, mmeer pacupenenerune N (0; h)
(cm. 1. 10.4), mosTomy M{|Awk|2} =h,a M{|Awk\4} = 3M?{|Awg|?} =
= 3h?% 1O U3BECTHOMY CBOHCTBY IayCCOBCKOI'O PACIPENeICHUs. 3aMETHM
Takxke, 9ro h = T/n — 0 npu n — oo.

Paccmorprm n npeoGpasyem k-it wiien B naTerpaabHoit cymme (11.5):

w(t) A = 50 (1) — (1] = 5 (Awi)
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Orciona mua I, (w) nomywaem:

W) = 32 wlt)Bus = JwA () - wO) - § 5 (Bun)?

=

M{i Awy)?} = éM{(Awk)Z}_n.h_T,

k=1

" 27"
wg)°p = 21 —p. == , m — 00,
{Z (Awy)?} D{(Awy)?} =n-2h* =2 50, n—

k=1
tak kax D{(Awg)?} :nM{(Awk)4} — M?{(Awy)?} = 3h% — h? = 2h2.

Takum obpazom, Z(Awk)2 SR T npu n — 0o, OTKyJa B CHIy
k=1
w(0) = 0 u Teopembr 11.3

970 U TPebOBAJIOCH JI0KA3aTh. M

BaMmedganusd. 1) PaccMoTpeHHbIil IpuMep MOKAa3bIBAET, 9TO CBOHCTBA
nHTEerpaJia I/ITO OTJINYAI0TCA OT HPUBBIYHBIX CBOMCTB uHTEerpaJia CTI/IJ'ITbe—
ca. Hanpumep, popMyita HHTErpUpPOBAaHUS 110 JacTAMHU B OOIIEM CIlIydae
He nMeeT MecTa. JleificTBUTeIHLHO, eciin OHa ObLIa OBl BepHAa, TO

T

7fw(t) dw(t) = w?(t) —Tw(t) dw(t),

T.e. 2I(w) = w?(T'), aro HeBepHO B CUJTy pe3yiabrata mpumepa 11.2.

2) B dopmysne (11.5) BbiGop Toukn tj aus Beraucienus f(t) Ha Ay
(BBIGOD JIEBOTO KOHIA MPOMEXKYTKA Ajy) ABIAETCA TPUHIATHAILHBIM.
Eciu suibpars 6 € [0,1], nonoxurs t§ = (1 — )ty + 0t 1 u cocrasurh
HHTErPAJIBLHYIO CYyMMY

n

Z (t9) Awy, (11.7)

TO B yCJIOBUsiX TeopeMbl 11.3 crpaBeyinBO yTBEpPXKIEHUE:
Ie(f) Ie(f) mpu  n — 0o,

upudeM npejesbhas sesmumna I10(f) B obmem ciyuae sapucur or 6
W Ha3bIBaeTCd cmozracmudeckum BO-unmezpasom. OUeBUIHO, UTO €cid



§ 11] CTOXACTUYECKUE JU®PEPEHINAJBHBIE YPABHEHUS 217

6 =0, ro I°(f) — murerpar Uro. Ecim e 6 = 1/2, To marerpas I'/2(f)
HaspIBaeTca unmezpasom Cmpamonosuna. B ycmopmax mpumepa 11.2

MOKHO 10Ka3arh, uro V2 (w) = %wQ(T), a I'(w) = i(wQ(T) +T), rak

YTO 3HAYCHUS YKA3AHHBIX MHTETPAJIOB MOTYT Pa3/MYaThbCA OYEHb CyIIe-
crBeHHO, ecin T’ Benmko. EcrecrBenHo, ecn f(t) — HecaydaiiHasi KyCOUHO
HenpepblBHAA (DYHKIUSA, TO 3HAYEHUS BCEX U-HHTErpaJioB COBIAJAIOT, a
nurerpan I(f) obramaer cBoficTBaAMHA C.K.-HHTerpaja [0 OPTOrOHAIBHON
croxacTnaeckoit mepe (cm. 1. 14.9).

3) PaccmorpuM cirydaiinyio pyHKIHIO

t

n(t) = [ f(r) du(r). te0.T)

T. e. uaTerpaJt To ¢ mepeMeHHLIM BEpXHHM IpejesoM. B paMkax nmpums-
TBIX HAMH YCJIOBHUil BBIIOJHSAIOTCA CJIEAyIOMye yTBePXKIeHH:

a) cryvaiinas senmamna 7)(t) m3MepuMa OTHOCHTENBHO Fy;

6) n(t) — HenpepbIBHBI EHTPUPOBAHHBI{ TPOIECC ¢ OPTOTOHATBHBIMI
MPUPAIIEHAAMU, JTUCIEPCUST KOTOPOTO UMEET BU/I,

t

D,(t) = [ M{£*(r)} dr;

0

B) n(t) aBrgerca mapmuneasom orHOCUTENbHO moToKa {Fi}, t =0,
(em.1.10.3), T.e. mast s < t cupasegmmeo M{n(t) | Fs} = n(s) (P-m.m.).

IIpeanomoxum, 9o caydaitaas Gyaxnus 7(t) MokKeT ObITH MPEICTAB-
JeHa pag Kaxkgoro t € [0,7] B Buge

n(t) = n(0) + [@(r)dr + [ £(r) du(r)

JUIsi HEKOTODBIX TOAXOAAmUNX caydafinbix dbyrkunit ¢(7), f(7). Torma
roBopat, 9to 7)(t) umeer cmozacmuueckul dudpepenyuan, a mocIeaHEE
COOTHOIIIEHUE 3AIMUCHIBAIOT B guddepeHnnaibaoi popme

dn(t) = p(t) dt + F(2) du(t).

11.2. CroxacTudeckoe auddpepeHnnajibHoe ypaBHeHue. ®op-
mysna WUro. BeemenHoe moHATHE CTOXaCTHIECKOTO WHTerpaja MTo mo-
3BOJIIET PACCMOTPETh HOBBIH Kitace nuddepeHnaibHbIX yPaBHEHANR CO
clly4JaiiHoil mpaBoil 9acCTbIO.

Iycrs £(t) € R™, f(t,z) € R, o(t,z) € R**™ — marpuunas QyHKIwAs
pasmepa (n X m), w(t) € R™ — m-MepHbIil cTaHJAPTHDBIH BAHEPOBCKUN



218 CIYYAUHBIE ®YHKILIUN [F.H. 111

IIPOIECC, KOMIIOHEHTAMH KOTOPOT'O SBJISIOTCS HE3ABUCHMbIE CTAHIADTHBIE
(cKaugpHBIE) BHHEPOBCKHE NpOIECcchl, a v € R" — ciayvaliHblil BeKTOD
Ha4aJIbHBIX YCJIOBHIA.

Onpepnenenue 11.6. Cuyuaitnas dyukuus &(t) aBusercsa pewenu-
eM CMOTACMUYECK020 OuPHepeHyuaIvHozo YpasreHus

BE() = F(1,€(0)) dt + (8, (1)) (1) (115)
Ha A = [0,7T] ¢ HaYaJIBHBIM YCIOBHEM
£00) =v, (11.9)

eciid ee MOXKHO IPEeJCTaBUTD g Kaxkzaoro t € [0,T] B Buze

t t

€(t) = v+ jf(r, £(r)) dr + JU(T, £(1)) dw(r), (11.10)

0 0

rae B gopmyse (11.10) mepseiil MATErpaJ B MpaBOll 9aCTH MOHMMAETCS
B C.K.-CMBICJIe, & BTOPO#l fABJIsteTcd mHTerpaJjioM UTo.

Bameuanne. Bopaxkenne (11.8) NOKOMIIOHEHTHO MOXKET OBITH TIPEJI-
CTaBJIEHO B BHUJE

déi(t) = fi(t,&(t) dt-i-zﬂkz (t,&(t)) dwy(t),
{k(O):yk, k‘:l’l::-n’

rae f(t) = {gk(t)}zzla f(t,l‘) = {fk(t)x)}zzlv U(tvw) = {Uki(tax)}v k=

=1,...,n,i=1,...,m. OueBnzno, (11.10) nprarMaer BuJ

(11.11)

t

6(t) = vi + [ fi(r €

0

0k (T,&(7)) dw; (7). (11.12)

1 Ms
O

s Toro uro6sl Bee mHTErpasbl B npaBoil wactu (11.12) umenn cMbict
st HekoToporo nponecca &(t), t € A, m 1y1st Kaxk 0 KOMIIOHEHTBI 9TOTO
[poLecca BBIIOMHAIOCH Obl mpu KaxkiaoMm t € A pasencrso (11.12), Ha
byuxuun {fi (¢, z)}, {oki(t, z)} HEOGXOMMMO HATIOXKNTH HEKOTODBIE Orpa-
HUYIEHUS.

O6oszuaunm |f(t, ) Z fE(t,x), allo(t,z)||* = Z Zom (t, )

k=1 k=11i=1
Teopema 11.4. Ilyemov  cayuatings eesuvumna vV He 3aBUCUMN

om {w(t), t € A}, M{|1/|2} < 00, a Koappuyuenmu ypasrerus (11.8)
f(t,z) u o(t,x) nenpepwvierv, no nepemenmvim t € A, z € R”. ITycmo
maxotce:

a) natdemesa maxoe K < 0o, wmo npu ecex t € A, x € R®

[f(t,2)* + [lo(t,2)]* < K(1+ [a]*); (11.13)
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6) natidemca maxoe C < oo, wmo npu ecex t € A, x,y € R"

[f(t,2) = f(t,9)]* + llo(t,2) = o(t,y)|I* < Cle —yf*. (11.14)

Tozda na A = [0,T] cywecmsyem u edurcmeenno (P-n.n.) nenpepusnoe
pewenue &(t) ypasrerus (11.8) ¢ nauasvnom yeaosuem (11.9), npuuem

M{|¢())*} < LA +M{|v]*}), teA, (11.15)

2de koucmanma L sasucum avwo om T u K.

Bamewanua. 1) Iox eduncmeennocmoro (P-n.1.) HEIpepbIBHOTO pe-
MIEHWsT TOHAMAETCS CJIe/IYIOMIEe: ecyn HaligeTcs crydaiinas dynakmms 7(t)
(movTH BCe TPAEKTOPUE KOTOPOi HEMPEPBIBHBI ), yIOBIECTBOPAIONIAS YPAaB-
Henuio (11.8), T.e.

dn(t) = f(t,n(t)) dt + o (¢, n(t)) dw(t),  n(0) = v,
TO P{ngp |€(t) = n(t)] > 0} =0, r.e. £(t) u n(t) — neornuuumble ciyyaii-

HBle mpornecchl (eM. 1. 1.3).

2) Venosme (11.13) HaKIaIBIBAET OTPAHWYIEHNS HA CKOPOCTH H3MEHE-
Hus KoMmmoHeHT dyskumit f(t, ), o(t,x) no = mpu |z| — oo |f(¢t, z)|,
|lo(t, z)|| me moryr Bospacrars 6GbicTpee, dem auuefinas Gynkuus. Ycio-
Bue (11.14), u3BecTHOE B MaTeMaTHKe Kak ycaosue Junwuya, yKecToIaeT
TpeboBaHWE HEMPEPHIBHOCTHU IO TepeMeHHON T K03 MUIUMEHTOB ypaBHe-
uug (11.8). Yenosua (11.14), (11.15) 6yayT BBIIOJHEHBI, HAIPUMED, €CIIH
byuxmun f(t, ), o(t,z) qudbdepennupyemsr no x, npuuem |fL(t,z)|? +
+ |lok(t,2)]|*> < C upu mobeix t € A, © € R u nekoropom C < oco.
Venosust TeopeMsbl 11.4 TOBOJIBHO YKECTKHE, HO OTHOCHTEJIHHO JIETKO IPOBe-
psembie. B npunmune, oHr MOTYT OBITH OCJIAOJIEHBI, HO COOTBETCTBYIOIIIE
Pe3yIbTaThl BLIXOJAT 32 PAMKHU JAHHON KHHTH.

3) Hponecc &(t) mpu M{|v[*} < co aBaserca nporeccom ¢ Komeu-
HBIMM MOMEHTaM# BTOpOro mopsizka B cmiay (11.15). Bomee rToro, ecim
M{|v|*!} < oo mnz k > 1, To maiizerca Takas koncTanTa Lj < 00, 3aBH-
camast Torbko or k, T' u K, aro nis Bcex t € A

M{JE() [P} < Li(1+ M{|v[**}).

Jpyrue cpojicTBa pemenns ypasHenust (11.8) 6ymyT ommcaHbl naee.
Onpenenenue 11.7. Croxactuaeckoe auddepeHIuaIbHoe ypaBHe-
HUe BHUJIA

{ d&(t) = a(t)&(t) dt + u(t) dt + b(t) dw(t), (11.16)
£(0) =v,
rae a(t), u(t), b(t) — MaTpuUYHBIE eTepMHHHUPOBAHHBIE (YHKIHH COOT-

BETCTBYIOIINAX PAa3MEPOB, HA3BIBAETCH AUHETHBIM CMOTAcCMUdecKum Jud-
PepeHuUALBHYM YPAEHEHUEM.
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IIpumep 11.3. Ilokasars, aro auHelHOE mudeEpeHTHnATLHOE YPaB-
uenue (11.16) ¢ menpepbiBabIME Kodbbunmentamu a(t), u(t) u b(t) umeer
enuHaCTBeHHOE pemenne Ha A = [0, 7.

Pemenwne. Cpasuupas (11.16) c (11.8), Haxomum

f(t,z) = a(t)x + u(t), o(t,xz) = b(t).

[IpoBepuM BBITIOSHEHWE yCJIOBHI TeopeMbl 11.4.

a) Iycrs Kf = max a;j(t)]?, K = Itxéan|ui(t)|2 u KY = l’tréan|b“(t)|2,

,7=1,...,n,0l =1, ..., m. YKa3aHHbIEe MAKCHMYMBbI CYyIIECTBYIOT B CHIy
nenpepsiBaocT GyHKimit a;;(t), u;(t) u by(t) na A.

[f(t,2)* = la(t)z +u(®)* < 2la(t)2]* + 2lu(t)]* < 2K*|z]* + 2K,

e K¢ =Y K, K"=> K. Ananorudno,
irj i
lo(t,2)|* = [[6(t)]* < K* =" Ky
4,0

Orcrona
F(t, @) P+ llo(t,)|? < 2K°|2* + 2K + K* < K(1 + |2]?),

rie K = max{2K? 2K" + K®}. Takum o6pasom, (11.13) Boimomaeno.
6) llo(t,z) — ot y)lI* = [1b(t) — b(t)[|* = O,

[f(t,2) = f(t,9)]* =la®)(z - y)|* < K%z —yl*, VYao,yeR"

Orciona ycmosme (11.14) Teopemsr 11.4 emonaeno npu C = K2,

WTax, Bce ycjaoBHs TeopeMbl 11.4 BEHITOSHEHBI, U, CJIEJOBATENLHO,
ypasuenme (11.16) mmeer equHCTBEeHHOE pemienne. M

IIpeamnonoxkumM, 9To 3aJaHa CKaJIdpHasd JeTepPMUHIPOBaHHAA (DyHKITA
g(z,t), € R", t € A. Ilpumennm npeobpazoBanue

n(t) = g(&(t),t) (11.17)

K pemrennio £(t) ypaBuenus (11.8). Ilponecc £(t) no mocrpoenuto mmeer
croxacrnaecknit anddepernman (cm. m.11.1). Byger mm takxke n 7(t)
nMeTh croxactmieckuit muddepennuan? OTBer HaA ITOT BOIPOC JTAET
CIIeIyTOIIasi TeopeMa.

Teopema 11.5. Hycmo dynkyus g(z,t) nenpepwsno duddeperyu-
pyema nwa A no t, deascov, Henpepuiero duddepenuupyema no T u 6viNoA-
HeHvL Yyeaosus meopemvt 11.4, moeda

dn(t) = f1(t,£(t)) dt + o1 (t, £(2)) duw(2). (11.18)
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3decv
dg(x,t dg(z,t) \ 1. [82%g(a,t .
Alta) = 2800 4 (B0 10y 4 | 220D 01,000 1,0)]
ag(z,t) \
t,) = (220 ot,2),
(11.19)
2de 99, t) _ epaduenm Pynwyuu g(z,t) no x, tr[] — caed mampuyoL.

€T
Dopmyna (11.18) masbiBaerca popmyaol cmoxacmuseckozo dugdge-
pernyuposarus Umo. Coorromennst (11.18), (11.19) nossomsior nccie-
J0BaTh CBOWCTBA PAa3JINYHBIX HEJIWHEHHBIX MPeoOPa30BaHUl OT peIneHuit
croxacTuaecknx auddepeHnunajibHbIX YPaBHEHUIL.
IIpumep 11.4. BmiBectu dopmyny Mro g ciaydas CKaJspHOTO
ypasaenns (11.8), m.e. n=m = 1.

Pemenwe. Iloxcrasusisa B (11.19) BeIpaxkeHusi = g.(z,1);
8%g(x,t dg(z,t
Folo.f) gz (z,1); % = gi(z,t); o(t,z)o*(t,z) = 02(t, x), Haxomum

Og(z,t)
ox

0%z z

{ fi(t,x) = gi(z, 1) + g, (=, 1) f (¢, @) + %gg(xvt)‘fz(t’x% (11.20)

o1(t,x) = gb(z,t)o(t, x).
CrenoBaresbHO,
dn(t) = Fi(t, (1)) dt + o1 (1,€(8)) du (o),

rae xkoaddunuentsr fi, o1 onpenensitores n3 (11.20). m

3aMmeuanune. B sakmodenne moqdepKEeM OTJIAYHE IpaBuia qudde-
peramuposanus Vto or npasmia obsranoro guddepennuposanus. Ilycrs
&(t) — mudpdepennupyemas Hecnydaitnas dyuakuus, a n(t) = g(£(¢),t),

TOTIA
dn(t) = gi(&(t),t) dt + gl (£(t), t) dE(t).

Ecin xe €(t) — cayvaiinas GyHKIms, yA0BIETBOPSIONAs CTOXACTHIECKO-
My puddepernuantbHoMy ypaBHeHno, To mo (11.20)

dn(t) = lg)(€(1), 1) dt + gL (£(1), 1) dE()] + 5.0 (E(), )0 (1,€(1)) dt.

Ecmm mocnenamii wmen B dopmyne Wrto orcyrcreByer, To 0ba mpaBuia
audHepeHnupOBaHASA COBIAIAIOT. DTO OyJAeT HMETh MECTO, HAIPUMEDP,
B ciay4gae gl (£(t),t) = 0, T e. ecan g(x,t) = a(t) © — nuHelHOE IPEobpaz0-
Banue. O9eBUIHO TAKXKe, ITO OTCYTCTBHUE AuPPY3NOHHOTO UIEHA B yYPaB-
uernnu (11.8), T.e. o(t,z) = 0, IPUBOAUT K AHAJIOTHYHOMY DE3YJIbTATY.
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IIpuBesem HECKOIBKO IPUMEPOB, MOKA3BIBAIOMUX YD (PEKTUBHOCTD HC-
nonb3oBaHus GopMyabl VITO B cTOXaCTHIeCKOM aHAJIHU3E.
IIpumep 11.5. Ucnonw3ysa ¢popmyry MTo, mokaszaTh, 9TO

jw(T) dw(r) = %[wz(t) —t], t>o.

Pemenune. Ilycrs £(t) = w(t), rorma dE(t) = dw(t), £(0) = 0, T.e.
&(t) ymosaersopsier croxacTriaeckomy andbepeHnanbsHOMy yPABHEHWIO,
B KoTopoM f(t,x) = 0, o(t,z) = 1. Paccmorpum npeobpazosanue n(t) =
= £(t), re. g(z,t) = 2®. Torma gy(z,t) = 0, g (2,t) = 2z, gj(x,t) = 2.
ITopcraBum Haiinennbie Boipaxkenus B (11.20):

fit,z) =1, o1(t,r) = 2.

Orcroma dn(t) = dt + 2£(t) dw(t), npuuem n(0) = £2(0) = 0. Hepexomus
K umHTerpajbHoiil 3anucu (11.10), moaygaem

t t

n(t) —n(0) = | dr +2 |€(r) du(r),

0 0

oTkyma ¢ yaerom (1) = w(T) u n(t) = w?(t) cremyer
wA(t) =t + QJw(T) dw(r) = t + 2I(w),

9T0 U TPebOBAJIOCH HOKA3aTh. M

Samernm, d9TOo pe3yabrar nupumepa 11.5 cormacyercs ¢ dopmy-
nioit (11.6), momygennoit B mpumepe 11.2 HEIOCPEICTBEHHBIM BEITUCIEHAEM
naTerpana I(w).

[Ipumep 11.6. Pemurh croxactmaeckoe guddepeHnmaaibHOe ypaB-
HEHHUeEe:

{ dé(t) = %f(t) dt + &(t) dw(t), (11.21)

£(0) = 1.

Pemenune. Ypasuenue (11.21) umeer pemenue B cuity reopeMbr 11.4.
Pacevorpum dynkmmo £(t) = e re. £(t) = g(w(t),t), tme g(x,t) =
= e*. OueBuzno, uro g;(z,t) = 0, g.(z,t) = g(z,t) = e*. Ilpumennm
npasuwito nuddepenmupoanus To:

1II

dg(t) = 59, (w(t), 1) dt + g, (w(t), t) dw(t).
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Orcroma dé(t) = % &(t) dt + &(t) dw(t), Tak Kak

9o (w(t),) = g (w(t), 1) = @ = £(1).

Kpowme roro, £(0) = ¢¥(©) = 1, rax xax w(0) = 0. Taxum obpazom, &(t) =
= e¥®) gpnserca petenuem ypashenus (11.21).

Bamernm Takxke, 9T0 Mozenb (11.21) ymoBIeTBOPSIET BCEM yCIOBHSIM
TeopeMbl 11.4, MO3TOMY MBI MOXKEM YTBEPKJIATh, YTO IIOJY4YEeHHOE pellle-

HIe — eJUHCTBEHHOE, a TaKxKe g Bcex k > 1
M{[¢(t)[2) = M{e%“’(t)} <oo, tEA. m

IMpumep 11.7. IIycrs £(t) — pelienue ypaBHeHUs
d€(t) = cos§(t) dt + cos(t) dw(t), £(0)=0.

ITokazarsk, aro 7(t) = siné(t) TakKe SIBIAETCS DPelIeHHEM HEKOTOPOTO
HEJIMHEHHOrO CTOXaCTUIECKOro Aud> pepeHnuansbHOro ypaBHeHNS.

Pemenwne. Ilo ycnoeuio g(x,t) = sinz, nosromy g;(z,t) = 0,
g.(z,t) = cosz, g (z,t) = —sinz. Ilo ycnosuio Takxke f(t,z) = o(t,z) =
= cos z. Bocnonbsyemesa dopmyinamu (11.18), (11.19):

fi(t,z) = cos®x — %sinxcos%v =cos?x (1 — %sinm),

o1(t,x) = cos’z = 1 —sin’ z.

VYuaursisag, aro siné(t) = n(t), nonysaem

{ dnft) = (L P(O)(L— La(0) dt+ (1 2(0)) du(®),
n(0) = sin&(0) = 0.

Takum obpasom, n(t) = sin(t) asugerca pemenuem (11.22). Ormernm,
gTo ypaBHeHue (11.22) He yZOBIIETBODSIET YCIOBHSIM CYIIECTBOBAHUS U
€IMHCTBEHHOCTH PEIICeHNs, HUCIOIb30BaHHLBIM B Teopeme 11.4. Tem me
MeHee 3TO peIleHne CYIIeCTBYET, U Mbl SBHBIM 00Opa30M 3TO ITPOBEPUIIN.
JlaHHbIll pe3yJsIbTAT HE SBJILAETCH IPOTHBOPEYUEM, 8 YKA3bIBAET JIAIIL HA
TO, 9TO ycaoBus TeopeMbl 11.4 gBisitoTcst docmamounvmy IJIsS Pa3pern-
MOCTH HEJIMHEHHOIO CTOXACTUIECKOTO IudDepeHnnaIbHOIO yPABHEHUS,
HO He HeoOXoauMbIMU. W

Caenytomuii npumep MmoKa3biBaeT, Kak dopmymna Uto moxer ObIThH
UCIOJIb30BAHA JIJIsl BBIYMCJIEHUS] MOMEHTHBIX XapaKTepUCTuK pernenus & (t)
ypasaenns (11.8).

IMpumep 11.8. IIpeauonoxum, aro &(t) gBisgeTcs peHIeHHEM ypPaB-
HEHUS

(11.22)

d€(t) = a&(t) dt + b (t) dw(t), £(0) =v, (11.23)
npraem M{v*} < co. Beramemuts v(t) = M{&3(t) }.
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Pemenue. Ilycts g(z,t) = 22, Torma no dopmynae Uto momydaem
ypasHenue a1 1(t) = £2(t):

dn(t) = (2a + b*)n(t) dt + 2bn(t) dw(t). (11.24)

B cuny M{n?(0)} = M{r*} < oo us mepasencrsa (11.15) cuenyer,
t

aro M{n*(t)} < oo, nosromy M{Jn(r) dw(r)} = 0. Orciona, naTErpU-
0

pys (11.24) m BBMMCIAS MATEMATHYECKOE OXKMAAHWE OT 00emx dJacrei,

oIy 9aeM

t

M{n(t)} = M{n(0)} + (2a +*) | M{n(r)} dr.

C yuerom toro, aro M{n(t)} = v(t), umeem
v(t) = v(0) + (2a + b?) J-’Y(T) dr.

Huddepermupyst moaydeHHOe COOTHOIIEHNE 10 t, HAXOAUM
¥(t) = (2a+ b*)¥(t),

.. y(t) = v(0) exp{(2a + b?)t}, rme v(0) = M{2(0)} = M{v?}.
Bamernm, uro eciu 2a + b? < 0, o y(t) — 0 npu t — 00 s O6GOrO

koneanoro v(0). Iocaennee, B cBOO 0uepesp, o3nadaet, 910 &() — 0
pu t — 00 JIJIs JII0O0r0 vV, TAKOTr0, 9TO M{l/4} < 00. YKa3aHHOE CBOHCTBO
ypasHeHus (11.23) Ha3BIBAETCSH €r0 CMOTACTNUNECKOT GCUMNMOMUYECKOT
ycmotwueocmsio B C.K.-CMbIciIe. W

JJ1st gucieHHOrO MoflenupoBanus nporecca &(t), 3aJaHHOTO HeJIMHeR-
HBIM cToxacTmaeckuM auddepenmuanbabiv ypasaeanem (11.8), mMoxHO
BOCIIONIB30BaThC Memodom iaepa. st aToro paccMorpum Touku () =
=1ty < t1 <tz <...,B KOTOPBIX TpPeOyeTCs BBIYUCIUTH 3HAYECHUS IIPO-
necca £(t). Temepp 3amenum B (11.8) muddepennuanbl Ha npupaiieHus:
dé(t) ma &(tpy1)—&(tn), dt Ha ty 1 —t, 1 dw(t) HA W(te11) —w(ty,). Torma

E(tn+1) = [€(tn) + Rf(E(tn))] + 0 (tn, E(tn)) (W (tnt1) = w(tn)),

rme n=0,1,..., a h=t,4y; —t, =const — mar guckperuzanuu
(0 < h < 1). Tak Kak mociemoBaTelbHble TpUPAIEHUs W (tn+1) — w(ty,)
TN~-MEpPHOI'0 BUHEPOBCKOI'O IPOIECCca He3aBUCUMbBL U UMEIOT pacilpeje/eHne
N(0; hI), okKOHIATETHHO TOTyIaeM

E(tnr1) = [E(tn) + R F(E(ta)] + VRO (tn,€(tn)) va, 1 =10,1, ...,

rae {v,} — cTaHZAPTHBIA M-MepHBIA rayccoBCKuil Gesblii myM.
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11.3. JIuHeiinble cToxacTudeckue AudpepeHIInaIbHbIE YpPaB-
HeHus. Paccmorpum moapobree mpouece £(t), YA0BIETBOPAIOIIMIA JIu-
HeWHOMY cTroxactudeckomy auddepeHnnaabHOMy yPaBHEHUIO

{ d&(t) = a(t)€(t) dt + u(t) dt + b(t) dw(t),

£0) = (11.25)

¢ HenpepbiBHbIME Koadduimentamu a(t), u(t), b(t).
B npumepe 11.3 6b110 OKA3aHO, 9TO 9TO yPABHEHHE UMEET €JMHCTBEH-
Hoe pemenne. Hafinem sTo pemenne sBHO.

IIpumep 11.9. ITokazars, 9T0 mpoIEecc

t

£(t) = Oty + @(t)J@_l(T)u(T) dr + @(t)J@_l(T)b(T) dw(r) (11.26)

saBnsgerca pemennem ypasaerus (11.25), ecim marpuanaa byaknusa O (t)
yIoBJIeTBOpgAeT cucTeMe MuddepeHnIalbHbX ypaBHeHni

{ o(t) = a(t)O(t),

o) 1. (11.27)

Pemenne. Boraucoum nuddepennmannbl caaraeéMbiX B IpaBoil dacTu
BhIpaxkeHust st &(t), MCIONb3ys NPaBUIO C.K.-AuddepeHIupoBaHns 1
dopmyry Uto:

d(O(t)v) = O(t)v dt,

O~ H(r)u(r) dr + u(t)|dt,

U
/N
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@71(7')[)(7'> dw(7) + b(t) dw(t).
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t
B mocienmem pasencTBe yuareno, aro jurs 7(t J@ L(r)b(7) dw(T) mo
0
ompeieniennio cnpaseyuso dn(t) = ©~1(¢)b(t) dw(t), a mo npasmty Uto
B CHJly JIMHEHHOCTH Hpeo6pa3OBaHI/m g(n(t),t) = ©(t)n(t) mmeer mecto

d(©(t)n(t)) = O(t)n(t) dt + O(t) di(t)-

15 B.M. Muauep u A.P. I[laakos
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Wrak, OKOHIATEIHHO IOy IaeM

de(t) = (1) [u + I@l(f)u(r) dr +

+ J 0~ (r)b(r) dw(T)] dt + u(t) dt + b(t) dw(t).

C yuerom O(t) = a(t)O(t) u bopmysr (11.26) umeem
dé(t) = a(t)&(t) dt + u(t) dt + b(t) dw(t),

npudeM HadasabHoe ycioue £(0) = ©(0)r = v BBIIOJIHEHO, HOCKOJILKY
©(0) = I. Takum obpasom, (11.26) meficTBATENHLHO SBISETCS DENIeHUEM
ypasrenug (11.25). CoiictBa Marpunpl O(t) GyHIaMEHTAIBHBIX pelie-
muit (11.27) obcykpannch panee B 11. 8.3, TO9TOMY MBI CINTAEM UX W3-
BECTHBIMHU. B

3aMmedanue MoxkHO TOKa3aTh, 9ro pemenne (11.26) octaercs cnpa-
BEJIMBBIM, €CJIM BMeCTO HempepbiBHOCTH a(t), u(t) m b(t) mpeamomoxuTs
X KYCOUHYIO HENPEPLIEHOCTD.

B cregytomem npumepe 060CHOBAH MPAKTUIECKH BAXKHBIA METOJ, BbI-
YUCJIEHAsT MOMEHTHBIX XapaKTEPHUCTUK TIEPBOTO W BTOPOTO MOPSAJIKOB pe-
[IeHUs] CUCTEMbl JIMHEHHBIX CTOXaCTHYeCKUX JuddepeHiyuaibHbIX ypas-
HEHHUI — Memod MOMEHMOSE.

ITpumep 11.10. IIycre mpomecc &(t), ymoBnersopstommii (11.25),
B MoMeHT t € A mMeer cpermmee me(t) = M{{(t)} u xoBapmammoHHyIO
marpuuy e (t) = cov{{(t), £(t)} = M{(£(t) — me(2))(£(t) — me(t))"}, a
naganpraoe 3uadenme ¢(0) = v me 3asmcur ot {w(t)}. Ilokasare, uTo
me(t), 7e(t) ABIAIOTCH PEINEeHUSMA CIIEAYIOMUX CHACTEM OOBIKHOBEHHBIX
mudPepeHnuaabHbIX ypaBHEHHTI:

the(t) = a(t)me(t) + ult), me(0) =m,,  (11.28)

Ye(t) = a(t)re(t) +re(t)a”(8) +b(H)b° (1), 7%(0) =,  (11.29)

rae m, = M{v}, v, = cov{y,v}.
Pemenwne. Bocnombsyemes dopmymoii (11.26), narormmeil ssBHBIA BU,
permenus &(t):

me(t) = M{£(t)} = O(t)m,, + O(t) j O~ (r)u(r) dr, (11.30)

t
TaK KaK M{JG_I(T)I)(T) dw(r)} = 0 mo reopeme 11.2. Tuddepenunpo-

0
Banue Bbipaxkenus (11.30) no ¢t gaer ypasaenue (11.28).
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o

Brramrag (11.28) u3 (11.26), momywaem mus &(t) = &(t) — me(t)

£ =005+ [t (mp(r) du(r)]. (11.31)

IIycrs n(t) = J®_1(T>b(7') dw(T), TOrmA O CBOHCTBY CTOXACTHYECKOTO

0
WHTerpaJja OT HeclrydaiiHoil (pyHKIuu nvMeem

cov{n(t),n(t)} = [ &} (T)b(r)b"(7) (0 (7)) dr.

Vanresag mezapucumocts v ot {w(T), T > 0}, momyaaem

t

%(t) = M{EWE (1)} = (1) [+ [©7L ()b () (071 (7)) "dr | €7 (1),

0

HuddepermupoBanue TOCIEIHETO BHIPAXKEHUS O ¢ IPUBOIAT K CHCTEME
ypasHenuit (11.29). BolnonHeHne HaYaIbHBIX YCIOBHH IPOBEPSETCS HETO-
CPEJICTBEHHOM 101cTanoBKOl ¢t = 0 B Bblpaxkenust jist myg(t) u ve(t). m

VYpapuenus (11.28), (11.29) pas BbIYUCIEHUS MOMEHTHBIX XapaKTe-
pucruk me(t) n v¢(t) npouecca {(t) HA3BIBAIOTC YPAGHEHUAMU MEMOOL
MOMEHMOG.

PaccMoTpUM MCHIOIB30BAHME MOJIyYE€HHBIX COOTHOINEHUN HA IIPUMEDE
CKAJIAPHOTO JIMHEHHOTO CTOXaCTHYeCKOro Mud¢pepeHInaIbHOr0 ypaBHe-
HUA C MOCTOAHHBIMA K03 PHUIAEHTAMH.

IIpumep 11.11. ITycrs ckanspras cayvaiinas dyaxmma {£(t), t > 0}
VJIOBJIETBOPSIET yPABHEHUIO

de(t) = a€(t) dt + bdw(t),  £(0) = v.

Haiitw obmmee pemenne ypaBHeHns ¥ BLITHCIATE M (t) 1 e (t) ¢ moMompio
METOZ]a MOMEHTOB. PacCMOTpPETb HOBEJIEHUE ITUX XAPAKTEPUCTUK IIPU
t — oo, ecniu a < 0.

Pemenue. Herpyauo nposepurhb, 4ro B jaHHOM ciydae O(t) = et

IIO3TOMY
t

£(t) = e*'my, + be™ J e YT dw(T)
0
npeacTaBisgeT coboil obIee pereHne pacCMaTpuBaeMoro ypapaenus. s
HaxoXKIeHns mg(t) 1 e (t) mpumenum Meron MoMenTtoB. 13 (11.28) cie-
ayer
mg(t) = ame(t),  me(0) =m,.

15%
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Orcioma me(t) = mye*. Ananormano u3 (11.29) maxomum

Ye(t) = 2a%e(t) + 0%, 7(0) = .-
Pemas mociennee ypasHenue ¢ yaerom |a| = —a, nomyvaem
2

— ,2at b_ _ 2at
Ye(t) = ey, + 3a] (l e )

2

Tak kak a < 0, To e** — 0 upu t — 0o, nosromy me(t) — 0, ye(t) — 3lal

JJIS JIFOOBIX My, Y, W
Ounpenenenne 11.8. Cucrema muddepennnaibHbIX ypaBHEHUT

dE(t) = ag(t) dt + udt + bdw(t),  £(0)=v (11.32)

¢ HOCTOSIHHBIMU KO3 punuenTaMu a, u, b Ha3bIBAETCH ACUMNMOMULECK
yemotinueot, ecam Bee KOpHU { A, } ypaBHEHHs

detla — AI] =0 (11.33)

JIe’kaT B JIeBO# mosrymtockoctH, T.e. Re A < 0.
Teopema 11.6. Ecau cucmema (11.32) acumnmomuuecku yemotiuu-
6a, MO CYWECNEYIOM Me U V¢, MAKUE, YN0 OAL 6CET My, Yy

me(t) > meg u ve(t) > npu t— oo

IIpedenvrvie 3naveHus me, Ye Y0OBAELMEOPAIOM CIMAUUOHAPHIM YPASHE-
HUAM MEMOOA MOMEHMOG:

{ ame +u =0,

(11.34)
avye +vea* +bb* = 0.

