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Èçìåðåíèÿ

Ïóñòü (Ω, µ) � âåðîÿòíîñòíîå ïðîñòðàíñòâî, è ïóñòü

X : (Ω, µ)→ V ,

Ω 3 ω 7→ X (ω)

� ñëó÷àéíûé âåêòîð ñî çíà÷åíèÿìè â âåêòîðíîì ïðîñòðàíñòâå V ,
dimV < ∞.
Ðåçóëüòàòîì èçìåðåíèÿ íàçûâàåòñÿ çíà÷åíèå ìàòåìàòè÷åñêîãî
îæèäàíèÿ

Eµ (X ) =
∫
Ω

X (ω) dµ.

Ôàêò

Ïóñòü c ∈ V � òàêîé âåêòîð, ÷òî çíà÷åíèå Eµ

(
‖X − c‖2

)
ìèíèìàëüíî, òîãäà c = Eµ (X ) .
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Ïðèíöèï ìèíèìàëüíîãî ïðèðîñòà èíôîðìàöèè

Äëÿ íàõîæäåíèÿ âåðîÿòíîñòíûõ ìåð áóäåì èñïîëüçîâàòü ïðèíöèï
ìèíèìàëüíîãî ïðèðîñòà èíôîðìàöèè.

Ðàññòîÿíèå Êóëüáàêà-Ëåéáëåðà ' îòíîñèòåëüíàÿ ýíòðîïèÿ '
ïðèðîñò èíôîðìàöèè:

I (µ, µ0) =
∫
Ω

log

(
dµ

dµ0

)
dµ =

∫
Ω

ρ log (ρ) dµ0,

ãäå µ, µ0 � âåðîÿòíîñòíûå ìåðû íà Ω, dµ = ρdµ0, è µ0 �
àïðèîðíàÿ ìåðà.

Çàìåòèì, ÷òî I (µ, µ0) ≥ 0 è I (µ, µ0) = 0 òîãäà è òîëüêî òîãäà,
êîãäà µ = µ0 ïî÷òè âñþäó.

Ïðèíöèï: Ïóñòü çàäàí x ∈ V . Òðåáóåòñÿ íàéòè âåðîÿòíîñòíóþ
ìåðó µe (êîòîðàÿ òàêæå íàçûâàåòñÿ ýêñòðåìàëüíîé), òàêóþ ÷òî

I (µe , µ0) = min
µ
(I (µ, µ0)), Eµe (X ) = x .
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Ýêñòðåìàëüíûå ìåðû-1

Âàðèàöèîííàÿ çàäà÷à. Íàéòè ôóíêöèè ρ ≥ 0, òàêèå ÷òî
ôóíêöèîíàë ρ→

∫
Ω

ρ log (ρ) dµ0 ïðèíèìàåò ìèíèìàëüíîå

çíà÷åíèå ïðè óñëîâèÿõ∫
Ω

ρX (ω) dµ0 = x ,
∫
Ω

ρ dµ0 = 1.

Ðåøåíèå:

ρ (ω) =
1

Z (λ)
exp 〈λ,X (ω)〉 ,

ãäå λ ∈ V ∗ � êîâåêòîð (ìíîæèòåëè Ëàãðàíæà), è

Z (λ) =
∫
Ω

exp 〈λ,X (ω)〉 dµ0

� ñòàòèñòè÷åñêàÿ ñóììà.

Ëû÷àãèí (ÈÏÓ, Ëàá. 6) Ãàç 22 àïðåëÿ 2021 4 / 28



Ýêñòðåìàëüíûå ìåðû-1

Âàðèàöèîííàÿ çàäà÷à. Íàéòè ôóíêöèè ρ ≥ 0, òàêèå ÷òî
ôóíêöèîíàë ρ→

∫
Ω

ρ log (ρ) dµ0 ïðèíèìàåò ìèíèìàëüíîå

çíà÷åíèå ïðè óñëîâèÿõ∫
Ω

ρX (ω) dµ0 = x ,
∫
Ω

ρ dµ0 = 1.

Ðåøåíèå:

ρ (ω) =
1

Z (λ)
exp 〈λ,X (ω)〉 ,

ãäå λ ∈ V ∗ � êîâåêòîð (ìíîæèòåëè Ëàãðàíæà), è

Z (λ) =
∫
Ω

exp 〈λ,X (ω)〉 dµ0

� ñòàòèñòè÷åñêàÿ ñóììà.