IMpumep 11.12. IOsymepnsiit uponece £(t) = {&1(t),&2(t)}* ymosae-
TBOPSAET CACTEME yPaBHEHU

dé;(t) = &(t) dt + 6 dt,
déz(t) = —w?&1(t) dt — 20w&(t) dt + g dw(t),
e o, §, w U § — IOCTOAHHbIE IapaMeTphl.
Haiitn opeaebHble 3Ha9€Hud 1My, Y1 MOMEHTOB IIEPBOTO W BTOPOTO

nopsikoB KommorenTsl & (t), ecom aw > 0.
Pemenune. U3 (11.32) cienyer, 9To

S R i
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[IpoBepuMm ycnoBust aCHMITOTUYIECKOH yCTOWINBOCTH:

-\ 1
det[a — AI] = det =M+ 2awA + w? = 0.
—w? 20w — A
Kopun A2 = —aw £+ v a?w? — w? mekaT B JIeBOil MOMYIIOCKOCTH, TaK

kak aw > 0 mo ycnosuo. Cremosarensno, mama cucrema (11.32) acum-
nroTudeckn ycroirunBa. Torma m3 Teopemsur 11.6

meo + (5 = 0,
—w?my — 2cwmo = 0,

OTKyZla My = 2a5/w. Tak xKak ¢ :72‘ IO OIPEJIeTIEHNI0, MBI MOXKEM
71
kv

0 1 vk vk 0 —w? 0 O
+ + =0.

—w? 20w kv kv 1 20w 0 g2
JlaHHOe MaTpPUYHOE ypaBHEHHE MOXKHO IIEPEINHCATh B CKaJISIPHOM BHJE:

2k =0,

HOJIOXKHUTD Vg = l . Torma w3 (11.34) caemyer

—w?y +vo — 2awk = 0, (11.35)
—dawyy — 2kw? + g% = 0.

Paspemas (11.35) oTHOCHTENBHO Y1, HAXOAUM Y1 = gz/(4aw3). Wrak, upu
JIOCTATOIHO GOJNBIMMX ¢ MOKHO CYATAaTh, 9r0 &1(f) MMeeT MOCTOSHHbBIE
cpemaee M{¢(t)} = 2ad/w u pucnepcnro D{&;(t)} = g2/(4aw3). ]

Ecmm mpomnecc £(t) yoBaeTBOpsieT cucTeMe JMHEHHBIX CTOXaCTHIECKAX
muddepernpanpabix ypasaennit (11.25), To MBI MOXKeM HAHTH 3aKOH
€ro OJHOMEPHOT'O PACIPEIEICHHs IPH U3BECTHOM 3aKOHE Paclpee/eHns
Ha9aJBHOTO YCIOBHS V.

IIycte  Po(A) = M{exp(iA*v)}, A €R"™, — xapakrepucruaecKasn
dbysknua ciaydaiinoro BekTopa v, a Ue(A; t) = M{exp(iX*{(t))} — xa-
pakTepuctuueckaa pyHKImaA cedenus nporecca E(t), t > 0.

Teopewma 11.7. Ecau £(t) ydosaemeopsem cucmeme AUHEGHBIT CMO-
xacmuueckur Juppepenyuasvnor ypasnenud (11.25), mo zapaxmepu-
cmuneckas gynryus Ue(A; t) umeem sud

Te(\; ) = Uo(0F(£)N) exp{i)\*mg(t) - %Awg(m} , (11.36)

2de ©(t) ydosaemsopsem (11.27), a {mg(t), 'yg(t)} — pewenus cucmemo:

Jupeperyuanrvros ypasrerud memoda momernmos (11.28), (11.29) ¢ ny-
AEEHMU HAUAALHOLMU YCAOGUAMU.
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IIpumep 11.13. B ycrnoBusax mpumepa 11.11 HaliTH XapaKTepucTHIe-
ckyto dynkmuio Ve (A; t), ecnn HavadbHOE 3HAUEHUE I IMeeT PABHOMEPHOe
pacnpezenernue Ha [—a, a], a > 0.

Pemenue. Tak kak £(t) — ckanapnas bynknus, To A € R Borauc-
JIM HeoOXOAMMbIe KOMIIOHEHTHI (hopmyatbt (11.36):

o

1) ¥o(N) = M{exp(idv)} = i J- e dr = sizs)\;

2) O(t) = e (cm. pemenme mpumepa 11.11);
3)
2 b?
4) A2(t) = 2a7g (t) + 0%, 72 (0) = 0, nosromy ~2(t) = 2lal (1—e
5) maxomuMm We(A; t) mo dopmyse (11.36):

e~ sin (a\e® A\2p2 o
PelXi t) = %“‘p{_ oy (17 t)}'

sin a\

aA
Merp a < 0 (T. e. ypaBHEeHHE aCHMIOTOTHYECKH YCTORIUBO), TO

mg( )= mg(t), mg(O) m, = 0, oTKyaa mg( )=0;
e (t

2at).

)

Bameruym, aro We(X; 0) = = Uy(N). Ecm xe t — oo, a mapa-

(A 1) exp{——v;’ } — T,

rae ¥y ()\) — xapakTepuctndeckas (DyHKIHS TaycCOBCKOTO DACIpeesIe-
g N (0; b2 / 2|a|). Takum o6pasom, npu a < 0 U KOoCTATOYHO GONbIIKX ¢
MOXKHO CIHTATh, 9T0 {(t) mMeeT rayCccoBcKoe pacupegesnenne. EcrecTsen-
HO, IIPH C—— Hys1i0 ¢t Tounoe pacupegenenne We(X; t) He sBiIseTCH
rayCCOBCKHM. W

Sameganne. I3 Teopemnr 11.7 ciemyer, 9T0 ecim HaYaJIHLHOE PaC-
npepenerne ¥o(\) — rayccosckoe, To s moboro t > 0 crydaiiHbIi
BekTOp ¢(t) mMmeer rayccoBckoe pacupegenerne N (me(t);ve(t)), nae ma-
pamerpsr mg(t), v¢(t) — pemenusi ypaBHenus MeToga MoMeHToB. Eciu
JKe U He ABJIeTCs TayCCOBCKUM BEKTOPOM, HO CHCTeMa ypaBHEeHHUil TaKoBa,
aro O(t) = 0 mpu t — oo (ycimoBme acumnmomuneckot ycmotvusocmu
0N HECTRAYUOHAPHBLT cucmem), To TIpH t > 1 MoKHO cauTaTh, 9T0 (1) ~
~ N(mg(t); 72 (t)), T e. uMeer MECTO ACUMNMOMUNECKAS HOPMAADHOCTVY
pellleHrs YCTOMYMBOrO JHHEHHOTO CTOXaCTHIECKOro MU depeHIualIbHOro
yDaBHEHUSI.

B sakJiouenue pacCMOTPUM DEIIEHUE AUHE(iH020 CTMOTACTMUMECKO20
JuPpdeperyuarvhozo YpacHeHus, TOPOXKIEHHOTO He BAHEPOBCKAM IIPOIEC-
com w(t), a MEHTPUPOBAHHBIM HEOJAHOPOIHBIM NYACCOHOECKUM TPOUECCOM

n(t) = n(t) — my(t),
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rae 7(t) — myaccomosckuii mponecc unrencusaocr v(t) > 0, a my(t) =
t

= JV(T) dr:

dE(t) = a(t)&(t) dt + u(t) dt + b(t) diy (1),

(11.37)
£0) =v.
B nurerpanshoii hopme ypasrenne (11.37) nmeer Bun
t t t
§(0) = v+ [a()(r) dr + [u(r) dr + [b(r) dn(t), (11.38)
0 0 0
rae mocienHmii wHTerpad B (11.38) — croxacTHUecKHil WHTErpad Mo

myacconoBckoit mepe (cm. 1. 10.2). Vicnonb3yss popMyity MHTErpupOBaHUs
no gacrtam (8.11) g c.k.-uaTerpata u (10.12) — s CTOXaCTHYECKOrO
MHTErpaJa 10 NPOneccy ¢ OPTOrOHAJIBHBIMHA MPUPAIIEHUSIMH, MOXKHO I10-

Ka3aTh, 410 popmya (11.26) (¢ samenoit w(r) ma 1(7)) ocraeTca B cue:

§(8) = O + O(t) | O~} (T)u(r) dr + O(t) [ 07 (r)b(r) dif(r). (11.39)

Tenepb, ucnonb3ys dopmyiay (10.19) mua BBIYHCIEHHS WHTErpaja oOT
Hecay9IaiiHol (PyHKINE, OKOHIATETHHO Oy IaeM

t

§(t) = Oy + () {[ O~ (r)(u(r) —b(ru(r) dr + 3 07} (m)b(m) |-

0 TR St

rae {7} — ciaydvaiinble MOMEHTBI CKagKOB IIporecca 1)(t).

11.4. ®opMupymooIuii pUIbTP AJIs CTAIIMOHAPHON ciydaiiHoit
dbysknun. B manHOM TyHKTE MBI paCCMOTPHM METOJ, MOIEIUPOBAHUS
CTAIMOHAPHON ciryvaiinoit dyHKIUM ¢ IPOOHO-PAIMOHAJIHHON CIIEKTPAJIh-
HOIl IIJIOTHOCTBIO C IIOMOIIBIO CTOXACTUIECKUX IudDepeHInaIbHbIX yPaB-
HEHUH — Memod GopMUPYOUWUT PUILMPOS.

Onpenenenune 11.9. TayccoBckas cranmoHapHas  CiIydaiiHas
bynkmusa {£(t), t € R} umeer dpobro-payuonasvryto cnexmpasvryo
naommocmv fe(A\) B ciydae, ecian

_ 1 HG)P
fe(N) = 2 PP’ (11.40)
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rae
n m
F(z) = Zakmk, an = 1, H(z) = Zbkmk, m<n—1,
k=0 k=0

npuveM KOpHA MHOTOWIeHOB F'(2) m H (2) nexkar B JIeBOH MOy IIIOCKOCTH.
BaMmeuanue. IIpu BBIIOJHEHHH YKA3aHHBIX BBIIIE IIPEIIOIOKEHUIT
byuknus fe(\) maTerpupyema ma R!, T e.

De =D{§(1)} = | fedr <.

Hanee Bcromy mpemmomaraem, uro {&(t), t € R'} — pemecrsennbiit
CTallMOHAPHLIA IEHTPUPOBAHHLIA TIayCCOBCKUHM ClIyYalHBIA Opolecc
¢ Apo6HO-paNOHAIBLHON CIHEKTpasbHOll mioTHOCTBIO fe(A) Buma (11.40)
¥ KOBapHAIMOHHON (PyHKITHEH

o)
Re(r) = j e fe(A) dA. (11.41)

—o0
PaccmoTpum cucreMmy w3 n IHHEHHBIX CTOXACTHIECKHX AuddEpeHIim-
aJIbHBIX ypaBHeHUH i nporecca N(t) = {n1(t), ..., n,(¢)}*, Takoro, uro
n1(t) = £(t). CTpykTypa 3TOi CHCTEMBI ONUCAHA B CIEIYIOMEH TeopeMe.

Teopewma 11.8. ITyemo n(t) ydosaemsopaem cucmeme u3 n aureti-
HOLT CTOTAcCUYeckur Jupdepernyuarvroit YypasHerut

dn(t) = An(t) dt + B dw(t), n(0) = v. (11.42)

3decvy w(t) — cxaasprud cmandapmunti suneposckut npoyecc,

0
o 1 0 .. 0 o
0 0 1 . 0 0
A= o , B=| gn-m ,
0 0 0 . 1 Qn—m—l—l
—Qop —air —az —QAn-—1 T
dn
{ag, ...,an_1} — xoappuyuernmo. muozousena F(x), a napamempo
{@nh-—m, - -, qn} onpedessromea no pexyppernmHvLM PHOPMYALM:
k—1
qnfm:bm7 qk:bnfk_ Z An—k+i 45y k:n_m+17 e I
i=n—m

{bo, ...,bm} — wooppuyuenmo, mmnozouaena H(x).
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Ecau caywatinod eexmop v ne sasucum om {w(t), t > 0} u umeem
pacnpedeaerue N(0; R,), 2de wosapuayuonnas mampuya R, ydoesemso-
pPAEM cuCmeMe aA2ebpPauNecKuT YpasHenud

AR, + R,A* + BB* =0, (11.43)

mo xomnonenma 11 (t) eexmopa n(t) AGAAEMCA CMAUUOHAPHILM 20YCCOB-
CKUM YEHMPUPOBAHHIM CAYHATIHBLM NPOUECCOM CO CNEKMPANLHOTE NAOM.-

HOCTb10
N = f()) = L HGYE
For (V) = fe( )_EW

Bameuwanma. 1) Tak Kak CHEKTpAJbHAA ILNIOTHOCTH TayCCOBCKOTO
HNEeHTPAPOBAHHOTO MPOIECCa OMHOZHAYHO OMpPeeideT ero KOHedHOMEPHEIE
pacnpezenerusi, npomecchl 71(t) m £(t) CTOXaCTMYECKW SKBUBAJEHTHBI
B IIMPOKOM cMbicie (cm. 1. 1.1).

2) OGbrano muorowren F(x), BCe KOPHE KOTOPOIO JIE2KAT B JIEBOIL
HOJTYIUIOCKOCTH, Ha3BIBAIOT Ycmotuusvim mHozouserom. MOXKHO HOKa-
3aTh, 4YTO U3 yCTOﬁ‘{HBOCTI/I F(.’L‘) CJ‘[eﬂyeT ACUMIITOTUYECKaA yCTOﬁqI/IBOCTb
cucreMmsbl (11.42), nostomy ©(t) — 0 upu t — oo, rue O(t) — maTpudHas
byukuua Ko, yrosrersopsiomas ypasuaenmo O(t) = AO(t), ©(0) = I,
caenyromemy u3 (11.27).

3) Pemenme cucrembr ypasrenuit (11.43) — mpomecc TpymoeMKmii, HO
He UMeIOIHii 60JIBIIOr0 NPaKTHIeCKOTo 3HaYeHus. JlefiCTBUTEILHO, IIyCTh
7(t) ymoBieTBopsieT cucreMe ypaBHEHUIM

dij(t) = AR(t)dt + Bdw(t),  #(0) = 0. (11.44)
Torma u3 pesyabraToB mpuMmepa 11.9 cienyer, 9To
n(t) —7(t) =0ty “50 upn ¢ — oo

B CUJLy ITPeJbILYILIEro 3aMedatus. DTO 03HAYAeT, YTO 110 UCTeYEHUM HEKO-
Toporo BpemeHu mporecchl 7)(t) m 7(t) TpaKTHYECKW He pa3ImdYaroTCs,
OprYeM pa3jddde TeM MeHBIIe, 9eM GoJIbIle BpeMeHH IIPOILIO ¢ HadaJa
permenust ypasHerus (11.42).

Onpenenenune 11.10. Cucrema croxactudeckux auddepeHinarb-
ubix ypaBrenuit (11.42) (a Takxke (11.44)) masbiBaercsa @opmupyrousum
Pusvmpom pus nponecca &(t) ¢ nPOOGHO-PAIIMOHAIBHON CIEKTPAJLHON
mnoTHOCTBIO f¢(A) Buga (11.40) mau koBapuamuoHHO#l dyHKImelr Re(T)
Buzga (11.41).

PaccMOTPHEM HCIOIB30BAHNE OIIACAHHBIX PE3YJILTATOB Ha KOHKPETHBIX
npuMepax.

IIpumep 11.14. Iocrpouts dopmupyromuii GUILTP IJIs TPOIECCca
&(t), mmeromero kosapuanmonnyio dbynkuuto Re(1) = De~ "l tne D > 0,
a>0.
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Pemenune.

e = 5= | € P Re(rydr = 2 [ eteltn g - D0

2 T (a2 4+ A2)°

Haﬁ}leHHyIO CIICKTPaAJIbHYIO IIJIOTHOCTHb MO2KHO IIPDEJCTaBUTH B BUJIE

Fe(\) = 1 V2Da-v2Da 1 [H(GN
ST o TlatiN(@—in)  2r [FEN?’

rne H(z) = V2Da, F(z) = a+ z. Torma by = V2Da, ap = a, a; = 1.

BamernM, 4uro MHorowieH F(z) ycroitums B cmiuy o > 0. Temeps,

WCIONb3ys yTBepXKaeHme TeopeMbl 11.8, HaxoauMm ypaBHeHHE (PUILTpA:

d€(t) = —af(t) dt + V2Da dw(t), £(0) =v.

Huncnepenst R, HawanpHOTO ycnoBust onpenensiercs n3 (11.43):
—2aR, + (V2Da)* =0,

orkyna R, =D > 0. m

IIpumep 11.15. Ilonepeunas komnonenTa £ (t) CKOPOCTH BeTpa B Typ-
byneHTHO aTMocdepe SBISETCS CTAIMOHAPDHBIM TPOIECCOM CO CIEK-
TPaJIbHOI IJIOTHOCTBIO

o2Lv  v?+4 3L%\?
f&()‘) = Tox (V2 4+ L2X\2)2’

(11.45)

e 02 — mucnepcust cKopocTu Betpa, L > 0 — mMacmTab Typ6yneHTHOCTH,

U — MO/LyJIb CKOPOCTH JIBUXKEHUs JleTaTesIbHOro aliapara. 11ocTpouTh
dbopmupyromuii bunbrp mia nporecca &(t).
Pemenme. IIpeoGpasyem (11.45) Kk By, NPUTOZHOMY JJIsi TIPOBE-
JeHns qekommosunun fe (M), T.e. OmpefereHus BEILa MHOrouireHoB H(z)
O6o3zmaamm 3 = v/L, Torma (11.45) MoxkHO 3anmmcaTh Kak

fy =B B3N 1 fouV/B(B+V3iNIowVB (5~ Vi)
¢ 2r (B24+A2)2 0 2w (B+iX)2(B —iN)? :

C yuerom TpeboBanus ycroitanBoctu Muorowienos H(z), F(z) nomydaem
H(J}) = b() + blxa rae bO = Uwﬂ\/B7 bl = Ow 367
F(z) = ag + a1z +2°, tme ag=f? a1 =20

Temeps mo dopmystam Teopembr 11.8 HaxomuM g u ¢o:

@1 =b1 = 0u\/36, g =bo—28by = 0uB/B(1—2V3).
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Taxwum o6pazom, Mbl oy aem s 1(t) = {ny(t), n2(t)}*, toe n1 (¢) = £(),
CHCTeMy ypaBHEHMI

{ Iy (8) = ma(0) dt + /3B (),
dna (t) = [=28m2(t) — B2m(t)] dt + 0w BVB(1 — 2V/3) dw(t),

rae w(t) — cTaEmAPTHBIN BUHEPOBCKWI mporecc. W

B 3apepinenne myHKTa OOCYIAM YUCIECHHBIA METOJ] WHTEIPUPOBAHUS
CHACTEMBI JIMTHENHBIX CTOXaCTHIECKUIX ypaBHeHHﬁ, B KOTOPOM HUCIIOJIB3YyETCA
TOYHAs JUCKPETU3AIUs 110 BPEMEHH.

IIycrs mama cucrema JMHEWHBIX CTOXACTUYECKUX YPaBHEHHUI C MOCTO-
auabIME KO3 dunmentamu (HAIpUMED, CACTEMa ypaBHEHUH (hbOpMuUpPYIO-
1mero GpUIbTPa):

d¢(t) = A&(t) dt + B dw(t),

uayctb 0 =ty < t; < t3 < ... — TOYKHU, B KOTOPBIX HY?KHO BBIYUCIUTH
sHaveHns npouecca &(t). omoxkum &(t,) = &g, a t, — t,—1 = h = const.
Torma crygaifHas TOCIeT0BATEILHOCTE {&,, } YIOBIETBOPSIET CIIeIy IOMeMy
Pa3HOCTHOMY CTOXaCTAYECKOMY YPaBHEHUIO:

n = By + Vuy,. (11.46)

3nece ® = O(h), a O(t) — pemenne ypapHeHUS

O(t) = 40(t),  ©(0) =1, (11.47)

marpuna U takosa, uro VU* = G(h), tne G(t) — pemenne ypaBHEHWs
MeTOo/a MOMEHTOB!

G(t) = AG(t) + G(t)A* + BB*,  G(0) =0, (11.48)

{vn} — muckperHBIl rayccoBekmit cTaEMAPTHBIN GBIl TIyM.
Dopmyasr (11.46)—(11.48) memocpexacTBeHHO crepyor u3 (11.26),
(11.27), (11.29).
SameTnM TakxKe, 910 MaTpuibl ¢ u U He 3aBUCAT OT BpEMEHH, TIOITOMY
pacuersl o dhopmynam (11.47) n (11.48) npoBomATCS TOIBKO OMWH Pas3.
Sameganune. Eciu mar quckpern3anun h = t,11 —t,, n =0,1, ...,
MaJI, TO JIjIsi TPUOJIMKEHHOTO NHTEMPUPOBAHUs yPaBHeHN (DOPMUDYIOIIE-
ro GpmIBTPa MOXKHO UCHOMB30BATE Memod Diaepa (cm. m. 11.2 n 3amaay 9).
IIpumep 11.16. IIpoBecTn AUCKpETU3ANUIO YPABHEHUS

dé(t) = —2£(t) dt + V3dw(t),  £0)=v

¢ marom 1o Bpemenn h = 0,1.
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Pemenue. B mammom ciydae O(t) = e~ mostomy ® = O(h) =
=e 92~ 0,819. Us bopmynsr (11.48) maxomum, 910

G(t) = —4G(t) + (V3)%,  G(0)=0.

Orcroma G(t) = Z(l —e ™ u Gh) = Z(l — e 94) ~ 0,247. Tak Kax
G(h) — cranspHas BeqmunHa, To U = /G (h) ~ 0,497,

Wrak, pasHOCTHBI BapuaHT CTOXaCTHUYECKOI'O ypaBHEHUs HMeeT BH/I
fn = 0,819 Enfl + 07497vna 60 =V

rie v, ~ N (0;1) u He 3aBuCUT OT Uy DU N F£ M. W

Bameuganue. Merog dpopmupyomux (GUIBTPOB BMECTE € PACCMO-
TPEHHBIM METOJOM YUCIEHHOTO PEIIeHUs JJUHERHBIX Tud depeHnmuaIbHbIX
YPaBHEHU JAI0T HAM IPAKTUIECKUHN CIIOCOD YUCIEHHOIO MOIEIUPOBAHUS
CTAIMOHAPHBIX CIyYaiHbIX (DYHKIHI ¢ IPOOHO-PAIIMOHAJIBLHON CIIEKTPAIIhb-
HOH IJIOTHOCTBIO.

Ecau MBI XOTUM JUCKPETU3UPOBATH JIMHEHHOE YpaBHEHUE C TIEPEMEH-
HBIMU KO3 DUIUEHTAME, TO CIEIyeT COOTBETCTBEHHO 0000muTh hopmy-
abl (11.46)—(11.48). Ilycrs

d§(t) = a(t)€(t) dt +b(t) dw(t),  £(0)=v,

TOTIA,
En = (I>n§n—1 + lIlnvn-

Brech @, = O(t,)0 L(t,_1), O(t) = a(t)O(t), ©(0) = I;
U, U = Glty),
rre
G(t) = a(t)G(t) + G(t)a™(t) + bR)b (t), t>tn_1,  Gltn_1) =0,

a mpomecc {v,} OCTaeTcss MO-TPEXKHEMY CTAHIAPTHBIM OGEJIBIM IIyMOM.

B zakiiouenue 3amernm, uro Haxoxzienue ¥, no G(t,) ecrb cran-
JapTHas 3aja9a JMHEWHOUW aJredphl, i PEeIIeHusi KOTOPOH MMEIOTCs
MHOTOYnCIeHHbIe 3(DDEKTUBHBIE YUCICHHBIE METOIBI.

11.5. Croxactudeckue auddepeHajIbHble ypaBHEHUS U
muddysunonabie nporeccbl. B m. 2.5 6bI0 JaHO OmpeesieHre OIHO-
pomuoro mudHY3uOHHOTO MPOTECCa ¢ 6eKmopom choca a(T) u mampuyet
Jugppysuu (). OKaspIBaETCSH, MEXKJLY PEIIEHHSIMH CTOXACTHIECKUX Aud-
depeHnuaIbHBIX ypaBHEHUN # AudPy3HOHHBIMA IMIPOIMECCAMI HUMEETCS
TecHeHIast CBA3b, YTO 00bICHICTCS CICAYIONIM yTBEDPXK ICHAEM.
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Teopema 11.9. Tycmov £(t) — pewenue cmozacmuyeckozo dudgde-
peryuaavrozo ypasnenus (11.8) ¢ nawaavromu yeaosusmu (11.9), 2de
f(t,z) = f(z) uo(t,z) = o(x), m. e. ypasuerue 0dHopodHo no epemeru.
Ecau ycaosus meopemuv 11.4 evinoanenwv, mo &(t) asasemes 001opodrvim
dugpysuonnvim npoueccom ¢ sexmopom croca a(z) = f(x) u mampuyed
duppysuu X(z) = o(x)o*(z).

CdopMmynupyeM ycaoBHd, IPH KOTOPLIX II€PEXOAHAS ILIOTHOCTD
pe(x,t,y) u ogHOMepHas MIOTHOCTD P¢(y; ) yAOBIETBOPSIOT yPABHEHHIM
Kommoroposa—®Poxkepa—ILiranka.

HyCTbn ) ={hA), - )} By) = {8 (¥)}ig=1,...n, THE

Z oit(y)or;(y). Beenem ciemyroumit puddepenimabublii ore-

partop:

- 5 Z Z ii(¥)aly)),  (11.49)
=0 2 o151 yzayJ
rae q(y) — JOCTATOYHO TIaJKasd CKaJIsSpHas (DyHKIIAI.
Teopewma 11.10. ITycmo svinoanenvt ycaosus meopemovt 11.4 u, xpo-
me moeo, dynwyuu {fi(y)} nenpepweno dupdeperyupyemn, a Pymnr-
yuu {035(y)} dsaorcov, nenpepwisro duddeperyupyemo.. Ecau nepexodnas

NAOMHOCTIG pg(m,t,y) deaotcov, HenpepueHo dupdeperyupyema no Yy u

odun pas nenpepuisno duddeperyupyema no t € (0,T] npu ecex © € R,
mo ona ydosaemsopaem npamomy ypasrenuro Koamozoposa:

Ops(z,t,
% Llpe(z,t,y)l,  pe(a,0,y) = 6(y — ). (11.50)

IIpu smom 0dHOMEPHAA TLAOTNHOCTG PACTPEDENEHUA pé(y; t) ydosaemeo-
PAEM YPAGHEHUIO

Op,(y;
%ZL[P&/; B, pe(y; 0) = po(v), (11.51)

ede po(y) — nuommnocmo pacnpedesenus §(0).

VYpasrenus (11.50), (11.51) matoT NPUHIUIHAIBHYIO BO3MOXKHOCTH
BBIYMC/INTh KOHETHOMEDHBIE 3aKOHBI pacnpenesnennst mpomecca &(t),
YJIOBJIETBOPSAIOIIET0 CTOXACTHIeCKOMY b (dEPEeHINATBLHOMY YPABHEHIIO
¢ kKodddunuentamu, He 3aBUCAIMMEA OT Bpemenu. Hawmbosee CiioKHOM
npobireMoil  ABJSETCA OTBLICKAHHE YCJIOBHUil, IPH KOTOPBIX ILIOTHOCTH
Pe(x,t,y) upe(y; t) cymecrsyior. Paccmorpum sty npobiemy na npumepe
JIMHEHHOrO ypaBHEHHSI.

IIpumep 11.17. Cranapraga cayvaitaaa dbynakmua £(t) yaoBaeTBops-
€T JIMHEHHOMY CTOXaCTHIeCKOMY AudPepeHIIalbHOMY yPABHEHUIO

dg(t) = ag(t) dt +bdw(t),  £(0) =v,
rae v ~ N(my;y,). Haiita p(z,t,y) 1 pe(y; t).
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Pemenue. Ilpeanonoxum, uro p(z,t,y) cymecTsyer n gpiserca
JIOCTATOYHO IIaKoi, Torga u3 (11.50) cienyer (¢ yuerom f(z) =az u

o(z) =0b):

8p5($7t7 y) 8 b2 82p§($7t7 y)
o *aa—y(y Pg(x,tay)) + 2T ey (11.52)
Paccmorpum dynknmio
1 (y = m””(t))z}
T,ty) = ———expy ——————— 7, 11.53
Pe(@,t,y) e p{ ) (11.53)

rie m®(t), v°(t) ABasgOTCA peleHnaAMI ypaBHEHUs MeTO/Ia MOMEHTOB:

W) =am*(t),  m*(0) =

y . . (11.54)
YO(t) = 2a7°(t) + 6%, ~°(0) = 0.

Ecmu 7°(t) > 0, To pe(z,t,y) oupenenena npu seex ¢ > 0. Henocpes-

CTBEHHO}1 MosCTaHOBKOM Bhipakenus (11.53) B (11.52) ¢ yuerom (11.54)
MOKHO IIOKa3aTh, 9T0 P(z,t,y) yaosnersopger ypapuenmio (11.52) m,

Kkpome TOro, pg(,t,y) — d(z —y) npu t — 0 (Tak xak 7v°(t) = 0 mpu
t — 0). Takmu 06pasoM, BOIPOC O CYIIECTBOBAHUE P(z,t,y) ymmpaeTcs

B yeaosue 7°(t) > 0. OueBngno, 4TO ycaoBHe Gy/eT BBITOJHEHO, €CIH
b # 0, T. e. kxoacpbunuent muddysum X = b2 > 0.
[lycts Terieph p(y; t) mpu Beex t > 0 mMeer By

pe(ys t) = mexp{—%}, (11.55)

rae me(t), ve(t) omaTh ompemeIOTCS U3 ypaBHEHHIl MeTOa MOMEHTOB:

T (t) = ame(t), me(0) = m,
{ _ , (11.56)
Ye(t) = 2a7e(t) + 0%, 7£(0) = 7.
Eciu v¢(t) > 0 npu Bcex ¢t > 0, T0O HETPYHO IPOBEPUTD, YTO
pe(yit) o B2 pe(y; t) -
o —aa—y(ypg(y, )+ oy Pe(y; 0) = pu(y),

rae p,(y) — rayccoBcKasi INIOTHOCTh HavdaJibHOTO BekTopa v. W3 (11.56)
crexyer, 4ro ecau b # 0, 10 7Y¢(t) > 0 Bbimonueno mpu Bcex t > 0 s
106010 77, > 0. W
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SBameuanue. Yoaosue b # 0 Buonde 3akoHoMepHO. JleficTBUTEIBHO,
nycrb E(t) € R™ u

dé(t) = AE(t) dt + B dw(t), £(0)=v. (11.57)
Torna ¢ (t) = cov{{(t),&(t)} ymoBnerBopsier ypaBHEHHIO
Ye(t) = Ave(t) + () A"+ BB, 7(0) = .

MozkHo nokasarh, 4ro e (t) > 0 npu 11060M 7y, > 0 TOrma 1 TOIBKO TOr/a,
KOL/Ia

rank{B,AB, ...,A""'B} = n. (11.58)

Venoere (11.58) x0pomo W3BECTHO B TEOPUM yNPABJIEHUS W HA3BIBAECTCS
ycnoBueM noanotl ynpasasemocmu cucrembl (11.57). B caygae n =1
(11.58) osnauaer B # 0.

11.6. ®uabrp Kanmana—Brrocu. B 1. 6.4 mpuBeneno pemrenne 3a-
Ja9H C.K.-OITUMAJIBHOIO OIEHWBAHUS CIIy9ailHBIX IIOCIIEIOBATEIIHLHOCTEIH,
ONMCHIBAEMBIX JIMHEHHBIMHA DPA3HOCTHBIMEA CTOXACTHIECKAME YPaBHEHUSI-
Mu. B rayccoBckom cirydae dra 3aja4a MMeET siBHOe perneHue B (opme
auckperroro dpuibrpa Kasmana. OKasplBaeTCs, 9TO 9TOT PE3yJIbTAT MOXK-
HO PACIPOCTPAHUTD U HA CJIydaitHbie (DyHKIMHN, ONUCHIBAEMbIE JTUHEHHBIMU
croxacTraecKuMu AuddepeHnalbHBIMA Y PABHEHUSIMA.

3amaya dunprpanumn. PaccMorpuMm mapy CirydaliHBIX MTPOIECCOB
{z(t) e R”, y(t) €e R™, t € [0,T]}, onuchiBaeMbIX CHCTEMON JIHHEHHBIX
croxactTnaecknx auddepeHnuaibHbIX ypaBHEHU T

{ dz(t) = A(t) z(t) dt + B(t) dw'(t),

(11.59)
dy(t) = a(t) z(t) dt + b(t) dw?(t),

¢ HadauabHbIMI yeousMu z(0) € R™, y(0) = 0. B ypaBHenusx (11.59)

wt(t), w?(t) — cranjapTHbIE BUHEPOBCKHE MPOTECCH pasMepHocTu ki, ko

cooTBeTcTBenHO, ¥ (0) — raycCoBCKHil CIydaiiHblil BEKTOD C MapaMeTDaMu

M{z(0)} =mo,  cov{z(0),z(0)} = 0.

Cay4aitnbie nponeccst wl(t), w?(t) u ciywaiinbii Bextop x(0) He3aBUCH-
mbl. B 3amade duabrpanun (OneHMBaHWA) TPEIIONATAETCSA, 9TO MPOIECC
z(t) me mabmomaeM, a HabGIIOIATH MOXKHO JIHMIb mporecc y(t), KOTOpbIil
HeceT HemosHylo wH(popManmioo o mponecce z(t). 3amada dunbrpanumn
COCTOUT B OIPEAEJICHAN C.K.-ONTUMAJIBbHON onenku mponecca x(t) mo Ha-
buronenusam nponecca {y(s): 0 < s < t}. Tak ke Kak U B ciydae MOJAEIN
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C JWMCKPETHBIM BpeMmeHeM (1. 6.4), C.K.-ONTHMAJBHON ONEHKOH SBJIAeTCS
YCIOBHOE MaTeMaTUdeCcKoe OXKHUJaHue, a UMEHHO:

m(t) = M{z(t) | 7},

e
FY=oc{y(s): 0 < s <t}

ecTh o-aarebpa, NOPOXKJIEHHAA 3HAYEHUAMH mporecca y(s) 0 TeKyImero
MomenTa Bpemenu ¢ (cm. m. 11.1). Bameuarensubrit pesynbrar Kamvana n
Briocn cOCTOMT B BBIBOJie ypaBHEHHI, ONUCHLIBAIOMIAX BOJIIONUIO yCIOB-
HOTO MATEMATHIECKOro OxKumanus m(t).

Teopewma 11.11 (Kanman, Betocn). ITyemws 6 ypasuenusaz (11.59)
mampuunvie pynryuu A(t), B(t), a(t), b(t) umerom xycouno nenpepvisHvie
Komnonenmo:, mampusnas Gynryus b(t) b*(t) — pasnomepro nesvipo-
otcdenmnas, m.e. watidemes xowcmawma c¢ > 0, makas, 4mo 0as A06LT
t€[0,T] uX € R™ umeem mecmo nepasercmeo

N b()b* (1) = c| A% (11.60)

Tozda ycaoeroe mamemamuueckoe oscudanue m(t) = M{xz(t) | FY} ecmo
edUHCMBENHOE PEWEHUE CUCTNEMbL CTNOTACTUMECKUT JuPPepeHyuasvros
ypasHerul

dm(t) = A(t) m(t) dt + y(t)a” (£) (b()b" (1))~ [dy(t) — a(t) m(t) d],

(11.61)
(1) = A(t)y(t) + (1) A*(t) + B()B*(t) — v(t)a” () (b(t)b" (t)) a(t)(t)
(11.62)

C HAYANDHUUIMU YCAOBUAMU
m(0) =mo,  v(0) = . (11.63)

Ouenka m(t) — necmewennasn, m. e. M{z(t) — m(t)} = 0. Jemepmu-
nuposannas mampuyhas Gynryus y(t) 6 ypasnenusz (11.61) u (11.62)
PABHA KOBAPUAUUY, 0WuUbKY oyenky m(t):

(1) = coviz(t) — m(t), z(t) — m(t)} = M{(2(t) — m(t))(z(t) — m(t))"},

a mpouyecc
£(t) = J(b(S)b*(S))’l/Z[dy(S) —a(s)m(s)ds], te€][0,T],

ABAAENCA cmam?apmmnm BUHEPOBCKUM.
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VYpaguerma (11.61)—(11.63) onmCHIBAIOT DPEKYPPEHTHBIA AJITOPHTM
C.K.-ONTAMAJILHON (PUIIBTPAITAN IayCCOBCKOTO mporecca (), Ha3blBaeMbIil
puavmpom Kaamarna—Bviocu.

Bamewganua 1) [Iponecc () Ha3BIBAETCA 06HOBAAIOULUM JJIS TIPO-
necca mabmonennii y(t). Ero BaxkmocTs ompemenserca Tem, 9TO OH, AB-
JIAACH CTaHAAPTHBIM BHHEPOBCKHM IIPOIECCOM, MOPOXKIAET Ty ¥Ke CaMyto
o-anrebpy cobbiTuii, 4To 1 npouece naboenui y(t), ©.e. Ff = FY.

2) Tlockombky m(t) — HecMelmeHHast orneHKa Juisi 2(t) mo Habio-
merusim {y(s), s < t}, To KoBapmammommas Mmarpuna Y(t) ee ommOKm
Ax(t) = z(t) — m(t) xapakrepusyer ToYHOCTH oueHKH m(t). IlosTomy
M{|Az(t)[*} = tr[y(t)] B cuny Toro, uro M{Az(t)} = 0.

Tak kak {z(t), m(t)} — rayccosckmit mpouecc, Az(t) ~ N(0;7(t)).
B wacTHOCTH, P{\)\*Am(tﬂ <3 )\*'y(t)/\} ~ 0,997 nyis 1060r0 BEKTOpA

A # 0. Bamernm, gro u3 (11.62) crenyer, aro y(t) — necayuaitnas dyHk-
U BPEMEHH, II03TOMY TOYHOCTH IIPOIELYPhl (PUIBTPAIAA MOXKET OBIThH
paccunTaHa 3apaHee, T. €. 10 HAYaJa IPOIELyPbl 00paboTKn HAOIIOAEHUA.

3) B cuuty smneiinoctu ypasrenuit dbuiabrpamun (11.61), (11.62) aua
npakTudeckoi peasuzanuu duiabrpa Kanmvana—Bbhiocn MOXKHO UCITIOIB30-
BaTh IPONELYPy AUCKPETH3AIMA [0 BpeMeHH u3 1. 11.4.

Paccmorpum HEKOTOPBIE TIPUMEPHI HWCIIOJIB30BAHUS MOy IEHHOTO pe-
3yJIbTaTA.

IIpumep 11.18 (3amava onenmpannsa mapamerpa). Haiitu c.x.-onTm-
MaJIbHYIO OIEeHKY TayCCOBCKOfi ciyuaitnoit Besmumubl 6 ~ N (mg;od) 1o
HAOTIONEHNSIM CITy9aiinoro mponecca y(t), yIOBIETBOPSIONErO CTOXACTH-
geckoMy ¢ depeHnnalbHOMY YPaBHEHIIO

dy(t) = 0dt + o dw(t), y(0) =0,

rae o1 # 0.

Pemenwe. Ecmm Beectn dynkmmio z(t) = 6, To napa dbyukunii {z(t),
y(t)} ymoBneTBopsieT cmcTeMe JIMHEHHBIX CTOXaCTHIECKHX auddepentm-
AJIbHBIX ypaBHEHUHA

(11.64)

dz(t) =0,
dy(t) = x(t) dt + o1 dw(t).
Torga ¢.K.-ONTHMaJIbHAS ONEHKa JJIst f ecTh
M{0 | 7'} = M{z(t) | F/'} = m(t).
IIpumensigz Teopemy 11.11 m dopmymsr (11.61), (11.62) ¢ mapamer-
pamu A(t) =0, B(t) =0, a(t) =1, b(t) = o1, nomygaem, uro m(t) u
v(t) = M{(0 — m(t))?} ymoBIETBOPSIOT CHCTEME CTOXACTHIECKHX ypaB-

16 B.M. Musuep u A.P. Ilankos
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HeHUU
dm(t) = 1 ldy(t) — m(t)de], m(0) = mo,
U 1(0) = o,

Vpasrenwe muia v(t) uMeeT TBHOE PEIIEHAE
ghoi

= oy

Torma m(t) yIOBIETBOPSIET JMHEHHOMY CTOXaCTHIECKOMY yDPABHEHHUIO
dm(t) = =20 [dy(t) — m(t) df]
o O’gt + 0’% Y ’

pelieHne KOTOpOro MMEeT B/,

t 2
m(t) = ®(t,0)mo + | @(t, ) g2 i3 W(S),
0

t
2
(o
o du} — pelleHue ypaBHEHUA

rue D(t, s) = exp{f‘[w

s
2

d g

il —__ % >
dtq)(t7s) Ugt+ U%(p(t7 5)7 t 2> s,
D(s,s) =1.

2 2
t
Herpynuo Bumets, aro ®(t,s) = % _ 20 . IloxcraBmsas 310 coot-
N )

HOIIEHUE B BbIpazkeHue 11 m(t), mosmydaem

t t)mo
®(t,0)mo = % 0= 7(0)(2) ;
t 2 t t
[@t,5) 57— dy(s) = [ @(t,5) 2 dy(s) = [ 1D ay(s) = 2 (o)
0 0 1 0 1 0 1 1
Uraxk,
moo? +y(t)o3

B(0) = m(t) = (1) | 22 + L | - merk sl

IMpumep 11.19 (mabmomenne muponecca OpHIITeHA—YIeHOEKA).
IIycre ckansprbie mponeccsl {z(t), y(t)} yaoBreTBOpPAIOT cucTeMe ypas-

dr(t) = —ax(t) dt + dw'(t), z(0) ~ N (mo;70),
dy(t) = z(t) dt + o dw?(t), y(0) =0,
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rne a > 0, o # 0. UccaenoBarh mOBEJEHEE C.K.-ONTAMAJILHOrO (BHILTPA
opu ¢ — 00 U IOCTPOUTH CTAIMOHAPHBI BapHAHT IIporecca (PUIbTPAIIH.

Pemenwe. Ypasnenne (11.61) dunbrpa Kamvana—Briocn mist npo-
necca m(t) = M{z(t)|FY} nmeer Bug

dm(t) = —am(t)dt + 2D (dy(t) — me)dt),  m(0) = mo,

o2

a ypasaerne (11.62) mus gucnepcun v(t) = M{(w(t) — m(t))Z} omubKu
dunbTpanuu eCTh CKaJspHOE ypaBHeHue PUKKaTH

3() = 2090 +1- LY 5(0) =5,

OT0 ypaBHEHUE MMEET sIBHOE PEIECHUE

_ =~ (1 = 72)(v0 — 1)
L i e

ve f=\/a® 1 02,7 = 0*(f — a), 5 = —o*(B + a).

C yuerom ycmoBmil mpEMepa 3akmodaeM, dro (>0, 1 >0 m
Yo — 2 > 0. Torma n3 noayveHHOrO BBHIPaXkeHUst st Y(t) npu ycaoBum
Yo # 71 cemyer, ato y(t) — 71 mpu t — oo. Ecim ke g = 71, 10 ¥(t) =0
my(t) =71

Taxum o6pasom, npu ¢ >> 1 MoxkHO camTaTh, uTo (t) = 71, a ypaBHe-
Hue (PUIBTPAIANA CTAHOBHTCA CMAUUOHAPHHLM, T. €.

dmi(t) = —am(t)dt + 1% [dy(t) - m(t) di].

[Tocneamee o3HaYaeT, 9TO B JaHHON 3aj/ade CyIMIECTBYET CTAIIHOHAPHBIN
Bapuant dunabrpa Kaavana—beiocu. C yaeToM mosy9eHHOr0 BbhIParKeHust
JIJIsL Y1 OH IPUHHAMAET BUJL

dm(t) = —Bm(t)dt + (8 —a)dy(t). m

Bamewanne. OkaspiBaercs, 9To ecam B ypaBHeHUsX (11.59), omuce-
BAIOIIUX CHCTEMY HabJIiojleHust, mapaMeTrpbl A, B, a u b He 3aBuCAT OT
BpemeHnu, a marpuna A ycroiiuusa, TO pesysbrar, OOHAPYKEHHBIH B IPH-
Mepe 11.19, aBisgercd 3aKOHOMEPHBIM: MPH JIOOOM HAYAJILHOM YCIOBUI
Yo = 0 cymecTByer ¥ = tlif?o v(t), npuuem ¥ He 3aBucHT OoT Yo u ¥ = 0.

IIpu srom ypasmenne dmibrpanuu (11.61) npurnMaer cmayuonaprvi
(mpemesnbHBI) BU

dm(t) = Am(t) dt + K [dy(t) — am(t) dt],
rne K = Ja*(bb*) ™! — nmocrosnubiit MaTpuanbIii Ko3dbuuenTt.

16*
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Sagaya skcrpanosisarumn. OqHol K3 IPAKTHYECKH BasKHBIX 3324
ABJIAETCA 331298, NPo2HO3UPOSAHUA WA dKCMpPanossyuy. 1lycTh mporec-
cot {z(t), y(t)} onmceiBatoTCa TMHEHHON CHCTEMOl CTOXACTHIECKNX yPaB-
wennit (11.59). Ilpeanmomnoxkum, 4T0 HAGJIOJEHUIO JOCTYIIHBI 3HAYEHUS
nponecca y(t) aumb 10 HEKOTOPOro MOMEHTa BpeMeHu s < t, n Tpebyercs
C.K.-OITUMAJIbHO OLEHUTH Z(t).

Torma m(t) = M{z(t) | FY} upencrapisier coboii HCKOMYO OIEHKY,
KOTOpPas HA3BIBACTC C.K.-ONMUMAALHOT 0UEeHK0T NpoeHo3a WK IKCMpa-
noasyuu. TToKaskeM, KaK OIeHKa ITPOTHO3a BBIPAXKAETCS dYepe3 ONEHKY
{m(t),~(t)} dunprpa Kanmama—Bpiocn.

B cuny ypasrenusi (11.59) mpomecc z(t) HOMyCKaeT MpejcTaBIeHHE
(cm. m. 11.3)

t

z(t) = ®(¢t, s)x(s) + J@(t, u)B(u) dw' (u), (11.65)
rae ®(t,s) = O(t)01(s), a O(t) — marpuna Komu dynmamenTambHbx
pemennii. ITockoabKy mpomnecchl w', w? He3aBUCHMBI, 3HAYEHUS TIPUPA-

meHnit BUHEPOBCKOTO mporecca w'(u) npu u > § He 3aBUCAT OT 3HAUEHMHl
nporecca y(u) npu u < s. [Tosromy

M{j@(t,u)B(u) duw* (u) ‘ f;f} =0

", CJIeI0BATEJIbHO,
ms(t) = M{®(t, s)x(s) | F¥} = (¢, s)M{x(s) | F{} = (2, s)m(s).
(11.66)

HNcnonb3osanue npeacrasaenns (11.65) nozsomsier momynTh BhIparKe-
HWE U JUIg KOBAPHUATNH OIMAOKY ONEHKH ITPOTHO3a:

7 () = M{(2(t) — m(2)))(2(t) —ms ()"} =
= ®(t, s)y(s)P*(¢,s) + J@(t, uw)B(u)B*(u)®* (¢, u) du. (11.67)

Coornomennst (11.66), (11.67) moxkno npeacraButh B muddepennm-
aJbHOI dopme:

{ (1) = A(t)ms(t),  ms(s) = m(s), (11.68)

Vs () = A(t)7s(t) + s (8) A (¢) + B(t) B*(t),  7s(s) = (),

rae m(s) — C.K.-ONTHMAJIbHASA ONEHKA Jiuis (), a y(s) — KoBapmauoHHAS
MAaTpHUIa ee OMHUOKH.
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11.7. 3agauu 411 CAaMOCTOSITEJIbHOTO PEIIEeHUs.
1. Iycrs {f(7), 7 > 0} — c.K.-HEmpepbIBHAS HEYNPEXKAAIOWAS CIIyIaiiHAT
dyukusa. /lokaszarsb, IT0

n(t) = | f(r)dw(r), >0,

SIBJISIETCSI IIPOIIECCOM C OPTOTOHAJIBHBIMYU [IPUPAIEHUSIMY, U HAHTH €ro KoBapu-
AIMOHHYIO (DYHKIIHIO.
min(t,s)

Orser. Ry(t,s) = j M{|f(r)*} dr.
0
2. JlokazaTb, 4TO HEJIMHEHHOE CTOXacTU4YeCcKoe JupdepeHInaabHoe ypaB-
HeHne

d&(t) = —arctg&(t) dt + %, £(0)=0

MMeeT eJMHCTBEHHOE DElIeHHE.
3. Pemnrh croxacrudeckoe guddepeHunaibHOe ypaBHEHUE

dé(t) = a&(t) dt + bE(t) dw(t).
Orset. £(t) = £(0) exp{(a — b*/2)t + bw(t)}.

4. Ilycrs cay4vaiinsiit nponece {£(t), t > 0} ymoBIeTBOPSIET CTOXACTUYECKO-
My yPaBHEHHIO

dg(t) = a(t) §(t) dt + o (1) §(t) dw(t),  P{£(0) >0} =1

C KYCOYHO HENPEPHIBHBIMHU JeTepMuHupoBaHHBIME (yHKIuaMu a(t) u o(t).
Jokazarb, 4TO

&(t) = €0) exp{ﬁa@) — Lo(s))ds + ja(s) duw(s)}.

0

Ykaszaune. Berancmts d€(t) no npasmiy auddepennuposanus Uro.

5. Jloka3aThb, 9TO CHCTEMA JIBYX CTOXaCTUIECKUX AU PepeHITnaIbHBIX YpaB-
HeHUu

da(t) = — 6O dt+ &) dut),  (0) =0,
dea(t) = — Q) dt— & () du(t),  @(0)=1

nmeet pemenne &1(t) = sinw(t), &(t) = cosw(t).
6. [Tocrpournb popmupyromuii puIbTP JJisk HEHTPUPOBAHHOTO IayCCOBCKOIO
cranuoHapHoro npouecca &(t), IMeIOEero CIeKTPAILHYIO IIOTHOCTh

fe(w) = 2 . Lot wo)b? + (a - quo)w?

m b +2(a? — wiw? + wt

r,z[ewo:b2fa2,a>7wo,D>0.
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OrBer.
{ dm () = n2(t) dt + q1 dw(t),
dn2(t) = =b mu(t) dt — 2an(t) dt + q1(b — 2a) dw(t),

rae n(t) = &(t), 1 = /2D(a — ywo).

7. Ilycts Tpebyercss OLEHHUTH N-MEPHBI TayCCOBCKHUIM CIydailHBIH BEKTOD
0 ~ N (u;v0) no mabmogenusiv ciay4vaiinoro npouecca y(t) € R™, ynosuersops-
IOIIEro CTOXaCTUYEeCKOMY yPaBHEHUIO

dy(t) = a(t) 6 dt + b(t) dw(t), y(0) =0,

rzae a(t), b(t) — mecnyuaiinble marpuunbie Gynkuuu, npudem b(t) b*(t) — pas-
HOMEDHO HEBBIPOXKJIEHHAS. BBIBECTH ypaBHEHH Il C.K.-ONTHMAJIBHON OIEHKH
m(t) = M{6 | Fz} u marpuupt v(t) = M{(0 — m(¢t))(0 — m(t))*} xosapuauun

ee OIIUOKH.

OrsBer.
{ dm(t) = y(t)a* (t)(b(t)b" (1))~ [dy(t) — a(t) m(t) dt],  m(0) = u,
A(t) = =y (8)a™(£) (b(t)b* (1)~ ta(t)y (1), 7(0) = 0.

8. (IIpomomskenne 3amaun 7.) JlokasaTsb, 4TO B YCJIOBHSX IpeIbIAyIIeH 3a-
a9y [P TIOJIOKUTEJIHHO ONpeesIeHHON MaTpuie o > 0

() = (v +fa*(s)(b<s>b*(s))—1a<s> ds) -

0

Ykasaume. Pacemorpers dbynkuuio G(t) = v~ (t) u ybequrnes, aro
G(r) = a* ()b (1)~ a).
9. Ilycrs £(t) ynoBnerBopser ypaBHEHHIO
dE(t) = a(t) €(t) dt + b(t) du(t), €(0) = .

O6GocHOBATH MPUOIMKEHHBIH METOJ JUCKPETH3AlNU 3TOTO yPaBHEHUS JJIS Ma-
Jioro mara guckperusanun h (meron Ditnepa):

£(tn+1) = (1 + a(t")h) g(t") + \/Eb(t") Un, n= 07 17 27 sty 5(0) =,

rae tp, = nh, a {vp,} — cTaEKAPTHBIA rayCCOBCKWH IUCKPETHBIA GeJIblil IryM.
Ykazanue, 3aMeHUTDb B UCXOAHOM ypaBHeHuu juddepeHiuaibl KOHeIHbI-
MU Pa3HOCTSIMH.
10. ITycrs {y(t), t > 0} — nabarogaeMblii IpOUECC, YAOBIETBOPAIOMINIi ypaB-
HEHUIO

dy(t) = e”/?P0dt + dw(t),  y(0) =0,

rue 8 >0, 6 ~ N(0;1). Ilycrs 6, — c.K.-onTHMAIbHAS oneHka f o HabJIIOIeHH-

aum {y(s), s < t}. Joxasate, aro y(t) = M{(0 — @)2} —1/(1+ B) upu t — oo.
Ykazanue. Boconb3oBarbcs ajnropurmom Kasimana—bBbiocu.
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§ 12. MapkoBckue ciry4aiiabie (pyHKIIAN
C IMCKPETHBIM MHO>KECTBOM COCTOSTHUIA

12.1. IToroku coGbituii. [ToHATHE TTIOTOKA COOBITHII WMeeT KJIode-
BOE€ 3HAUYEHUE s TIOCTPOEHUS MATEMATHYECKUX MOJeJeil MapKOBCKUX
CITy4JaifHBIX (PYHKIMI ¢ JUCKPETHBIM MHOMKECTBOM COCTOSHHIA.

Onpenenenune 12.1. ITomoxom cobvimuti Ha3BIBAETCS ITOCJIEI0BA-
TeJBHOCTb OJUHAKOBBIX COOBITHH, IPOMCXOASAIIAX OJHO 33 APYTUM depes
IPOMEKYTKU BPEMEHU CJIy4ailHOHR JIJIMHbL.

IIycre 3meck n magnee t > 0, h > 0. O6o3maamm wepes P(t,t + h) Bepo-
ATHOCTH MOSIBJIEHUSI XOTS GBI OJHOTO COOLITHS Ha IIPOMEXKYTKe BPEMEHH
[t,t + h]. IIpeqmomnoxkum, 9TO IpH KazKAOM ¢ CyIIECTBYeT

A(t) = lim DEEER)
h—0 h

Onpenmenenme 12.2. Dynknus A(t) HA3BIBAETCA UHMEHCUBHOCTNDIO
HOTOKa COObITHH (B TOYKE t).

Paccmorprm HEKOTOPBIE TIPEIITIONIOKEHNS] O TIOTOKE COOBITHI, TI03BOJIsI-
IOIAE TIOCTPOUTD €r0 COMEPIKATENbHYI0 MaTEMATHIECKYIO MOJEb.

Onpenmenenme 12.3. Ilycre n(ty,ty) — caywaiinoe amcio coObrTmii
U3 TIOTOKA, TIPOUCXO/IAMIAX Ha IPOMEXKYTKE [t1, t2]. [loTok HasBIBaeTCS 00-
HOPOOHDIM AT CMAYUUOHAPHBLM, €CITH 3aKOHBI pACIIPeIeIeHAs CITyIaltHbIX
Besmand n(t1,te) n n(t; + s,t2 + s) copmanator npu Beex s > 0.

Bameganua 1) OueBUAHO, 9TO OJHOPOAHOCTH MOTOKA O3HAYAET

P{n(s,s+t) =m} =P{n(0,t) =m} Vs, t>0, m=0,12,...

[TosTomy moBezeHme 0JHOPOSHOIO MOTOKA MOYXKHO U3y4aTh JIMIIb HA IIPO-
MmexkyTke [0,t]. Jamee mMbl Gyzem obo3HaYATH

n(t) =n(0,t), t=>0. (12.1)
2) MHTEHCHBHOCTD OJHOPOJHOTO MOTOKA TIOCTOsIHHA, T. €. A(t) = A:
. PtR) PO o
) = i P = iy PG =00 =

1t Besakoro t 2> 0.
Onpepenenune 12.4. [Torok cobbrTnii HA3BIBACTCA 0POUHAPHDBLM, €C-
gm gus Beex t > 0, h > 0 cupaBeyiuBBI COOTHOIIEHUST

P{n(t,t + h) = 1} = A(t)h + o(h),
P{n(t,t +h) > 1} = o(h),
o(h)

rae A(t) — orpannuenHas QyHKIWs, - 0 npu h — 0.
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Bameuwanma. 1) TpeboBanme OpAMHAPHOCTH O3HATAET, ITO COOBITHS
B [MOTOKE CJIEAYIOT CTPOTO OJHO 3a APYTUM W He TPOUCXOJAT BMECTE:

P{n(t,t+h) >1} .. o(h)
o P{n(t,t+h) = 1} flbl—>mo A(t)h+o(h)

[Mocsienee o3Ha4YaeT, 4TO BEPOsiTHOCTD [IOSBJIEHUS Ha MHTEPBAJIE JJIMHbL f
JBYX 1 H60see COOBITHII TpH MaJbIX h MpeHeOPEKNMO MaJia IO CPABHEHUIO
C BEPOSATHOCTHIO TOSBJIEHUS OJHOTO COOBITHS.

2) Ecim moToK sABIsIETCS OMHOPOHBIM, TO

P{n(t,t +h) =1} = Ah + o(h).

Ilycts BBIOpaHb HpousBostbHbIe TOUKH 0 =) < t1 < ... < tymq1. Pac-
CMOTPUM COBOKYITHOCTbH CJIy4aiHbIX BEJIUYUH

gk:n(tkatk-l-l)a k:0717 ceey M.

Onpenenenune 12.5. I[Torok cobbrTuil Ha3bIBAETCS NOMOKOM 6€3 NO-
caedeticmeus, eciu ciaydaiinble Beauausbl {£p, &1, ..., &m | HE3ABUCHMBI
B COBOKYIIHOCTH.

Onpepmenenue 12.6. OpauHapHbIil TOTOK 6€3 MOCTEAeHCTBUS HA3BI-
BAaETCs NYACCOHOBCKUM NOMOKoM cobbymud. Eciau nyaccoHOBCKUit moTOK
SIBJISIETCS] TAKXKE ¥ OJTHOPOJIHBIM, TO OH HAa3BIBAETCI Npocmetiuium nomo-
KoM COOBITHIA.

CMBICI TepMUHA <«IIyaCCOHOBCKHUI IIOTOK» IIPOSICHSIET CJIeLyIOIIee
yTBEpKICHUE.

Teopema 12.1. ITyemw 7(t) — wucao cobwmuti 6 npocmetiwem no-
moxe unmencusrocmu A na npomescymse [0,t]. Tozda

Piy(t) =m) =exp{-M} Y00 m=0,12, ... (12.2)

Takum o6pa3om, npm m06bIx t > 0 cnyqaiinag sesmamnaa 7)(t) mMeeT
pacupegnenierne [lyaccona ¢ mapamerpom At. OTcroma, B 9aCTHOCTH, ClIe-
myer, aro 7(1) pacupenenena no Ilyaccony ¢ mapamerpom .

Jpyrue cBOCTBa IIyaCCOHOBCKOTO MTOTOKA PACCMOTPHM Ha MPUMeEpPax.

IIpumep 12.1. Iloka3arhb, 9TO WHTEHCUBHOCTH MTPOCTEHIIETO MOTOKA
paBHA CPETHEMY YHCIY COOBITHil, MPOUCXOAAIINX HA WHTEPBAJIE BPEMEHN
€JIMHUYHON JIJINHBIL.

Pemenune. Ilycrs n(t,t + 1) — gmcso cobbiTuii Ha MHTEPBAJE €/H-
HUYHON JymHbL. B cuity omHopogsocTy ¢ yaeroMm (12.1) mveem

n(t,t + 1) = n(0,1) = n(1).

W13 reopemsr 12.1 cneayer P{n(1l) = m} = )‘—' e~*, mosTomy
m!

oo

Mn(t,t + 1)} = M{n(} = 3 L i Ao
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Urak, M{n(t,t+ 1)} = X aTo u TpeboBamoch noKa3aTh. M

I[Ipumep 12.2. Ilyctb T — ciyvaiiHag JUIMHA WHTEPBAJIa BPEMEHH
MEXK/y AByM#d 1OC/I€J0BaATE/IbHBIMU CO6bITI/IHMI/I B HpOCTeﬁmeM IIOTOKE.
JokazaTh, 9T0 T UMeeT 3KCIOHEHIMAIbHOE pacupeneneane F(A) ¢ mapa-
METPOM A:

P{r<tl=1—-eM t>0. (12.3)
Pemenune. Ilycrs 7(t) onpeneseno B (12.1). Torga B cuay (12.2)
P{r>t}=P{nt) =0} =e M, t>0.

CaenoBarenbro, dbyHkuus pacupeieiaenus F,(t) ciydailHol BeJuduHbI T
nMeeT BUJ,

E,t)=P{r<t}=1-P{r>tj=1-e* t=>0.

ITpu srom f,(t) = %t(t) = )\e_)‘t, t > 0, — IJIOTHOCTH paclupeieSIeHusd T.

Urak, T ~ E()\), 9T0 1 Tpe60BAIOCH T0KA3ATH. M

Creayromuii mpuMep nokasbIBaeT, 9To pacnpezeierne F(\) obiaamaer
WHTEPECHBIM CBOMCTBOM, TECHO CBS3aHHBIM C HOHATHEM OTCYTCTBHUS IIO-
cyaeneicTBud.

IIpumep 12.3. Ilokasarh, 9T0 B MPOCTEHIIIEM IIOTOKE PACIPEIETCHAE
BPEMEHH OT TEKYIIEr0o MOMEHTA 0 MOMEHTA MOSBIIEHUST OIE€PETHOTO COOBI-
TUYA HE 3aBUCUT OT TOI'O, CKOJIbBKO IIPOIIJIO BDEMEHU OT MOMEHTa ITOABJICHUA
TTOCJIETHETO COOBITHUS IO TEKYIEro MOMEHTA.

Pemenne. Ilycts s — rekymmit MOMEHT BpeMeHU, T — BPEMsi, OT-
CYUTBIBAEMOE C MOMEHTA MMOSIBJICHUS TIOCJIETHETO COOBITHS, & T =T — § —
BpeMs OXXugaHus odepemHoro cobbrrusi. Torma nus kaxmoro t > 0

P{r —s>t} et
P{rn>t|r>s}= Plr>s] o

=e M =P{r>s}.

Takum obpazom,
P{rn<t|r2s}=P{r<t}=F(t)=1—e .

Wrak, ycnoBaoe pacupenesnenne CB Ty He 3aBHCHUT OT S W COBIOAIAET
¢ pacupegenennem CB 7. m

CymMmupys Bce cBoiicTBa mpornecca 7)(t), paCCMOTPEHHbBIE BBIIIE, MBI
BuanM, 9T0 7)(t) — MyacCOHOBCKHMH TPOIECC, PaccMOTpeHHBIH B m. 10.2.
3aMeTuM, 9TO CBOHCTBO HE3aBUCUMOCTH IpUpalleHuii nporecca 7)(t) ectb
mpocTo Apyras (pOpMyJUpPOBKA YCIOBUSI OTCYTCTBHUS TOC/IEIEACTBUS IMO-
Toka. OueBmIHO TakkKe, 9TO 7)(t) ABIAECTCA MAPKOBCKAM CITy TalHBIM PO~
meccoM (Kak BCSKHI MPOIECC ¢ HE3aBUCHMBIMU IPUPAIIECHUSIMHE).

IIpumep 12.4. Ha tenedoHHYIO CTAHIHIO MOCTYHAET IPOCTEMIIHiA
MOTOK 3asiBOK Ha MEPEroBOpbl. B cpeaHeM B ONHY MHUHYTY MOCTYIAOT
Tpu 3agBKu. KakoBa BEpOATHOCTH TOrO, 9TO B TE€YEHHUE IBYX MUHYT HA
CTAHIUIO He MOCTYIHUT HU OJHOMN 3asgBKU?
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Pemenne. Ilycte N — ciydaiinoe 9ucio 3agBOK B OJHY MHUHYTY,
rorga 1o yeaosuio A = M{N} = 3. Eciiu 7 — Bpems oxKuganus o4epeHon
3adBKH, TO UCKOMasd BEPOATHOCTH PaBHa

P{r>2}=1-P{r<2}=1-(1-e ) =2 = ¢ %20,0025.

IMockompky P{r < 2} ~ 0,9975, To moYTH HABEPHSKA B TEYEHUE IIPOME-
KYTKa BPEMEHU [JIMHON B JBeé MUHYTHI MMOCTYIHUT XOTs OBl OJTHA 3asiBKa
Ha 0eperoBopbl. W

12.2. BeposiTHOCTHOE ONKMCAaHWE MAPKOBCKHUX CJLy4YallHbIX
dyHKIUI ¢ QUCKpPeTHBIM MHOXKecTBoM 3HadeHmil. Ilycrs {£(t),
t > 0} — ciyuaiinag HyHKIM, IPUHUMAIOIIAS 3HAYEHNs IPU KaXKJ0M t U3
muO)ecrBa FE = {zg, 21, ... }. Janee 6e3 orpannaenns obmHOoCTH Oyem
CINATaTh, 9TO T, = k, k = 0,1, ...

Onpenmenenme 12.7. Cayuaitnas dynxuma {£(t), t > 0}, npunn-
Malolllasl 3HAYEHUs U3 MHOXKECTBa F, Ha3BIBAETCS MAPKOBCKUM MpPouec-
COM C HENPEPBIBHBIM BPEMEHEM U OQUCKPEMHBIM MHONCECTNEOM 3HAe-
nud, eciu ayig r06brx MoMeHTOB 0 <t < ... <ty 1 < § < t u 3HaYeHUN
U, -nuyipn—1,%,J € E BoImONHEHO

P{{(t) =37 1&(s) =1,&(tn-1) =in_1, .., &(t1) =01} =
=P{{(t) =j | &(s) =i}

Onpenenenue 12.8. Bepoamnocmvio nepexods MapKOBCKOTO IIPO-
necca &(t) HasbIBaeTcs QYHKIHS

pij(s;,t) = P{E(t) = 5 [ £(s) = i}, (12.4)

rnet,] € E,0<s<t.

Bameganne. U3 onpenenenns 12.8 HEMOCPEICTBEHHO CIIEAYIOT CBOT-
CTBa BEPOATHOCTHU IIEPEXOAA:

1) > py(s,t) =1 nna seex i € E;

JEE

2) p,(t,t) =1 mna Beex i € E;

3) p;(t,t) =0 mpu i # j.

Bosmozknble 3Ha9eHua nponecca £(t), T.e. IeMeHTBl MHOXKecTBa E,
HaCTO HA3BIBAIOT TakzKe cocmoanusmu npouecca &(t). Ilosromy p,;(s,t) —
BEPOATHOCTD Iepexoza & u3 cocrognus ¢ € £ B MOMEHT s B COCTOZHHE
j € E B momenT t.

Onpenmenenme 12.9. Beposmnocmvio i-20 cocmoanus &(t) B Mo-
MeHT BpeMeHH ¢ > () Ha3bIBAETCS BEMINHA

mi(t) = P{e(t) =i}, i€ B
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Ouesmmno, qro 7i(t) >0 m Y m(t) =1. Takum obpasom mabop
i€EE
{mi(t)} obpasyer pacnpedesenue sepoammrocmeti cocmosnut MAPKOBCKOTO
npornecca &(t).
MexKly mepeXoJHbIMH BEPOATHOCTSME M BEPOSTHOCTAME COCTOSHH
HMEEeTCs CIELyIOmas CBA3b.
Teopema 12.2. I[Tyemv 0 < s < u < t, moada

pii(8:t) = > pul(s, u) py(u,t), (12.5)
keE

mi(t) = 3 () s, ). (12.6)
keE

Bameaanme. Coornomenne (12.5) maspiBaerca ypasaermem Kommo-
roposa—YenmeHna, obmuit BU, KOTOPOro OLLI PACCMOTPEH B 1. 2.4.

Onpemenenme 12.10. Ilponecc &(t) HaspiBaercss 00HOPOOHbBLM, €CITH
pij(s,s +1i) = pij(O,t) s Beex s,t >0mi,j € E.

IIpenmonokum, 910 mpH KaxkaoMm s > 0 IepexoqHas BepOATHOCTH
pi].(s, t) nuddepennupyema no ¢ npu T06BIX 4, j € E.

Onmpenenernme 12.11. Hnmencusnocmoro neperoda Agj (t) 20 m3
COCTOSHHUSA 1 B COCTOSAHHUE j B MOMEHT t > () Ha3bIBaeTCA BeJUYnHA

. pi-(t,t—{—h) 8p7;'(t7 u) . .
Aij(t) = lim == —— = —2~ , i (12.7)

u=t

IIpumep 12.5. IlokazaThb, 9TO MHTEHCUBHOCTH IIEPEXOIOB OHOPO/I-
HOTO TIPOIECCA HE 3aBUCIT OT BPEMEHHU.
Pemenne. B cuny onnopoanocru p,(t,t + h) = p,;(0,h), nosromy

pij(ov h)
h

nomydaeM A;j(t) = }lLin%) = A;;(0) = const. m
—

Hanee Mbl 6yZieM paccMaTpUBaTh TOJIBKO OZHOPOIHBIE MPOIECCHI, MO~
9TOMY OCHOBHBIE 0D03HAYEHUST IPUHUMAIOT CJIEIYIOMNAA BU/I;:

Xij(t) = Nijs pii(s,s+t) =p(t) Vs >0

Hawubosbmmii mpakTHYeCKuil WHTEpeC MPU UCCIEJOBAHUU MPOIECCOB
OIMCAHHOIO BBIIIE THIA HPEJICTABISIET BHIYUCIECHHE BEPOSATHOCTEH €ro
cocTosiHUT B 060l MoMeHT t > 0, ecIu 3aJaHO HaJaJbHOE PaCIpee-
nerme BepositHOCTEH cocrogumit {my(0),71(0), ...}. CoorBercTByIomMit
AJITOPUTM ¥ YCJIOBUsI €ro TPUMEHHMOCTH JJIs OJHOPOJHOIO IPOIEcca
chopMysIpyeM B BUJIE TEOPEMBL.

Teopema 12.3. Ecau daa xasicdozo i € E  6vinoanens, ycao8us:

1) sup Ak < 00;

keE

2) sup p’”—(h)—)\ki — 0 npu h — 0,

keE
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mo w(t) = {mo(t), m1(¢), ...} asasemca pewernuem cucmemv dugdpeper-
yuaavrox ypasuenuti Koamozoposa:

fri(t):Z)\kiﬂ'k(t)*ﬂ'i(t)z)\ik; 1€ R,
ki ki (12.8)
7'('1(0) = ﬂ?)

NPUYEM C YHEMOM YCA0BUA HOPMUPOBKU

S m(t) =1

i€E

cucmema (12.8) umeem npu xascdom 7(0) = {mg, 7Y, ...} eduncmeennoe
pewerue.

Bameganue. Herpysno BuueTh, 9T0 B CIy4ae KOHETHOCTH MHOZKE-
cTBa cocTosHMiA F yciaoBust TeopeMbl 12.3 BBITOTHEHBI.

IIpumep 12.6. Beraucaurb BEpOITHOCTU COCTOSHUI IIyaCCOHOBCKOT'O
mporiecca, UCToNbL3ysa ypaBHeHus: KoiMoroposa.

Pemenwme. Hanomamm, uro 7(t) — aucmo cobwrruit B npocreifmmem
noroke K Momenty t > 0, npudem 7(0) = 0. U3 pe3yabraroB Opempiay-
mero 1myHkTa ciaegyer, 4ro p,.(h) =0 upn k > i, nosromy Ap; = 0. Ecun
k=1—1, 10

o o AhH4o(h)
Pi_1i(h) = A+ o(h), Xic1, = ’%m%] — = A
Ecou xe k < i—1, T0
_ i 2
Pri(R) = o(h), Aki = }lllr% e 0.

Teneps oueBHIHO, 9TO yCaoBus Teopembl 12.3 BoimomaeHbl. OTCIOIa

0 L
T1(t) = Amo(t) — Ami(t),  m(0) = 2’ (12.9)
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Orciona g(t) = 1, 4,(t) = < > *—” ai(t) =

0,1,2, ... 3Bamerum, 9TO

()

i!

, ... Cue-

nmoBarenpHo, ;i(t) =

MOy 9€HHBII Pe3yIbTaT cornacyeTc;I C yTBepXKIeHueM TeopeMbl 12.1. m

[Ipumep 12.7. [Ipeanonoxum, aro moTtok cboeB IBM sBisiercst mpo-
CcTeHmuM ¢ HHTEHCHBHOCTBIO A. Ecim 9BM maer c6o0it, TO OH HEMETIEHHO
O0HApYKUBAETCS W TPOU3BOJUTCSH PEMOHT, KOTODBIA IJINTCA B TEeYeHHE
cIry9aitHoro Bpemenu T ¢ pacupeneneaneM F (u1). Berancants BepoaTHOCTD
TOro, 9To B MOMeHT BpeMmenu t IBM maxomuTcs B pabodeM COCTOSHWH.
Paccmorpers ciuy4ait ¢ — 00.

Pemenue. Cocrogame DBM B MomeHT t 6yaeM OTOXIECTBIATH
co 3nagenmem nponecca £(t) € E = {0,1} (£(t) = 0 osnauaer, aro 9BM
paboraer). HerpyJHO 3aK/II0YATH, YTO B CHJIYy CBOMCTB HPOCTEHIIEro MO-
Toka n cBolicTBa pacupenenennst F(u) (em. nmpumep 12.3) nponece £(t) —
MapKOBCKUI.