Ëû÷àãèí (ÈÏÓ, Ëàá. 6) Ãàç 22 àïðåëÿ 2021 4 / 28



Ýêñòðåìàëüíûå ìåðû-2

Äëÿ çíà÷åíèé èçìåðåíèÿ ïîëó÷èì:

x = −∂H

∂λ
, λ =

∂I

∂x
,

ãäå H = − lnZ ,

I = H −
〈

λ,
∂H

∂λ

〉
, H = I −

〈
∂I

∂x
, x

〉
.
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Ýêñòðåìàëüíûå ìåðû. Ãåîìåòðèÿ

Ôàçîâûì ïðîñòðàíñòâîì èçìåðåíèÿ íàçûâàåòñÿ ìíîæåñòâî
Φ = V × V ∗ ×R âñåõ òî÷åê (x ,λ, I ).

Ôîðìóëû âûøå çàäàþò ïîäìíîãîîáðàçèå (ìû íàçûâàåì åãî
ñîñòîÿíèåì èçìåðåíèÿ)

LX =

{
x = −∂H

∂λ
, I = H −

〈
λ,

∂H

∂λ

〉}
⊂ Φ,

dim L = dimV .

Òî÷êè (x ,λ, I ) ∈ LX áóäåì ðàññìàòðèâàòü êàê òðîéêè:

λ⇔ýêñòðåìàëüíàÿ ìåðà, x ⇔ îæèäàíèå,

I ⇔ ïðèðîñò èíôîðìàöèè.
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Êîíòàêòíàÿ, ñèìïëåêòè÷åñêàÿ è ðèìàíîâà ãåîìåòðèè

Äèôôåðåíöèàëüíàÿ 1-ôîðìà θ1 = dI − λdx ðàâíà 0 íà LX , òî åñòü
LX � ëåæàíäðîâî ïîäìíîãîîáðàçèå (Â.È. Àðíîëüä) â êîíòàêòíîì
ìíîãîîáðàçèè (Φ, θ1) .

Äèôôåðåíöèàëüíàÿ 2-ôîðìà dλ ∧ dx ðàâíà 0 íà ïðîåêöèè L̃X
⊂ V × V ∗ ïîäìíîãîîáðàçèÿ LX â ñèìïëåêòè÷åñêîì ïðîñòðàíñòâå

(V × V ∗, dλ ∧ dx), òî åñòü L̃X � ëàãðàíæåâî ìíîãîîáðàçèå (Â.Ï.
Ìàñëîâ).

Äèôôåðåíöèàëüíàÿ ñèììåòðè÷åñêàÿ 2-ôîðìà κ = dλ · dx çàäàåò
ñòðóêòóðó ðèìàíîâà ìíîãîîáðàçèÿ íà L̃X (èíôîðìàöèîííàÿ
ìåòðèêà Ôèøåðà).

Ñèììåòðè÷åñêèå òåíçîðû

θk = ∑
∂|σ|I

∂xσ

dxσ

σ!
, |σ| = k ,

ãäå κ = θ2, çàäàþò öåíòðàëüíûå ìîìåíòû ýêñòðåìàëüíûõ ìåð íà
LX .
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Èçìåðåíèÿ è òåðìîäèíàìèêà

Ðàññìîòðèì ñëó÷àé ðåàëüíûõ ãàçîâ

V = {ýêñòåíñèâíûå âåëè÷èíû} =
{(âíóòðåííÿÿ ýíåðãèÿ, îáúåì, ìàññà) = (E ,V ,m)} = R3,

V ∗ = {èíòåíñèâíûå âåëè÷èíû} =
{(òåìïåðàòóðà, äàâëåíèå, õèì. ïîòåíöèàë) = (T , p,γ)} = R3

Òåðìîäèíàìè÷åñêîå ôàçîâîå ïðîñòðàíñòâî

Φ = {(E ,T ,V , p,m,γ,S)} = R7

Êîíòàêòíàÿ ôîðìà

θ = dE − TdS + pdV − γdm.

Çàêîí ñîõðàíåíèÿ ýíåðãèè

θ|LX = 0.
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Φ = {(E ,T ,V , p,m,γ,S)} = R7

Êîíòàêòíàÿ ôîðìà

θ = dE − TdS + pdV − γdm.

Çàêîí ñîõðàíåíèÿ ýíåðãèè

θ|LX = 0.
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Óäåëüíûå âåëè÷èíû

ε = E/m, σ = S/m, v = ρ−1 = V/m.

Óäåëüíîå ôàçîâîå ïðîñòðàíñòâî

Φ = R5 = {(σ, ε,T , v , p)} .