[Ipusegem obmmuit cmocod paccyXIeHuil TP BBIYUCIEHUN WHTEHCUB-
HoCcTeil mepexooB HA mpuMmepe nepexoga u3 0 B 1. Bepograocrs Toro, aro
Ha uHTepBaje [0, h] GyJer POBHO OIUH OTKa3, COCTABISET

P, =M +o0,(h).

BeposiTHOCTB TOr0, YTO Ha MIPOU3BOJIBHOM MAJIOM HHTepBaJe [t,t+ At] He
OyaeT 3aKOHYEH PEMOHT, PABHA

P,(At) = e "2 =1 — uAt + 0 (At) =1+ O(At) -1 upn At — 0.
OueBngno, uro ecimm At < h, o Py(At) < Py(h) = 1+ O(h). ITosromy
Ah 4 0y(h) 2 poy(h) 2 (Ah 4 01(R))(1 + O(h)) + 04(h),

rae 0,(h) — BEpPOSITHOCTH BCEX APYIMX MBICIUMBIX Iepexonos u3 0 B 1
a [0,h] (mampumep, «OTKa3 — PEMOHT — OTKa3» U T.1.). Urak, u3s
[OJIy YEHHBIX HEPABEHCTB CJIeJLyeT, 4TO

po1(h) = Ak + o(h),
Tak Kak 0,(h)O(h) = o(h), 0,(h)o,(h) = o(h). Orcrona

Anajormaable pacCyzK/IeHHs HOKAa3LIBAIOT, ITO Ay, = /L.
Torga cucrema ypasuenuit Kosmmoroposa npuanmaer Bus,

{ 7ro(t) = pmi(t) — Amo (), m0(0) = «,

71 (t) = Amo(t) — pmy(t), m(0)=1—a. (12.10)
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Moncrasnsas w1 (t) = 1 — wp(t) B nepsoe ypasrenne cucremsr (12.10), mo-
JTydaem

7o(t) = —(A + w)mo(t) + i, m0(0) = «, (12.11)

e @ — BEPOATHOCTH TOrO, 9T0 B MoMeHT t = 0 9BM wmcnpasua. Pemas
ypasHerue (12.11), mosydaeM HCKOMYIO BEPOSTHOCTb:

mo(t) = ae” AWt 4 Ai—u (1 - e_()‘+“)t> : (12.12)

B cuy Toro aro p+ A > 0, e~ (At 5 npu t — oo. Orcioga momydaem
PN T £ = N
To = lim mo(t) = -~

opu4deM Ipeaesa He 3aBUCUT OT v, T.€. OT Ha4YaJIbHOI'O pacCIIpeaeJIeHu:d.
O‘IEBI/I,ZLHO TaK>Ke, 9TO

m(t) = (1 — a)e” AWt 4 ﬁ (1 - e—(A+H)t) — T = ﬁ, t — o0.

Bennuunanbr my = nm=1-—m= Ha3BIBAIOTCA npedenb-

HOLMU BEPOATMHOCMAMY COCTOSHUN mporecca £(t). M

B paccmoTpeHHOM mpHMepe NOpeneIbHBIE BEPOATHOCTH CYIIECTBY-
0T W He 3aBHCAT OT HAYaJIbHOTO DAacCIpeeseHus BeposTHOCcTeil. [lpn
ONIPEJICJIEHHBIX YCJIOBULAX IIPEJAEC/IBHBIE BEPOATHOCTU CYHIECTBYIOT W JIJId
6osiee CIOKHBIX OZHOPOIHBIX mporieccoB. COOTBETCTBYIOIINE PE3YIBTATHI
00Cy2K/1al0TC B CJIEYIOIIEM IIyHKTE.

12.3. dproaguyeckue cBoiicTBa OJHOPOAHBIX MAPKOBCKUX CJLy-
JaliHbIX DYHKITHIA.

Oupepgenenne 12.12. Mapxosckuit upouecc {£(t), t > 0} naswr-
BAETCA 9P200UNECKUM, €CTH JId JIo0Oro HAYalbHOTO DPACIIPEAESICHHS
BepositHOCTel cocrosiamit {7 (0), k € E} cymecTBytor npedesvhovie eepo-
ATVHOCTIV

T = tliglo ’/Tk(t>, keFE, (1213)

npudeM {7g, k € E} ne 3aBucar or {m;(0), k € E} u ynoBiaerBopsor
YCIIOBHSIM

Te20, S @=L (12.14)

IIpu sTom mabop BepositHOCTEH {7, kK € E'} Ha3bIBAETCA CMAUUOHAPHBIM
pacnpedeseruem ponecca &(t).
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Crenyromniee yTBEpAKI€HAE COAEPKUT TOCTATOIHBIE YCIOBHUS dPrOIUI-
HOCTH OIHOPOJHOTO mponecca &(t).

Teopema 12.4. Ecau cywecmsyrom cocmosnue jo € E u xonewroe
epems t, maxue, wmo odnospemenno dan ecex i € K, i # jo evinoaneno
ycaosue

pi(t) =6 (12.15)

das nexomopozo 6 > 0, mo npouece &(t) — apeoduneckud.

SaMedanne. MoXHO IOKa3aTh, 9TO B CIIy9ae KOHETHOIO MHOYXKECTBA
cocrostanit E ycmosue (12.15) GymeT BBINOIHEHO, €CIM COCTOSHUS TIPOTIEC-
ca — coobmaronuecs (cM. mi. 5.2, 5.3).

Teopema 12.4 He mHaeT KOHCTPYKTHBHOTO CIIOCOHA BBIYUCIEHUS Mpe-
JIeJIbHBIX BeposiTHOCTeH (cranmonapHoro pacnpeaenennst) {7 }. Omnako
€CIIU COPaBEJJIUBLL YCIOBUS TeopeMbl 12.3, TMO3BOJIAONINE UCTOIb30BATD
ypaBHeHust KojMoroposa, Mbl 110JIy4aeM CUCTEMY aJiredpandecKux ypas-
HEHUl /IS HEIOCPEICTBEHHOIO BBIYUCIIEHUs CTAMOHAPHOTO PACIIPEIeIe-
Hust {7y }.

Teopewma 12.5. IIycmv e6wvinoanenvt ycaosus meopem 12.3, 12.4,
moeda cmayuonaproe pacnpedeaenue {Tg, k € E} cywecmsyem u ydo-
saemeopaem cucmeme anrzebpauveckur ypasneruti Koamozoposa

S AkiTe =T Y A =0, i€E,
ki ki (12.16)

S F =1,

i€E

npusem pewenue cucmemsvs (12.16) edurncmeento.

Bamewanusa 1) Cucrema ypaprennii (12.16) momywaercss u3 cucre-
Mbl quddepennuanbabix ypasaeruit (12.8), ecam momoxurs 7;(t) = 0,
Wi(t) = %i, 1€ E.

2) VYenoBusi TeopeMbl 12.5 BbIonHeHbI, ecan mporece £(t) uMeeT Ko-
HEYHOE YUCIIO COODINAIONIUXCS COCTOTHUN.

IIpumep 12.8. B ycioBusax npumepa 12.7 Haiitu 7o u T, HE BbIYKUC-
asist o (t) m oy (t).

Pemenme. Paccmarpunsaembrit mponecc nmeer apa cocrostHus (T. €.
E ={0,1}), xotopere mpu A >0 u p > 0 ABIAOTCA COOBIIAIOMAMUCS.
[TosToMy MBI MOYKEM BOCIOJIB30BaThCs TeopeMoit 12.5 ¢ yueroMm Ag; = A,
Ao =

—ATo + M%l = 0,
Ao —pmr = 0,
To+m =

Buzgso, 9ro mepBoe m BTOpOe ypaBHEHHS COBIAJAIOT, [OITOMY CJIELyeT
BBIOPATH OJHO W3 HUX W PEIIATh €ro C Yy9eTOM TPEThero ypaBHEHUS
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(ycmoBust HODMUPOBKH):

—)\%0 — /,L(l — %0) =0.

HE o am =1-7 = A Tonyvennnrit pesyabrar
At 1 0 o y pesy.
COBIIQ/IaeT ¢ COOTBETCTBYIONINM DPE3yJIbTaTOM IpuMepa 12.7. W
Jus mpakTHdeckoro cocrapieHus ypapHenuit Kommoroposa (12.8),
(12.16) ymobuo momp3oBaTHCA rpadUIECKUM TPEJCTABICHHEM MPOIECCa
B BUJe crnoxacmuyeckozo epaga (cMm. 1. 5.1). Bepmuramu rpada sBisior-
Csl COCTOSTHUS IPOIECCA, CTPEJIKAME YKa3bIBAIOTCS BO3MOXKHBIE TIEPEXOJIBI,
a pSAIOM C KayKJON CTPEJIKON yYKa3bIBAETCS COOTBETCTBYIOIMAs WHTEHCUB-
HocTh mepexoga (pue. 12.1).
IIpumep 12.9. Ilpocreiimuit TOTOK 3aIBOK NUHTEHCHB-
HOCTH A TOCTYTAET B CUCTEMY MacCCOBOTO OOCIIy>KUBAHUSI,
COCTOSIIIYIO U3 JIBYX MApaJUIEIbHO PADOTAIOMINX KAHAJIOB.
6 e Bpewmst 06cIy>KuBaHus B TEPBOM M BTOPOM KAHAJIAX UMEET
pacnpenenenne coorserctenuo E(u;) m E(us). Ipenmo-
Xji JIOKUM, 9TO OOCIyKUBAHUE B KAHAJIAX MPOUCXOIUT He3a-
BUCHUMBIM 0Opa30M, a 3asBKa BHIOMPAET MJisg OOCTyKHBa-
HUs KaHAJ CIYYaliHBIM DPABHOBEPOATHBIM 00Pa3oM, eciid
Puc. 12.1 oba kanasa csobomabl. [locTpouTs croxactudaeckwmii rpad
npouecca obcaykuBanus £(t) 1 HallTH CcTAMOHAPHBIE Be-
POSITHOCTH €r0 COCTOsTHMI (CemaTh pacder s Corydast [l = [g).
Pemenwme. Ilpomecc £(t), ommchBatomuii paboTy CHCTEMBI, IMEET
YeThIPe BO3BMOYKHBIX COCTOSTHUSI:

Orcrona m9 =

€CJIn B CHUCTEME HET HU O,D;HOI‘/’I 3a4dBKH,

ec/Ii TIEPBBII KAHAJ 3aHSAT, & BTOPOil CBODOIEH,

£(t) =

ec/Ii TIEPBBIil KaHaJ CBODOIEH, a BTOPOil 3aHAT,

0
1
2
3, eciau oba KaHAJa 3aHITHI.

[IpoBeieM pacdeT HHTEHCHBHOCTEN BO3MOXKHBIX TIepexofoB. IlycTs ru-
nore3a H; cocrour B TOM, 4TO BBIOpaH i-it Kamas, rae ¢ = 1,2. Torma

no yeaosuwo P{H;} = P{H} =1/2. Ilycts h > 0 — Maublii uHTEPBAJI
Bpemenn, rorga po,(h) = (Ah + o(h))P{H,}. Orcrona

)
)\Olzgg%L:

A

Anasornano, py,(h) = % Ouesnuno, 4ro pys(h) = o(h), nosromy Aoz = 0.

Jlajiee, MCIONB3YsI pAcCy’KIeHHUs 3 npuMepa 12.7, momydaeMm p,,(h) =
= A +o(h), r.e. \i3 = A, py5(h) = o(h) 1 A1z = 0. Anasnoruuano, Azz = .

YKa3aHHBIE nepexoabl BbISBaHbI MOCTYIIJIEHUEM 3a4dBOK B CHCTEMY.
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Paccmorpum Temeph mepexo/ibl, BEI3BAHHBIE 3aBEPIIEHNEM 00CITY 2KHBa-
Hus 3a51BOK: P1o(h) = (u1h + o(h))(1 — Ah + o(h)) = p1h + o(h), mostomy
Ao = M. 37eCh YYTEHO, 9YTO JJjisi Tepe-
Xoma m3 cocTosHUA 1 B cocrosame 0 Ha
WHTEpBaJIe JJIMHBI h HEOOXOAMMO, YTOOBI
Ha 3TOM WHTEpBaJe OOCITy>KHBAHUE 3aKOH-
YUJIOCh W HE MOCTYNWJIO HU OJHON HOBOI
sagBku. Amamormano, pogo(h) = psh + o(h)
u Ay = po. Ecam 3amarer oba kanaja,
10 p31(h) = (p2h + o(h))(1 — prh + o(h)) =
= pgh + o(h), me. Azp = po. s mepexo-
ma 3 — 2 cupasequmueo psz(h) = pih + o(h)
m A3z = p1. Bce mpoume mepexompl MMEOT
HyJieBble MHTEeHCuBHOCTHU. Tenepb Mbl MOXKEM HOCTPOUThH CTOXAaCTUYECKUI
rpad nponecca £(t) (puc. 12.2).

Jljist onpejiesieHust CTalMOHAPHbIX BEPOSTHOCTEH BOCIOJIbL3YeMCsl CH-
cremoit ypasaenuii Kosmoroposa (12.16):

Puc. 12.2

WUTL + paTa — AT = 0

0,5 AT + proms — A+ p1)m = 0

0,5 \Fo + s — (A + p2)7s = 0, (12.17)
0
1

)

AT+ T2) — (p1 + p2)7s =

To+ 1+ T2+ T =

)

Ecm py = pig = p, To w3 (12.17) cnemyer T = 7o, T + T2 = %%0. Kpowme

~ A e~ A2 L
TOT'O, T3 = 2—(7r1 + 7r2) = 2—271'0. Temnepb, UCIOAB3YS YCIOBUE HOPMUAPOB-
w Iz
A
Ku u 0003HavUeHne p = —, [MOJIyIaeM
I

2\ —1
%02(1+P+%> :

OTKyJla Ty = Ty = g%o, T3 = %%0. Ecan, manpumep, A = p, To o = 2/5,
%1:%2:%321/5. ]

12.4. IIpoueccol poxkaeHus u rudenu. PaccmarpuBaembrii HEKe
CHeIuabHBIA KJIACC MapPKOBCKUX IPOIECCOB UMeeT OOoJIbIIoe 3HAYeHWe
[IPY UCCJIEJOBAHUH CUCTEM MACCOBOI'O OOCIIy?KHABAHUS.

Onpenmenenume 12.13. OxropomHas MapKOBCKas ciydaiinas dyHK-
mas {£(t), t > 0} maseBaerca npoyeccom pooicdenus u 2ubeau, €CIU ee

17 B.M. Muauep u A.P. Ilankos
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CTOXaCTUIeCKU rpad mMeeT BU[, IIpeICTaBICHHLIN Ha puc. 12.3.

Hanee mbr Oymem paccmarpuBarTh ciaydait N < 00, Tak Kak MpU pe-
[IEHUU TPAKTHIeCKnX 3a7a4d N Bcerga MOXKeT OBITh BBIOPAHO CTOJIB 60T
MIAM, 9TO TOCTPOEHHAsT MOJIEJIb MCCIIELyeMOil CUCTeMbI Oy 1eT a/IeKBATHOIA.

Az An—2 An-1
M1 H3  HUN—2 HN-1

Puc. 12.3

Teopema 12.6. Ecau {{(t), t = 0} — odropodnuili npouecc poorcde-
HuA U eubeau, Mo cmayuonaproe pacnpedesenue {Ty}h_y cywecmeyem,
eUHCTNEEHHO U ONPEJENACTNCS COOTNHOWEHUAMU

-1
~ A A1 A A1z A
Fo = <1+_1+¥+.“+LN) ,
M1 M2 H1p2 ... UN (1218)
F = %%H, n=1,2,....N.

Bameuanusa 1) Qopmynsr (12.18) gaT aHAIMTHYECKOE DeEICHUE
COOTBETCTBYIOIIEH crucTeMbl cTanroHapHbIX ypasHeruit Koamoroposa.

2) Eciu cuntars, uro £(t) upu mo6om ¢ > 0 4MCIEHHO PABHO KosUde-
CTBY WJIEHOB HEKOTOPO# momysanuu, rae N — MaKCIMAaJIbHO BO3MOYKHOE
9HCJIO €€ WIEHOB, TO U3 omnpeesenns: 12.13 ciemyer, 910 \,, — UHMEHCUB-
HOCTIL PodicdeHus IPU YCIOBUH, YTO B IOILYJIAIUU UMeeTcsa 1 — 1 4ieH, a
[y, — UHMEHCUBHOCTMb 2ubeau TIPU YCJIOBUU, UYTO B MOMYJISIUNA MMEETCST
N 9JIEHOB.

IIpumep 12.10. [IycTh HHTEHCHBHOCTH POXKIEHUS U TMOEIN TAKOBBI,
qaTo A, = NA, fyp = n, 1 < N. Haifitu cranmonapabie BEPOSITHOCTH COCTO-
SHAU U CPABHUTH UX MEXKIY COOOU IS PA3IUIHBIX A U .

n

Pemenne. Ilycts p = An _ é W3 (12.18) caexyer, aro npu A # p,
fn

n

T.e. upu p # 1
2 Ny—1 1—p
N 1—pNH!
TaK KakK Z "= ), mo dopmysie CyMMUPOBAHUS JJIsi T€OMETPUIe-
n=0

ckoii mporpeccun. Haiee, mo dopmynam (12.18) BbIpaskaeM Bce BepOsIT-
HOCTHU T, 1 > 1 4epes my:

Tn = Pip_1=p "7, n=12,...,N. (12.20)
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Paccmorpum corygait A > p. 9o o3magaer, aro p > 1 u, ciemoBaresnb-
HO, Ty, > Tp—1. Takum obpaszom,

~ ~ ~ 1- -1

WN:maX{Tro,...,ﬂN}:?wp_HpN—)pT mpu N — oo,
~ .~ ~ 1—0p
Wozmln{ﬂ'o,...,ﬂ'N}:m—)O mpu N — oo.

CaemoBaresibHO, B CIydae A > [ TIOMYJISIIAS UMEET TEHIAEHIINI0O K Pa3BU-
THIO, a ee THOeIb Tpu Ooabmux N MaJIOBEpOSATHA.

ITycrs reneps A < p, Torpa p < 1 u curyamust MEHSI€TCS HA IIPOTHBO-
MOJIOXKHYIO: Tlg > Ty > ... > TN, npudeM g — 1 — p > 0 npu N — oo, a
7y — 0mpu N — co. Utak, B 9TOM CiIy4ae NOMyJISIUsT IMEET TE€HICHINIO
K Jerpaganud u rudenu (Hanpumep, ecam 2\ = pu, o p = 1/2 u P{£(¢t) =
=0}~1/2uput>1u N — o).

Hakonen, eciu A = 4, To B cuity p = 1 uMeeM Tg =71y = ... = Iy =
= %H’ T. €. TIPeJIeJIbHOE PACIIPEIEJIEHUE SIBIISIETCS PABHOMEDHBIM JIVIC-
KpeTHBIM. B 3TOM ciIydae COCTOsiHUE IOMYJISANNAN SABJISETCI MAKCUMAJIHHO
HEOTIpeIeJIEHHBIM. W

PaccmorpuM mpumep nCIOIBb30BAHUS MOIEIU POXKACHUSA U rudesn
JJIS. WCCJIeJOBAHUS CHCTEMbBI MAaCCOBOTO OOCIy)KUBAHUS C OXKUTAHUEM U
HECKOJIbKAMHU TTAPAJIJICTbHBIMA KAHAJAMU OOCITY >KUBAHUSI.

IIpumep 12.11. IIycTsb cucrema oOCIyKUBaHUS YCTPOEHA TAK:

1) ma BXOJ mOCTymaeT mpocTefimuii MOTOK 3asBOK WHTEHCHBHOCTH A;

2) B cuCTeMe OJJHOBPEMEHHO NpeGhiBaeT He Goiee N 3asBOK;

3) obciyKWBaHWe 3agBOK BEAYT S HE3ABUCHMBIX KAHAJOB, MPHIEM
BpeMs OOCIy>KWBaHWS B KaXKJIOM KaHAJE€ CIYIailHO U pacIpeiesieHo o
9KCIIOHEHIINAJIBbHOMY 3aKOHY C IIapaMETPOM [i;

4) eciu Bce $ KAHAJIOB 3aHATHI, TO 3asBKa MOXKET 3aHATh OIHO U3 N — s
MECT B OYEPeN U OXKHMIATh OOCIY>KMBAHWsI HEOIPAHMYIEHHO JOMTO (ecim
ecTb XOTd Obl OJJHO CBOOOIHOE MECTO B OYEPEIH).

Tpebyercs:

a) mokasarb, gro mpouecc {{(t), t > 0}, rme &£(t) — umcio 3asBOK
B CHCTE€ME B MOMEHT ¢, SIBJISIETCSI IPOIECCOM DOXKJEHUsT U TUbeIIH;

6) DOCTPOUTD CTOXACTHYECKUi Ipad Iporecca;

B) HaWTU CTAllMOHAPHbIE PACIIPe/IeJIeHUs BEPOATHOCTEH COCTOAHUN;

') BBIYUCINTD CPeJHee YUCIO 3adBOK, HAXONAIMXCA B CHCTEME, U
CPEJHIO JIMHY ouepenn (PaccMoTperh ciaydail N — 00).

Pemenune. Ilycrs £(t) = n o3Hadaer, 9T0 B cucTeMe 00CIIY KUBAHUS
B MoMeHT t Haxoaures n 3asBok, n = 0,1, ..., N. Eciiu n < s, T0 B oue-
penu Bce Mecta cBobomubl. Ecam xke s <n < N, To § 3adBOK MIPOXOJISAT
obcyKuBaHMe, a N — S OXKUMAIOT 00OC/IyKuBaHus B odepeau. Paccmorpum
cocrosiame ¢ 7% 0, N. Torma gas h > 0

Piit1(h) = (b +o(R))(1 — ph + o(h))",

17*
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rae r = min(z, ) — YUCIO 3aHATHIX KAHAJIOB OOCITY KUBAHUS.
Orcioma pi,i+1(h> = Ah + o(h), mosToMy Ajt1 = Ajit1 = A;

T

Pii1(h) = (1=Xh+o(h) 3~ (ph+o(h))(1 = ph+o(h)) ™" = r(uh+o(h)).

=1

Urak, p; = Ajj—1 = i, toe r = min(s,s). Bemm ¢ = 0, o g = 0, a
Ao = A. Eciim ke t = N, to uy = sppu Ay = 0.
Croxactmaecknit rpad mponecca &(t) mpegcraBien Ha puc. 12.4.

IIpumensia coornomenns (12.18), momygaem

S

k s —Ss —1
<Z%+p— Z(vs)k> , ectu n =0,

s!

k=0 " k=1
Fn=14 o (12.21)
mﬂ'o, eciu n=1,...,s,
n
——— 0, ectu n=s+1,...,N.
slgn—s
e p = A, vs = p/s.
N
[Iycrs umciio 3aaBoK B cucreme papuo L, torma M{L} = >  nm,
n=0
€CTh CpeJIHEee IUCIIO 3adBOK B CHCTEME B CTAIIMOHADHOM PEKHME (T. €. TIpH
N—s
t — 00). Ecmn Ly — ameno sasBok B odepean, 10 M{Lg} = Y niinis —
n=0

cpeaHdd NJIMHa O49epean.

Hanbaeiinme ynpornerns BO3MOXKHBI TP KOHKPETHOM 33/IaHUW Tapa-
metpoB s, N u p. W

A A A A A
o§oBoRa:R280
T 2u 3w SH SK st

Puc. 12.4

IIpumep 12.12. IlycTh BBIMOTHEHBI ycioBusa npmMepa 12.11 u, mo-
TOIHATENHHO, A = (4 (T. €. HHTEHCHBHOCTH IIOCTYILICHUS] U OOCITy XKUBAHMS
3asBOK OfimHaKOBbI). CpaBHUTH CpejlHWe JJINHBI Oodepefeil I CIydaeB
s = 1 (omun kaman obcryxuBanusa) u s = 2 (qBa KaHAJIA OOCITYKUBAHAA)
B mpennoyiokeann N — oo.
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Pemenne. Ilycrs cHawana s = 2, Torga u3 OPEIBLAYINETO IPUMEPa
caenyer (¢ yaerom p = A/p = 1):

. 1 1/1 1 1 -1
7r0:{1—|—1+—+—(—+1—|—...+—2N2)} =

2 2 \2 -
N-1 1 N 1
B 1 B 1-1/2 1
_{1—{—7;2"} —{1+ 1_1/2} ~ g mpn N > 50.

ITo dopmynam (12.21) 7, = 2:81, =1,2,...,N. Orciona
~ ~ ~ %0N72 n
M{Lq}:W3+27T4+---+(N_2>7TN—2_2Z2n,1

n=1

IIpu 0 < a < 1 mmeem

N-— N-— —
Zznan—l — i Zz a” | = i 1—aN™?! ~ 1
= da do 11—« (1—a)?’

n=0

IMosromy npn o = 1/2 nosmyqaem

N—2
M{L,} = Foa na™ ' x1/3.

n=1

Ecim xxe s=1 m p=A/pu =1, to pacnpezmesnenne mpouecca Oymer
PaBHOMEPHBIM:

S EEE
T UN+1 TN+
IIpu sTom

N-1
1 Z”:(N_l) ~
N+1 = (N +1)

M{L,} =7+ 275+ ... + (N = 1) 7y =

|2

N
>

Takum obpasom, ecmu s =1, to M{L,} - oo mpu N — o0, T.e.
CpeJiHss JIJIMHA OYepejd HEeoIPaHMYEeHHO BO3PACTaer. ITO SBJIAETCs
HEOXKHJIAHHBIM PEe3yJIbTATOM, TaK KaK MPEIIONOXKEeHe A = {1 O PABEHCTBE
MHTEHCUBHOCTEH MOCTYIIeHUst U OOC/Iy>KUBaHUs 3asBOK HE BBINVISIUT
yrpoxatomuM. Ecin ke s = 2, o M{Ly} — 1/3 npur N — oo. Ilocnenmmit
pesyabTaT IIpeJCTaBisgeT HEeCOMHEHHBIH IIpAKTHYeCKHH HMHTepec, TaK
KaK IIOKAa3bIBAeT, YTO yBEJMYEHHE IIPOIYCKHOH CIIOCOGHOCTH KaHAJIOB
06CIIyKUBaHAA B 2 pa3a MPHBOJAT He IPOCTO K YMEHBIICHHIO OYepeiy
(B 2 paza), HO (PAKTHYECKH K €€ JUKBHJANAA. N
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12.5. 3amauu 11 CAaMOCTOSITEJIbHOTO PEIIEeHUs.

1. IIycrs {£(t), t > 0} — mapkoBckas omHOpOAHAA CiydaiiHas (yHKIuS
C JMCKPETHBIM HMPOCTPAHCTBOM cocrosiamit. J[lokazats, uro {n,, n =0,1,2, ...},
rae N, = £(n) aBagerca qucKperHoil nenbio MapkoBa, U HANTH ee IIEePeXOHyIO
MaTpHILy.
2. [lycTh morok cobpiTuit v(t) MONyYeH HAJOKEHUEM N HE3ABHCHMBIX MPO-
crefimux norokos &k(t), k=1, ...,n ¢ uarencusuocramu {Ag, k=1, ...,n}.
n

Hokazath, aro v(f) — mnpocrefimmii MOTOK € WHTEHCHBHOCTBIO A\ = E M-
k=1

Ykazaunue. [IpoBepuTh 0HOPOAHOCTH, OPAUHAPHOCTH U OTCYTCTBHE IO-
caeneiictBus g v(t).

3. Hacruua Oiry2k1aeT 110 LEJIbIM TOYKAM AefCTBUTEIbHONR OCH 110J] BO3/1eM-
CTBHEM JIByX HE3aBHCHMBIX MPOCTEHINNX MOTOKOB C WHTEHCHUBHOCTSIMH A U [
caeyomuM 06pa3oM: eciid 10 MOMEHTa ¢ 4acTHUI@ HAXOU/IaCh B COCTOSHUU 11,
a B MOMEHT t MPOU30ILIO COOBITHE U3 MIEPBOTO MOTOKA, TO B 9TOT MOMEHT YaCTHIA,
CKaQ4KOM IIepeMeIIaeTcss B TOYKy n + 1. Bropoit moTok aHajaorm4HbiM 06pa3om
nepeMeIraeT YacTUIy B COCTOSHUE 1 — 1. BBIYUCANTH BEPOATHOCTH TOTO, UTO
ouepejIHOe IepeMelenre Oyaer copepiieHo u3 n B n + 1.

Orser.

+u
4. B ycinoBusix mpumepa 12.7 BBIYUCIUTH TOYHO BEPOATHOCTH IIEPEXOJIA
po1(h) mns npomsBosbHBIX A > 0, p > 0 1 moKazark, 910 po1(h) = Ah + o(h).

A —Xh —uh
— (e —e npu A
Orser. po1(h) = ”,)\( ) # I
Ahe M mpu A = p.
5. IIpouecc &(t) mokumaer cocrosnue i € E non BosupeiicrBueM n ne3aBu-
CHMBIX [POCTEHINUX IIOTOKOB ¢ HHTEHCHBHOCTAMH A\, k=1, ...,n. Kakosa

BEPOATHOCTH TOro, 910 &(t) OCTAHETCS B COCTOSIHWM i B TEYEHUE IIPOMEXKYTKA
Bpemenu T > 07

n

OrBer. cf)‘T7 roe A = Z k.

k=1

6. [Torok coObITUil sIBJIsIETCH OJIHOPOJAHBIM U HE MMeeT mocJeaeiicrBus. Be-
JIMYWHA JJINHBI MHTEPBAJIa BPEMEHN MEXKJIy ABYMs MOCIEI0BATEIbHBIMU COOBI-
THAMH MMeeT SKCIOHeHumasubHoe pacupegesenue E(N), A > 0. dokasarb, 9ro
JIaHHBII MOTOK — MIPOCTENIINii.

Ykazaunue. [Iposepurb cBOMCTBO OPAUHAPHOCTHU IIOTOKA.

7. Ilotok oTKa30B mpubOpa — MPOCTEUNINI ¢ MHTEHCUBHOCTHIO A. Ecian
npubop OTKa3aJj, TO OTKa3 OOHAPYKUBAETCA B TEYEHUE CIydailHOrO BpEMEHU,
nMetomiero pacupegeserne F(v). PeMoHT ocyiecTsisiercs mocie o6Hapy KeHusI
OTKa3a M NPOJOJKAETCA CiydaiiHoe Bpems C pacnpenesnenmem E(p). Haditn
CTAIMOHAPHYIO BEPOSITHOCTH TOTO, UTO MPUOOP MUCIPABEH.

vp
v+ Av 4+ Ap ’

8. /lokazarb, 9TO OJHOPO/HAsA MAPKOBCKas CiIydaiiHas (DYHKIUsS C KOHEY-
HBIM YHCJIOM COOOIIAIONIUXCST COCTOSTHUI BCErila MMeeT CTAaIl[MOHapHOE pacipe-
JleJIeHUEe BepOATHOCTEN.

Ykaszauue. [IpoBepuTsh BoINOIHEHNE YCIOBUIT TeopeMbl 12.5.

Orser.
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9. Cucrema MaccoBOro OOC/Iy2KHBAHHSI COCTOUT U3 JABYX OJUHAKOBBIX Ka-
HaJIOB OOCI/Iy>KWBaHWSI ¢ UHTEHCHUBHOCTSMH L > 0, paboTaomux mapasjiebHoO.
BxoaHolt 1moTok 3adBOK — mpocTeHmuii IIyaCCOHOBCKUM IIOTOK C MHTEHCHB-
HocThio A. Haittu nuddepennuanpaoe ypaBHEHHE, KOTOPOMY YAOBJIETBOPSIET
BeposaTHOCTD 7(t) TOro, 4ro oba KaHasa 3aHATHI. BBIMMCIATD CTALMOHAPHYIO
BEPOATHOCTH T = lim (t) aTOro cocrogHusI.

t— oo
)\2
A2 4202 + 22\

10. Ilycrp BblIOJIHEHBI yCJIOBUs 3aja4u 9, OJHAKO KaHAJIbl ODCIIYy2KUBAIOT
3agdBKHU IOCIEOBATEIbHO. BBIYUCIUTD CTAIMOHAPHYIO BEPOATHOCTH TOTO, UTO
cucTeMa IIPOCTauBaeT.

I
A +m?

11. OgHOKaHAJbHAST CHCTEMA MACCOBOTO OOCIYKUBAHUSI C HHTEHCUBHOCTHIO
0OCIy)KUBaHUs [ W MPOCTEHUITAM TOTOKOM 3asiBOK WHTEHCHBHOCTH A\ HMEET
HEOrPAaHMYEHHOE 4ucJao mecr B odepeau. llycrs £(t) — uucno 3aaBok, Ha-
XOJISIMAXCST B CHCTEME B MOMeHT BpemeHHu t. [Ipm Kakmx A m p CyImecTByer
CTALMOHAPHOE pacClpeseseHue BepoaTHocTel cocroauuil npouecca &(t)7 Haiitu
9TO paclpejieieHue U ONPelesIUTh CPEAHION JINHY OYepemu.

OrBer. ™=

OrsBer.

p? A
Orser. A< pu, M{L,} = T TAep=—.
—p ©

12. B ycnoBuax 3azaun 11 maiitTu 3akoH pacupejesenus: Bpemenu 1g mpe-
ObIBAHUS 3aBKU B OYEPEIH.

Orser. P{Ty >t} = p exp{—(p — M)t}



r'I1ABA IV

MATEMATNYECKOE ITPUNJIO2KEHUE

B nanmoit rimaBe mpUBOAATCS HEOOXOIUMBIE CBEIEHNUS U3 KypPCOB PYyHK-
[MOHAJLHOTO aHAJN3a W TEOPUH BEPOSITHOCTEHN, a TaKyKe CIIPaBOYHBIE
CBEJICHUs, UCIOIb3YEMbIe JIJIsl BEIYUCICHUs] CIIEIUAIbLHBIX HHTETPAJIOB.

§ 13. Heobxomumble cBegeHNS N3 (PYHKIIMOHAIILHOTO
aHaJIM3a

13.1. Aarebpsl u o-ajared6pbl MHOXKECTB.

Onpegenenne 13.1. Cucrema A mogMHOXKECTB HEKOTOPOTO MHOXKE-
crBa X Ha3bIBAETCS a.A2e0pot, eciu

1) @,X € A;

2)ALBe A = AUBcA ANBc A

3)Ac A = X\A=AcA

CBoiicTBO 2 BBITIOJIHEHO J1JIsT JTIOO0r0 KOHEIHOTO HAOOPA MO IMHOYKECTB,

n n
re.ecmn Ay € A, k=1,...,n,10 |JAr €A, (] A€ A
k=1 k=1
Onpenmenenne 13.2. Anrebpa A HaswiBaeTcs o-aazebpoti, ecan

o0 (o )
ApeA, n=12 ... = [JA, €A A, €A
n=1 n=1
Onpenemenune 13.3. MuoxectBo X BMecTe C HEKOTOpPOil o-aJire-
6poii ero MoAMHOXKECTB A HA3BIBAETCA UMEPUMbBLM NPOCTIPAHCMEOM T
obosnagaerca {X, A}.
Ha ommom um Tom ke MHOXKecTBe X MOTYT OBITH 3aJaHBI PAa3IUIHBIE
0o-aJIrebphl ero MoAMHOXKeCTB. [IpumepaMu o-ajarebp sIBISIOTCS CHCTEMBI
MHOXKECTB

Ao ={2,X}, A"={4:ACX}.

ITpu srom Ay — camas «begnas» o-anrebpa, Ha3blBaeMas Mpusuaibhot, a
A% — camag «6oratasy o-anrebpa, cocTodgmasd us 6cex nodmmoscecms X.
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Teopewma 13.1. ITycmo na mmoocecmee X 3adana HeKOmMopas cu-
cmema e20 nodmnoscecme D. Tozda cywecmeyem HAUMEHDWAA O -AA2€-
6pa, obosnauaeman o(D), codeporcawsasn ece muosrcecmsa us D.

Cucrema o (D) aBnserca HauMeHbLIEH B TOM cMbicie, 910 ecian A —
arobast o-anrebpa mogMHokecTB X, coneprkammast cucremy D, To o(D) CA.

Bameuganusd. 1) Cucremy muoxkects o(D) HasblBaOT 0-anzebpot,
nopoostcdennoti cucmemoti mrootcecms D.

2) Ecim {A,} — mpoussonbaoe cemeiictso o-anrebp ma X, o A =
= () Aa Takxe apaserca o-anre6poii. Ouesmano, aro o(D) = () Aq, T

(e

(e
{A,} — cemeiicTBo Beex o-anrebp, comeprKallux CHCTeMY MHOXKecTB D.

13.2. Meps! (onpenesnenus: u cBoiicTsa).

Onpegmenenne 13.4. Ilycts Ha MHOXKecTBe X 3a/laHa HEKOTOPAS aJl-
re6pa ero mogmuokecTs A. Oynknus p(A), onpenesenHas Ha MHOKECTBAX
A € A, naspiBaerca mepotl, sadannoti na A, ecinu

a) u(A) > 0 nua seex A € A

6) mis Jo6Goro c4eTHOro Habopa MOIMAPHO HENePEeCeKAIOIUXCs MHO-

oo
weets A, € A,n=1,2, ..., (re A;NAj, i # j), rakux, uro | J A, € A
n=1
BBIMIOJTHEHO CBOUCTBO cuemmot, addumusnocmu (o-addumusnocmu):

M( E._len) = i_o:lu(An)'

Mepa p HasbiBaeTCs: KOMEwHOT, €CJI JOLOTHUTEIBHO BBIIOIHEHO YCIOBUE
B) u(X) < oco.
Mepa f1, 3ajanHas Ha ajnrebpe A, obasaer clieyomuM CBORCTBAMHE:
1) p(2) = 0.
2) u(A) < p(B) naa A, B € A, taknx, uro A C B.
3) W(AUB) = p(A) + u(B) — (AN B) pna seex A, B € A.

4) Ecmm A, € A, n=1,2, ... — yOblBaromas M0CIeJ0BATEIHHOCTD
o0
mMHOMKeCTB, T.e. A; D Ay D ..., makas, uro pu(A;) <ocomn () A, € A, 10
n=1
o0
An) = lim (A
u(nfz]l n) = lim pu(An)
5) Ecm A, € A, n=1,2, ... — BO3pacTAOmas MOCIEIOBATEIHHOCTD
(o )
MHOXKeCTB, T.e. Ay C A3 C ..., Takasd, 9TO U A, €A, o
n=1
o0
An) = Tim p(An).
w(U 4n) = Jim i)
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Bameuanue. Eciu Ha anrebpe A 3anana GyHKIMsT MHOXKECTBA [,
0618 1a10Iast CBOMCTBOM a00UMUSHOCTILUL

A BeA ANB=0 = u(AUB)=u(A)+ u(B),

TO JJid JOKa3aTeJIbCTBa TOr'O, 9TO U ABJIAETCA MepOfI Ha A, AJOCTaTOYIHO
0o

TIPOBEPHUTDH CBOMCTBO 4 Juia ciaywad, Korga (| A, = &, T.e. u(4,) — 0

n=1
IpHA N — OO.

Cremyromuii pe3yIbTaT ABJISETCS OJHAM U3 Hambosree BazKHbIX Pe3yib-
TATOB TEOPHH MEPHI.

Teopema 13.2 (Kapareomopm). ITyemv X — mexomopoe mmo-
oicecmeo, A — aneebpa ezo nodmmosicecme u g — mepa wa A. Ecau
cywecmeyem nocaedosamesvHocmy mmoscecmé X, € A, maxux, wmo

to(Xn) < oo, X = UXn, (13.1)

mo cyuecmseyem, U NPUMOM eJUHCMEEHHAA, MEPE L, OnpedeseHHas
na o(A), asaaowascs npodoadiceruem (g, M. €. MAKAA, %O

1(A) = po(A) VAeA

Bameuwanme. OueBmaHO, 9TO JUIa KOHEWHOW Mepwl ycmosue (13.1)
BBIIIOJTHEHO.

Onpenenenume 13.5. MuoxkectBo X BMecTe ¢ Mepoil ji, OTIpeIeIeH-
HOI Ha, HEKOTOPO# o-anarebpe A, HA3BIBAETCA NPOCMPAHCMEOM € MEPOT 1
obosnavaerca { X, A, u}.

Besikyto o-anrebpy A MOXKHO MOTONHATH MHOXKecTBamu Buga A U N,
roe A € A, a N C Ay nyia mekoroporo Ay € A, UMeroIero HyJIeByIo Mepy:
u1(Ao) = 0. HerpyiHO IpoBEpUTH, 9TO CHCTEMa MHOXKeCTB A, copepKalas
MHOKECTBA yKa3aHHOIO BUJA, Takxke sBisercs o-anreOpoii. IIpocrpan-
crBo ¢ Mepoit {X, A, u} HasbIBaeTCH NOAHBIM.

Onpepnenenue 13.6. Ilycre {X, A, u} — nomsHoe npocrpaHcTBO
¢ mepoii. Eciiu nekoropoe coiicTBo P BoinosHsiercst st Bcex £ € XgC X,
rae u(X \ Xp) = 0, To MBI GyieM TOBOPUTD, 94TO c80lcmeo P evinosnero
nowmu 6cr0dy (no mepe ).

13.3. Coco6s1 3amaaua mep. Ciejyiomnue TpuMepbl U3MEPUMBIX
MPOCTPAHCTB SABJISIOTCS HanboJee BayKHBIMU JIJIsi TEOPUU BEPOSITHOCTEN 1
CJIy4aiiHbIX IPOLECCOB.

dnckperHoe namepumoe npocrpanctBo. Ilycts MHOXKecTBO X =
= {z1,x2, ...} He Gomee wem cuerno, a A — o-anrefpa BCEX MOIMHO-
xectB X. Besras mepa g Ha duckpemmnom u3MEPUMOM NPOCTPAHCINEE



§13] HEOBXOAUMBIE CBEIEHUS U3 GYHKIIMOHAJIBHOTO AHAJIU3A 267

{X, A} sanaerca wmcnamu p, = p({z,}) = 0:

pA) = > pin,

n:r,€A

rae A € A — nroboe monmmuoxkectBo X. Mepa p KoHeYHA, €CIH
() = (U fen}) = 3 nlfoad) = 3 pn < o0,
n=1 n=1 n=1

Nsmepumoe npocrpancrso {R!, B(R!)}. Iycrs X = R! — neii-
crBuTesbHAs npsiMasi, a (a,b) — IPOMEXYTOK, T.e. OIHO U3 MHOXKECTB
BHJIA

(@8], la,b), (a,b), [a,b],

rae —oo < a < b < oo. O6o3naunm A cucremy nogmuoxkects A C RY, co-
CTOLAIUX U3 KOHEYHBLIX 00bLEIUHEHUI HelepeceKalomuXcs IPOMEXKYTKOB:

A= J(aib;), n<oc. (13.2)
i=1

Ouesngno, uro cucrema A obpasyer anrebpy, HO He ABJIACTCS C-AJl-
rebpoii.

Onpenpenenune 13.7. o-anrebpa, mopoxKaeHHas cucremoii A, 06o-
snauaerca B(R!) u naswisaercsa 6opeaesckoti o-an2ebpoti MHONKECTB jieii-
CTBUTEJILHOM MPIMOM, a €€ JIEMEHTBI — O0PEALBCKUMYU MHONCECTNEAMU.

Ananoruuno BBosurca usmepumoe npocrpancrso {[a,b], B([a, b))}, rae
B([a,b]) cocrout u3 muoxkecrs B C [a, b], Takux, uto B € B(R!). Cucrema
B([a,b]) naseiBaercsa bopeaescroti o-arzebpoti orpeska [a, b].

Onpenenenne 13.8. Mepoti Jlebeea na R' massiBaercst mepa A,
ompenenernas ma {RY, B(R!)}, Takas, ato

A({a,b)) =b—a

I Bcex —oo < a < b < oo.

W3 teopemsl 13.2 chemyer, uto Mepa Jlebera ma R! cymecTsyer m
equacTsenna. Ormernm, uro mepa Jlebera na R! me siBisiercss KonedHoil,
Tak kak A(R!) = oo.

Koneunas mepa ma 60peseBCcKoil o-ajrebpe mpsaMoil WM OTpe3Ka MO-
2KeT OBITH 3a/laHa C MOMOINBI0 PYHKYUL pacnpedeneHus, KOTOPas Ompee-
JISIETCS CIEIYIOMUM 0O6pa3oM.

Onpemenenne 13.9. Oynxmua F(z),r € R, maspiBaerca dynryueri
pacnpedenerus Ha RY ecrm ona 06/1a1aeT CTeIyIOMIMI CBORCTBAMM:

1) F(z) — meybbiBatomas dbyHKIMs;

2) F(—o0) = lim F(z) =0, F(4+o00)= lim F(z) < oo;

r——00 T —+00
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3) F(z) menpepwiBHa cmpaBa, T.e. lim F(x + h) = F(z) mua Bcex
1 h—+0
z c R
Bamevganne. Jna GyHKnun pacnpeneneHus Ha oTpeske [a,b] cBoii-
CTBO 2 IPUHUMAET BUJI
F(a) = lim F(z) =0, F(b) = lim F(z) < oco.
T—a z—b

Tenepn ¢ ucnonb3oBanueM byHKUUH pacnpegeienus F(z) samagum
dbyukmI0 MEOXKECTBA (1) HA TpoMexyTKax (a,b):

po((a,b]) = F(b) — F(a), po(la, b]) = F(b) — Fa—),
po((a,b)) = F(b—) = F(a), po([a, b)) = F(b—) — F(a—),

e F(z—) = hl—ig}oF(z —h). Hanee, ecmm A = | J (a;, b;), n < oo, rie
i=1

IPOMEXKYTKH (a;,b;) TONapHO He IepeceKarTCs, TO TOI0KIM

n

po((U fes ) = 3= ol )

i=1

Tem caMbIM MBI 3aJajId jiy Ha cucreMe A, cocToAmmeill M3 MHOXKECTB
Buma (13.2). B cmy cBoiicte dynkuun pacnpenenenus F(z) (cm. ompe-
nenenne 13.9) po ABIsieTca KOHEWHON Mepoil Ha anrebpe A, mosTomy mo
TeopemMe 13.2 MOKeT OBITH IIPOIOJIZKEHA, ¥ IIPUTOM €IUHCTBEHHBIM 00pa3om
JI0 MepHI {1, 3aJJaHHofl Ha m3MepuMoM mpoctpanctse {RY, B(R!)}.

Bameuwanusa 1) C kaxgoil KOHEYHOH Mepoil [, 3aJaHHOH Ha
{R!, B(R!)}, MoxHO cBA3aTH DYHKIUIO

Fﬂ(x) = p((—o0,]), = eR.

3 coiicrs mepsr (cm. 1.13.2) Beirekaer, uro F), ssisiercs byHKuuei
-1 _ 1
pacupesesenust, npudem Fy,(400) = 1131_1 Fu(z) = p(R").
Tr—r+00

2) Mexnay dyHKIuSMH paclpeleeHnss W KOHEYIHBIMA MepaMd Ha
{R!, B(R')} cymecTByeT B3aMMHO OJHO3HAIHOE COOTBETCTBHE, T.e€. BCHA-
KOl KOHEYHOH Mepe p cooTBeTcTBYeT (QyHKIMs pacupegenenus Fy,(z), u
Hao60pOT, i Beskolt dbynknun pacnpetenenns F(z) ma R cymectsyer
KOHe4YHas Mepa [i, TaKasd, 9To F), = F.

Nszmepumoe npocrpancrso {R", B(R")}. IIpocrparcrBo R" ecth
OpsIMOE IPOU3BEJeHne N IK3eMILIApoB npaMbix RY, me. R* =R! x ...
... X R! — MHOXKECTBO yHOpPSZOYEHHEIX HaOOPOB BEMIECTBEHHBIX WTHCEN
z ={z1, ..., 2, }*. Onpemennm HA 3TOM MPOCTPAHCTBE CHCTEMY MOIMHO-
kecTB A", 00pa30oBaHHYI0 MHOXKECTBAMHE

A=A x...x Ay =[] Ax, Arc€ A,
k=1
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rae A — anrebpa mogMuoXKecTB npamoit uga (13.2). Herpyaao nokaszars,
aro A™ obpasyer airebpy.

Ounpegpenenne 13.10. g-aurebpa, nopoxaennas cucremoii A", 06o-
suagaerca B(R™) u masbiBaercsa Gopeaesckoti o-anzebpoti muoxecrs R™,
a ee NIEMEHTHl — O0PENEBCKUMU MHOHCECTNEAMU.

Onpenenenne 13.11. Mepoti Jlebeza na R™ maswviBaeTca mepa A",
onpenenensas Ha {R™, B(R™)}, rakas, 9ro

n n
A"(H (ai,bi>> =TI (b — )
i=1 =1
JJist Bcex —oo < a; < b; < oo.

W3 teopembr 13.2 camemyer, aro mepa JleGera ma R"™ cymectByer m
ennacrBenra. Ormernm, aro mepa Jlebera na R™ He sBisieTcs KOHEIHOT,
Tak Kak A" (R") = oco.

Koneunas Mepa Ha 6GopeseBckoii o-anrebpe R™ moxker ObITH 3a1aHa
C IOMOMIBIO M-Mmepholl dynkyuu pacnpedenerus, KOTOpas ONPEIeNseTCs
CIIEIYIOIAM 00Pa3oM.

Onpemenenne 13.12. @ymkmua F(zy,...,Tn), 1, ...,T, € RY,
Ha3bIBaeTCd n-mepHoti pynxyueti pacnpedeserus, eciid oHa 0bJIaJaeT ciie-
AYIOIUMU CBOACTBAMU.

1) F(z1, ..., Zn) MOHOTOHHA B CJIELYIOUIEM CMBICTIE:

Al...AnF(Il, ,LEn) 20,
rae A; — omepaTop KOHEYHOI PasHOCTH IIO HepeMeHHOM T;
AiF(z1, oo o) = Foy, ooz, i+ hi, zigy, o0, @n) —
— F(X1, oo i1, Ty Tt 1y - ey ),

ahy>0,...,h, > 0 npou3BOIbHBI.
2) Eciu xors 6bl OiHA U3 IIEPEMEHHBIX T; — —00, TO

F(zy, ...,zn) — 0
ecn Bee IepeMeHHbIe T; — +00, TO

F(x1, ...,2n) = F(+00, ...,400) < c0.

3) F(zy, ...,T,) HeIOpepbIBHA CIIPaBa 110 NEPEMEHHBIM ;.
N3 Teopembr 13.2 m CBOHCTB mn-MepHOU (PYHKIHH paCIpeaeTeHns
F(z1, ..., zy,) (cM. onpenenenne 13.12) ciefyer, 9To Ha U3MEPUMOM MPO-

crpancree {R™, B(R™)} cymecTByeT 0HO3HAYHO ONMPEIEICHHAS KOHETHAST
Mepa p, Takasd, 9to F, = F,| rae

n

Fu(zy, ...,zn) = u(H(—oo,x,-]), Ty, ..., o, € RN (13.3)
i=1
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Bepmno u obpartnoe, ecnm 1 — koneanas mepa Ha {R™, B(R™)}, To bynkmua
Fu(z1, ...,2y), oupenensemas coorHomenneM (13.3), aBisercs n-MepHOH
dyukuueit pacinpesesenus. TeM caMbiM MeXK 1y N-MepHbIMU (DYHKIUAMU
pacupejesenusa U KonednbiMu Mepamu Ha {R™, B(R™)} cymecrByer B3a-
MMHO OJIHO3HAYHOE COOTBETCTBHE. B 3TOM Cilyuae

Fu(+o0, ..., +00) = p(R").

13.4. Uamepumsble dyuknuu. IIycrs {X, A} — HeroTOpoe m3Me-
pHEMO€e IIPOCTPAHCTBO.

Onpenenenme 13.13. Bemecrsennas dbyakuns f(z), x € X, Hasbl-
Baerca A-usmepumot, ecau

f~YB)e A VBeBR, (13.4)

rie f~1(B) = {z € X: f(z) € B} — npoobpas muoxkecTBa B.

Tem caMbIM E3MEPUMOCTb (DYHKIUH O3HAYAET, 9TO TPoobpas Joboro
BOPEJIEBCKOro mOoaMHOKeCTBA R! SIBJIsSIeTCS H3MEPIMBIM MHOXKECTBOM B X.

Bameuanus 1) OgeBunHo, uro mocrosHHas GyHKws f(z) = const
SIBJISIETCSI U3MEPUMOM OTHOCUTEJIHLHO JIIOO0i o-ajrebphl.

2) Unnukaroprast dyukmus I4(z) MHOXKecTBa A, onpenensemMas Kak

1 mpu z €A,
0 mpm z ¢ A,

Ia(o) = {
ABJIAETCA M3MEPHMOI B TOM M TOJBKO TOM CJIydae, KOTJa MHOXKECTBO A
m3MepuMo, T.e. A € A.

3) Venosue A-usmepumoctn Gysknmn f () TEM OrpaHAIATETBHEE, IEM
yxe o-anrebpa A, T.e. A-uamepnmas f(z) asuasercs A'-usmepumoii, ecin
ACA.

19 OpoBepKHM HM3MepPHMOCTH (DYHKIUH HCHONL3YeTCsS CIIe LYot
PEe3yJIbTaT.

Teopewma 13.3. Qynkyus f(z), 3adannas Ha UBMEPUMOM NPOCTNPAH-
cmee {X, A}, asanemea A-usmepumoti, ecau dnsa ecanozo ¢ € R usme-
DUMBLMU AGAAIOTCA MHONHCECTNEE

{reX: f(z) <c}

Oyukmug p(y), y € R, sajannasg na geiicTBUTENbHON TPAMOil, HA3bI-
Baercst bopescscroti dynryueti, ecmu ona B(R!)-uzmepuma. ITpumepamu
GopesieBCKIX (PYHKIUI ABIAIOTCA BCe KyCOYHO HENpPEephIBHBIE (DYHKITHH.

Teopewma 13.4. ITycmv {X, A} UBMEPUMOE  NPOCTILPAHCINEO.
Croorenan gynxuyua h(z) = o(f(z)), © € X, asasemea A-usmepumod,
ecau pynxuua f(z), v € X, A-usmepuma, a dyrnryua o(y), y € RY, —
bopesescra.
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IIpocreie apudmerndeckue omepanuu HAJ KOHEYHBIM WM CIETHBIM
HabOPOM M3MepUMBIX (DYHKIUI HE BBIBOAAT 33 PAMKHU MHOXKECTBa HU3Me-
puMbIX DyHKIHIA.

Teopewma 13.5. [lyems pynxuyuu fr,n = 1,2, ... onpedeserv, Ha u3-
mepumom npocmparcmee { X, A} u A-usmepumoi. Tozda dynryuu

fi@) + fo(z), fi(x)fo(x), 1/f1(z) (npu yeaosuu fi(z) #0),
|fi(2)], max{fi(z), f2(=)}, min{fi(z), f2()}, Slrllpfn(x% inf f,,(z)

maxoHce ABAANMCA USMEPUMDBIMU.
Us OpUBEeAEHHOI'O pe3yJjibTaTa CjledyeT, 9TO MHO2KeCTBO

A={zeX:3 lim fu(a)},

HA& KOTOPOM CyINECTBYET IPEJEIT MOCIEI0BATEIbHOCTH N3MEPUMbIX (DYHK-
muit {f,,(x)}, aBasgercsa usmepumMbiM, T e. A € A.

Culeytomee OnpesieieHne ONMCHIBAET BAaXKHBIM NPUMEpP H3MEPHMON
dyHKIAN.

Onpenmenenme 13.14. VUsmepumass dynkuus f(x), onpeneneHnas
Ha usMepumoM mpocrpancrBe {X, A}, HaspiBaercsa npocmod, eciau oHa
PUHUMAET KOHEYHOE YMCJIO 3HAYEHUI.

OueBuHO, YTO KazKjad IPpoCcTas u3MepuMag GyHKms f(z) momyckaer
TIpeICTABJIEHAE

flz) = i crla, (z), z€X, (13.5)
k=1

rmecyk ERY, Aye Am A;NA;j =2, i# j, m < co.

Teopema 13.6. [aa ecaxoti neompuyamenrvroti usmepumoti Pymx-
yuu f(x) cywecmsyem neybosarowan nocaedo6amessHoCms HEOMPUA-
meavhux npocmux udmepumux gynryud {fn(x)}, crodaswanca x f(x),
m. e.

0< fn(x) T f(x) npu n—o0 danecexr ze€X.

PesyJibrar, 11puBejeHHbII BbIlIe, ABJISETCH KJIOYEBbIM IIPU 110CTPOE-
HUM wHTerpata Jlebera.

Onpenmenenme 13.15. Ilycrs f(2) — HekoTOpas m3mepumas HyHK-
wsl, ompesesennas Ha m3mepumoM mpocrpanctse { X, A}. Cucrema

Ap={f"(B): Be B(R")}

HA3BIBACTCA 0 -anzebpoti, nopooswcdennot, dynryuet f(z).

Herpynno yb6emurbes, uro Ay QefiCTBUTENBHO ABISETCA 0-aJrebpoi,
upudem Ay C A. Kiace ¢ynkiuil, n3MepuMbIX OTHOCHTEIbHO O-aJire-
Opbl Ay, IMeeT IPOCTOe ONUCAHHUE.
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Teopema 13.7. Pynryua g(z), © € X, asasemca Ajg-usmepumod
mozda u moavko mozda, kozda cyuecmeyem bopeaesckan dyrkyus ©(y),
y € R, maxas, wmo

g(z) = o(f(z)) VzeX.

Onpepnenenue 13.16. e usmepumbie dbyuruuu f(z) u g(z), 3a-
nauuble Ha {X, A, pu}, HassBatoTCA aKxsusasenmmvmu, ecia f(x) = g(x)
nourn Beoay o mepe p, T.e. uf{z € X: f(z) # g(x)} = 0.

Oupepenenne 13.17. Ilocneposarensuocrs {f,(z)} n3amepumbix
dbyukuuii, onpenenennnix Ha {X, A, p}, HasbiBaerca crodawetica nowmu
6c100y k byuxupn f(z), ecam

plo € X: lim fo(a) # f(a)} = 0.

Teopema 13.8. Ecau nocaedosameavrocmsv {fn(z)} usmepumoz
Pynryud cxodumes x f(x) nouwmu ecrody, mo f(x) usmepuma.

Onpenenenue 13.18. IlocnemoBarenbrocts {fn(z)} usmepumbix
dbyuknuit, onpenenenusix Ha {X, A, u}, HasbBaeTcs crodawetica no me-
pe u k m3mepumoit dyukmun f(z), ecom mus mo6oro € > 0

nlilgou{x € X: |fulz) — f(z)| >} =0.

CooTHOmEHNE MEXK Y ITUME ABYMsI TUIAME CXOJUMOCTH OLPEEIIACT-
CA CIIELYIOMIUMUA TEOPEMAMH.

Teopema 13.9. FEcau mnocaedosamesvrnocmo {fn(z)} czodumca
x f(z) noumu ecrody ommocumenvro xonweurnot mepv. , mo frn(x) cro-
dumcea % f(x) no mepe p.

Ob6paTHoe yTBepKIeHHe, BOOOITe TOBOpPs, HE BEPHO, TEM HE MeEHee
CIIPABE/INB CIIELYIOMMUil Pe3yJIbTaT.

Teopema 13.10. Ecau nocaedosamenvrocmo {fn(x)} cxodumcs
k f(z) no wmepe, mo cywecmeyem nodnocaedosamenvrocmo {fn, (z)},
crodawasca % f(x) nowmu ecrody.

13.5. Unrerpaus JleGera. Ilycrs {X, A, u} — nonsoe npocrpancTso
¢ mepoit. Oupegennm BHadasie uarerpaJd Jlebera or npocroit namepumoit
dyHKIAN.

Ounpenenenne 13.19. Humeepan Jlebeza om npocmoti uamepumot
Pynxyuu f(z), umerommeit Bug (13.5), onpenensiercs paBeHCTBOM

| £@) ulde) = 3= ern(Ar). (13.6)

X
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Temepp pacmpocTpanuM MMOHATHE HHTErpasa Jlebera Ha HeOTpHUIA-
TesbHYI0 u3MepuMyto dyuknuio f(x). B cuiy teopemsr 13.6 cymecrByer
MIOCJIEJOBATEIHbHOCTh HEOTPUIATEIbHBIX MPOCTHIX U3MEPUMBIX (QDYHKIUH
{fn(2)}, rakux, aro

0< fu(z) 1 f(z) nmpm n— oo muasecex x € X. (13.7)

Onpenenenune 13.20. Aumeepanom Jlebeza om Heompuyamesvrot
usmepumot, pynxyuy f(x) HABBIBACTCS BEIMIMHA

| 1) utdo) = tim_ [ o) plde). (133)

JanHOe omnpe/ieieAne KOPPEKTHO, TOCKOIBKY TPH 3aJaHH0l QyHKIIT
f(z) mpenen (13.8) (koHeTHBII NTH GECKOHETHBI) CYMIECTBYET JIJIsT TG0
anmpokcuMupyomeil nociegosarencaoctn (13.7) W He 3aBECHT OT ee
BBIOOpA.

s kpaTrocTu OyIeM 0b03HAYATH

I(£) = | f(a) p(da).

X

IIycts Teneps f(z) — mpoumssonbHas m3MepuMas QyHKIms. Benem
obo3HaveHUs

fT(x) = max{f(x),0}, f~(z) = max{—f(x), 0}.

Torna dyukmun f1(z) >0, f~(z) > 0 TakkKe ABIAIOTCH M3MEPUMBIMH,
wpmrent (z) = £+(x) (7).

Oupenenenne 13.21. Ecim min{I(f),I(f7)} < oo, T0o urnmezpan
Jlebeza om f(x) cywecmeyem (unu onpedeser) m UMeET BHT

I(F) = | f(2) plde) = 1(57) = I(F).

X

Ecmm |I(f)| < oo, To f(z) masmBaeTca unmezpupyemoti no mepe (i WA
CYMMUPYEMOT.
Wuarerpan no muoxkecrBy A € A onpenesnsercs Kak

| f@)n(dz) = | f(@)a(@) p(da),

A X

a f(x) HasBIBaETCH UHMeE2PUPYEMOT, Ha MHodicecmee A, eClli HHTErPUDPY-
ema dynkmus f(z)l(z).

Sameganue. B coorBercTtBum ¢ onpezenennem 13.21 uarerpan Jle-
Gera ot meorpunaresbHOl dyHKIUE f(T) OmpeneseH Bcerjga, NpU STOM
0< I(f) < 0.

18 B.M. Muauep u A.P. Ilankos
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Ilepeuncaum cpoiicTBa mHTerpasa Jlebera, HEIOCPEICTBEHHO BHITEKA-
OIIFe U3 ero OTPEIeIeHUs.

1) j I4(z) p(dz) = p(A) pus sesikoro A € A.

X
2) Jos Beex a, B € RY

I(af + Bg) = al(f) + BI(g),

opu4ieM ecCiid IIpaBad aCTb HMeEE€T CMBIC/I, TO HMHTErpaJl B JIeBOIl 4JacTu
WHTEerpaJl olpenaeJsieH.

3) Ecmu f(z), g(x) marerpupyemst u f(z) < g(z), To I(f) < I(g).
4) Ecam p(A) =0, o J £(z) p(dz) =

A

5) Ecim f(z) = g(z) nourn Beroxy no mepe p, To I(f) = I(g), npuaem
00a MHTErpaJja CyIeCTBYIOT MM He CYyIIeCTBYIOT OJHOBPEMEHHO.

6) Eciiu h(z) > 0 unrerpupyema u |f(z)| < h(z) nourm Bcrogy mo
mepe (1, o f(x) mATErpUpYyeMa.

7) UarerpupyemMocTh (byHKINE PABHOCAIbHA HHTETPUPYEMOCTH €€ MO-
JLyJIsd, T. €.

[(f)] <oo <= I(|f]) < oo,
|

kposte Toro, |1(£)| < 1(|).
8) Ecam f(x) > 0wu I(f) =0, To f(z) = 0 mourm BCromy. B wacrrocTn,
ecm I(|f]) =0, ro f(z) = 0 mouru Bcropy.
9) Ecan dynknus f(z) narerpupyema Ha A, TO OHa MHTErpupyeMa Ha
soboM usmepumoM Muozkectse A’ C A.
10) Ecan f(x) = 0 mourn Berogy, To I(f) =
11) (Hepaserncrso Yebpimesa). Ecm ¢ > 0

iz € X+ |f(x) j ©)| u(dz).

nlr—l

12) (HepasenctBo MunkoBckoro). Eciu p > 1, To
([ 1£@) + @) uiaz)) < ([ 1 ua @)+ ([lg@ utaz))”

13) (Hepasenctso Uencena). Ecmu ¢(y), y € R, — Boimyksas Baus
dbyuxmua n p(X) = 1, To

| o(f@) nde) < o( | () n(da)).

X X

14) (Hepasenctso lenbnepa). Ecm 1 < p, ¢ < co m 1 + 1_ 1, To
p q

[ f@totan)] < ([ e i )" ([ lote) uam))

X
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[IpUYeM MHTEIrpaJl B JIEBOI 4aCTH ONpeesieH, eCd UHTErpaJibl B IPaBOii
JacTu KOHeYHH. [Ipu p = g = 2 HepaBeHcTBO [esibliepa Ha3LIBACTCA HEPA-
sencmeom Kowu—Bynaxosckoeo:

? u(da).

[ F@)ote) utan)| < [ 17 i) [ lo(a)

X X X
Teopewma 13.11 (c-amaurusrocTh mHTErpasna Jlebera). Ecau @yrk-

oo
yua f(x) unmezpupyema u X = | J An, Ai N Aj = @ npu i # j, mo

n=1

[ £ ntdz) = 3° | £(a) utae),

X n=1 A,

20e 6 Npasotli wacMU UHMEZPAALL KOHEUHDb, 0 PAD CTOOUMCA abCONOMHO.
W3 teopemsr 13.11 cimemyer, 910 a1 Ja1000M HEOTPUIIATESIHHON M3Me-
pumoit byskuun f(z) > 0 byHKIUS MHOXKeCTBa

WA):Jf@MAmm A€ A, (13.9)

SIBJISIETCS MEPO Ha m3mepmmoM npocrpancree { X, A}
Teopema 13.12 (abcomoTHasi HENPEPLIBHOCTH UHTErpada Jlebera).
ITyemo f(z) — unmezpupyeman dynxyus, moada dasn aobozo £ > 0 cy-

wecmeyem makoe § > 0, wmo J f(z) u(dw)‘ < € 0As BCAKO20 USMEPUMOZO

A

muooicecmea A € A, makozo, wmo p(A) < 4.

Crenyromasi TeopeMa yTBEPXKIAET, 9TO BCAKasd Mepa ¥V, abCOIIOTHO
HenpepbIBHAS OTHOCHTENLHO MEPHI [i, MOIycKaeT mpencraBaenune (13.9).

Onpenemenne 13.22. Mepa v Ha3bIBaeTCSI GOCOAIOMHO HENPEPDIG-
Hot ommocumenvho mepov, (i (COKpAIIEHHO v <K [i), eCld JJIst JI06Oro
A e Ansz pu(A) =0 caenyer, uro v(A) = 0.

Teopewma 13.13 (Pagmon, Hukomum). Ecau v < p, mo cywecmeyem,
UBMEPUMAA Heompuyamesvhas Pyrnkyus p(T), maxas, wmo

WM:JmmMm)VAEA
A

Dyuknus p(x) HasbiBaerca npousdsodroti Padona—Hukoduma mepos v
no mepe [ m 00O3HATAETCH

pla) = L (@)

Crenyrouuil pe3yabTaT JaeT MPaBUIIO 3aMeHBI Mepbl B mHTEerpadie Jlebera.

18%



276 MATEMATUYECKOE NPUJIOYKEHUE [F.H. v

Teopema 13.14. B ycaosusax meopemo, 13.13 das w1060t usmepumoti
Pynryuu g(T) umeem mecmo pasercmeo

| o) v(dz) = [ 9(@) pla) p(de),

X X

2de unmezpaas, 68 e80T U NPABOT YACMAT CYULLCNBYIOM UAU HE CYULe-
cmeyom 00HO8PEMEHHO.

TeM caMbIM HHTEIPUPYeMOCTh DYyHKIUH ¢ () MO Mepe vV PaBHOCHIIbHA
narerpupyemoctn dyukmuu g(z) p(x) mo mepe p.

Tenepb paccMOTPUM BOIIPOC O 3aMeHe MePEMEHHON 01, 3HAKOM WHTe-
rpaJga Jlebera.

Onpepnenenue 13.23. Ilycrs f(x) — usmepumas yHKIWA, Ompe-
nmeserHas Ha mpocrpancTBe ¢ mepoi {X, A, u}. Torma mepa p § Ha

{R!, B(R')}, 3amaBaemas paBeHCTBOM
py(B) =u(f1(B)), BeBR,

Ha3bIBaETCA Mepoti, nopooicdenoti gynruued f.
Herpyano nposeputb, 4ro yHKIUA MHOXKECTBA [ IfiCTBUTEIbHO

ABJIsgeTcsa Mepoit Ha 6opesesckoit o-amrebpe B(R!).

Teopema 13.15 (dbopmyna 3aMeHbI epeMeHHO B HHTerpaJe Jlebe-
ra). ITycmov gynxyua f(z), © € X, usmepuma, a gynxyua o(y), y € R,
asasemca bopeaescroti. Tozda cnpacedauso pasencmeo

| elr @) ulde) = [ oy) nydy).

X R

2de unmezpansvt 6 €600 U NPABOT YACTNAL CYULLCTNBYIOM UAU HE CYULE-
cmeyom 00HO8PEMEHHO.

IlpenenbHsbiii nepexoy, 1o 3HakoMm uHTerpasna Jlebera. Cie-
JIYIOIIKE PEe3yJIbTAThl MOKA3BIBAIOT, B KAKUX CIIydYasiX MOXKHO MIE€PEXOUThH
K TIpeJIesIy TOJ, 3HAKOM WHTerpaJia JleGera.

Teopema 13.16 (Jleber). ITycmv nocaedosameavnocmo {fn(x)}
cxodumea noumu 6crody € f(x), npusem 04 6cex n nowmu 6cody Guinoi-
naemea nepasencmso | fn(2)| < p(z), 2de pynruua p(x) unmezpupyema.
Tozda npedeavhnas Ppynruyusa f(x) maxoce asasemes unmezpupyemots u

Jim [ fu(@) p(de) = [ f() p(da).

Teopewma 13.17 (JIéem). ITycmwv {f,(z)} — neybwsarowasn nocae-
dosameavrocms pymnryut, m. e.

filz) < f2(2) <. < fal) <1y



§ 13] HEOBXOAVIMBIE CBEIEHWS{ N3 ®PYHKIVNOHAJIBHOTO AHAJIN3A 277

20e f,(x) unmezpupyemol, @ UT UHMEZPAADL 0ZPAHUYEHVL 6 COBOKYMHOCTIIU:

IK < oo: j Ful@) p(dz) < K. (13.10)

Tozda nowmu ecrody cyuecmeyem konewnwl npedea f(x) = nlgr;o fn(z),

maxot, wmo pynxyus f(r) unmezpupyema u

Jim [ fu(@) p(de) = [ f() p(da).

Teopema 13.18 (@ary). Ecau nocaedosameavHocms HEOMPUYA-
menohnx pynrkyut {fn(z)} crodumea noumu ecrody x f(x), npusem
swnoaneno (13.10), mo f(z) unmezpupyema u J f(z) p(dz) < K.

X

NuTrerpan Jlebera Ha mpgamoii. Crenyiomee yTBepKIeHAE MTOKA-
3bIBAaET CBA3b MeXKJy WHTerpajioM Pumana m mHTerpajom Jlebera.

Teopewma 13.19. Ecau cywecmsyem unmeepas Pumana
In(f) = | f() da,

mo f(z) unmezpupyema no mepe Jebeza A na [a,b] u

() = | f(x)Mda) = In(f).

[a,b]

BameTnM, 94To 06paTHOE yTBEpPXKAEHHE B OOIIeM CIydae HeBepHO.

BBegieM elre 0J{HO MOHATHE WHTETPaJa, OCHOBAHHOE Ha, MOHATHN HHTe-
rpaJia Jlebera.

Onpenenenne 13.24. Ilycts f(z), © € R, — Gopernesckas byHK-
nus, a F(z) — ynknus pacnpesesnenns na R! (cm. onpesesenne 13.9).
Hrmezpan Cmuamveca om f(x) no dynkyuu pacnpedesenus F(z) ompe-
Jlesisgercs CIeAyIONHIM 06pa3oM:

T f(@)dF(x) = | f(z) p(dz),
S )

re MHTErpajl B IPaBoil 4acTh MOHMMAETCs Kak mHTerpas Jlebera mo me-
pe u, umeroniel dbyuknuo pacupenenenusa F ().
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B GosbmmmHCTBE TPAKTUIECKH BAXKHBIX CIIyIaeB (DYHKIUS PaCIpee-
senns F(x) MoxeT ObITh MPeJCTABICHA B BUJIE

F(z) = F'(x) + F(x), F'(x)= Jp(y)A(dy)a Fl(z)= 3 pr,

k: zp<x

rie bynkmus p(y) > 0 uaTerpupyema mo mepe Jlebera na R!, a MEOMXKeCTBO
Touek {xy} He Gonee wem cuerHo, mpuiem py > 0.

Cocrasnsitomasn F(z) maseiBaerca dynrxyuet, abcoatommo Henpepols-
HO20 pacnpedeserus, WA TPOCTO abCOMOMHO HENPEPbIeHotll dynryued.
B srom ciyuae mis moutu Beex x € R (mo mepe Jlebera) crpasenuso

PaBEHCTBO iF(:v) = %F“(m) = p(z), mosromy p(z) HasBIBaeTCH HYHK-

dx
yuel naomnocmu pacnpedeaenus. 3aMeTuM, 9TO ecliu f,(dx) — Mepa,

umveomas GyHkuuio pacupeenenus F*(x), ro wiornocrs p(z) ecrs mpo-
n3BogHas Pamoma—Hukomnma mMepsr i, o Mepe Jlebera A.