Çàêîí ñîõðàíåíèÿ ýíåðãèè

θ = dσ− T−1dε− T−1pdv ,

γ = ε + pv − Tσ � óäåëüíûé ïîòåíöèàë Ãèááñà.
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Òåðìîäèíàìè÷åñêîå ñîñòîÿíèå

Ëàãðàíæåâî ìíîãîîáðàçèå L (dim L = 2) â ñèìïëåêòè÷åñêîì
ïðîñòðàíñòâå Φ̃ = R4 = {(ε,T , v , p)}, ñíàáæåííûì ñòðóêòóðíîé
ôîðìîé

Ω = −dθ = d(T−1) ∧ dε + d(T−1p) ∧ dv

Ýòî ìíîãîîáðàçèå çàäàíî äâóìÿ óðàâíåíèÿìè ñîñòîÿíèÿ:

Òåðìè÷åñêîå óðàâíåíèå ñîñòîÿíèÿ:

p = A (v ,T ) .

Êàëîðè÷åñêîå óðàâíåíèå ñîñòîÿíèÿ:

ε = B (v ,T ) .

L � ëàãðàíæåâî ìíîãîîáðàçèå =⇒
p = Tφv , ε = T 2φT ,

äëÿ íåêîòîðîé ôóíêöèè φ (v ,T ) � ïîòåíöèàë Ìàññüå-Ïëàíêà.
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Óñëîâèÿ ïðèìåíèìîñòè

κ = d
(
T−1

)
· dε + d

(
pT−1

)
· dv .

Îãðàíè÷åíèå íà L:

κL = φvvdv · dv −
(
φTT + 2T−1φT

)
dT · dT .

Äîïóñòèìûå òî÷êè � òàêèå, ãäå κL îòðèöàòåëüíî îïðåäåëåíà, òî
åñòü òî÷êè, ãäå

φvv < 0, φTT + 2T−1φT > 0

èëè
εT > 0, pv < 0.
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Ôàçîâûå ïåðåõîäû

Ôàçîâûå ïåðåõîäû ïîÿâëÿþòñÿ, åñëè:

φvv = 0.

Äâå òî÷êè (v1,T1, p1, ε1) è (v2,T2, p2, ε2) � ôàçîâî-ýêâèâàëåíòíû,
åñëè

T1 = T2, p1 = p2, γ1 = γ2,

èëè

φv (v1,T ) = φv (v2,T ) ,

φ (v1,T )− v1φv (v1,T ) = φ (v2,T )− v2φv (v2,T ) .

Èñêëþ÷àÿ v2 èç óðàâíåíèé âûøå è ïîëàãàÿ v1 = v , ïîëó÷àåì
êðèâóþ ñîñóùåñòâîâàíèÿ Γφ ⊂ R2 (T , v), è àíàëîãè÷íî, èñêëþ÷àÿ
T , ïîëó÷àåì êðèâóþ ôàçîâîãî ïåðåõîäà Γφ ⊂ R2 (v1, v2) .
Ñêà÷êè âíóòðåííåé ýíåðãèè, òåïëîòà è ðàáîòà íà ôàçîâûõ
ïåðåõîäàõ:

∆Q = T (∆φ + T∆φT ) , ∆W = −T∆φ, ∆ε = T 2∆φT .
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Ôàçîâûå ïåðåõîäû è îñîáåííîñòè

1a

2a

Ðèñ. 1: Ôàçîâûé ïåðåõîä
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Ïðèìåðû

Èäåàëüíûé ãàç

óðàâíåíèå Êëàïåéðîíà-Ìåíäåëååâà pv = RT , è

óðàâíåíèå äëÿ âíóòðåííåé ýíåðãèè ε = n
2
RT , ãäå n � ÷èñëî

ñòåïåíåé ñâîáîäû.

Â ýòîì ñëó÷àå

φ = R ln
(
T

n
2 v
)
,

κ = −n

2
T−2dT · dT − v−2dv · dv .
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Ãàç Âàí äåð Âààëüñà

óðàâíåíèÿ ñîñòîÿíèÿ (â áåçðàçìåðíûõ ïåðåìåííûõ):

p =
8T

3v − 1
− 3

v2
, ε =

4n

3
T − 3

v
.

Â ýòîì ñëó÷àå

φ = ln
(
T

n
2 (3v − 1)

)
+

9

8vT
,

κ = −n

2

dT · dT
T 2

−
9
(
4Tv3 − 9v2 + 6v − 1

)
4Tv3 (3v − 1)2

dv · dv

ôàçîâûå ïåðåõîäû âîçíèêàþò âîçëå êðèâîé: 4v3T = (3v − 1)2 .
êðèâàÿ ôàçîâîãî ïåðåõîäà

(3v1 − 1) (3v2 − 1) (v1 + v2)

v1 − v2
ln

(
3v2 − 1

3v1 − 1
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Ëàãðàíæåâî ìíîãîîáðàçèå ãàçà Âàí äåð Âààëüñà
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