Cocrapnsomas F9(z) masemaerca gynryueti duckpemmozo pacnpede-
aenus, npu 3toM pg = F(zy) — F(zp—) ecTh Bemmunna ckauka GyHKIAN
F(z) B TouKe ee paspbisa ), € R!. Ecou unciio ckaukos koneuno, ro F4(z)
KyCOYHO MOCTOSIHHA.

Ecim f(x) — GopeseBckast byHKIMS, TO CIPABEJIMBO CIIELYIOIIEE
NIPaBUJIO BBIYUCIeHUsT nHTerpata CTunrbeca:

| f@ dF@) = | f@)p() Mde) + 3 £ (i) pr.
—o0 Rl k

npudeMm unTerpai Crunrbeca Koneden, eciau pyukuus f(x) p(x) uarerpu-
pyema 1o mepe JleGera, a psi » | f(x) pr cxommrest abeomoTHo.

k
B zakmiodenne paccMOTpUM MpUMED MEPHI HA TPAMON, Ipe3BbIYAITHO
BasKHbIH 17151 npuitozkenus. Mepa 0, (B), B € B(R!), zo € R!, onpenens-
eMasl PaBeHCTBOM
1, ecmm xg € B,
0, ecwm =z ¢ B,

5o (3) = {

HasbiBaercs mepot Jupaxa, cocpedomouennoti 6 mowke xo. Torna unre-
rpaJ mo Mepe Jlupaka mpuHUMAET BU]T

| £(@) 82y (d2) = f(w0)-
R1
HOCJIe,ILHI/IfI nHTEerpaJl 9aCTO 3allUChIBalOT B BUIE

(oo}

| f(@)8a— o) do = f(wo),

—00
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rae 6(x) masweBaioT deavma-Pynkyuet Jupara. Ilpm 9TOM, MOCKOIBKY

dyHKIAT
1, ectm z >0,

1) = {
0, ecim x <0,

sBysieTcss (PyHKIHMeH pacupeienenus Mepbl Jlupaka dg, CYUTAIOT, 9TO
I(z)

BBINIOJIHEHO PaBeHCTBO 0(z) = ¥
i

13.6. I'mab6eproBo nmpocTpancTBo. CHavaga BBEJAEM MMOHITHE JIU-
HEHHOTrO MPOCTPAHCTRA.

Onpenemenue 13.25. Hemycroe muoxkecTBo H Ha3bIBaeTCs AuHel-
HbLM MPOCMPAHCME0M, eciid Ha H onpeiesieHbl IBe OMEPAIAN: CA0HCEHUE
anemenmos (+) m ymmooicenue snemenmos na wucaa (o).

s mobBIX 9JIeMEHTOB T, ¥, 2 € H u mobbix gyucen «, § omepanun
CJIO2KECHUA W yMHO2KCHUA JJOJI2KHBI O6J'[a,ﬂ3,Tb cjieayromumMn CBOMCTBaMM:

Dz+y=y+uz
) (@+ty)+z=z+(y+2);

) cymectsyert anement 0 € H, takoii, ato 0 + x = x;

) cymecrByer asieMeHT (—z) € H, Takoit, uro = + (—x) = 0;
Jao(z+y)=aocz+aoy;

) (@+B)ox=acx+fBoy;

) (aB)eox =ao(Box);

8)lox =u.

Eciun ymHOXKeEHME ONPeIeIeHO Ha BEIEeCTBEHHbIE YNCiia, TO IPOCTPAH-
CTBO HA3BIBAETCS BEULECTNEEHHbLM WU delicmeumenbroim, eCIn yMHOKE-
HUE OIPEJIEJIEHO HAa KOMILIEKCHBbIE YHMCJIA, TO MIPOCTPAHCTBO HAa3bIBACTCS
KOMNAEKCHBLM.

Sameganne. Bo BcAKOM JIMHEHTHOM TPOCTPAHCTBE HYAEB0U dae-
menm () eTMHCTBEHEH, & NPOMUEonoaodichvit ssemenm (—T) OMHOSHATHO
ompeneisierca aemenToM r € H. B manpHeiimem Mbl 6ygeM OMycKaTh
3HAK yMHOXKeHHd (0), a BhIpakenue x + (—y) OyieM 3amuChIBATD B BUJE
x —y.

Hanee 6e3 orpanmdenusa obmuocTr OymeM cauTaTb, 910 H — KOM-
IUIEKCHOE JIMHEHOe MPOCTPAHCTBO, & MHOYXKECTBO KOMIIJIEKCHBIX YHCEI
oboznauars C.

Onpenenenne 13.26. Ilodnpocmparncmeom M nwHEHHOTO MIPO-
crpancTBa H Ha3bIBaeTCs MOJMHOXKECTBO, 3aMKHYTO€ OTHOCUTEJIbHO Olle-
panuii CJIOYXKEHUsI U YMHOXKEHUSI, T. €.

a,feC z,ye M = az+ Py M.

Bameuwanma. 1) Ompenenenne 13.26 o3HAWAET, ITO MOATPOCTPAH-
crBo M BMecTe ¢ KaXKJbIM KOHEYHBIM HaOOPOM CBOWX 3JIEMEHTOB
{z1, ...,zn}, comepkur mMObGyI0O nX aunetinylo xombunayurw 1Ty + ...
..+ apxy, TOE O, ..., an € C. B gacTtHOCTH, Beerma BepHO 0 € M.
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2) My = {0} maspiBaeTca nyae6vm NOONPOCMPAHCTEOM.
3) Ilepecedenme (| M, mpousBobHOro HaGopa moanpocrpascts { Mg}

TaK>Ke ABJIACTCA HOﬂaHpOCTpa,HCTBOM.

Onpepnenenue 13.27. Jlunetinot obosourotd L(N) HexoTOpPOro
mHoxkecTBa N C H Ha3BIBA€TCSI MHOXKECTBO BCEX BO3MOKHBIX JIMHEHHBIX
KOMOuHaIuUi 31eMenToB u3 V.

W3 onpenenennsi 13.27 cnepyer, uro L£(N) siBIsieTcss MOQIPOCTPaH-
crom, mpudeMm L(N) =(|Ma, tme {Ma} — cemeiicrBo Bcex mojmpo-

«
CTPAHCTB, COojepzKalux MHO>KeCcTBO V.

Onpepnenenue 13.28. Duemenrtol {zy, ...,T,} JauHeiiHOrO TIpO-
crpancrsa H Ha3bIBAIOTCH AUHEUHO HE3ABUCUMbBLMU, €CIIT

ag, ...,a, €C, a1 +...+apr, =0 = a1 =...=qa, =0.

Ecan pos nuredinoro mpocrpancTBa H cymiecTByeT HaAOOp JIHHEHHO
HE3aBUCHMBIX JJIEMEHTOB {Z1, ...,Tn} C H, Takoi, 9TO BHINOIHEHO
H=L{z1,...,zn}, 10 {21, ...,2,} Ha3BIBAOT 0a3uUCOM UPOCTPAH-
crBa H, a 4mcao n — ero pasmeprocmovio (cokpamenno n = dim H).
B srom ciaydae xaxaprit snement x € H MoxkeT ObITH IPEICTABIIEH B BU-
e ¢ = a1y + ...+ apxy,, npudeM koabdunnenTs {ay} onpenensoTcs
OJITHO3HAYHO.

Onpenenenne 13.29. Oyukuusg (-, ), onpe/eieHHas Ha JIMHEHHOM
npocrpancTse H u npuHUMAIOIIAS 9UCIOBbIE 3HAYCHUS, HA3BIBACTCS CKA-
AAPHBLM NPOU3EeJeHUEM, ECITH JJIs JTFOOBIX JIEMEHTOB T, Y, z € H u J106b1x
qucesl o, 3 ClpaBeJIuBbl CJIE/YIOIIUE CBOCTBA!

1) (z,2) 20 u (z,2)=0 = z=0;

2) (ax + By, z) = a(z,2) + By, 2);

3) (y,z) = (z,y).

Onpenenenne 13.30. Ilycte Ha H ompeneneHo CKaJsIpHOE MPOU3-
Benenne. Hopmot snementa x € H OyzeM Ha3bIBaTh YUCIO

]| = (z, ). (13.11)

B srom ciaydae ropopar, 9TO HOpMA MOPOdICOeHE CKAJEPHBIM [IPOU3BE-
JICHHEEM.

HenocpencreerHO n3 OnpesiesieHnii BBITEKAIOT CJIeIyIOmme CBOWCTBA
CKAJIAPHOTO MPOW3BEJEHNsI ¥ MOPOXKIACHHON UM HODMBIL:

1) ||z]] = 0; u3 ||z|| = 0 cmemyer z = 0;

2) llozf = |olljel;

3) |l + y|| < ||z|| + |ly|| (zepaBercTBO TpeyrompHuKa);

4) |(z,y)| < ||lz||||ly|| (mepaBercTBO Kommn—Bymsakosckoro), mpuaem pa-
BEHCTBO JIOCTHTAETCS TOIBKO, €CIA T, Y JIUHEHHO 3aBUCHMBIL.

C nOMOIIBIO HOPMBI MOZKHO BBECTH HOHATHE CTOOUMOCTIIU NOCAEI06a-
mMeAbHOCTIU, eMERTOB { T, } mpocrpancTea H.

Onpenmenenme 13.31. IlocnemoBarenbrocTs {z,} crodumes x sme-
MeHTY © € H npu n — 00 (COKpaIeHHO Ty — &), eclt ||z, — || — 0.
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CkayisipHOE TIPOM3BECHUE SIBJIAETCI HENPEPHIBHbLIM B CIIELYIONIEM
CMBICJTIE!

Tn 2Ty Ym — Y — (xnaym) - (xay)

Onpenmenenme 13.32. Ilocnenosarensrocts {T, } Ha3bBaeTCs Gym-
damernmanvhoti, eciam

|z, — m|| >0 wpr n,m — oco.

Onpepnenenue 13.33. Jluneitnoe npocrpanctso ¢ Hopmoit (13.11)
Ha3bIBAETCH NOAHbIM, eCiau Jo0ast (PyHAMEHTAIbHAS II0CJIEJ0BATEb
HOCTH €T0 3JIeMEHTOB CXOIUTCHA K HEKOTOPOMY 3JIEMEHTY 3ITOTO IPOCT-
paHCTBA.

Onpenmenenune 13.34. JlumeilHoe TPOCTPAHCTBO CO CKAJISPHBIM
npousBesieHneM 1 HopMo#i (13.11) Ha3bIBaeTCS 2UAbOEPMOBHLM NPOCTNPAH-
€¢MeoM, €CIT OHO IIOJIHO.

Onpenmenenune 13.35. IlogmpocrparnctBo M ruisbeproBa mpo-
crpaucrBa H Ha3biBaercd 6c10dy nAomHbiM, €CIU JJIS BCAKOIO SJIE€MEH-
Ta z € H cymecTByer MmocienoBaTenbHOCTh {2, }, Takas, 910 T, € M n
Ty — T.

Sameganue. Ecau npocrpancrBo H He gBIseTCS TOIHBIM, TO OHO
BCerJa MOKeT ObITh NONOAHEHO, T. €. CYLIECTBYET TAKOEe [I0JIHOE IPOCTPAH-
ctBo H, uro H C H nw H Bcioxy miotao B H.

IIpocroit kpuTepuil CXOAMMOCTH IIOCJIEIOBATEIBHOCTH JIEMEHTOB
rIbOEPTOBA MPOCTPAHCTBA TPUBOINUTCS B CIIEAYIOIIEH TeopeMe.

Teopema 13.20. Ecau H — 2uavbepmoso npocmparcmeo, mo no-
caedosamenvrocmo {Ty,} crodumes K HEKOMOPOMY IAEMERTY NPOCTPAH-
cmea H moeda u moavko moezda, xozda cyuecmeyem npedea

lim (zp,zm).
n,m— oo

Onpenenenne 13.36. IlommpocrpamcrBo M ruiabbeproBa mpo-
cTpaHcTBa H HaA3BIBAETCA 3AMKHYMbIM, €CIA U3 TOTO, UTO X, — T, IPH
n — oo, rue x, € M, cnegyer x € M.

Takum o0b6pa3oM, 3aMKHYTO€ TOAIPOCTPAHCTBO THJILOEPTOBa MPO-
CTPAHCTBA CaMO SBJISIETCSH IMIBOEPTOBBIM IIPOCTPAHCTBOM.

Paccmorpum BaxkHeiime npuMepsbl riibOEPTOBBIX TPOCTPAHCTE.

KoneuyHoMepHOe €BKJIMA0BO IpocTpaHcTBo R". Ero siementa-
MU SIBJISIIOTCS yTIOPsiIOIeHAbIe HAOOPHI BEMIECTBEHHBIX YUCEN (n-MepHBIE
BekTOph) T = {X1, ..., Tn}*, 21, ..., 2T, € R'. Ckanspuoe npousseienne
U HOpMa IPOCTpaHCTBa R nMeroT BU,

n

" 5\ 1/2
(w.9) =Y wrwes ol =lal = (3 a})
k=1

k=1

roe y = {y1, .-, Yn}*. OueBuguo, uro dimR” = n.
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IIpocTpancTBo Il3. Ero smementamMu SBAAIOTCS OECKOHEUIHBIE MTOCTIE-
JIOBATEIHHOCTU KOMILIEKCHBIX dnced & = {1, T3, ... }, TAKAX, 4TO

) 2\ 1/2
Joll = (3 leul?) " < oo.
k=1

CraJIsipHOE TTPOM3BEEHNE JIEMEHTOB T,y € lo UMeeT BUI
o0
(@,y) = > =kl
k=1

n mopoxkaaer HopMmy ||x||, onpemenennyo Bbime. 3aMeTHM, 9TO TIPOCTPAH-
CTBO ly GECKOHETHOMEPHO.

IIpocrpauctBo Lo{X, A,u}. Iycrs {X, A, u} — mekoropoe mpo-
crpanctBo ¢ Mepoil. Torma Lo{X, A, p} onpenensierca Kak MHOMKECTBO
BCexX A-m3MepuMBbIX KOMILUTEKCHBIX (QyHKIWH f (), HHTErpupyeMbIX ¢ KBa-
JIPaTOM IO Mepe [i, T. €. TAKHX, 9TO

191 = ([ 1) nia) " < oo (13.12)

X

O6beauHnuM B OUH KJIACC SKBUBAJEHTHOCTH BCE (DYHKITHHI f (z), sxBU-
BaJleHTHBIE (II0 Mepe 1) JaHHO# dbyskuun f(x), u B JanbHeiineM QyHKIAT
f(z) pasamuars me Gymem. Torpa us ||f|| =0 cuegyer f =0, nosromy
Boipazkenue (13.12) ompepessger HOpMY, HOPOXKACHHYIO CKAJAPHBIM MIPO-
U3BEJEHUEM

(f,9)= J f() g(z) p(dz), f,g € Lo{X, A, u}. (13.13)

X

CanenoBarenbro, Ly{X, A, u} siBasiercss ruap6GepTOBBIM TPOCTPAHCTBOM.
Ormernm, ato Lo{X, A, u} GeckoHeqHOMEDHO, €CTH Mepa f He COCPENo-
TOYEHA B KOHCIHOM UHUCIIE TOUEK.

13.7. Paaplr @®ypbe B rujibOepToBOM HpocTpaHcTBe. Ilycth
nanee H — (puKcIpoBaHHOE THILGEPTOBO IIPOCTPAHCTBO.

Ounpenenenune 13.37. IBa snementa x, y € H Ha3BIBAIOTCA 0pmMo-
2onasvnvimu (obosHadaercs x L y), ecnn (x,y) = 0.

Onpenmenenme 13.38. Cucrema {ej, ez, ...} TEMEHTOB MPOCTPAH-
cTBa, H HasbBIBaeTCA 0OpMO20HaAALHOT, €CIH €, L e, npm m # n. Ecnm
JIOTIOJTHATENBHO ||e,|| = 1, n = 1,2, ..., TO cucTeMa HA3BIBAETCS OPIMOHOD-
MAALHOU.
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Onpenmenenme 13.39. Opronopmasnbraga cucrema {ej,es, ...} C H
HasLIBaeTCA 6a3ucom 2uavbepmosa npocmparcmea H, ecnm 1yt KazKa0ro
x € H cymecrByer, n IPUTOM €JIMHCTBEHHOE, PA3JI0KEHUE

T = opeg, (13.14)
k=1

rae o € C, a CXOAUMOCTD pdJa MOHUMAETCA B CJIeAYIOIIEeM CMBICIIE:

—+0 mpm n — oo.

n
Hx = > agey,

k=1

Pazsnoxenne (13.14) HasbiBaercst padom Pypve mis x, a Koadpdum-
€HTBI (v, BBIYUCIAIOTCA 10 popmytam

a = (z,er), k=1,2,...,

¥ Ha3BIBAIOTCA Koappuyuenmamu DPypove.
U3 (13.14) rakxke cienyer pasencmso Ilapcesans:

(oo}

lz)|* = > low]?,

k=1

KoTOpOe sBiseTcs 0bobmennem teopemsbl Iludaropa Ha GeckoreIHOMED-
HBI cirydaii.

Teopewma 13.21. ITyemov {e,} — opmonopmasvhas cucmema sne-
MeHMOo8 euavbepmosa mpocmpancmea H. Caedyrowue ymeepoicdenus
PABHOCUNDHDL:

1) {en} — 6asuc zuavbepmosa npocmpancmsa H;

2) aunetinan obosoura L({en}) 6crody naomna ¢ H;

3) ecau x L e, daa ecexn, mo x = 0.

B wactHOCTH, cucTema {ei"z/\/ﬂ, n € 7} sBusercs 6a3ucoM Mpo-
crpancrBa Lo([—m, 7], B([-m,7]), \), rme A — mepa Jlebera.

13.8. OproronajibHOoe NPOEKTUPOBAaHUE B I'MJIb0EPTOBOM IIPO-
CTPaHCTBE.

Onpenmenenune 13.40. Ecim N C H — mpou3BOJIBHOE TOIMHOXKE-
CTBO, TO OPTOrOHAJBbHOCTL & | N o3Hagaer, yro x L y mia Bcex y € N.

Onpenenenune 13.41. Eciu M — 3aMKHyTO€ IOAIIPOCTPAHCTBO, TO
ero opmozonasvroe donoanenue ML ompenenserca Kax

M*={zecH:z 1L M}
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B cmly HEmpepBIBHOCTH CKAJSPHOTO mpom3BeneHus M sapiserca
3aMKHYTBIM HOIIPOCTPAHCTBOM.

Teopema 13.22. I[Tyemv M — npousoavHoe 3amKHYymMoe noonpo-
cmparcmso  2uavbepmosa npocmpancmea H. Tozda 060t saemenm
x € H umeem eduncmeeHHoe pasaodicenue euda

T =Yg + 2,

ede y, € M, z, € M+,

Onpenenenue 13.42. DiemenT y,, onpeIeeHHBIH B TeopeMe 13.22,
Ha3bIBAETCS 0PmMozonasvholi npoesyued © na M u obosuadaercs m y,(x).

ITepeuncinM OCHOBHBIE CBOMCTBA TIPOEKIHA T, (x):

D)y, =myz) €M, 2z, =2 —7,,(x) € M+;

2) © € M Torja u ToibKo Torjaa, Korjga m,,(r) =z, a x € M+ Torga
U TOJILKO Torja, Korja m,,(z) = 0;

3) ||z — mp,(z)|| < ||z — v|| mas Beex v € M

4) ecm {eq, e, ..., €y, ...} — 6Gasuc ruasbeproBa npocrpaHcTBa H,

M = L{e1, ...,en}, T.e. M aBngerca swHEHHONU OOONOIKON CHCTEMBI
n

{er, ... en}, 0 my(x) = D (7, ex) ex. Takum obpasom, 7y, (x) — n-=
k=1

JacTHIHAA cyMMa pana Dypbe 1uid T.

Bameuanue. Cpoiicrso 3 o3nadaer, 4r0 7 ,,(r) — HamIydmas am-
NpoKcHMaIms (OIeHKa) STeMeHTa T 3JIeMeHTaMH U3 ToAIpocTpancTBa M,
a & — 7y, (z) npexcrapisier coboii ommMbKy yKa3aHHON ANNPOKCHMAIMHN.

B wacrmoctm, ecmu M = L{eq, ... ,en}, T0 T,,(x) ABIgeTCA HAMIyImIeH
OLIEHKOI Cpe/u BCEX OLEHOK, I[PEeJICTAaBUMbIX B BUJE JIMHEHHOH KOM-
OuHanuu 1eMEeHTOB {e1, ...,en}, T.e. gBisgercd nauayweld aunelnod
oueHKot.

Meton moCTpoeHHsT YKA3aHHBIX ANMPOKCHMANWI (C MCIIONBb30BAHUIEM
HPOEKIUH T ,,) HASBIBAIOT MEMOOOM HOUMEHLULUT KEAOPAMO6.

§ 14. Heobxo/mumMble cBeA€HUS U3 TEOPUU
BEpPOsSITHOCTEM

14.1. CiyuaiiHble COOBITUSA M UX BEPOSITHOCTH.

Onpenenenne 14.1. CookynHocts 00bekToB {Q2, F, P}, rue

{) — OpOCTPAHCTBO IAEMEHMAPHBIL COOBIMUT W;

F — o-aazebpa nodmmnosicecme PpOCTPaHCTBa (), 00pa3yIIIUX CHCTe-
MY CAYHGUHBLT coObimut;

P — nopmuposannasn (1.e. P{Q} = 1) mepa na F,
HAa3bIBAETCH 6EPOATNHOCTHOM NPOCTPAHCTBOM, a Mepa P — sepoam-
HOCTHOT, MePOT, UITH TIPOCTO BEPOATIHOCTILBIO.
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Bamewanuna. 1) IIpennonaraerca, aro {2, F, P} — monmoe BeposT-
HOCTHOE IpocTpaHcTBo (cM. 1. 13.2).

2) Han coywaiiaeivm cobprtnsivm n3 F MOXKHO COBEPIIATH JEHCTBHS
(aHasoruvHble AeficTBUSM Haj MHOYKECTBAMH), JJis KOTOPBIX Mbl OyaeMm
HCII0JIb30BATh CJle/lyIoline 0003HaYeH s

A+B=AUB, AB=ANB, A\B, A=Q\A,

ZAk:UAka HAk:ﬂAlm
k k k k

r7ie cobbITHE A HASBIBAGTCH NPOMUEONOA0HCHHM A.

Bepositnocts P{-} obnamaer cnenyrommmn croficramu:

1) 0 < P{A} <1 pna moboro cobbitua A € F;

2) P{Q} =1, rue  — docmoseproe cobvimue;

3) P{@} =0, rae @ = Q — nesosmooicnoe cobuimue;

4) P{A + B} = P{A} + P{B}, eciu AB = &, 1.e. cobeitusi A u B
HECOBMECTIHbL

5) P{A+ B} =P{A} + P{B} — P{AB} pnga mobbix aByx cobbITHUI
A, B e F,

6) P{A} < P{B}, eciu ACB (r.e. A — wacmnwil cayual cobbi-
nst B).

SaMedaHHe. YKa3aHHbIe CBOMCTBa CJIEAYIOT U3 OOIIUX CBOWCTB Me-
psl (cM. 1. 13.2). CBOMCTBO 4 pacHpOCTPaHSETCsl OYeBHAHBIM 00pa30M Ha
JI060€ KOHEYHOE MJIM CYETHOEe MHOXKECTBO HECOBMECTHBIX COOBITHIA:

P{ZAk}:ZP{Ak}, ALEF, ApAn=2 mpu m#n.
k=1 k=1

Onpenenenune 14.2. Cobbitua A u B Ha3bIBAIOTCA HE3ABUCUMDBLMU,
eciu P{AB} = P{A} P{B}. Cobwbirusa {A,} nezasucumo. 6 cosorynmo-

cmu, ecam myis Ji0boro KoHedHnoro mabopa coborruit A, , kK =1,...,m

P{Iﬁl Ank} - ’ﬁlP{Ank},

rJe M MOXKET PaBHATbCI 0O.
Ounpegnenenue 14.3. Yeaosroti seposmmocmopio cobbituss A oOTHOCH-
TeJIbHO coObITH B, Takoro, uro P{B} > 0, HasbiBaeTca BeJIMIUHA

P{AB}
P{B}

P{A|B} =

Ecnu cobbitua A, B He3aBUCHMBI U UMEIOT IOJOKHUTEIbHBIE BEPOSIT-
Hocru, To P{A | B} = P{A} u P{B | A} = P{B}.

IIycts cobbitusa Hy, ..., Hy € F ymoBiIeTBOPSIOT yCIOBUIM:

a) P{Hy} > 0 upm Bcex k;
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6) Hy,H, = &, eciitm m # n;

N
B) > Hp=2Q,
k=1
Torga Aus oboro A € F cupaBemyiuBa popMyasa nOAHOT GEPOATTVHOCTIIW:

P{A} = 3" P{HP{A] H).
k=1

CobbiTHst {Hk} OOBLIYHO HA3LIBAIOT GEPOAMHOCTNMHBIMU 2UNOME3AMU.

14.2. CiyuaiiHble BeJINYNHBI 1 BEKTOPBHI.

Onpenmenenme 14.4. Cayuatinot seauuunot (CB), onpemenennoii
Ha {Q,F,P}, nasbiBaercsa uncnoBast dbyskuus &(w), w € 2, uaMepumasi
orHOCUTEJIHHO JF.

Omnpenenenne 14.4 o3Ha9aeT, 9YTO [JIsT BCIKOTO OOPEIIEBCKOTO MTOIMHO-
sxectBa B C R! MHO)KecTBO

¢ HB) ={weN: ¢(w) € B} (14.1)

ABJISIETCS CJIyJAUHBIM COOBITHEM.

Jasee 1151 KpaTKOCTH OyIeM OIyCKaTh apryMeHT w: &, {{ € B} u r. 1.

B cuny Teopemsbr 13.5 cymma, pa3HOCTh, IPOU3BEICHUE U TACTHOE IBYX
CIy9alHbIX BeinunH (IpH YCIOBHUH, YTO 3HAMEHATENb He OOpalaeTcs
B HYJIb) TAKXKe SIBJISIOTCS CIIyIaiHBIMA BEJINIAHAMA.

Onpenenenume 14.5. JIBe ciyuaiinple BeJuduHbl £ U 1), 3aJaHHBIE
Ha {Q, F, P}, HA3BIBAIOTCS 9K6UBANEHMHBIMU, ECITN

P{{#n} =0.

Eciu mekoropoe yrBepxKienue orHocuTesbHo CB € (wau coBokym-
Hoctn CB) Beimonueno juist Beex w € 2\ A, npugem P{A} =0, To ro-
BOPAT, YTO TO yTBEPKJIEHUE BBIIOJIHEHO NOYMmu HasepHoe 1o mepe P
(nnm ¢ eepoammocmovio 1). Mbl 6ymeM CONPOBOXKAATH COOTBETCTBYIOIIEE
yrBepxkaenne 3uakoM (P-m.u.). Hanpumep, ecnu € u 77 9KBUBAJEHTHBI, TO
& =n (P-mu.).

W3 reopemsbr 13.4 caenyer, uro ecim £ — ciyuaiinas BeanmanHa, a g(x),
r € R, — 6opesesckast dbynkius, To g(£) TakKe ABIAETCA CITydaitHoil Be-
smauHOM, Tak Kak Gynkmms n(w) = g(¢(w)), w € Q apaserca F-namepu-
Moii. B qactHOCTH, M060€ HempepbiBHOE Tpeobpasopanne CB ¢ mpuBoauT
k CB 7 (. e. cBO¥icTBO F-N3MEPUMOCTH COXPAHSIETCS).

Onpegmenenue 14.6. Ilycts £ — HeKOTOpas ciiydaiiHas BeJUIUHA.
Haumenbinyio o-airebpy, COIEpKAILYIO COOBITUS BHUIA

¢ YB)={¢c B}, BecBRY, (14.2)

Oy/1eM Ha3BIBATh 0 -aA2e0poti, nopoostcdennoti caywatinot seaudunot &. dta,
o-anre6pa obosHavaerca F&, a takxe o{f}.
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Ilo ompenenenuro F £ C F. Beegennas o-anrebpa F £ cocrour u3 Bcex
CITy9aiHbIX cobbITH A € F, 0 HACTYIUIEHUH KOTOPBIX Mbl MOXKEM CYJIUTh,
naburogas CB €.

Teopema 14.1. Iyemov p(x) — npoussoavhas bopesesckas Pymr-
yus, mozda CB 1= ¢(§) asasemca FE-usmepumoti. Haobopom, ecau
nexomopas CB 1 asasemces FE-uzmepumoti, mo cyuwecmeyem 6opeses-
ckan pynrwyus o(), makas, wmo n = p(§).

Oupepenenne 14.7. Oyukuus F¢(z) = P{¢ < 2}, z € R', nasbisa-
ercsa pynryuet pacnpedeserusn CB &.

Pynxuus pacupeznenenus Fe(x) obmamaer BceMu cBoiicTBaMu dyHK-
UM pachpejiesieHnst Mepbl Ha uzMepuMoM npoctpanctse { R, B(RY)} (em.
oupenenenne 13.9, KOTOpoOe MOJHOCTHIO NPUMEHUMO C YYE€TOM COOTHOIIIE-
g p(RY) = 1).

st sro6oit dyukummn pactnpenenenns F(x) cymecTByeT TOMHOE BEPO-
saTHOCcTHOE npocrpancTBo {2, F, P} u sanannasa na wem CB &, takas, aro
Fe(z) = F(x).

PacecmorpuM KOHKpeTHBbIE THIBL (DYHKIUI pAaCIpeIesIeHusI.

Onpenenenune 14.8. Ecim CB ¢ nmpunuMmaer 3HadeHWs W3 KOHEU-
HOTO WJIA CYETHOTO MHOXKECTBA {a1i, ...,Gp, ...} C BEPOATHOCTSIMH CO-
OTBETCTBEHHO {P1, ..., Pn, --- }, TA€ Py >0, > p, =1, To roBopaT, 4To

n
cayvaiiHas BeJWYWHA ABJIAETCA Juckpemuol (mmm mMmeer duckpemmoe
pacnpedeaerue). Ee GyHRIMS pacnpeesieHIs] IMeeT BUL

Fe(z) = > o, z eR.

k:ar<x

Takum obpazom, dyHkIns pacupesenenus quckperaoit CB umeer pas-
PBHIBBI IIEPBOTO POJia B TOUKAX Ak, & Fe(ak) — Fe(ag—) = pr — BeIMInHBL
ckaukos. IIpu sTom 1z mo6oro Muoxkecrsa B € B(R!)

P{{eB}= > o

k:ar€EB

Ecin muoXxecTBO 3HaUEHNM, KOTOPBIE NprHUMaeT auckpernas CB, koned-
HO, TO ee (PYHKIHs pPacOpeesieHnss KyCOIHO TOCTOSHHA.

Oynkius MEokecTBa P¢(B) = P{{ € B} aBnserca mepoti na B(R')
u HazbiBaercs saxonom pacnpedeaerus CB &. Ilpu srom Fe(x) aBnsercs
dbyurme pacnpenenenus sroit Mepsl (cM. 1. 13.3). IIpu onpeseneHHBIX
ycnoBusix Mepa P¢(B) abcomorno HenpepbBHA OTHOCHTEILHO Mepsbl Jle-
Gera na B(R'), r.e. F¢(x) umeer mwiorHocts pacupejesenus pg(x).

Onpegenenne 14.9. Ecnu dynkusa pacnpenenenus Fe () caydaii-
HOM BesmmuuHbl & JOIYCKAET [IPEJICTAB/IEHIE

Fe(x) = J pe(y)dy, tae pe(y) >0, j pe(y) dy =1,
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a WHTerpaJ MoHuMaeTcs Kak maTerpaJ Jlebera, To CB € nasweiBaeTcsa abco-
aommo nenpepuisrol, (umeer nenpepwvienoe pacnpedeserue). s moboro
mHuoxecrsa B € B(R!)

P¢(B) = Jpg(y) dy.

Oynkus pg(y) Ha3bIBACTCA NAOMHOCMbI0 pacnpedeaerus CB &.
Bamerum, uro QyHKus F¢(z) B JaHHOM Clydae He IMeeT Pa3pblBOB

dF,
u mouTH Beony Ha R! muddepenmupyema: j(x) = pg(x).
X
B o6mem ciyuae dynknus pacupegenenus: Fg(x) HenpepslBHA CIpaBa,
B Kaxk/I0#i Touke paspemsa = € R'. JIjad BBIYHCICHHS BEPOATHOCTH CO-

6oTus {€ € B}, rne B € B(R!), cnenyer suraucnats materpan JleGera—
Cruirseca:

P{¢ € B} = | dFe(y) = Pe(B), B e BR®).

[pennonoxum, aro CB £y, ..., &, onpeneaeHbl Ha OJJHOM BEPOSITHOCT-
HoM nipoctpaHcTie {2, F, P}. Torna ynopsgodeHHbIH HAGOP 1 CIIy daiftHBIX
Benmann £ = {{1, ...,&,}* OyneM HA3BIBATD N-MEPHLIM CAYUATHbM GETK-
MOPoM.

Onpenenenune 14.10. Hanmenbmyto o-anrebpy, COAEpKAIIyiO BCe
COOBITHSI BUJIA,

¢ YB)={¢eB}, BeB[R"), (14.3)

Oy eM Ha3bIBATh 0 -a.A2e0p0tl, NoposrcoerHotl cayuatinvm sexmopom &. dra,
o-anrebpa obosradaerca o{¢} mmm FE.
Onpenenenune 14.11. Oyarnus

Fe(zy, oo oyzn) =P{& <o, .. 6 <z}, z1,...,2n e R,

HasbiBaeTcd Pynkyueld pacnpedeserus n-meprozo caywatinozo sexmopa &.
DyHKIWs pacupee/ieHus CIyIaifHOro BEKTOpa 0bJIaaeT BCeMU CBOTi-
crBaMu (DYHKIUHM PaCIpPEJEJIeHUs MEpbl Ha HU3MEPHMOM [POCTPAHCTBE
{R",B(R")} (cm. oupenesnenne 13.12, KOTOpoe HONHOCTHIO MPUMEHUMO
¢ yuerom coornomenus p(R™) =1).
s moboro Gopesnesckoro muoxkectBa B € B(R™) BepogrHOCTD CLy-
wafinoro coberrust {£ € B} Beramcasiercss kak maTerpas JleGera:

P:(B)=P{¢c B} = deg(xl, ).

Mepa P¢(-) na B(R™) — 3axon pacnpedenenus caysatinozo eexmopa §,
3aJaHHbIA ¢ moMomnbio Fe (1, ..., 2y,). Ecin P¢(-) mmeer nmorHoCTSD, T. €.

P{¢ € B} = Jpé(yl, - yn)dyr ... dy, VBeBRY),
B



§ 14] HEOBXOJIVMBIE CBEJEHUSA U3 TEOPUU BEPOSITHOCTEH 289

TO
Ty Tn
Fe(zy, ... xpn) = J J Pe(Y1s -, Yn) dyr ... dyn.
— 00 — 00
Onpenmenenme 14.12. Cnyuwaiiabie Besmunsst {1, ..., &, } Hesasu-

CUMBL 8 COBOKYNHOCMU, €CAU JJis IPOU3BOJIBLHOIO Habopa MHOXKECTB
By, ..., B, € B(R!) cayuaitubie cobuitus {€; € By}, ..., {¢, € B, } nesa-
BUCHMBI B COBOKYIIHOCTH.

Teopewma 14.2. /laa mozo wmobwv caywatinove seavuunv {1, ..., &{n}
OBLAU HE3ABUCUMDBL 8 COBOKYNHOCTIU, HEOOTOOUMO U JOCTAMOUHO, 4IMObBL
oas 6cex xy, ..., T, € R

Fg(:ﬂl, - ,xn) = H F{k(l'k).
k=1

OO6muit crmocob ompeiesieHns HE3aBUCUMOCTH CJIYyJIaWHBIX COOBITHIl U
BeJIMYUH cOCTOUT B cieaytomeM. Ilycte F; CF u Fo C F — HEKOTOpPBIE
o-ayredprl caydaiabix coobituit. Cucrembr F1 u Fu HA3BIBAIOTCI HE3G6U-
CUMbBLMU, €CITH HE3aBUCHUMBI JI0ObIe JBa cobbitusgs A € Fy u B € Fo, T.e.
P{AB} = P{A}P{B}.

Tenepp HeTpymHO ompenenuTh moHaTre Hezaucumoctu CB & u n:
& u 1 HE3aBUCUMBIL TOI'JIA U TOJLKO TOIJA, KO/ HE3aBUCUMBI 0-aJIredpbl
F& u F". B wacrroctu, CB ¢ He 3aBucuT oT ciydaiinoro cobbrms A,
eciu A u FE uesasucumbr (1. e. nesasucumbl A u joboe B € F¢). Dru
MOHATHUS OyIyT UCIOIB30BaHbI B JAJIbHENIIIEM IIPY TOCTPOECHUN YCIOBHOTO
MaTeMaTUIEeCKOTO OXKUTAHWS.

B obmem caygae ciaygaiinas Benmanaa  MOXKET IPUHAMATD KOMTLAEKC-
Hole 3nauenud, T.e. £ = a +if3, e «, f — CB, 3amanusie Ha {Q, F, P}, a
i> = —1. Nsyuenue komiiekcuoit CB pakTuuecku cBOAUTCH K U3y IEHUIO
JIBYMEpHOTO ciIlydaiiHoro BekTopa {a, S}*.

[IpuBenem mpuMepbl HEKOTOPBIX HAMOOJEe BaXKHBIX 3aKOHOB pAaCIIpe-
JIeJIeHUS.

1) Huckpernas CB £ nmeer 6unomuanvroe pacnpedeaerue ¢ TapaMeT-
pamu (N;p), rme 0 < p < 1, u obosnagaercst £ ~ Bi(N;p), ecin

P{¢=m}=C9pm¢"™™, m=0,1,...,N,

N!
m!(N —m)!
npexenernne Bi(1; p) maseiaerca pacnpedeseruem Bepryaau.

2) HuckperHass CB & umeer pacnpedesenue Ilyaccona ¢ mapaMeTpoMm
A > 0 u obosmagaerca & ~ II(N), ecan

roe C3t = — gucyio codetanuit u3 N mo m, ¢ =1 — p. Pac-

P{{=m}="— , m=0,1, ...

AT
e A
m!

19 B.M. Muauep u A.P. Ilankos
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3) Henpepoieraa CB ¢ nveer pasromeproe pacnpedeserue HA OTPE3KE
[a,b] u obosnagaerca £ ~ R(a,b), ecam ee MIOTHOCTL pacUpeiejeHuUs

uMeer BuJ
1/(b—a), ecnm w € [a,b],

PeT) =
0, ecin  x ¢ [a,bl.

4) Henpepsieras CB ¢ mmeer axcnonenyuasvhoe (nam nokasamens-
noe) pacnpedeaenue ¢ mapamerpom A > 0 u obosnagaerca £ ~ E()\), eciau

@={ 0
PeT) =
¢ 0, z < 0.

5) HenpepoiBaasg CB & umeer zayccoscroe (wiu nopmaavroe) pacnpe-
deaenue ¢ mapamerpamu (m;o?), rae o > 0, ecn

pe(x) = ! exp{—i(m_m)z}, z €RL.

V2mo 202

J171s1 TayCCOBCKOTO pacipe/iesieHus ucnosbsyercs obosaadenune N (m;o?).
YucioBbie XapaKTEPUCTUKHU ITUX PACIPEICICHUIN TPUBEEHBI B CIIETY-
IOIIEM ITYHKTE.

14.3. MaremaTun4yeckoe OXXHUJIaHUE.
Onpepnenenue 14.13. Mamemamuueckum oorcudanuem (wnu cped-
num) CB £, onpenenennoit va {2, F, P}, HaseiBaercs qmcio

M€} = me = | §(w) P(dw). (14.4)

Q

Maremarudeckoe oOXKujaHuUe OIpEIAeeHO, eciau wuHTerpas Jlebera
B mpaBoii wactu paseHcTBa (14.4) cymecTByer.

TaxuMm o6paszoMm, MaTeMarmdeckoe oxumanme CB £ ecTh mHTerpas
Jle6era or dyukiuu &(w) na Q no Bepogruocruoit Mepe P. Eciu Pe(-) —
saxon pacupesenenus CB € na B(R'), a F¢(y) — coorsercrsyiomas dyHx-
st pacnpesenenns, To M{£} MoxkHO BRIMmCINTE crteyomum o6pa3oM:

M€} = | yPe(dy) = | ydFe(y). (14.5)
RI —o0

mprdYeM IepBbI WHTErpaj MOHMMAaeTcsd Kak mHTerpasi Jlebera mo mepe
P¢(-), a Bropoit — kak unrerpas Jlebera—Crunrbeca. CylnecTBoBaHme HH-
TerpasioB B mpasoil wactu (14.5) BEITEKAET U3 CyIMECTBOBAHUS MATEMATH-
9eCKOr0 OXKUJAHWS, U HA0DOPOT, U3 CYNECTBOBAHUS WHTETPAJIOB CIEIYET
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CymmecTBOBaHMe MaremaTmieckoro oxumammsa. Popmyna (14.5) cmemyer
u3 (14.4) u reopembr 13.15 o 3ameHe mepeMenHo#l B mHTerpase Jlebera.

Eciu dyukuus pacnpegenennsi Fe(z) siBisiercs komGunanueir abco-
JIIOTHO HEMIPEPBIBHOM M TUCKPETHOH COCTABIAIONINX, T. €. TOMYCKAET MPe-
CTaBJIEHUE BUIA

Fe(z) = jpg(y)der > P

o k:ar<zx

rae pg(y) >0, apr > 0 — BesquuuHA CKAYKa B TOYKE pa3pbiBa ak, To (14.5)
NPUHUMAET BUL

M{¢} = J ype(y) dy + > prag.
o k

CB ¢ maseiBaercs yenmpuposannot, ecoma M{¢} = 0.

OCHOBHBIE CBOHCTBA MaTEMATHYECKOrO OXKUJAHUSA BBITCKAIOT U3
cBoiicTB mHTerpasa JleGera (cm. m. 13.5).

1) Maremarnaeckue oxunarama M{¢} u M{|¢|} cymecTytoT u koneq-
HBI ofHOBpeMeHHO, npudeM |M{¢} | < M{|¢|}.

2) M{I,} = JIA(w)P(dw) = P{A}, rue I4 — unpukarop coObITUA
AeF. ¢
3) Ecam M{¢{} cymecrsyer, To aus 11060 KOHCTAHTBI A

M{AE} = AM{¢}.
4) Ecim M{¢} m M{n} cymecrByior n KOHEIHBI, TO

M{¢ +n} = M{} + M{n}.
5) Ecmr £ < 7, ro M{¢} < M{n}.

6) Eciu ¢(x) — 6openeBckag DyHKIHA, TO

oo

M{g(©)) = | o(x)dFe(x).

— 00

rjle MaTeMaTHIecKoe OXKHIAHHE W MHTErpasl CyIeCTBYIOT WM He CyIIe-
CTBYIOT OJIHOBPEMEHHO.
7) Eciiu M{£} onpeneneno, To s kaxgoro A € F cymecTByer

M{€l4} = j £(w) P(dw).
A

8) Ecim € > 0 (P-n.u.), a takske M{{} < oo, To dyHKIMS MHOKECTBA
Q{A} =M{I4}, A € F, asnserca koneunoit mepoit va F.

19%
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9) Ecmu £ > 0 (P-n.u.), M{¢} < ocome >0, 10

P{e >} < MHEL

€
10) Ecim M{|{|P} < 00 npm p >0, TO BBINOIHSETCS HEPABEHCMBO
Maprosa

P{le > <} < MO

Ecmm &€ = {&1, ...,&}* — n-MepHBI CIy9aliHbIi BEKTOP, TO €ro ma-
MeMAMUMECKUM 02tcudaHuem Ha3HIBACTCI BEKTOD

M{E} = {M{fl} y e 7M{§n}}*

Onpegenenne 14.14. Komnnekcras dyuxnus ¥e(A), A € R?,

Te(N) = M{ei**ﬁ} - J ¢ dFy (x),
i

Ha3BIBaeTCH Tapaxmepucmuveckol gyrryuet, pacupenenenus Fg(x).

Teopema 14.3. Xapaxmepucmuueckas GyHrkuus 00HO3HAWHO onpe-
deasem Pynxyuro pacnpedeaerusn, m.e. ecau CB & uw CB 1 ume-
tom odny xapaxmepucmuueckyro dymnryuro Ye(X) = ¥, (A), A € R*, mo
Fe(z) = Fy(x), © € R™.

Ucnonp3oBanme ammaparta XapaKTePUCTUIECKUX (DYHKIW [T03BOJIs-
eT WCCIeIOBATH 3aBUCUMOCTD CIIyYARHBIX BEJUYUH B CUJLY CJIELYIONIETO
YTBEDK ICHUSI.

Teopema 14.4. Cayuatinoe seaununv, {&, i =1, ...,n} nesasucu-
MBL M0206 U MOABKO Mmozda, Koz0a

Ue(Ar, -5 An) = [ Pe, (M),
i=1

ede We(Aq, ..., An) — wapakmepucmuveckas Gynryus caywaiinoeo eek-
mopa & = {&, ..., &}, a Ve (X)) — zapaxmepucmuveckasn @dyrryua
CB&,i=1,....n.

Onpenmenenme 14.15. Juenepcued D{{} CB ¢ maspiBaercsa uncio

D¢} = De = M{§ —me[*} = | |y = me[* dFe(v).

— 00

W3 onpezesnenns u cBoiicTs nHTerpaa Jlebera cieryer:
1) D{¢} > 0;
2) D{af + b} = |a|?D{¢}, ecmm a,b = const;
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3) D{Z fk} = > D{&}, ecmm D{&,} < 0o, a CB {{} — mesapu-
k=1 k=1
CHMBI B COBOKYITHOCTH;

4) D{&} = M{[¢*} — |me/*;

5) eciau M{|£|2} < 00, TO BBIIOJHEHO Hepasencmso Hebviwesa

P{l¢ - me| > e} < 2UE

2

Ounpepenenue 14.16. Kosapuayuet ciydailHbix BesuduH & u 1)
HA3BIBACTCS BEJIMINHA

cov{é,n} = M{ (¢~ me)n—my) }

e (-) — 3HAK KOMILIEKCHOIO COIIPSIZKEHHS,
Ecm & ={&1,...,&}" — n-MepHblil ciaydafiHbIE BEKTOp, TO ero
Kosapuayuorol mampuyetd HaspiBaercs marpuna Re = {cov{{;,§;}}.

—%
_ ——x
Ouesnnno, uTo R = M{Ef } — meme”.
[lepeuncanM BaXKHEHIITIE CBORCTBA KOBapUAIWH.

1) Ecmn M{[¢?} < oo, M{|n|?} < oo, To koBapuanus CB &, n cyme-
CTByeT U yjoBJeTBOpsier Hepasencmsy Kowu—Bynaxoeckozo:

cov{¢,n} [? < D{¢} D{n}.

2) Eciu M{¢} = M{n} =0, o cov{&,n} = ({,n7) — crangpuoe mpo-
W3BEJEHUE CIydaliHbIx Beauaun &, 7).

3) Ecnu £ u n mesaBucumbl, o cov{¢,n} = 0.

1) DI} = covi¢, ).

5) D{¢ +n} = D{¢} + D{n} + 2 cov{¢, n}.

Ecmm cov{¢,n} = 0, To CB £ u 1 HA3BIBAIOTCA HEKOPPEAUPOBAHHBLMU
WA 0PMO20HAALHbBLMU, 9TO obo3HadaeTcsa £ 1 n).

[TpuBeseM YUCIOBBIE XAPAKTEPUCTUKU (T. €. MATEMATHIECKUE OXKUIA-
HWSl ¥ JINCIIEPCUN ) CIIy9aiHBIX BEJINYNH, DACCMOTPEHHBIX B KOHIE 1. 14.2.

1) Burommansroe pacupenenenne ¢ mapamerpavu (N;p):

me = Np, D¢ = Npq.
2) Pacnpenenenne ITyaccona ¢ mapamerpom A > 0:
me = D¢ = A,
3) PaBrOoMepHOE pacmpenesienne Ha OTpe3Ke [a, b]:

b—a)?
Dgz( 12).

a+b
2 )

mE:
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4) DKCHOHEHIWAIIBHOE PACIIPEIESIeHE ¢ TTapaMeTpoM A > 0:

>

m§:

5) FayccoBckoe pactipesiesienne ¢ apaMerpamu (m;o?), o > 0:

m¢g =m, D§=O'2.

14.4. ITociieioBaTEIbHOCTH CJIy4YaliHbIX BeJIMYUH. DByngeMm 1a-
Jlee TPEeMIOJIATATh, 9TO CIyJaiiHble BenmnauHel {&,, n = 1,2, ...} 3amanb
Ha OJIHOM ¥ TOM Ke BeposTHOCTHOM mpocrpaHcree {2, F,P}.

Onpenemenune 14.17. IlocmemoBaTebHOCTD CIyIaflHBIX BEJIHMIHH
{&n} HasweiBaercsa crodawetica nowmu wasepnoe (P-mu.) k CB &, ecim

P{weQ: nlgr;o{n(w) =¢{(w)} =1

B stom ciaydae ucnonbsyworces obosuadenus: &, —  (P-m.u.) win

&n 25, &, n — 00, a TakkKe roBopdT, 4TO &, cxomurcs K & ¢ eepoam-
nocmoio 1.

Cienyromue pesynbTaThl BBITEKAIOT U3 TEOPEM O IPEAEIbHOM Iepe-
XOIe moj, 3HAKOM uHTerpasa Jlebera u 3aJal0T NPABHIIA IPEIEJIBHOIO
Iepexo/ia IMoJ], 3HAKOM MaTeMaTHIeCKOrO OXKUAHMUS.

Teopewma 14.5. Ecau nocaedosameavrocmov {&,} crodumea ® &
(P-n.n.) u natidemes CB n, maxas, wmo |&,| < n (P-n.u.) das ecaxozo n
u M{n} < oo, mo

M{[{]} < o0, M{&n} — M{¢}

M{|&, — €|} =0 npu n — oco.

Teopema 14.6. [Tycmon, &1, &o, - .. — cayuatinvie 6EAUNUHDL.

1) Ecau &, 2 n das 6cex n 2 1, 2de M{n} > —o0, u &, 1 & (P-n.n.),
mo M{&,} T M{&} npun — oo.

2) Ecau &, <1n das ecexn > 1, 2de M{n} < oo, u &, | & (P-n.n.), mo
M{&,} L M{¢} npun — oo.

Teopema 14.7. [Tycmv nocaedosameavrocms {€,} neompuyamenn-
Hox cayuatinue sesunur crodumea (P-n.u.) x CB &, npusem cywe-
cmeyem makas xoncmarnma K < oo, wmo M{&,} < K dan ecex n. Tozda
M{¢} cyweemsyem u M{{} < K.

Onpenmenenme 14.18. IlocmenosarenproCTh {&,} CorygaiiHbIX BEH-
9WH Ha3bIBaeTcs crodauetica no sepoamnocmu Kk CB &, ecau miis moboro
e>0

lim P{|, — & >¢e} =0.
n— oo
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Teopema 14.8. ¥V 410601 nocaedosamesvHocmu CAYHaTHBE BEAUMUH
{&n, n=1,2, ...}, cxodawetica no eepoamuocmu x £, natidemes nodno-

caedosamenvrocmo {En, }, makas, wmo &,, —— & npu k — oo.

Onpenmenenme 14.19. IlocmenosarensrocTs {&, } crygaiiHbIx Bem-
YUH Ha3BIBAETCH GyHIaMeHMarbHot No 6ePoAMHOCMU, €CITH JJIs JTI060r0
e>0

lim P{|&, —&n| >} =0.
n,m— 0o

Teopewma 14.9. Jaa crodumocmu nocaedosamenvrocmu {€,} no ee-
POAMHOCTIU HeOOT0duMO U JoCcmamowHo, “mobvl NOCAE08AMEABHOCTIL
bviaa PyndamenmanrvHod.

Amanormansiit Kpurepnii cymectByer u s cxomgumocta (P-m.m.).

Teopema 14.10. s cxodumocmu mnocaedosamesvrocmu {&n}
(P-n.n.) neobxodumo u docmamowno, 4mobvs NocAOO8aAMEALHOCTD BbAG
Pyndamenmanvrot (P-n.n.), m.e. dan aobozo € > 0

n— oo

lim P{sup |{4r —&n| > €} =0.
k>0

Onpepnenenue 14.20. ITocaegoBarenbrocts {&,} cydaitHbix Besu-
9WH Ha3bIBaeTCsa crodawetica 6 cpednem nopadka p > 0 k CB &, ecim

lim M{Je, - €7} =0.

IIpu p = 2 3TOT BUA CXOAUMOCTH HA3BIBACTCH CXOIUMOCTBIO 6 cpedHem

keadpamuueckom (AN c.x.-cxodumocmovro) u obosHadaercs & = Lim. &,
n—oo

i &, —=5 £, n — 00. CpeIHEKBAIPATHICCKAs CXOMIMOCTh HMEET 0CO-
60€e 3HAYEHNE B TEOPUU CIyIalHBIX IIPOIECCOB.

[IpuBemem BaxkHeiime CBOWCTBA C.K.-CXOAUMOCTH.

1) Kpumeputi Kowwu. Ijgs Toro wTobbl CymecTBoBad c.k.-npedea &
nocaenoBarenbaoctu CB {€,} npu n — co, HEoOX0aUMO U JOCTATOIHO,
a6l {,} Gb1a QyHIAMEHTAILHON B C.K.-CMBICIIE:

M{|&, —&ml*} =0 1pu n,m — oo.

2) Iycry &, SRy ¢ mpu n— oo, mpuuem M{|¢0]?} < oo, TormA
M{[|{]*} < oo m

Jim M{[&n[*} = M{|Lim. & [*} = M{[¢[*}.

3) Bemn {&.}, {m,} — nocnenosarensnocrn CB, M{|¢q]?} < oo,
2 C.K. C.K.
M{\nn| }<oonfn—>§, Np —— 1 IPU N — 00, TO

M{¢.7,.} = M{¢7} mpm n — oc.
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4) Jlemma Jlossa. Tlocmenosaremprocts CB {€,} mmeer c.k.-mpe-
JeJl TOTJa W TOJBKO TOTJa, KOTma CylmecTByeT — lim M{fngm} =c.
2 . n,m—)oo
Ipu srom ¢ = M{[¢|?}, rue £ = Lim.§,.
n—r 00

Hawuboisiee cirabbiit Brji, CXOAMMOCTH — CXOJAMMOCTb I10CJI€/I0BATEIHHO-
CTH IO PacCIpeeseHHIO.

Onpenmenenme 14.21. [ocnenosarensrocrs {€,, n = 1,2, ...} cay-
JaflHBIX BeJIMYMH HasblBaeTcd crodauetica no pacnpedeseruto (wia caabo
cxodaugutica) k CB £, ecain nuist m060it paBHOMEPHO OrpaHWIEHHON Hempe-
poisHO# bynkmun f(z), v € RY,

Jim M{f(&n)} = M{f(O)}-

Ecnu gepes Fy,(z) 0603HaunTh QyHKIUIO pacnupeneaenus &,, a 1epe3
F(z) — dbyuakumio pacupenenenus £, To ajst caabol CXOANMOCTH MOCIEI0-
BareabHOCTH {£,} K € HEOOXOAUMO U HOCTaTOYHO, 4T0bbl F,(2) — F(2)
npu n — 00 B KaxIoit Touke € R, B xoropoit F(x) nenpepbisna. [Ipu
stoM, eciu F'(x) — nenpepbiBaag Gyrkuus, 1o {F,(z)} cxoqurca k F(x)
paBHOMepHO Ha R', T e.

sup |F,(z) — F(z)| = 0, n — oc.
reR!
CoorHoleHsT MEXK/y BCEMU THIIAME CXOJUMOCTH OIIMCHIBAIOTCS TE€O-
peMoii.
Teopema 14.11. Cnpasedauso. caedyrowue ymeepircoeHus:
1) crxodumocmv (P-n.n.) = cxodumocms no seposmmocmu,
2) cxodumocmo 6 cpednem nopsdka p >0 => cxodumocms no eepo-
Ammnocmu;
3) cxodumocmv no eeposmHocMUu = croduMOCMB MO pacnpede-
AEHUIO;
4) ecau &, caabo crodumcs ¥ Komcmanme a, mo &, crodumcsa K a
U MO BEPOAMHOCTNU.

14.5. YciaoBHOe mMaTeMaTuvdecKoe oxkmupaanue. [lycrs 3amano Be-
pogtHOcTHOE npoctpancTBo {Q, F, P}, G — HekoTOpas o-anrebpa ciydaii-
HBIX coObITHi, T.e. G C F, a { — CB, takas, aro M{[{|} < oco.

Onpenenmenune 14.22. Ycao8HbM MAMEMATIUYECKUM OHCUIGHUEM
CB £ omnocumenvro G Ha3BIBAETCs CIydaiiHasi BeJlmdanHa, 0003HATaeMast
M{¢ | G} m ynoBneTBOpAOMAS CIAETYIOMMM YCIOBUAAM:

1) M{¢ | G} siBnsiercst G-u3aMepuMoii;

2) anst m06oro MHOXKeCTBA A € G BBINOIHSAETCS PABEHCTBO

| ) P(dw) = [ M{¢ ] G} (w) P(dw). (14.6)
A A

Teopema 14.12. Yeaosroe mamemamuueckoe oorcudarue CB & onpe-
deneno eduncmeenmovm obpazom (P-n.n.).
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CgoiicTBa yYC/JIOBHOIro MaTeMaTm4deckoro oxkumaHus. Ciemyro-
Iye CBOJCTBA YCIOBHOTO MAaTEMATHIECKOTO OXKUIAHWS HEMOCPEICTBEHHO
BBITEKAIOT U3 onpezesienns 14.22.

1) Eciu £ = C = const (P-w.u.), o M{¢ | G} = C (P-.1n.).

2) Ecm € < n (P-n.n.), To M{¢ | G} < M{n | G} (P-n.n.).

3) IM{¢ | G} < M{IE] | 6} (P,

4) Ecmu a,b — KoHCTAHTH, a £,7) — CIyJailHble BeJIMIWHBI, TAKAE, 9TO
M{[¢]} < o0, M{[n[} < o0, 10
M{aé + by | G} = aM{€ | G} +bM{n| G} (P
5) IIycrs G = {@,Q} — TpuBnanphas o-anrebpa, Torga
M{¢ |G} = M{¢}  (P-mm).
6) Eciiu CB € usmepuma oraocurenasuo G, ro M{¢ | G} = £ (P-n.gu.).
7) M{M{¢ | G}} = M{¢} (P-nn).
8) Eciu G; C G, 1O
M{M{¢ | Go} | G} = M€ | G1} (P,
9) Ecim G2 C Gy, TO
M{M{¢ | Go} | Gu} = M{¢| Ga}  (Pwm),
10) Eciu CB ¢ ne zasucur or G (r.e. F¢ ue sasucur or G), 1o
M{¢ |G} = M{¢}  (P-mm).
11) Ilycts n mamepuma otHOcHTebHO G 1 M{|€n|} < oo, Torma
M{&n |Gt =nM{¢| G} (P-mm).

12) Hepaserncmeo Hencena. Ilycts g(x) — BRInyKIIag BEA3 QyHKIH,
takasi, 410 M{|g(§)|} < oo, Torma

g(M{¢]G}) <M{g(¢) |G} (P-mm).

13) Ilycte n — npomsBosbHAsA G-m3MepuMasi CioyvalHas BeJINYNHA.

Ecm M{|¢[?} < oo, M{|n|*} < oo, To

M{|¢ - M{¢| G}*} < M{|¢ —n)*}  (P-mmw).
Onpenenenne 14.23. CB M{¢ | F"} = M{¢ | n}, toe F" = o{n},

HA3BIBAETCA YCAOBHLIM Mamemamuseckum oocudanuem CB & ommocu-
meavno CB n € R™.

Teopema 14.13. Cywecmsyem bopeaescrkasn pynkyus g(z), z € R,
maxas, wmo M{¢ | n} = g(n) (P-n.n.).
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IIycrs £ — onenuBaemaza CB mo HabsroneHnaM, 06pa3yomumM CIy daii-
uelil BekTOp N € R, a g(z), v € R®, — Gopenesckaa dbyuknus. Torma
OyseM TOBOPUTE, 9TO §~ = g(n) — monmycrnmas oneHka mys § mo HAGIIOIE-
HUSAM 1).

Onpenenenume 14.24. Jlomycrumasi OneHKa 2: 9(n) HasbIBaercs
C.K.-ONMUMaAbHOT oyenkol Nuist € 110 HADJIIOAEHUIM 1), €CIIH JiJisi JII0DOi
JIOTMYCTHMOf OLEHKH & = g(n) BBIMOTHEHO

M{[¢ - €} < M{J¢ - €]}

Teopema 14.14. Ilycmo M{\§|2} < 00, mo2da c.K.-ONMuUMAALHAA
oueHKa umeem eud

£=M{¢|n}  (Pnm).

3ameuaanue. [Ipeamonoxkenue o ToM, 9to g(z) — Gopesesckast PyHK-

wst, o3Ha"aeT, uro £ = g(n) — cuydaiinaa BeamauHA. Y TBEDXKEHHEE TEO-
pembl 14.14 nmeeT BaxKHOE TPAKTUIECKOE 3HATYEHNE, TAK KAK MBI [TOJIyIaeM
OOIIMii AJITOPUTM MTOCTPOEHHUsI C.K.-ONTUMAJIBHON OIeHKH fA ma CB € mo
HAOJTIONEHUSIM 7).

Onpenenenne 14.25. ITycrs A € F u P{A} > 0. Yeaosnvim mame-
mamuyeckum ootcudaruem CB € omrnocumenvro cayuatinozo cobvmus A
HasbiBaerca CB

_M{dla}y 1
M{¢ | A} = "5 = pray if(w)P(dw). (14.7)
IIycts cobbrtusa Hy, ..., Hy 00pa3yloT CHCTEMY BEPOSTHOCTHBIX TH-

nore3 (cm. 1. 14.1). Ecaim M{{} cymecTByer, TO €ro MOXKHO BBIYHCIUTD 1O
dbopmyme noanozo mamemamuueckozo osrcudanus:

M{¢} = 3" P{H,} M{¢ | Hy},

k=1

rae M{¢ | Hi} Borancngerca mo dbopmyme (14.7).

B sakimiodenne mMyHKTa PACCMOTPHM MPAKTHIECKHUi CIIOCOG BBHIYHCITE-
nna Gynkmun M{¢ | n =y} =g(y), y € R*, tne { e R™, n € R™. Ilycrs
CYWECTBYET COBMECTHAS IIOTHOCTD PACIPEIeNeHus P (7, y) CllyqaiiHbx
BekTopos & u 7. Torma

i) = | epg,(@ |y de, (14.8)
]Rm
rae pe, (@ | y) = pg (2, y)/p,(y) — yeaosnan naomrocmev CB & npu ycao-

U, WMo 1 = Y; pn(y) = J Pe n(:v,y) dx — n-mepuas mwiorHocts CB 7,
R'n.
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upuieM p,(y) # 0. Ecim xe py(y) = 0, To momaraior, 1To pﬁln(m | y) = 0.

Dopmyaa (14.8) mo3BossieT BhUUCINTD peasn3anuio onenkn & = g(n) npn
YCIIOBUH, 9TO MMeeTcs peanmsanus y € R™ ciaydailHoro BeKTOpa HabIIO-
gennit 7 € R™.

14.6. 'ayccoBckme ciry4yaiiHble BEJINYNHBI 1 BEKTOPbDI.
Onpenenenune 14.26. @ynmua

¢(w>:¢% J eV 2dy, zeR,

HA3bIBAETCS UHME2PAAOM BeposmHocmed, nim pyrnkyued Jlanaaca.
Onpenmenenne 14.27. Cayyaitnaa Benmunsa & € R HasbiBaercd
eayccosckoti wim nopmaavroti ¢ napamerpamu (m;o?), rae o > 0, eciu

Fg($):P{f§$}:¢<m;m). (14.9)

Tak kak bynkmua Jlamtaca @(z) HenpepbiBHO nuddepennnpyema
na R, pacnpenenenue F¢(z) rayccosckoit CB mmeer mmoTHOCTH

1 z —m)?
W3 onpenenenns 14.27 caemxyet, ITO
M{¢} = m, D{¢} = o%

s obosnauenus rayccosckoit CB 6ymnem nmucars & ~ N (m;o?). Be-
POATHOCTD TIOMaIaHus & B MPOU3BOIbHLIN mHTepBad (o, ) C R moxkHO
BBIYHCIUTD O Cllefytomeil m3BecTHOH dopMyie:

Pla<é<pt=o(2") —a(22").
g o

Coyuqaiinas Benmanna £ ¢ pactupeaeneanem N (0; 1) HasbiBaeTca cman-
dapmmnoti zayccoscroti. Iz (14.9) cemyer, uro ee GyHKIUS paCIpeIeTCHAS
coemazaer ¢ P(x).

Sameuganune. CBOUCTBO TIayCCOBOCTH pACIPEIETEHUS COXPAHIET-
cs mpu suHeiiHoM npeobpasoBammun CB €. Ilyers & ~ N (mg; De), a
n=caf+p, tne a,B €R', rorma n~ N(my;Dy,), tae my, = amg + 3
D, = o?Dg.

JJIst onmcaHus 2ayccoscko20 caywalinozo eexmopa (T.e. yIOPSIOdeH-
HOIt cucrembl rayccobekux CB) yno6HO BOCIONB30BATHCS ANMAPATOM Xa-
paKTepucTUIecKux OyHKITHIA.
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IMycrs € = {&1, ... ,&n}" — BemecTBeHHBIN CITy9IaliHBI BEKTOD C Ma-
TEMATHIECKHM OXKHJaHHeM me = {mg,, ..., Mg, }* U KOBapHAIMOHHON
marpuneit Re = {cov{&;,&;}}ij=1,..n- Ilycrs makke & = {1, ..., Tn}* €

€ R", F¢(z) — n-mepuas ¢ynxnus pacupegenenus CB ¢, a 1 — MHnMasn
eJMHUIA, T.e. 12 = —1.
Tenepb MbI MOYKEM BBECTH MOHSITHE 2aYCCOBCKO20 CAYUATHO20 BEKMOPA.
Onpenenenune 14.28. Cuyuaitasiit Bekrop £ € R™ umeer n-meproe
2ayccosckoe pacnpedeserue ¢ mapamerpaMmu (mg; Re), ecan ero xapakre-
pucrudeckas pyHKIMS UMEET BU/T

We(\) = exp{iXm, — %A*Rg)\}, AER”,

e Mg — MATeMATHIECKOe OXKUIaHNe, & R — KOBapHaluOHHAsS MATPHIA.
Bamevanua 1) Herpyano nmpoBepuTb, 9To 1062t KOMIOHEHTA )
rayccosckoro Bekropa & umeer pacupegesienue N (my; Dy), riae my — k-it
3J1eMEHT BeKTopa Mg, a Dy — k-ii IMaroHaJIbHBINA SJeMeHT MaTpuisl Re.
2) Eciu marpuna Re > 0 (1. e. moioxKuresbHo onpejeiena), 10 Fg(x)
MMeeT IWIOTHOCTD pacupesenenus pe(z), v € R™:

pe(@) = (2m) "3 (det{Re]) /2 exp { S (w = me) R (@ = me) }

rae det[R¢] > 0 — onpenennrens Marpuis Re.

layccoBcKme BeKTOPHI 0GJaJaloT cephell 3aMedaTesbHBIX CBOICTB,
BarKHeHIue n3 KOTOPbIX IEPEYNCJICHbI HU2KE.

1) Ecmu cov{¢,n} = M{&n*} — mgm; =0, a sexrop v = {{*,n"}* —
raycCoBCKHii, TO £ U 1) — HE3aBHCHMEL.

2) Ilycres & ~ N (mg; Re), an = AL + b, rne A € R™*", b € R", torna
n ~ N(m,;R,), rae

my, = Ame + b; R, = AR¢A™.

3) Ilycre {£n} — mocie1oBaTEIbHOCTD TAyCCOBCKUX CIIy YallHBIX BEKTO-
pos. Ecimn &, =55 ¢, n — 00, T0 & ~ N (mg; Re), vie mg = nll)rgo M{¢,.},
a Re = nlggo cov{{,,&n}, IpUYeM yKa3aHHbBIE NMPEAENBl CYyIECTBYIOT M
KOHEYHBI.

4) Eciun {{,} — nocnemoBarenbHocTh rayccoBckux CB u &, NS
n — 0o, 10 &, LN &, n — oo (B 0Omem ciydae 910 He BepHO!).

5) (Teopema o mOpMambHOH KOppensmmu). ITycmv v = {£*, n*}*
2ayccoscruti 6exmop, maxot, wmo R, > O, moada

a) YCAOBHOE MATMEMATMUYECKOE 0HCUOGHUE UMEETM 6UOD

€ = M{¢ | n} = me + Rey Ry, (1 — myy); (14.10)

6) £ L¢ 72, m.e. £ ué 72— HE3A6UCUMDL;
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B) ecau AE =€ — &, mo
M{AE} =0, cov{A¢, AL} = Re — Rey Ry 'R,

I) YycaosHoe mamemamudeckoe oocudanue & UMEEm 2aycco6croe pac-
npedenerue ¢ napamempamu (me; RgnRglen), 2de

Re = cov{€, &}, Re, =cov{(,n}, R,=cov{n,n}.

Bameuganue. Teopema 0 HOPMaJIbHON KOPPEJAIUU JAET sIBHBIM
Buz (14.10) c.x.-onTumasnbHOH oneHKn § = M{{A| n} noa € no mabarozme-

HHEAM 7) B TAyCCOBCKOM CJIydae. 3aMeTHM, 9TO & .aunelino 3aBHCHT OT 1).
6) Ecam {v,&,n} cocraBnsitor rayccoBcKmuii BeKTOp, a { M 1) — HEKOD-
PeTHpPOBAHHEBIE, TO

M{y [ & n} =M{y |+ M{y | n} —m,.

7) Ecim komnorenThl BekTopa & = {&1, ...,&,}* — rayccoBckue u
HE3aBUCHUMBIE B COBOKYIIHOCTH, TO { — TayCCOBCKHII CIydJalHBI BEKTOP.

Mycrs {&k, k > 1} — mocienoBaTeIbHOCTh HE3ABUCHMBIX OJMHAKOBO
pacnpejiesienHbIX ciryydaiinbix esumaua ¢ M{&} = a u D{¢} = 0? > 0.
O6osnaunm S, = &1 + ... + &,. OueBugno, aro M{S,} = na, D{S,} =
=no? > 0. Torma CB ¢, = (S, — na)/(o\/n) asasercs neaTpupoBanHOit
(M{¢n} = 0) u vopmuposauroit (D{(,} = 1) cymmoit ciayvaiiubix Besu-
anH {&, k < n}.

Teopewma 14.15 (Llenrpansras npemenbuas Teopema). [locaedosa-
meavhocmo cayuatinue sesusur {G,, n = 1} crodumea no pacnpedene-
HU K cmandapmuoti 2ayccosckoti cayuatinot eeauvwune ¢, m. e.

P{¢, <z} = P(x) npu n— oo pasnomepro no x € R,

SBameganue. Jlobag [OCIEI0BATEILHOCTD CIyYaiiHbIX BeJIMYMH,
cabo CXOMAIasiCs K HEKOTOPOit rayccoBckoit CB, masniBaercs acumnmo-
muvecku Hopmanrvrot. IleHTpabHas IpeaesbHasd TeopeMa yCTaHaBINBa-
€T CBOHCTBO aCUMIITOTUYECKOW HOPMAaJbHOCTH JJIsA ITOCJIEN0BATEILHOCTH
[EHTPUPOBAHHLIX ¥ HOPMUPOBAHHBIX CYMM IIPOU3BOJIbHBIX HE3ABUCHUMBIX
OIMHAKOBO PACIIPEIeEHHBIX CIYIaAHBIX BEJUYNH, UMEIOMNX KOHEIHBIE
JIMCIIEPCUMN.

14.7. ’'map6epTOBO MPOCTPAHCTBO CJIYYalHBbIX BEJIMYUH C KO-
HEYHBIM BTOPBIM MOMEHTOM. /Jljisi BEpOSITHOCTHBIX [PUJIOKEHUI HAM-
6ojlee BayKHBIM SIBJISIETCS TTPOCTPAHCTBO H CIIydYaiiHBbIX BeJuduH £, ompe-
JIEJIEHHBIX HA OMHOM W TOM K€ BEpPOATHOCTHOM npocrpanctee {Q, F, P},
[EHTPUPOBAHHBIX U MMEIOIINX KOHEIHBI BTOPON MOMEHT:

M{E} =0 u [[¢(w)]P(dw) = M{J¢]"} < .

Q
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Ecau &,n € H, To nomoxxum

(§,m) = M{&n} = cov{¢,n}.

CupaseyuBbL CiteIyiomue CBoficTsa onepamun (-, -):

1) (£,€) 2 0; ecom (£,€) =0, 10 £ =0 (P-m.n.);

2) (a& +bn, ¢) = a(&, ¢) + b(n, ¢) ans mobeix a,b € C;

3) (n,€) = (&),
rae §,1,¢ € H.

TeMm caMbiM (-, ) ABJIAETCH CKAAAPHOIM TPOU3GEIEHUEM U OIIPEIEIIdeT
HOpPMY B TIPOCTPAHCTBe H.:

€]l = (&, €)Y2.

Ecmu &, - &, n— oo B H, TO M{|£n — §|2} — 0. Takum obpa3zom,
CXOAUMOCTH B H 03HA4YAET C.K.-CXOIUMOCTh. B cmily CBOWCTB C.K.-CXO/H-
MocTH 3aKiodaeM, 9To ecian {&,} dyHIaMeHTaIbHA, TO OHA CXOIUTCS
k mekoropoit CB ¢, mpuuem [[£]|2 = M{|¢]?} < oo, T.e. £ € H. Hocaen-
Hee O3Ha4YaeT, YT0 H — MPOCTPAHCTBO CO CKAJISPHBIM IIPOU3BEIACHUEM,
MOJTHOE OTHOCUTEHFHO CXOJUMOCTH 110 HOPME, MMOPOXKIEHHON ITUM IIPOU3-
BesenueM. Urak, H — 2uavbepmoso npocmpancmseo cAy4atinvL 6eAudUH
C KOHEUHBLM BIMODBIM MOMEHITOM.

Ecm &,n € H u (§,1) =0, o 3t CB Ha3BIBAIOTCA 0PMO2OHAALHBLMU,
qaro obo3Hadaercsd Kak & | 7. [TousiTre OpTOrOHAJILHOCTH UI'PAET BaXKHYIO
pOJIb B 33/ia9aX OLUEHUBAHUS CJIy4dafiHbIX BEJIMYUH.

ycrs &,m1, ... Np € H. Tlpeanonozkum, Mbl XOTUM OLEHUTH CJLydaii-
Hyo BeauuduHy & 1o Habmrogenuam n = {n, ...,n,}*. Kak cremyer us
reopembl 14.14, takoit omenkoit siisiercas M{E |1, ..., 0n}. OmpHako
BBIYUCJIEHUE YCIOBHOTO MAaTEeMATHYECKOrOo OXKUJAHUS TpedyeT 3HaHWs
COBMeCTHOrO 3akoHa pacnpezeienns scex CB {{,m1, ...,n,}, dro mo-
BOJIHO PEJIKO BBINOJIHAETCsl Ha NOpakTuke. Ecim mocrynnas wuHOp-
Malysl OrpaHWYeHa JIWIIb TEePBBIMUA JIByMsi MOMEHTAME COBMECTHOTO
pacrpeiejieHis U OHO He $IBJISI€TCS FayCCOBCKHUM, TO MOXKHO OIPEJE/IUTH
HAUAYHUWYIO 8 CPEOHERBAIPATMUNECKOM CMBICAE AUHETHY0 ouenky s &,
T. €. C.K.-ONMUMAALHYIO AUHETHYIO OUEHKY.

Onpenemenne 14.29. Ciayvaiinas BeauanHa

~

n
:l(7717 77771) = Zaknk
k=1

ooy

Ha3BIBAETCS C.K.-ONMUMAAbHOU AuHelHol ouenkol nysd & mo HabJIroIeHn-
am {N1, - .., M}, ecan auist aro6oit auneitrol byrkunm [(yy, ..., Yn) ©MeeT
MECTO HepPaBeHCTBO

M{[¢ — €} < M{[¢ —(m, ..., 1)}
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Teopema 14.16. Iycmo & m, ...,mn € H, a R, =cov{n,n} —
noaogicumenvro onpedeaennan mampuua. 1o20a c.x.-onMUMaALHAA AU-

netinas ouenxa & 6bMUCAACTCA NO PopMyAe
€ = ReyRy'n, (14.11)
ede R¢p = cov{&,n}. IIpu smom
1€ = €]* = M{|¢ - €|°} = D¢ — Rey R, 'RE,,. (14.12)

Bameuganusd. 1) Qopmynst (14.11), (14.12) unenruansl dbopmysaam
TEOPEMbI 0 HOPMAJILHON KOppeJsAnuu, 910 He ciaydaiino. eiicrBurenbno,
st 110001 KOHEYHOW COBOKYIHOCTH CJIy9YallHBIX BEJIHMYIUH U3 H Cyiie-
CTByeT CeMeHCTBO TIayCCOBCKHX CIYyYailHBIX BeJIMYWH, UMEIONAX Te Ke
MOMEHTBI IIEPBOIO U BTOPOrO mOpsijka. s 9TuX rayCCOBCKUX BEJIMYUH
C.K.-ONTUMaJIbHAs OIEHKA JJId £ eCTh YCIOBHOE MAaTeMaTHIeCKOe OXKUa-
HUE, KOTOPOe II0 TeoOpeMe O HOPMAaJIbHOU KOPPeJIAnUNA ABJIdeTCd JUHEHHOI
dyuknueit or HabmoaeHnit. [losToMy mapamMeTpsl, OnpeesISioIIne STy JIi-
HelHyI0 DYHKIUIO, OJITHOBPEMEHHO OTPEAEIISIOT U HAMJIY IIIyIO JIMHEHHY IO
OTeHKY B H.

2) 3amernm, YTO IS C.K.-ONTHMAJIbHOM JIMHEHHOH OleHKH { TakKe
cupasegyubo £ L £ — €.

3) Ecin gepes H(n) 0603HAYNTH 3aMKHYTOE JIMHEHHOE MOJIPOCTPaH-
CTBO, II0POK/IEHHOE CJlyYailHbIM BEKTOPOM 7], a Yepe3 71'%(")(') — omnepaTop

OpTOroHAILHOTO npoeKTupoBanus Ha H(n) (cm. m. 13.8), To 0ueBHAHO, ITO
C.K.-OIITHMAJbHad JHHelHas ONeHKa

~

= 777{(7,)(5)-

OHepaTop 71'7{(,(]) Ha3bIBAaIOT TaK>Ke OIIepaTOpPOM YCAO0B8HO20 MaAMEMA-

—~
muveckozo oolcudanus 8 wupokom cmuicae u oboznadaror M{ - | n}. Ta-
kUM obpaszoM, £ = M{{ | n} — c.k.-onTumasbHast IUHEHAS OIEHKA.

14.8. OproronajibHas cToxacTu4ecKasi mepa. llycts 3amano Be-
pogTHOCcTHOE TpocTpancTso {2, F,P} m mekoropoe muoxectso FE C R!
¢ aarebpoit &) ero nogmuoxkecrs. Ilycrs rakxe & = 0{&y} — Munumanb-
Hag o-ajrebpa, cogepxKarmas Eg.

Onpenmenenne 14.30. Komnekcnas dynkmus Zo(A) = Zy(w; A),
rie w € Q, A € &, Ha3BIBaeTCA daemeHmaphoti cmoracmuueckots mepod,
€CJIN BBITIOJIHEHBI CJIEYIONIUE YCIIOBUS:

1) Zy(A) — nenTpupoBaHHAS CIaydaliHAsS BEJIWINHA C KOHETHBIM BTO-
pbiM MomentoM, T.e. M{Zy(A)} =0 u M{|Zy(A)|*} < oo mus Beex
A € &
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2) ecsit A1 N Ay = g, roe Al, A, € 50, TO

Zo(Ay UAY) = Zo(Ay) + Zp(Ay)  (P-mu);

3) ecm {A,} — nocremoBaTeNbHOCTE MHOXKECTB M3 &y, TAKUX, UTO
(oo}

A1DA;D...2A,D... 1 (A, =9 (re. A, | @ 1mpu n — 00), TO
n=1

M{\ZO(AH)P} — 0 mpu n — co.
Cpenn Bcex 3JIeMEHTaAPHBIX CTOXaCTHIECKUX Mep OCOOBIN MHTepeC st
HAIMUX TeJeil IpeCcTaBIsseT OPTOrOHAJbHAA CTOXACTAIEeCKas Mepa.
Onpenenenne 14.31. DuementapHasi croxacTudeckasi Mepa Zo(A),
A € &y, HA3BIBACTCA 0PMO20HAALHOT, €CIu JJist JIIOOBIX HEelepeceKa-
omuxced  MHOXKeCTB Aj, Ay € &y Bbimonneno Zo(A1) L Zp(Asz), T.e.

M{ZO(Al)ZO(AQ)} =0.

Croxactraeckas Mepa Zo(-) TeCHO cBsi3aHa ¢ HEKOTODOil HecTydaiiHoit
Mepoii, koropas onpenesena Ha £ = 0{&y} u BBoAMTCA CaemyommuM 06pa-
3oM. Ilyctn

mo(A) = M{|Zo(A)2}, A€ &.

Herpyauo mnposeputb, uro mo(A) — xoHeunas Mepa Ha &. Torma mo
reopeme Kapareomopu (cm. 11.13.2) ee MOXKHO €QMHCTBEHHBIM 00pa30oM
MIPOJIOJIZKATH IO MEPHI M, OIpeeeHHoN Ha &.

Onpenenenne 14.32. Koneunass mepa m(A), A € £, HasbIBaeTcs
cmpyrmyproti pynryuet, SIeMEHTAPHON OPTOrOHAILHON CTOXaCTUICCKON
Mepsl Zo(A), A € &.

OxasbiBaercsi, Mepy Zo(+) MoxkHO exumHcTBeHHBIM (P-1.H.) ofpasom
IPOJIOIIZKATH JI0 OPTOTOHAJNBHOM CTOXaCTHIECKON Mephl Z (), OmpeeseH-
Hoit Ha £.

Teopewma 14.17. ITyemv Zy(A), A € &, — opmozonasvHas dae-
MEHMAPHAR cmozracmueckas mepa. Tozda cyuecmeyem edurncmeennas,

(P-n.n.) opmozonaavran mepa Z(A), A € E, maxas, wmo dasn 4106020
A € & sunoaneno Zo(A) = Z(A) (P-n.n.), npuuem

M{|Z(D)"} =m(d), A€k,

2de m(-) — cmpyxmypnas Pynryus mepve Zo(-).
Bameuwanusa 1) Mepa Z(-) aBasiercs o-aJuTUBHON B CPEJHEKBa-

JPATHIECKOM CMBICTE, T.e. ecn A, € E,n=1,2, ..., Ay, N Ay = & npu
o0

m#FkuA=> A, €&, 10
n=1

M{|Z(A) - % Z(An)|2} 50 mpu N — oo

n=1



§ 14] HEOBXOJUMBIE CBEJEHUSI U3 TEOPUU BEPOATHOCTEN 305

2) Mepy m(A) takxke GyeMm HA3BIBATH CTPYKTYPHOU (byHKIHEN OpTO-
FOHAJIBHON CTOXaCTHYeCKOH Mepbl Z () Ha &, Tak Kak jyis joboro A € €

ciejyer
m(A) = M{|Z(8)]*}.

14.9. CroxacTudeckuii MHTErpajl N0 OPTOTOHAJIILHOW Mepe.
IIycte oproromambHas croxacTmdeckas mepa Z(-) W ee CTpYKTypHAd
dbyuxmus m(-) sagansr Ha €. PaccMoTpuM ciieyronye 1Ba rIIbGepTOBBIX
IIPOCTPAHCTBA:

1) mpocrparcTBO Lo KOMIUIEKCHBIX HeclaydaiHbIX dyHKImmit f(A),
A € E, c uaTerpupyeMbIM KBaJPATOM IO MEpEe 11

j IF(V)2m(d)) < oo.

E

IIpocrpancTBo Lo siBisieTcs Tmib0EPTOBBIM CO CKAJSAPHBIM ITPOU3BE-
JEeHUEM U COOTBETCTBYIOMIEH HOPMOI:

(.9) = | FOgA m(@x), |z, = VIFF):

E

2) mpocrpascTBO H CIy9aifHBIX BEJUYUH ¢ KOHEYHBIM BTOPBIM MOMEH-
Tom (cm. m. 14.7).

Cuenytotee yTBepKIeHre OyJer HCIOJIb30BAHO IPU HOCTPOECHUH
CTOXACTUYECKOTO WHTErPaJIa.

Teopema 14.18. IIycmo f € Lo, moezda natidemcsa nocaedosamenn-
Hocmb npocmux Gynkyul f, € Lo, maxas, wmo

lfn(A) — fM)]lz, = 0 npu n — oo. (14.13)

OnpeennM cTOXaCTHIEeCKUN HHTErpaJl Ha MHOXKECTBE IIPOCTHIX (PyHK-
nuif, a MOTOM PACIPOCTPAHUM 3TO HOHATHE Ha BCe (yHKmuu n3 Lo,
IOJIB3YSCh yTBEepKIeHnueM TeopeMbl 14.18.

Onpenenenne 14.33. IIycrs f(A), A € E — npocrast byHKIu, T. €.

F) =32 fula, (N, (14.14)
k=1
roe fr €C, A, €& u AyNA; =@ upu k # 1. Torma CB

1) = 3" fuZ(Ar)
k=1

HA3BIBACTCI CIMOTACTRUNECKUM UNMEzpasom om npocmol gynryuu f(X)
o mepe Z(+).

20 B.M. Muunep u A.P.Ilankos
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U3 onpenenennsa cremyer, aro I(f) € H, npmaem

M{I(DP} = 3 fuPm(ai) = [ [F)P m(dh) < oo
k=1

E

Tem cambiM IOIPOCTPpaHCTBa Hu L2 CB4A3aHbI CJIEAYIOIMUM BaKHBIM COOT-
HOIIE€HUEM:

IO = 11£1lz.

1 Jiro6oi mpoctoit f € Lo.
ITycrs mocienoBarenbHocTh byHkumii {f,} ammpokcumupyer f € Lo
B cmbicie (14.13). Torma

11(fn) = I(fm)ll = [l fn = finllL, = 0 mpu n — oo

B cmty dyrmaMerTanbaOCTH { f,, }. Takum 06pasom, mOCIeI0BATETHHOCTD
{I(f)} dynmamentampra B H wu, ciemoBaresnbHo, cxomurcs B H (T.e.
B C.K.-CMBICJIE) K HEKOTOPOMY TIPEJIeITy, KOTODBIH Mbl o6o3uaqamm [(f) € H.

Onpenmenenme 14.34. Caywaiinas senmanna I(f) € H naspiBaerca
cmozacmuyeckum unmezpasom na E om dynxuyuu f € Lo no opmozo-
Haavhotl cmozacmuseckoti mepe Z(-) m 0603HATALTCS

I(f) = | £(3) Z(aN).

E

Henocpencrenno u3 onpegenenus I(f) u cBolicTB OpTOroHAJIbHOM
CTOXACTUYECKOU Mephl CJIe/YyI0OT OCHOBHbIE CBOMCTBA CTOXAaCTUYECKOI'O MH-
Terpalia.

Teopema 14.19. ITycmo f, g u f, € La. Tozda cnpasedauso
1) M{I(f)} = 0;
2) (I(f), 1(g)) = (. 9);

3) I(af +bg) = al(f)+bl(g) (P-n.n.), 2de a,b € C;
)

1) D{I()} = IfI3, = J|f< )7 m(dA);
5) conl1(7),1(0)} = (1.0) = [ F0)g0) m(an);

6) ecau fn, — f, n — 00 6 La, mo I(fy) l>I(f), n — oo.

CgoiictBa 1-6 mupokro wmcmoab3yorcs B mm. 3.3, 4.2, 4.3, 9.3 mpu
IIOCTPOEHUH CIIEKTPAIBLHBIX PA3JI0KEeHU CTAIIMOHAPHBIX IIPOIECCOB U U3Y-
YeHUU JIMHEWHBIX Tpeobpa3oBaHuii mocieanx. KpoMe Toro, npuMeHeHrEM
TaKUX WHTEIPAJIOB MOXKHO OIPDAHUYUTHCS NPHU W3YUEHUH JIMHEHHBIX CTO-
xactuaeckux quddepeHnnaibubix ypaBaennit (cm. no. 8.4, 11.3).
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§ 15. BeruncieHne cnenuaibHbIX WHTErPaJIOB

15.1. NuTerpan BeposiTHOCTeiil. [l BEpOATHOCTHOrO aHAINA3A
TayCCOBCKOTO CIIy9aiHOTO TPOIECca BEChbMa 9acTO MPUXOIUTCS BEIYUCIATE
naTerpas epoarrocreit (bynknuio Jlammaca)

B(z) = —— J e /24t xeR. (15.1)
2

— 00

O6prano nponeaypy Bbrancienns P(r) CBOAAT K ONPEIETICHUIO 3HA-
yenus Gyukuun Po(x), Koropasg orimdaercda or P(z) TOIBKO HUKHUM
NIPEIEIIOM:

Bo(z) = Je_t2/2 dt, x>0. (15.2)
0

51~
3

"3 (15.1), (15.2) cuexyer:

(15.3)

1/2 + &y(z), ecim T =0,
1/2 — &p(—x), ecmm x <O0.

Just npubimekennoro serancienus Po(z) MOXKHO BOCLOIB30BATHCH CJIE-
JYIOIIAM COOTHOIICHHUEM:

2 4 6

T T T T
450(1‘)—m[l—2_1!‘3-1-22‘2!.5—23.3!_7—%...}, (15.4)

npuaem (15.4) npumvenserca npu z < 3, a g T > 3 MOXKHO HCTIONb30BATD
ACHMIITOTUIECKHA DS

6*12/21 1 1-3 1-3-5 1-3-5-7
i G + 8 T

] . (15.5)

Coorromrenns (15.3)—(15.5) MO3BOJISAIOT BBIYUCIAATH 3HaYeHHEe (DYHK-
mun P(x) ¢ a060i TOIHOCTHIO, BADHUPYSA IHCIO WIEHOB B DA3JIOXKEHH-
ax (15.4), (15.5).

20*
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15.2. IuTerpasibl oT ApPOOHO-pAMOHAJIIbHBIX (pyHKIUA. Boi-
YUCIIeHUE JUCIEPCUH  CTAIMOHAPHOW CIYYaiiHOW MOoC/Ie0BaTeIbHOCTH
C JPOOHO-PALMOHAJNBHON CIEKTPAJIbHON NJIOTHOCTHIO CBOJMTCH K BbIYUC-
JIEHHIO HHTErpaJja OT dpoOHO-payuorasbHot GyrKkyu

L[ FE™P
L=5-| HemypE P (15.6)

rae F(z) n H(xz) — MHOrOWIEHBI CJIEYIOIIETO BHUIA:

F(z)=ao+ a1z + ...+ apa?,

(15.7)
H(z) =by+biz+...+bpz?, p=1,
npuaem MEOrOWIeH H () — yCTOWYWBEIN, T. €. BCE €r0 KOPHHU JIEXKAT BHE
Kpyra eJWHHYHOTO paJiyca ¢ IEHTPOM B Hadaje KOoopAuHAT. B sToMm
cayvae maTerpan (15.6) npm aro6om p > 1 MokeT GBITH BHIMUCIEH aHA-
JIUTUYECKH ¢ UCHOIb30BAHIEM aJTOPUTMA,

1 p (ak)z
Ip = F Z +, (15.8)
0 =0 0

e kosbbummentsr {af }, {85} oraucasiores no pexyppentabM bopiy-
aaM (mas k=p,p—1,...,0):
k—
Byt =B —AfBE

k-1 _ _k ko ks
ST =« vieg, t=0,1,...,k—1,

i i

(15.9)

e obosmaueno yF = gk /pk.
Coorromennsa (15.9) peasmsyloTca €O CIIEIYIONAMEA HAYATHHBIME
3HAYEHUSIMU:

afz(li; ﬂf:bn i:0717 s Dy (1510)

roe {a;}, {b;} — xosbdunuentor muorouwrenos F(z) u H(z) coorBer-
CTBEHHO.

JJIs BBIYWMCIIEHUs] JUCHEPCHM CTAIMOHAPHON ciiydaifHoil dyHKImn
C APOGHO-PAIMOHAIBHON CIEKTPAIBHON IIIOTHOCTHIO IPAXOAUTCA BBITUC-
JISITH WHTErpaJl

_ T gn (3A)
= J md% (15.11)
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rre gn(z) m hy(T) — MHOTOYWIEHBI CITEIYIOMErO BUIA:

gn () = box®" "2 + byx? L 4 by,
(15.12)
hp(z) = apz™ + arz™ t + ... + a,,

upudeM MHOTOYIEH h,(Z) TaKoB, 4TO BCe €ro KOPHU UMEIT OTPUIA-
TeJIbHBIE JEHfCTBUTENbHBIE 9aCTH (T. €. JIEPKAT B JIEBOI MOJYIJIOCKOCTH) 1
ap # 0. B arom ciyuae gus smoboro n > 1 uarerpadn (15.11) Beraucnserca
aHAJUTAYIECKA CIEAYIOMUM 00pa3oM:

N,
_ _1\n+1 n
I, = m(~1)" = (15.13)
rae
dig dig 0 dig
da1 dao - dop
D, =det| . O R (15.14)
dp1 dpo - don

) )

A = Q2py—r, IPAIEM cUUTAETCH, 9TO af = 0, eciu k < 0 wim k > n;

)

bo dio - dip
by dao -+ dan

N, = det , (15.15)
bot dpz o dom

)

B uacraoCTH, fu1s caydaeB n = 1 u n = 2 u3 (15.13)—(15.15) creayror
aHaJTHI9eCKre (DOPMYJIbI

bo I — ﬂ_aobl — a2bo'

Il =T 5
apa1 apa1a2

3aMeruM, 49TO B CHJy OrpaHHYCHUIl, HAJOXKEHHBIX Ha MHOIOYJICH
hy(z), onpenenurens D,, # 0, nosromy naTerpan (15.11) cxogures.
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— CTATHCTUYECKOTO  MOJEJIUPOBAHMS
127

— dopmupyromux ¢uasbrpos 231

MuozxkecTBO HG0opesieBckoe 267, 269

— cocrosHuii 83

Mopenb Habmogenus Kanmvana 112

— — — cramuoHapuas 115

Momuduxanust (Bepcusi) ciry9aifHOro
mporecca 19

— — — — HenpepbiBHAas 152

MowmenT MapKoBcKmit 138

— — ocTaHoBku 138

HeszaBucumbie citydaiinble BeJIUIAHBI
289

— cobbiTust 285

— o-ayrebpor 289

HepasencrBo ['esibiepa 274

— Wencena 274, 297

— Komm—Bynsikosckoro 275, 280, 293

— Mapxosa 292

— Munkosckoro 274

— Yebbresa 274, 293

Hopwma 280

— B mpoctpanctee H 52, 75, 302

Omnopaas TpaekTopus 122

OproronanbHas mpoexkius 284

OproronanbHoe pomnoiaHenne 283

OpToronajbHbIE JIEMEHTHI 282

OtrcyrcrBue mnocieaeiicrBus 39

OreHka MeTO/a HaVMMEHBITNX KBapa-
ToB 143

— HawIydmaga guaeitHasa 115, 284, 302

— HecMellleHHas 68

— IPOrHO3a C.K.-ONTUMaJjbHas 244

— c.K.-ontuMajsibHasA 110, 298

— CHJIBHO cocTosITeJIbHas 142

— cocrogTresibHasd 68

— dunprpanun c.K.-onTuMaibHas 117

[LnorHocrs nepexomuas 41

— pacmpezejieHns BepodTHoOCTeil 288
— ycisioBHas 298

— — HeHOpMHpoBaHHagd 118
[lopmpocTpancTBo Beioay niotaoe 281
— 3amKHyTOe 281

— JjuHeitHOE 279

— "ymaeoe 280
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[Tononuenune npocrpancrsa 281

[locnenoBarenbHOCTH BecoBas 65, 70

— mpezackasyemast 131

— croxacruyeckasd 131

— dbyunamenTanbHas 281

— — 10 BepoATHOCTH 295

— — no4ru HaBepHoe 295

[Torok cobwrTmit 247

— — be3 mocaeneiicTBus 248

— — OJHOPOJHBI (cranmonapHbrii)
247

— — opauHapHBIi 247

— — mpocreiimunii 248

— — IIyaccoHOBCKUil 174, 248

[Torok o-anre6p 131, 196, 212

[Touru BClOAY 266

ITourn nasepuoe (¢ BepoaTHOCTBIO 1)
286

[Iporuos ab6coa0THO TOYHBIN 75

— HaWIydIui JINHeWHBIA 75

— C.K.-ONTUMAJIbHBIH 244

— TPUBHUAJILHBIN 76

[Iporuosuposanue 244

IIponon:xenne meps 266

[IpousBonnas Pagona—Hukomuma 275

— B CpejHeM KBajiparudeckom 153

— 0bobmennasa 156

[Ipoobpas 270

[IpocrpancrBo BepositHocTHOE 284

— rusibbepToBo 281

— u3Mmepumoe 264

— — nuckperHnoe 266

— snuneitnoe 279

— — BEIUIECTBEHHOE (IeHCTBUTENIBHOE)
279

— — KoOMILJIEKCHOe 279

—, IOPOXKJEHHOEe CIIyJaiHO# Iocseno-
BATEJIbHOCTBHIO 75

— ¢ Mepoit 266

— CJIy9afiHbIX BeJIMYWH C KOHEYHBIM
BTOPbIM MoMmeHTOM 52, 302

— 3JIeMeHTapHBIX COObITHIT 284

[Ipomecc Opumrreitna—Yaenbeka 242

— OpPOYHOBCKOTO JIBUXKEHHS 33

— poxpenust u ruben 257

[IyacconoBckuit mponecc 194

— — HeomxHOpoaHbIH 194

— — 0000mennbi 202

Pagencrso ITapceBasis 283

Pasznoxenne Bosbna 76

— Jy6a gns cybmaprunaraga 136

PasmepnocTs smHEHHOrO TpOCTpaH-
ctBa 280

Pacnpenenenne Beprymmm 289

— Ilyaccona 289

— abcostoTHO HenpepbiBHOE 278

— 6uHOMMaIHHOE 289

— BeposiTHOCTEH cocTosinmit 84, 251

— rayccosckoe (nopmasibaoe) 290

— — n-mepnoe 300

— nuckperHoe 287

— HernpepbIBHOE 288

— paBHOMepHOe 290

— cranuoHapHoe 91, 254

— 9KCIIOHEHI[HATHHOE
Hoe) 290

Pan ®ypse 283

(mokazaresnn-

C.Kk.-u"rerpaJ 157

C.x.-ipegen 147, 295

C.k.-mpousBogHas 153

C.k.-cxomumocTb 295

CeMelicTBO KOHEYHOMEPHBIX pacIIpe-
neJieHu ciaydaiiHoro mporecca 13

Ceuenue ciry4daitHoro npouecca 11

Cummerpuanoe Omyxpanue 207

Cucrema 3JIEMEHTOB OPTOTOHAJIbHAS
282

— — OpTOHOpPMaJIbHas 282

CkaJsisipaoe npoussezenue 280

— — B npocrpancrse H 52, 75, 302

Cryugaitnast Besmanaa 286

— — (aBcoumoTHO) HemnpepbiBHast 288

— — rayccoBckas (HOpmasbHas) 299

— — — cTaHgapTHad 299

— — nuckperHas 287

— — neHTpupoBanHas 291

Cutyuaiinas 3aMmena Bpemenu 138

Caygaiinasi Tocaeq0BaTeILHOCTD 12

— — aBTOPErpecChuu— CKOJIb3SIIETO
cpeauero nopaaxa (p,q) 99

— — aBTOperpeccHoHHas NopaaKa p 98

— — ruibbeproBa 65

— — JlerepMuHUpOBaHHas 76

— — nmogunHeHHas 76

— — IOYTHU IepruogmdecKas 55

— — CKOJIB3SIIIETO CPEIHErO TOPSI-
Ka q 99

— — cranuoHapHas 53
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— — — JABYCTODOHHEI'O
cpemuero 57

— — — yiuHeitHag 57

— — — OJHOCTOPOHHETO CKOJIb3SIIIErO
cpemnero 57

— — — perynasipHas 75

— — — CHHUyJdpHas 75

— — — CKOJIB3SIIEr0 CPEIHErO MOPSI-
Ka p 57

Cuyuaiinag pysakous 12, 147

CKOJIb34IIer0

— — nuddepennupyemas  (norpaek-
TopHO) 154

— — HenpepbiBHAag  (IOTPAEKTOPHO)
148

— — — IIOYTHU HaBepHoe 148

— — Heynpexjatomasa 212

— — mpocras 212

— — peryJisipHas 12

— — c.k.-auddepennupyemas 153

— — C.K.-HHTerpupyeMas 157

— — C.K.-HempepbiBHas 147

— — coriacoBanHag 197

— — cranuonapHas 167

Ciygaiinple BeJIUYUHBI HE3ABUCUMBIE
289

— — HeKOoppeaupoBaHHbie 293

— — oproronaJibabie 293, 302

— — KBUBAJIEHTHBIE 286

Ciy4gaiiHble MPONECCHl HEOTJIUIUMBIE
20

— — 3kBuBaJjieHTHBbIE 19, 152

— — — B IIUPOKOM CMBICiIe 18

Caydaitaerit BekTop 288

— — rayccosckuii (HopmasbHbIit) 300

Cuyuaiiabiit nponecc 11

— — BelleCTBEHHbI
HbIit) 12

— — BbIXOadIui u3 Hysa 188

— — rayccoBckuit 25, 29

— — ruibbepros 23

— — muddysmnonnoro tuma 46, 237

— — KOMIIJIEKCHBIi 12

— — MapkKoBcKuit 39

— — — opHopoaubiit 40

— — obuoBusomwuit 76, 241

— — C OUCKPETHBIM BpeMeHeM 12

— — — KOHEYHBIMH MOMEHTAaMHU BTO-
poro nopsigka 23

— — — HE3aBHCUMBIMU TPUPAIICHUSI-
mu 190

(meficTBuTennb-

— — — HEIPEepPbIBHbIM BpemMeHeM 12

— — — OPTOTOHAJILHBIME MPUPAIIECH-
amu 188

————— omHOpOnHBINA 193

— — CTAI[MOHApPHBI B y3KOM CMBIC/IE
38

— — — — HIUPOKOM CMBICJIe 38

— — cunTarommit 194

— — IEHTPUPOBAHHBIN 22

CMenlaHHblii MOMEHT HOopsijKa Kk City-
qaifHOro npomnecca 26

CobbiTue jpocroseproe 285

— HeBO3MOXKHOe 285

— IPOTUBOIOJIOXKHOE 285

CobbrTust HE3aBucuUMbIE 285

— HecoBMecTHBIE 285

Cocrosinne anepuoandeckoe 88

— BO3BpaTHOe 88

— HeBO3BpaTHOE 88

— HecylleCTBeHHOe 88

— HyJIeBoe 88

— mepuogudeckoe 88

— cyulecrBeHHoe 88

Cocrosaus coobmaronuecsa 88

CrekrpajibHast TIOTHOCTH 54, 168

— — JpobHO-paumoHaJibHas 231

— byuknus 54, 168

CroekTpajibHOE Pa3JIOXKEHWEe KOBapHha-
uponHol ¢gyukuuu 54, 169

— — CTAIIMOHApPHOM IOCIeq0BATETLHO-
ctu 59

— — — dyskuuu 170

CpennekBaipaTidecKasi MOTPENTHOCTH
68, 75

Croxacruyeckuii rpad 85, 256

— muddepennman 217

Cyb6maprunrana 131, 197

Cynepmaprusran 131, 197

CxXomuMOCTh B CpelHEM KBaJpaTHde-
ckoM 295

— — — nopsaka p 295

— OTHOCHUTEJIbHO HOpMEI 280

— 1o BepogTHOCTH 294

— — Mmepe 272

— — pacnpegenennio (cnabast) 296

— HOYTH BClomy 272

— nourm  HaBepHOE  (C
crbio 1) 294

BE€POATHO-

Tenerpadusbrit curaan 175



316

NPEJMETHBIU YKA3ATEJIb

Teopema Boxuepa—Xunuuna 168

— Tl'epriorma 54

— Kanmana 112

— Kanmana—DBriocu 240

— Kapareonopu 266

— KonmoropoBa o  cymecTBoBaHUH
HenpepbiBHON Mopudukauuu 152

— — — — ciy4aitHoro mporecca 18

— JIéBm 276

— Jlebera 276

— Pagona—Hukoauma 275

— @ary 277

— 0 0-aJAUTHBHOCTHU UHTEerpaJa Jlebe-
ra 275

— — BUJe  HawIydei
omenku 303

— — — C.K.-ourumaJjbHOi onenku 110,
298

————— B rayccoBckom ciaydae 110

— — 3aMeHe IIePEeMEHHON B HHTerpaJie
Jlebera 276

— — HOpMAaJbHOI Koppessiuu 111,300

— — CBSI3U Pa3JIMYHBIX BUJOB BEPOST-
HOCTHOM cxogumocTn 296

— — cymecrBoBaHun uHTerpana Uro
214

— — — PpeIIeHns CTOXaCTHIECKOTO aud-
depennpasbHOro ypaBuenus 218

— — CXOOUMOCTHU MapTHuHraJa 141

— 006 abCoIOTHOM HEMPEPBIBHOCTH MH-
rerpaJja Jlebera 275

ToxgecrBa Banbmga 140

Tpaekropusa (peanmsanms) Ciry9aifHo-
ro nporuecca 12

JIMHEHO

Yupasnaemocrs (nonuas) 239

Ypasuenne KommoropoBa—®Pokkepa—
ILnanka 47, 237

— Koumoroposa—Yenmena 40, 251

— nudepeHnuaIbHOE CO CIIydaifHOM
npaBoit gacrpio (nmueiinoe) 161

—————— , C IOCTOSIHHBIMU KO-
dburnmentavu 179

— muddy3un 48

— — C gucKpeTHbIM Bpemenem 119

— croxacTrdeckoe quddepeHIaIbHoe
218

— — — Jyiuneitnoe 219

— — — —, MHOpOXK/EHHOE IyaCCOHOB-
ckuMm npormeccom 230

— — pa3uocruoe 106

— — — CTaImOHApPHOE,
cku ycroitanBoe 106

— XapaKTepucTudeckoe 98

VYpapuenus Kommoroposa asnrebpan-
yeckue 255

— — muddepennmansabie 252

— CTalMOHAPHBIE METOJa MOMEHTOB
107, 228

— — ¢dunsrpa Kanmvana 115

— — — Kanmana—Bpiocu 243

Venosue Jlnnmuna 219

VciioBusI COrIACOBAHHOCTH CeEMeNRCTBA
KOHEYHOMEPHBIX pacipeesennii 17

VeroitansocTh (acumnrormaeckas) 99,
228

— MHoro4JjeHa 233

— HecTanuoHapHoU cucrembr 230

— croxacruyeckas 224

AaCUMIITOTHUYE-

QDakropuszanusi CIEKTPAJIBHON ILJIOT-
"HocTH 105

Quiaprp Kanmana (auckpernsrit) 112

— — JMHeapu30BaHHBIN 123

— — pacHIupeHHbIit 124

— Kanmana—Bpiocu 241

— ¢opmupyromuii 105, 233

— 9KCIIOHEHI[UAJBHOIO CIUIA’KABAHMUS
69

DopwmyJia auddepeHppoBanus C.K.~-HMH-
TerpaJia Mo BepxHeMY npeneiy 159

— UHTErpUPOBAaHUsI TO YaCTIM JIJIs
c.K.-uHTerpasia 159

————— CTOXaCTUIECKOTO WHTET-
pasna 192

— IOJIHOI'O MAaTEMATHUIECKOI'O0 OXKHUIa-
HuA 298

— moJTHO# BepositHOCTU 286

— npeobpa3oBaHus CHEKTPAJIbHOR
IUIOTHOCTH TPHU JIMHEWHOM Tpeos-
pazosanuu 61, 176

— CTOXaCTHIECKOTO
Banns Uto 221

DyHKUUKA SKBUBAJEHTHbIE 272

Oynknua Komm 164

— Jlamnaca 15, 299, 307

— abCoIoTHO HempepbiBHas 278

— 6opesnesckast 270

— BecoBag 178

— BbIOOpOYHas 12

nuddepennupo-
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— JIMCKPETHOro pacipejesieHus 278

— pucnepcuonHas 22, 106

— npobHo-parnmonajibHas 308

— u3mepumasi 270

— uHTerpupyemMas (CymMMHpyeMasi) 1o
Mepe 273

— KOBapHaIlmoHHast 22

— — BEKTOPHOIO CJIy9alHOTO IPOIEC-
ca 25

— — B3amMHadg 25

— — KOMIIJIEKCHOTO CJIy9aifHOTO IIpo-
mecca 23

— — CTaIlMOHapHO! ciaydaiHOIl mocJe-
IOBATEILHOCTHA 53

— — — — dysknun 167

— KOpPpeJISIUOHHAs D3

— HEOTPUIATEIbHO-OIpeieIenHas 24,
36, 53, 167

— IUIOTHOCTHU pacmpejenenus 278

— npoctag 271

— pacnpenenenust 267

— — BepogTHOCTEH 287

— — — cay4aiiHOro BeKTopa 288

— crpykrypHas 304

— XapakTepucrudeckas 292

— — k-mepHOro pacnpeneneHust Ciy-
qaifHoro npormecca 26

— pMmuToBa 36, 53, 168

HenrpanpHast mpenesbHas TeEOPeEMa
301

enbr Mapkosa (muckpernas) 83

— — amnepuogmdeckasa 89

— — koneunas 42, 83

— — HepazJjoxumada 89, 92

— — opHOpoaHas 84

— — sprogmdeckas 91

YactoTHas xapakTepuctuka 60, 73,

176
Dkcrpanossuus 244

n-MepHag IJIOTHOCTb paclipejiesieHusd
ciiydaitHoro mponecca 13

— dyskuus pacupegesienus 269

— — — cay4aitHoro nponecca 13

O-unrerpas 216

O-aJITATUBHOCTD 265

o-asrebpa 264

— 6opeseBckas 267, 269

—, IOPOK/JIEHHAsI CHCTEMOM MHOXKECTB
265

—, — Cayd4aitHoil BesmauHON 286

—, — — dyukoueit 212

—, — CJIy4aiiHbIM BeKTOpOM 288

—, — byukmmeit 271

— TpuBnaJibHasg 264



